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Abstract. In this paper the sequential prediction problem with expert
advice is considered when the loss is unbounded under partial monitoring
scenarios. We deal with a wide class of the partial monitoring problems:
the combination of the label efficient and multi-armed bandit problem,
that is, where the algorithm is only informed about the performance
of the chosen expert with probability ¢ < 1. For bounded losses an
algorithm is given whose expected regret scales with the square root of
the loss of the best expert. For unbounded losses we prove that Hannan
consistency can be achieved, depending on the growth rate of the average
squared losses of the experts.

1 Introduction

In on-line (often referred also as sequential) prediction problems in general, an
algorithm has to perform a sequence of actions. After each action, the algo-
rithm suffers some loss, depending on the response of the environment. Its goal
is to minimize its cumulative loss over a sufficiently long period of time. In the
adversarial setting no probabilistic assumption is made on how the losses corre-
sponding to different actions are generated. In particular, the losses may depend
on the previous actions of the algorithm, whose goal is to perform well relative
to a set of experts for any possible behavior of the environment. More precisely,
the aim of the algorithm is to achieve asymptotically the same average loss (per
round) as the best expert.

* The authors would like to thank Gilles Stoltz and Andris Gyorgy for useful com-
ments.
** Gyorgy Ottucsik is eligible for the “E.M. Gold Award”.



In most of the machine learning literature, one assumes that the losses are
bounded, and such a bound is known in advance, when designing an algorithm.
In many applications, including regression problems (Gyorfi and Lugosi [9]) or
routing in communication networks (cf. Gyorgy and Ottucsdk [11]) the loss is
unbounded. The main aim of this paper is to show Hannan consistency of on-line
algorithms for unbounded losses under partial monitoring.

The first theoretical results concerning sequential prediction (decision) are
due to Blackwell [2] and Hannan [12], but they were rediscovered by the learning
community only in the 1990’s, see, for example, Vovk [15], Littlestone and War-
muth [14] and Cesa-Bianchi et al. [3]. These results show that it is possible to
construct algorithms for on-line (sequential) decision that predict almost as well
as the best expert. The main idea of these algorithms is the same: after observ-
ing the past performance of the experts, in each step the decision of a randomly
chosen expert is followed such that experts with superior past performance are
chosen with higher probability.

However, in certain type of problems it is not possible to obtain all the losses
corresponding to the decisions of the experts. Throughout the paper we use this
framework in which the algorithm has a limited access to the losses. For example,
in the so called multi-armed bandit problem the algorithm has only information
on the loss of the chosen expert, and no information is available about the loss
it would have suffered had it made a different decision (see, e.g., Auer et al. [1],
Hart and Mas Colell [13]). Another example is label efficient prediction, where
it is expensive to obtain the losses of the experts, and therefore the algorithm
has the option to query this information (see Cesa-Bianchi et. al [5]). Finally the
combination of the label efficient and the multi-armed bandit problem, where
after choosing a decision, the algorithm learns its own loss if and only if it asks
for it (see Gyorgy and Ottucsak [11]).

Cesa-Bianchi et. al. [7] studied second-order bounds for exponentially weighted
average forecaster and they analyzed the expected regret of the algorithm in the
full monitoring case when the bound of the loss function unknown. They indi-
cated their results in partial monitoring case.

2 Sequential prediction and partial monitoring models

The on-line decision problem considered in this paper is described as follows.
Suppose an algorithm has to make a sequence of actions. At each time instant
t=1,2,..., an action a; € A is made, where A denotes the action space. Then,
based on the state of the environment y, € ), where ) is some state space,
the algorithm suffers some loss £(a;,y;) with loss function £ : A x Y — RT.
The performance of the algorithm is evaluated relative to a set of experts, and
its goal is to perform asymptotically as well as the best expert. Formally, given
N experts, at each time instant ¢, for every ¢ = 1,..., N, expert ¢ chooses an
action f;; € A, and suffers loss ¢(f;+,y¢). We assume that the action space
is finite, therefore we consider algorithms that follow the advice of one of the
experts, that is, fy, ; for some I;, where I; € {1,..., N} is a random variable.



The distribution of I; is generated by the algorithm. I; only depends on the past
losses £(fit—1,Yt),---,£(fi1,y1) for all ¢ and the earlier choices of the algorithm
I;_1,...,I;. For convenience we use the notations ¢; ; instead of ¢(f;+,y:) and
Ly, ¢ instead of ¢(f1, +, yt).

Formally, at each time instance t = 1,2, ...,

. the environment decides on the losses £; ; > 0 of the experts ¢ € {1,..., N},

. the algorithm chooses an expert I; € {1,..., N},

. the algorithm suffers loss £, ,

. the algorithm receives some feedback about his loss and the losses of the
experts.

W N

After n rounds the loss of the algorithm and the losses of the experts are denoted
by

n n
L, = E Elt,t and Ly = § gi,t;
t=1 t=1

and the performance of the algorithm is measured by its regret, Zn —min; L; p,
or by its regret per round, % (lALn — min; Lm> An algorithm is Hannan consis-
tent [12], if
1/~
lim sup— (Ln — min Li,n) <0 a.s.
n—oo M g

The performance of any expert algorithm obviously depends on how much

information is available to the algorithm about the experts’ and its own perfor-

mance. Next we show the most important classes of partial monitoring according
to the amount of the information available to the algorithm.

— Full information (FI) case: the algorithm has access to the losses ¢; ; of all
experts.

— Multi-armed bandit (MAB) problem: only the loss of the chosen expert
is revealed to the algorithm, i.e., only ¢y, ; is known.

— Label efficient (LE) setting: the algorithm tosses a coin S; whether to query
for the losses.* If S; = 1 (with probability &;) then the algorithm knows all
liy, i =1,...,n, otherwise it does not.

— Combination of the label efficient and multi-armed bandit (LE+MAB)
setting: the algorithm queries with probability ; only about the loss of the
chosen expert, /1, ;.

Throughout the paper we focus on problem LE+MAB because all of the other
problems mentioned above are “easier”, in the sense that if an algorithm is
Hannan consistent for problem LE4+MAB, then it is Hannan consistent for the
other cases, too.

4 1t is easy to see that in order to achieve a nontrivial performance, the algorithm
must use randomization in determining whether the losses should be revealed or not
(cf. Cesa-Bianchi and Lugosi [4]).



3 The algorithm

In problem LE+MARB, the algorithm learns its own loss only if it chooses to query
it, and it cannot obtain information on the loss of any other expert. For querying
its loss the algorithm uses a sequence S1, .53, . .. of independent Bernoulli random
variables such that

P(St = 1) = &4,

and asks for the loss ¢;, + of the chosen expert I; if S; = 1, which for constant
e¢ = ¢ is identical to the label efficient algorithms in Cesa-Bianchi et al. [5]. We
denote by LE(e;) the label efficient problem with time-varying parameter ¢;.

We will derive sufficient conditions for Hannan consistency for the com-
bination of the time-varying label efficient and multi-armed bandit problem
(LE(e¢)+MAB) and then we will show that this condition can be adapted
straightforwardly to the other cases.

For problem LE(e;)+MAB we use algorithm GREEN with time-varying learn-
ing rate 1. Algorithm GREEN is a variant of the weighted majority (WM) algo-
rithm of Littlestone and Warmuth [14]. Denote by p; ; the probability of choosing
action 4 at time ¢ in case of the original WM algorithm, that is,

e_ntii,t—l

Pit = —x =

where Ei,t is so called cumulative estimated loss, which we will specify later. Al-
gorithm GREEN uses modified probabilities p; ; which can be calculated from p; 4,

Gy = 0 if pie <,
it — .
’ et Pt i pie >

where ¢; is the normalizing factor and v, > 0 is a time-varying threshold. Finally,
the algorithm uses estimated losses which are given by

Ei,t — Pit€t

~ i gy I; =iand S; = 1;
0 otherwise,

based on Gyorgy and Ottucsdk [11]. Therefore, the estimated loss is an unbiased
estimate of the true loss with respect to its natural filtration, that is,

E, {Et] def [E‘,twf_laff_l} =l;4.

The cumulative estimated loss of an expert is given by Zln = Z?:l Z” The
resulting algorithm is given in Figure 1.



Algorithm GREEN
Let mi,m2,... >0, €1,€2,... >0 and y1,72,... > 0.
Initialization: Zi,o =0foralli=1,...,N.

For each round t =1,2,...

(1) Calculate the probability distribution

e~ Mlit—1

Pit = =
ZN e~ Mtlit—1
i=1

(2) Calculate the modified probabilities

- {0 if Pit < Vi,
Dijt =

i=1,...,N.

ct - pie  if pie > ve,

where ¢ =1/ mezw Dit -
(3) Select an action I; € {1,..., N} according to pt = (P1,¢,..-,PN,t)-
(4) Draw a Bernoulli random variable S; such that P(S; = 1) = 4.
(5) Compute the estimated loss for all i =1,..., N

5i,t€t

_ { Yt if [, =4 and Sy = 1;
liy =

0 otherwise.

(6) For alli=1,..., N update the cumulative estimated loss

L, = Zi,tfl + Zzt

Fig. 1. Algorithm GREEN for LE(e;)+MAB

4 Bounds on the expected regret

Theorem 1. If 6127,5 < t¥ and g, > t=P for all t, then for all n the expected loss

of algorithm GREEN with v =0 and n; = 2 % = v EB)/2 s bounded by
E[En — min Ln} <2/ (NInN)(n + 1)+ +8)/2,
If the individual losses are bounded by a constant, a much stronger result can

be obtained.

Theorem 2. If¢;,, € [0,1] and e, = € for allt, then for all n with min; L; ,, < B
the expected loss of algorithm GREEN with v = v = m and ny = n =

2 II}VN% is bounded by

E[Ln —minLi| <4 §N1HN+ Nln]ev+2+ln(835+2)'




Remark 1. The improvement in Theorem 2 is significant, since it bounds the
regret of the algorithm in terms of the loss of the best action and not in respect
to the number of rounds. For example, Theorem 1 is void for min; L; ,, < /n
whereas Theorem 2 still gives a nearly optimal bound®.

Remark 2. If the magnitude of the losses is not known a-priori, the doubling
trick can be used to set the parameter v in Theorem 1 and the parameter B
in Theorem 2 with no significant change in the bounds. The generalization of
Theorem 2 to losses in [a, b] is straightforward.

For the proofs we introduce the notations

N N n
b= Pitlie, b= pitlis, and L= 1.
i=1 i=1 t=1
Then
En —minL;, = (En - fn) + (Zn — min Zim) + (mjn Em — min Li,n) . (1)
3 3 2 K3

Lemma 1. For any sequence of losses {;; > 0,
Zn - L, < Z (elt,t - ‘ét) + Z N’Ytgp
t=1 t=1

Proof. Since plmt/ﬁIut = 1/Ct = Zjipj,tZ’Yt Pit = 1— Zjipg,t<"/t Dj.t > 1 —N’}/t
we have

N
0= Zpi,téi,t =1l > (1= Nv)pr, ilr, 0 = (1 — N"Yt)gt-

i=1

Zn —L, = Zglt,t - Zzt < Z (flt,t - gt) + ZN%Ep
t=1 t=1 t=1 t=1

Thus

For bounding L,, — min; L; ,, we use of the following lemma.

Lemma 2 (Cesa-Bianchi et al. [6]). Consider any nonincreasing sequence

of m,m2, ... positive learning rates and any sequences £1,€2,... € R_IX of loss
vectors. Define the function @ by

N N
_ - 1 -
B(pe, e, ) = D _pilie + " Iy " pj e,
i=1 o=t

where py = (P1,t, D24, - - - PN,t) the probability vector of the WM algorithm. Then,
for Algorithm GREEN

_ ~ 2 1 = ~
L,—minL;, < ( - ) InN + Zé(Pt,ﬂt, —£).
s T+l T —

5 For € = 1 optimality follows from the lower bound on the regret in [1].



Lemma 3. With the notation of Lemma 2 we get for algorithm GREEN,
~ 7775
@(Ptﬂ?ta = Zgz tgz St
Proof.

N N
~ _ 1 -
¢(pta77t7 _et> = E pi,tfm —+ 77— In E Die Nelit
1 T )

al 272
~ n Vs
< sz tfz ¢+ — lnz:pz . (1 — el + t2z,t> @
i=1
SN 1 N o
< Zpi’tgivt + ™ In (1 — sz',t&',t + ?t Zpi,tgf’t>
‘ ! i=1 i=1

N

N e _
z_: 'Lt zt ~ 27 ztfi,t (3)

=1

IN
w\ﬁ

where (2) holds because of e7% < 1 —z + 2%/2 for z > 0, and (3) follows from

the fact that In(1 + z) < x for all z > —1, and from the definition of E,t in
algorithm GREEN. ]

Lemma 4. For any sequence of {; + the loss of algorithm GREEN is bounded by

anN N ntEI:ztgzt}

EL —mlnLZn}<NZ% (1, ] ZZ

t=1 =1 t=1

n N
2 lnN 77tE
=N E YE[lr, ¢] + Zt
= i=1 t=1

4)

Proof. From (1) and Lemmas 1-3, we get

~

n 5 n , 2 1
min L;, Z( It t t) Z Tt (nn+1 771> !

t=1 t=1

+Z i Z&t&t + (mlnL“L —HllIlL,n).

t=1

Since E[lr, 1] = Zf\;l Dijtlis = Zfil Di ¢ Ey {Zzt:| = E; [ét] and E[mini zzn:| <
E{Zzn} < E[L;~ ] for ¢* = argmin; L, ,,, taking expectations gives (4). The

second line of the lemma follows from E; [Et] =V O



Proof of Theorem 1. By simple calculation from Lemma 4. ]

Proof of Theorem 2. Let T; = max{0 <t < n:p;; > v} be the last round
which contributes to L; ,,. Therefore,
e*nzi,T/L- e*nzi,Ti

< p T, = e~ < =
Y = DPiT ZN . e_nLj,Ti e_nLi*,n )
j:

where ¢* = arg min; L; ,,. After rearranging we obtain

~ ~ In(1
Tom, < Loon + n(1/7)
n
and since Zi’n = L,Ti we get that Zi’n < Zln + w Plugging this bound

into (4) and using ¢; ; € [0,1] we get

E[En - Lm} < yNE [Zn} L 2N v <E[Li*m] " ln(l/V)) _

7 2e n

Solving for E [Zn} we find

~ 2In N n In(1/7)
E[L,] < E[Li- N (B[Lq ]+ L2 ]
< o [l + 2 N (ElLe o]+ 2
For v = m we have 1L_7]’\‘, < Liwp+ 2 and ﬁ < 2, which implies

-~ 2 4InN
E|:Lni| < Li*,n + -+ =
£

InN In(eB+2
JrNg <Li*,n+ g n(eB + ))

n

and, by simple calculation, the statement of the theorem. O

5 Hannan consistency

In this section we derive the sufficient conditions of Hannan consistency under
partial monitoring for algorithm GREEN using time-varying parameters in case
when the bound of the loss is unknown in advance, or when the loss is unbounded.

The next result shows sufficient conditions of Hannan consistency of Algo-
rithm GREEN.

Theorem 3. Algorithm GREEN is run for the combination of the label efficient
and multi armed bandit problem. Assume that for each n

1 n
max — g 2, <cn”,
ISiSN ="

where ¢ < 0o and 0 < v < 1. For some p > 0 choose the parameters of the
algorithm as:



w=t"*/N; (Ww+p)/2<a<l,

ny =t~ 19, 0<do<l—v—a—-0F—p
and

g = ot ™7, 0<en<1l and 0<B<1l—-v—a—40—p.
Then Algorithm GREEN is Hannan consistent, that is,

lim sup l (Zn — min Li’n) <0 a.s.

n—oo T v
Remark 3. (Unknown v) If v is unknown in advance, then define a set of infinite
number of experts. The experts use Algorithm 1 with different parameter v.
Since 0 < v < 1, instead of v we can use vy, a quantization of the [0,1) interval.
Let {v4} is a monotonically increasing sequence which goes to 1 and let gx be an
arbitrary distribution over the set of k such that g > 0 for all k. Then using ex-
ponential weighting with time-varying learning rate in case of unbounded losses,
the difference between the average loss of the (combined) algorithm and the av-
erage loss of the best expert vanishes asymptotically [10][Lemma 1]. Therefore
the algorithm reaches Hannan consistency.

Remark 4. We derive the consequences of the theorem in special cases:

— FI: With a slight modification of the proof we get the following condition
for the losses in full information case:

1< e
Bt 2 e SO0,

— MAB: we fix 8 =0 (¢; = 1). Choose ; = t~1/3 for all t. Then the condition
is for the losses

1~ 2/3—5—p
2,5 2 B <0 (w20707).
=1
— LE(g;): With a slight modification of the proof we get the following condition
for the loss function in label efficient case:

1~ o 1-B—6—
B e = 00T

— LE(¢;)+MAB: This is the most general case. Let v; = t~/3. Then the
bound is

1 n
AN < (2/3%767,0),
g, 2 B <O



Remark 5. (Convergence rate) With a slight extension of Lemma 5 we can re-
trieve the v dependent almost sure convergence rate of the algorithm. The rate
is

1 /~
— (Ln — min Lim) < O(n¥/?>1/2) a.s.
n i

in the FI and the LE cases with optimal choice of the parameters and in the
MAB and the LE+MAB cases it is

1 /7~
— (Ln — min Li,n) < O(n”/2_1/3) a.s.
n 7

Remark 6. (Minimum amount of query rate in LE(e;)) Denote

p(n) = Z &t

the expected query rate, that is, the expected number of queries that can be
issued up to time n. Assume that the average of the loss function has a constant
bound, i.e., v = 0. With a slight modification of the proof of Theorem 3 and
choosing

logloglogt loglogt
= ———"— and g =—"—

t t

we obtain the condition for Hannan consistency, such that

Mt

p(n) =lognloglogn,

which is the same as that of to Cesa-Bianchi et al. [5].

6 Proof

In order to prove Theorem 3, we split the proof into three lemmas by telescope
as before:

1~ 1

—L, — —minL;,

n n
1/~ — 1 /— ~ 1 ~

== (Ln — Ln) + = (Ln — min Li’n) + - (min L; , —min LG) (5)
n 2 7 2

n n

Lemma 6 Lemma 7 Lemma 8

Combine sequentially Lemma 6, Lemma 7 and Lemma 8 to prove Theorem 3.
We will show separately the almost sure convergence of the three terms on the
right-hand side. In the sequel, we need the following lemma which is the key of
the proof of Theorem 3:

Lemma 5. Let {Z;} a martingale difference sequence. Let

h,tkt Z Var(Zt)

10



where
hy =1/t¢

forallt=1,2,... and
1 n
Kn:fE k< Cn?
n
t=1

and 0 <b<1landb—a<1. Then

1
lim — Z Zy =0 a.s.

Proof. By the strong law of large numbers for martingale differences due to
Chow [8], if {Z;} a martingale difference sequence with

Z Vart‘z(Zt) <0 ()

t=1
then
1 n
lim — 7, = .S.
Jin 2 Z=0 e

We have to verify (6). Because of k; = tK; — (t — 1)K;_;, and 2t it >

Tt+1)? =
we have that
" Var(Z,) = hiki o~ h (tK — (t — 1)K;_1)
D <X X 2
t=1 t=1 t=1
n—1
 haK, ht hiit
T +;(t t+1)2)"
—a b n—-1 —a —a
<" Cn n (t(t+1)1 2t)Ctb
n —~\t (t+1)
which is bounded by conditions. O

Now we are ready to prove one by one the almost sure convergence of the
terms in (5).

Lemma 6. Under the conditions of the Theorem 3,

lim l (En ffn> =0 a.s.

n—oo N

Proof. First we use Lemma 1, that is
Zn - zn S

n
t=

(gft,t _gt) +ZN’YtZt = ZZt‘FZN’YtZt (7)
t=1 t=1 t=1

1

11



Below we show separately, that both sums in (7) divided by n converge to zero
almost surely. First observe that {Z;} is a martingale difference sequence with
respect to It~! and S*~!. Observe that I is independent from S; therefore we
get the following bound for the variance of Z;:

N
. 1 &
Var(Z,) =R[Z}] =E[(lr,, — 6)’] < =>4, A hyke,

€
bzt

where hy = 1/e; and k; = va N '+ Then applying Lemma 5 we obtain

1
lim — E Zy =0 a.s.
n—oo n
t=1

Next we show that the second sum in (7) divided by n goes to zero almost surely,
that is,

S n 1 n
- Z Nyly =~ Z N = USRS Ny =0 (n— o)
t:l t=1
(8)

where R; is a martingale difference sequence respect to Sf‘l and If. Bounding
the variance of R;, we obtain

Var(R;) < N27t Zé

Then using Lemma 5 with parameters hy = 72 /¢, and ky = ZZ 074 we get

1 n
TLILH;O - ZRt =0 a.s.

t=1

The proof is finished by showing, that the second sum in (8) goes to zero. i.e.,

1 n N 1 n
Jim 52 bl = N3 03t =0

Introduce K;,, = £ S°" ¢, then for all i
s n t=1"%17,

n

1 — 1
—E&- :—E tK; s — (t— 1)K
n & 7Vt n ( Jt ( ) )t 1)’Yt

t=1
1 n—1
= i,nr)/n + ﬁ Z ('Yt - ’Yt+1) tKi,t
t=1
1 n—1
S Ki,n’Yn + — Z ’YtKi,t (9)
n t=1
1 1 n—1
= v/2—a - v/2—a
< Vegn +nN;t Ve —0 (10)

12



where the (9) holds because (¢ —7vi+1)t < 7 and (10) follows from K ,, < v/en?,
the definition of the parameters and o > (v + p)/2. ad

Lemma 7 yields the relation between L,, and min; Zi’n
Lemma 7. Under the conditions of Theorem 3,

1 /— -
lim sup — (Ln — min Liﬂ) <0 a.s.
n 2 :

n—oo

Proof. We start by applying Lemma 2, that is,

n

+ QI) Ptﬂ?ta ’et) (11)
Mn+1 ;

— ~ 2In N
L, —mlnL“LS -

To bound the quantity of ®(p¢, 7, th), our starting point is (3). Moreover,
N

n N ~ ] S NS

t 2 t t t 2 t t 2

— E b, = = E S { — Y < — l:

2 : lpl’t bt 2 : lp”p?t Ian thr=iy < 2vier €4 Tet 2yt €4 | Wt

(12)

where the first inequality comes from py,; > <. Combining this bound with
(11), dividing by n and taking the limit we get

. 1 /= I~ S
lim sup — (Ln — min Li,n) < lim bup —|— lim sup — Z Nt Ot i .
n—oo N i n—oo MMNn+1 n—oo 2’%815 on Pt ’

Let analyze separately the two terms on the right-hand side. The first term is
zero because of the assumption of the Theorem 3. Concerning the second term,
similarly to Lemma 6 we can split S;/e; as follows: let us

N

Zﬁ =Z; + 2 f?’t, (13)

tE¢
=1

J
€t 2’Yt€t

where Z; is a martingale difference sequence. The variance is

var(z) ~ B[ (£, )] = 2 (X, )’

tt EtVt

Application of Lemma 5 with h, =

= (Zivzl é?’t)Q yields

1
nhl%oﬁzzt =0 a.s.

t=1

where we used that
1 — 1 (<& ’
=S k<= (Y V| <N
N n\i=

13



Finally, we have to prove that the sum of the second term in (13) goes to zero
that is,

for which we use same argument as in Lemma 6. Introduce K;,, = = 37" | (2 P
then we get

1 n

Nt+1
— K 2 tK;
n 221 t2%€t 2%6n Z (2%6t > !

2’Yt+1€t+1
< Kin —
2%@ Z
n—1

< Nep?~ltotfto 4 1 Z Netv—1tetB+o
"=

K

2%€t

because of K;, <cen” andv <1l—a—8—-6—p.

O

Finally, the last step is to analyze the difference between the estimated loss
and the true loss.

Lemma 8. Under the conditions of Theorem 3
. 1 I .
lim — (mm L;,, —min Liyn) =0
n—oo N 7 7

Proof. First, bound the difference of the minimum of the true and the estimated
loss. Obviously,

L (minZ inL <le L —Nlniz
n(miln i,n—mjln j,n>_; ﬁ( imn — 'Ln) —; ﬁ;( it —Llit)
N 1 n
:; ﬁ;zi,ta

where Z; ; is martingale difference sequence for all i. As earlier, we use Lemma
5. First we bound Var(Z; ;) as follows

N
- N g2
Var(Z;;) = E?, < @ (14)
’ EtVt

Applying Lemma 5 with parameters k; = £2, and hy =

el for each fixed ¢
A{

1 n
lim — E Ziy =0 a.s.
n—oo n
t=1

14



therefore

N

Jim, 2

i=1

=0 a.s.

1 n
- ; Zis
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