A note on the Jaccardized Czekanowski similarity index
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Abstract

It is shown that the "Jaccardized Czekanowski index" is actually a reinterpretation of the Ruzicka index.
Thereby, it is proved that its one-complement is a true distance function, which makes it particularly suitable
for use in similarity studies even with multidimensional statistical techniques.

Recently, Schubert (2013) introduced the "Jaccardized Czekanowski index™ as a measure of similarity

between two categorical distributions. It was derived from the Czekanowski index (Czekanowski, 1909)
Czag = Yimin(q™ai®)

where ¢ and g;® are the relative frequencies of category i in the distributions A and B, respectively. This

index was reinvented several times, and is known also as Bray—Curtis index (Bray & Curtis, 1957) in the

ecological literature or as Finger—Kreinin index (Finger & Kreinin, 1979) in economics.

The Czekanowski index can be regarded as the "quantitative" (i.e., abundance dependent) version of the

incidence-based (binary) Sgrensen—-Dice index (Dice, 1945; Sgrensen, 1948)

SDag = 2|JANBJ/[[[AUB|+ANB[] ,

where |[ANB| is the number of non-empty categories in the intersection of distributions A and B while |[AUB|
is that in their union, if we consider the following formulas for the two indices:

SDag = 1—2i|8iA—6iB|/Zi(6iA+6iB),
(here 5 and &;® take the value of 0 or 1 depending whether the i-th category is empty or non-empty in
distributions A and B, respectively) and

Czag = 1-Zi|0 -0 /(0 +0i°) = 1-(1/2) il -a°),
(here gi* and ;® are the relative frequencies of category i in the distributions A and B, respectively).
Given the relation

JaA,B = SDA,B/(Z—SDA,B)
between the Sgrensen-Dice index and the Jaccard index (Jaccard, 1901), the progenitor of all similarity
measures, defined as

Jaag = |Aﬂ B|/|AU Bl
(notations as above at the definition of the Sgrensen-Dice index),
The "Jaccardization" of the Czekanowski index thus resulted in

JCZA,B = CZA'B/(Z—CZA,B) .
Since JCz is a monotonic function of Cz, the two indices are rank-equivalent. Schubert (2013) found JCz
superior over Cz that in the empirical samples studied its range was wider and its distribution was more
uniform, thereby its distinguishing power was stronger, and it correlated fairly well (much better that Cz)
with several other similarity measures (such as the chi-squared and cosine measures) rather uncorrelated
among others.
Another aspect that might influence the choice of the similarity index is its metric properties. The one-
complement of a similarity index (1-similarity index; also called dissimilarity index) may be metric (zero
for identical elements, positive for different elements, symmetric, the triangle inequality holds), semi-metric
(without the triangle-inequality condition) or non-metric (neither metric nor semi-metric). In the metric case,
the dissimilarity index is a true distance function. In classical similarity/dissimilarity studies, metric indices
have no specific advantages over metric ones, but with the emergence of multivariate statistical techniques
(particularly, cluster analysis) true distance functions are preferred, if not required.



Actually, the one-complement of the Jaccard index is metric, that of the Sgrensen—Dice and the
Czekanowski index is semi-metric.
A similarity index the one-complement of which is known to be a true distance function is the Ruzicka index
(Ruzicka, 1958, see also Pielou, 1984):

Ruag = Yimin(gi*,ai°)/Ximax(gi*,q:%)
The metric properties of the one-complement of the Ruzicka index were proved by Levandowsky & Winter
(1971) and Gilbert (1972).
We show now that the Jaccardized Czekanowski index is actually identical with the Ruzi¢ka index.
JCZA,B = CZA,B/(Z—CZA,B)

= L2[zimin(a, o)X+ a1 +ai®) M2 +0i)-Ximin(”,0;%)]

= yimin(g®,0i°)/ [ +0%)-Ximin(q*,6i%)]

= yimin(g",0i°)/Yimax(a",0i°)

= RUA,B .
In conclusion, the Jaccardized Czekanowski index of Schubert (2013) is not a new index but a
reinterpretation of the Ruzicka index (as we could see, such reinterpretations or even reinventions are not
infrequent in the history of similarity indices). As such, however, it was proved to lead to a true distance
function as its one-complement, which grants its enhanced suitability in similarity studies even with
multidimensional statistical techniques.
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