
������������	�
���
�����������	�����������
�����	�������� �
!#"$"$%'&)(+*�,'-/.�-102!�34&

5�5�687�9�:�;�< =?>@: ACB)DE> 7�F�GH=I: JK:L>M:ON PQ<I7�: >SR2:�;UT�6

V�W8XZY4[�\^]H_�`�]�ab]Hc@]Hd2]�e�fI]�g$h�ij]
C12 kml ]�gon�[pV�qrfI]�g$h#sZtQY@e�cMY@e�u$a8tHaIv�wxv�fIy l [Lg�zI{

q#W}|�~��+��]H_�`�]HgZ[
G

t�a�v�w�v�f�y}]�cM]�d2]HY@g�]HeU�$[Lc@d�[L\�[ {1, 2, 3, 4, 5, 6} � [�drs$��]Hc@]Qy�[�d2v�h���a�\�v�fO\���a�Wb�C_�[L\�v�c iju�e � ��v�_�`[
G

t�a�v�w�v�f�y8tQY@e�cMY@e�u$a��
��W |G| = 81 � a ∃a ∈ G : a27 6= 1 =⇒ [2t�a�v�w�v�f�y8e�v�d2dru#y�[ yI�@��W
� W8��]Hc@��c ij]

a � a b ]�_�`^tHaIv�wxv�fIy+e � y�yI]HyOaI\H��c@]H_�]�a+]Hc@]Hd � y�W��bY@\Hv�g�`��MyOaIu�e l ] � ��v�_�` b fO]Hg$h ij]Kd2]H_�]H_�`�]H\�YMe
a−1ba

fI]�g$h�i � ��]Hc��
�#W8XZ]�cM`�t�a�v�w�v�f�yOv�e�f�[�Y@_�[L\ � ��v�_�` (ab)−1 = a−1b−1 {
��W8�)\

n k ]�h�fO]Hg$h#s�tQY@e�c@Y@e�u�a�tHaIv�wxv�fIy���aIaI\H]�a�]Hc@]Hd � yKg � _�`�\H]HyIfO])]Hd2]Hc ij �e � d�[ i�h�[�\}�@_�`�e�[�w�v�y�y¡]Hc@]Hd2]He�]Qy���aIaI\H]�a�\�v�fOv�\ k\Hu$exW¢XZY@��]�c4]H_�`�]�g�cM��]H\^[2aI\Hv�fO\�[Ly�{
��W8£+]He�YMg�y�a� �g$e¤]H_�`�w$��fO[LyIc¥[Lg�fO]Hg�h#s�� l ]Hc k t�a�v�w�v�f�yOvLy�n

G
z � [���v�c�[Ud¦s���]�cM]Hyr[L\2��aOa�\�]�[�h$��a�W2�bY@\Hv�g�`��MyOaIu�e l ] � ��v�_�`∑

a∈G
a = 0

W
§�W}|�~��+��]H_�`�]Hg

n ≥ 4
W8�}\

n
��v�aOa�\�¨Z© k V�a�v�fIv�\�[ yOv�e

H1
�$[Lc@d�[L\���g�ij]Hc@��c ij] ⊕ [ l YMyI]Hg$e � g�yOY�d2v#h#u�c@v�q2��aOaI\H]�[�h���a�y�Wª c@c ijv�g

H2
[�\Hv�e lx« c8[oaIv�fOv�\�[LyIv�e lx« c � d2]Hc@`�]�e l ]Hg¬[L\U]H_�`�]�a�]�e�a�\��Ld�[�e�]QyIyI� ��]�c¡v�aI\QyI��[ y « W H3

wx]�h#Y@_�[L\Hv�e l�« c �d2]Hc@`�]�e l ]Hg­[L\U]H_�`�]�aI]He�aI\���d�[¤v�aI\QyO�$[ y « ���LfOv�d2d�[Lc�W®�)\p]Hc@� l$l h#]H¯$g�Y¥�LcMy2d¦s���]�cM]Hy�yO]Hc)tHaIv�wxv�fIyIv�y�[�cMe�vLy k ] H2
{

° aIv�wxv�fIy k ] H3
{

±�W}|�~��4�bYM\�v�g�`��Sy�a�u�e l ] � ��v�_�`�]H_�`�tHaIv�wxv�fIy8g�]Hd²�Lc@cM�$[Ly8]Hc@��e � y8� [Lc « h#Y4f � aI\�tHaIv�wxv�fIy�i���g$[Le2¨�g$Y « i�[Le � g�y�W
V�©�W8�bYM\�v�g�`��Sy�a�u$e l ] � ��v�_�`��$[�]�_�`UtHaIv�wxv�fIy l [�gUd2Y@g$h#]�g¤]H_�`�a � _�]Hc@]HdryI��c'e� �c@��g l ��\���]Hc@]Hd²fI]�g$h�ij]�u�_�`�[�g$[L\ � [Le�e�v�f8]H\

[�fI]�g$h�w�fI�@d�a�\��Ldp�
V�V�W}|�~����bY@\Hv�g�`��MyOaIu�e l ] � �$v�_�`U�$[�[

G
tHaIv�wxv�fIy}fO]Hg$h ij]���� � [�e�e�v�f)d2Y@g$h#]�g

a ∈ G ]Hc@]Hd � fO]^yI]�c ij]�a� $c � ��v�_�`p[L\
a � a[L\

a8 ]Hc@]Hd2]�e�fI]�g$h�ij]^[L\�v�g�v�aHW
V�q#W ° aIv�wxv�fIyIvLy¡Y@cMc@]QyO��]�³ � c¥tHaIv�wxv�fIyIv�y8[�cMe�vLy k ]´[L\^[Lc¥� l$l Y H �$[Lc@d�[L\´[ ∗ d¦s���]�cM]Hy�yI]�c¥{

n�[�z
H

[L\2]�_ � aI\2a�\��Ld2v�eZ�$[�cMd�[�\�[ � a^[L\
a � b ∈ H aI\��Ld2v�e�f�[

a ∗ b = a + b + 1 � [���v�c¢[pa�\�v�e ��aIv�aE��aOaI\H]�[�h���a
aI\H]�fI]�w�]�c�µ

n l z���]H_�`�]Hg
m

]H_�`�fO��_�\��SyO]QyIy8aI\���d � a H = {1, 2, . . . ,m− 1} W¢£�v � � l$l � a ∗ b = ab (mod m)
µ

n�t�z
H

[�\�]�_ � a�\´a�\��Ld2v�e��$[Lc@d�[L\�[ � a a, b ∈ H a�\��Ld2v�e�f�[
a ∗ b = ab

µ
n�h�zp|�~��

H
[L\�v�g

f
³1 $_�_�� � g�`�]�e2�$[Lc@d�[L\�[ � d�]�cM`�]He

f(x) = cx+ d
[�c@[�e�¨�[Le � [���v�c c 6= 0

W¶� ∗ drs���]Hc@]Qy8w�]�h#Y@_�[
³1 $_�_�� � g�`�]�e�]H_�`�d���aKu�yO�Lgp� [Lc « [Lc@e [Lc@d2[�\���aI[�n1e�v�d2w�v�\H�¥tQY « � ij]Hc@��c � aI]�[Lg$[�cM�@\HY¥a l ]�g f ◦ g zQµn1]�zp|�~��

H
[�� [Lc « a¡aI\��Ld2v�e��$[Lc@d�[L\�[ � a a ∗ b = a+ b+ ab

µ
n/³Oz

H
[�q�©�©�q�w�v�\HYMyI�@�Zv�aI\Qy « YMg�[LeU�$[Lc@d�[L\�[ � a�[L\

a, b ∈ H aI\���d2v�e�fO[
a ∗ b = (a, b) � [L\�[L\ a � a b c@]H_�g$[L_�`�v l�le���\���abv�aI\Qy « i�[�W


