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#4bd0e]~51]�*ZregF/1'%DeA`*1]�/x* B�57]
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γ
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γ
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��# �5
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γ
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B�f2fe51,��R'%)+BG/1'%,$D�B�g%A$,C51'F/10e) .q,$5 /70e]()h'FD2'F)sre)

γ
��*1]wf�B�5xBG/1,C5�f251,CXegF]�) �%"�=6��# bd0e'%*¬'%* AC,$'%DeA;/1,9X ](fe57]�*1]wD�/1]�W

'%DY/70e'\*([x02B�fe/1]w5�#
�;]wD2]w5xB�g%gF�>�NBh*1fe57]�B$We'FDeAh)h]�/751'\[

l : E → IR+
02BC*4/10e]:.q,CgFg%,G3-'FD2Asfe57,$f ]w51/1'%]�*�$

•
°�/7* � ±$,$g%re)h]��

c · l
'\*(B�gF,G34]w5dX ,$reD�WY,CD�/70e]9,$fe/1'%)hB$go*Z,CgFre/1'%,$D­,�.�/10e]9fe57,$X2gF]�)	R

•
«¬±$]�51��D2,$DR��/157'F±N'\B�ge*1reX2*1]�/©,$.

V
v�'ª# ]$#C]w±$]�51�s*ZreX�*Z]w/���.q,C5¬3-0e'\[x0�/10e](f251,CXegF]�) [�B�DeDe,$/¬X�](*1,$g%±$]�W�3-'_/70

}�[w,C*Z/xyz02BC*-Bs5xB$We'Fr2*d3-'F/10857]�*1f�]�[ /d/1, #%$ &('
l
/102B�/('%*(X�,CreD2WR]�W�.q57,$)|X�]�gF,G3
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°£DY/10e]�[w,$D�/1]w��/-,$.�/70e]9)h'FDe'%)~r2)
γ
��*1]wf2B$57B�/1,C5©fe57,$Xeg%]w):�2Bh*1fe57]�B$WR'%DeA�)h]�/157'\[@'\*(WR]w^2De]�W­BC*4.q,$g%gF,G3(*�#

� L������q���ª��� �  ��  
l : E → IR+

'\*(Bh*Zf251]�B$WR'%DeA�)�]w/157'%[1�e'F.
• c · l

'\*-B�gF,G34]w5dX ,$reD�WY,CD�/70e]�[�,�*{/-,$.�/70e]9)h'FDe'%)~r2)
γ
��*1]wf2B$57B�/1,C5�R

•
�e,$5�]w±C]w57��*Zr2X2*Z]w/

S ⊆ V
�G.q,$5�3-0e'\[x0

|S| > γ′n
��B$D2W~.q,$5�]w±C]w57�

u ∈ S
�
∃v ∈ S :

#%$ &('
l(u, v) > γ′−γ

γ′

#
°�/ [wB$DVX�]9]�B$*1'Fg%�Y*1]w]�D­/102B�/(/10e]s*Z]�[�,$D�WYf251,Cf�]�5Z/{�`'%D8/102'%*@WR]�^2D2'_/7'F,CDV'%*-]62�re'F±GB$gF]�DC/-/7,�[�g\B�'%)h'FD2Ah/102B�/

.q,$59]�±$]�51�
S
��.q,$593-0e'\[x0

|S| > γ′n
v�3-0e'\[x0�)h]�B�D2*;/702BG/

S
02B$*;/7,VX�]`*1feg%'_/�XN� B$DN�

γ′ �£*Z]�f2B�5xBG/7,$5 y ��/102]5xB$WR'%r2*d,�.
S
'%*d0e'%A$02]w5d/10�B�D γ′−γ

γ′

#

� ��� � � � � ��	 � 	 � ���&� # � � 	 ��	 � � �
��# �5

& *1fe51]�B$WR'%DeA�)h]�/157'\[9[wB�D­X ]9,$XR/xB�'%De]�WYXN��*Z,CgF±N'%DeA�/10e]:.q,CgFg%,G3-'%DeAsg%'%De]�B$5-fe51,CA$5xB�):$
5 K��  ª�" )h'FDe'%)h'FE�]

c · l
��*ZreXI/{]�[ /d/7,

∀qu,v
j

f�BG/10­.q57,$)
u
/7,

v
$ ∑

e∈E qu,v
j (e)le ≥ λu,v

∀S ⊆ V, ∀u ∈ S
$ ∑

v∈S λu,v ≥ |S| − γn

∀e ∈ E
$

0 ≤ le ≤ 1

∀u, v ∈ V
$

λu,v ≥ 0

U(,$/1]-/702BG/z'_/z[�B�D+X ] B$*7*1re)h]�Ws/102B�/
λu,v =

#)$ &*'
l(u, v)

#�� '_/70+/10e'\*¬,CX2*1]w57±�B�/1'%,$D��C'_/4[wB�D+]�B$*1'Fg%�~f251,G±C]wD
/10�BG/-/102'%*(l�n ��'%]wg\We*d'%D2WR]�]�W8Bh*Zfe57]�BCWR'%DeAs)h]w/157'%[1$
5 LNO�OPQV�  J! lo]�/

(l, λ)
X ]�B�D­,$fR/7'F)+B�g�*Z,CgFrR/7'F,CDY,$.�l�np<�#F"C# bd0e]wD

l
'%* B�*1fe57]�BCWR'FD2As)h]�/751'\[�#

U(,$/1];/10�BG/ lon <�#F":02BC*d]��Rf�,CDe]wD�/7'%B$go*Z'%Ew]C#+< ,G3z]�±$]�5�$
5 LNO�OPQ
�  %!  bd02]w57]V'%*YB F.-�� ��� - � J H�� � ��J �4� N��*F3H�L H ��J�-�� -KL H���� � .q,$5Ylon <2#%"1�4'�# ]C#zB f ,$g%��D2,$)h'%B$g_��/1'%)h]
fe57,R[�]�Were51]@/10�BG/��RAC'F±C]wD­Bs[�B�D2WR'\WeB�/1]:*Z,CgFrR/7'F,CD

(l, λ)
�e]�'_/70e]w54^2D�We*-B�±�'%,$g\BG/7]�WY[�,$D�*{/757B$'FD�/���,$5dfe57,G±$]�*¬/702BG/

'F/�'\*�'%D2WR]�]�WsB *1,$g%rR/1'%,$Do#)<(]�D2[�]>��lon <�#F"z[wB�D~X�]d*Z,CgF±C]�W:,CfR/1'%)+B�g%gF�:'%D~f ,$g%��D2,$)h'%B$g$/7'F)h]4r2*1'FDeA /10e]z]wg%gF'%f2*1,$'\W
B�g%A$,C51'F/102)�� =�<���#
(N, D2,G3!� 3z]Y02B�±$]�B f�,CgF�NDe,C)h'%B$g_��/1'%)h]�B�g%A$,C51'F/10e)�.q,$5h[�,C)hferR/1'%DeA�B *1fe51]�B$WR'%DeAV)h]�/751'\[�# <(,G34]w±C]w56�

*1'FD2[w](,$r25zB�'%) '%*©/1,�r�*Z]-/70e]@*1,$g%rR/7'F,CD+,�. /102'%*zlon�'%D�B�D`B$fefe57,��R'F)+BG/7'F,CD+B�g%A$,$57'F/10e):�$'F/z)h'%A$0�/©)+B�6C] *1]wD2*1]
/1,Y*Z]w/Z/1g%]�.q,C5 B�D B$fefe57,��R'F)+BG/7]�*Z,CgFre/1'%,$D8,�. /70e]~lon
B$*(34]wg%g �2'F.¬'_/:[wB�D8X ]s[w,$)hferR/7]�WV*1'FACDe'_^ [wB�D�/7gF�Y.�B$*Z/1]�5
/10�B�D­/10e]9,CfR/1'%)+B�g ±GB�g%re]C#

°£D f2B�51/1'\[�r2g%B$5��d«¬±C]wD ]�/YB$gª#4*Zr2A$A$]�*{/+r2*1'%DeA /102]V.q57B$)h]w34,$576 .q,$5+.q5xB$[�/1'%,$D2B$g-f2B$[x6N'%DeA�B�D�Wp[w,G±$]�51'%DeA
fe57,$Xeg%]w)+*;[�,CD2*{/751r�[ /1]�W XN�8n¬g%,�/16N'%D���b�B�5xWR,C*���B�D2W (N0e)h,G�R*;� k$u#�©B$D2W � ,CreDeA � <��#��# � *1'FDeAY/102]�*1]s57]�*1regF/7*��
«¬±C]wD�]w/­B�g�#d*Z0e,G3�0e,G3 B$D

O(1)
�£B�fefe57,��R'F)+B�/1] *1,$g%rR/1'%,$D�,$.9/10e]�lon�[wB�D X ]¨.q,$reD2W�'FD

Õ(m2n γ′

γ′−γ
)WR]w/1]w57)h'FD2'%*Z/1'\[;/1'%)h]1�e,C54'%D

Õ(m2 1
γ′−γ

)
]��Rf ]�[ /7]�W�/1'%)h]9r2*Z'%DeA`B�5xB�D2WR,C)h'FE�]�W�B$gFAC,$57'_/70e) �%"�=6��#

� ��� � � � # ��� ��� � ����	 � � � � ����	 ���
� �
γ
	 � �5� �$# � ���$#

U(,G3 ]w±$]�51��/70e'FD2A~'\*z57]�BCWR�h.q,$5d]w�Nf2g%B$'FDe'%DeA~/10e]9B�f2fe51,��R'%)+BG/1'%,$DYB�g%A$,$57'F/10e) /1,s/102];)h'%De'%)~re)
γ
��*1]wf�B�5xBG/1,C5fe57,$Xeg%]w)8#���];*Z/7B$5Z/4X��+[w,$)hferR/7'FDeAhB~*1fe57]�BCWR'FD2A~)h]�/751'\[~v�,$5-B�D�B$fefe57,��R'F)+BG/7] *1fe51]�B$WR'%DeA�)h]w/157'%[�y

l
#�bd02]

±$,CgFr2)�]:,$.�/102]�*Zfe57]�BCWR'%DeAh)�]w/157'%[
c · l

3-'%gFg�X�]�WR]�De,�/7]�WYXN�
B
#

?@re5 B�'%)�'\*�/1,9[x0e,Cfs,1D�fe'%]�[w]�*�,�.�/10e]-AC57B$fe0s*1r2[x0�/10�BG/ ]�BC[x0sfe'%]�[w]d02B$* *1'FE�](BG/ )h,C*Z/
γ′n
�CB$D2W�/70e]([�re/
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/102]~B$[�/1'%±$]9*Z]w/@B�D�W�/70e]9De,$/1'%,$D8,�.¬B N/� H���� ��7%�z0�B$*d/7,+X�]�57]�We]�^2De]�W # P ]w.q,$57]@/70e]�*1]9De]�3¤We]�^2De'F/1'%,$D�*(B�57]
fe57]�*1]wD�/1]�W0�e*1,$)h]:De,�/xBG/1'%,$D­02BC*4/1,hX�]9'%D�/157,RWRr2[�]�W #
(Nref2f�,�*Z]�/702BG/o/70e]¬57]wAC'F,CDR��AC51,G3-'%DeA¬f251,R[�]�WRre57]¬*{/xB�51/7* .q57,$) Bd±$]w51/1]w�

v0
#�°£D9]�BC[x09*{/7]wf���/10e]zB$[ /7'F±C]¬*Z]w/o'%*

B � X2B�g%g ��,�.e*1,$)h] 57BCWR'%r2*
r
��'ª# ]$#

B(v0, r) = {v :
#%$ &('

l(v0, v) < r}
#�l�]�/

E(v0, r) = E∩(B(v0, r)×B(v0, r))X ]:/10e]9]�WRA$]�*d'FD2*1'\WR];/10e'\*-X2B$gFg�#¬U(,G3!�N/70e]93z]�'FAC0�/d,$.
B(v0, r)

'%*-We]�^2De]�W8B$*4.q,$g%g%,G3(*%$
� � $ ��� ' (v0, r) =

B

n ln n
+

∑

e∈E(v0,r)

cele +
∑

(x,y)∈δ(B(v0,r)), x∈B(v0,r)

c(x,y)(r −
#)$ &*'

l(v0, x))

°�/�'\*�r2*1]�.qreg¬/1, [w,$)hf2B�57]�/10e'\*�WR]w^2De'F/1'%,$D /7,8/10e]`,C51'%A$'%D2B$g¬WR]�^2D2'_/7'F,CD�,$. � � $ ��� ' v�«Q2�r2BG/7'F,CD v�ke#%"�y;,CD
f2B$A$]�"�kCy #�& [wgF,�*Z]�5¬g%,�,C6sr2D2[�,G±C]w5x*�/10e];*Z'%)h'Fg\B�5z*{/751r2[�/1re57](,$. /10e] /{3z,�]w�Rfe51]�*1*1'%,$D2*�$oX ,�/10Y[�,$D�/xB�'%D`B:/1]�51)
fe57,$f ,$51/1'%,$D2B$g2/7,

B
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r̄ = γ′−γ
γ′

# (Nrefef ,C*1]9/702BG/@/10e]~[wre5751]�DC/7gF�B$[�/1'%±$]­*Z]w/�'\*
A

B$D2W
w
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A
� *-[wrR/('%* *1B$'%W�/1,hX ]�*Z)+B�g%g �e'_.�/102]:.q,$g%gF,G3-'%DeAh[�,$D�WR'_/7'F,CDY'\*(*7BG/7'%*Z^2]�W�$

c(δ(A)) ≤
1

r̄
ln

( � �2$ ��� ' (v0, r̄)� � $ � � ' (v0, 0)

)

· � �2$ ��� ' (v0,
#)$ &*'

l(v0, w))
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3dB$*�fereXeg%'%*10e]�W~'%D2WR]�f�]�D2WR]wD�/7gF��XN��& re)+B�DeDhB�D2W B B�X�B�De' �>I6� �CB�D2Wslo'%De'%B$g��Clo,$D�WR,$D���B$D2W B B�Xe'%De,G±N'%[x0 � k$<���#bd0e] B$gFAC,$57'_/70e) *Z/7B$5Z/x*+XN�p*1,$g%±N'FDeA /70e] l�n ��57]wg\BG�eB�/1'%,$Dp,�.:/10e] A$]wD2]w5xB�g%'FE�]�W *Zf�B�5x*Z]�*{/`[�re/Yfe57,$Xeg%]w)
v�l�n�=e# <Ny # bd02]¨,CfR/1'%)+B�g:*Z,CgFrR/7'F,CD ,�.�/70e'\*Yl�n|'\*YBP)�]w/157'%[

d
,CD /10e]�A$5xB�f20

G
3-'_/70�/70e] .q,CgFg%,G3-'FD2A

fe57,$f ]w51/1'%]�*�$
•
/10e]�*1re) ,$.�/70e]

si − ti
We'%*Z/7B$D2[�]�*%�R34]w'%A$0�/1]�W�XN�+/70e]�WR]�)hB$D2We*��R'%*(,$De]

•
/10e]�*1re) ,$.�B$gFg�/70e]

N
We'%*Z/7B$D2[�]�*%�R34]w'%A$0�/1]�W�XN��/10e]:]�WeA$]�[�,�*{/x*%�N'\*-)h'FD2'F)+B�g

P B$*1]�W¨,$D�n¬57,$f ,C*1'_/7'F,CD Ie#F">� /102]`,$fR/7'F)+B$g©*Z,CgFre/1'%,$D [wB�D B$g%*1,8X�]+'%D�/1]w57fe57]�/7]�W B$*;.q,CgFg%,G3(*%$9'F/~WR]w^2De]�*
B�Di]w)sX�]�WeWR'%DeA

ϕ
'FD�/1,

`n
∞

�z*1r2[x0P/102B�/s/70e]
`∞

��)h]�/751'\[Y,$D�/70e]8]w)sX�]�WeWR]�WPA$5xB�fe0P02B$*s/102]8B$X�,G±C]`/{34,
fe57,$f ]w51/1'%]�*�# bd0e'%*d]�)~X ]�WeWe'FDeA+3-'%g%goX�]957]�.q]�5157]�W`/1,`BC*©/70e]9,$fe/1'%)hB$g

`∞
��]w)~X ]�W2WR'FD2A2#

bd0e]�.q,$g%g%,G3-'FDeA8g%]w)h)+B­reD2[�,G±C]w5x*:BY57]w)+B$516GB�X2gF]h[�,CDeDe]�[�/1'%,$D�X�]w/{3z]�]wD�/102]+57B�/1'%,Y,$.z/70e]+A$]�De]w5xB�g%'FE�]�W
*1f2B�5x*Z]�*{/;[�rR/9B�D2W B�D ,CfR/1'%)+B�g�]w)sX�]�WeWR'%DeA�'%D�/1,

`h
1

�oB�D�W8/10Nr2*;)h,�/7'F±GBG/7]�*@3-0N�­34]sB$51]s'FD�/7]w57]�*Z/1]�W 'FD B$D
,$fe/1'%)hB$g

`1
��]w)sX�]�WeWR'%DeAh'FD8feg\B$[w];,$.�B$DY,CfR/1'%)+B�g

`∞
��]w)sX�]�WeWR'%DeA2#

5 LNO�OPQ ¥! ¥! bd0e]957B�/1'%,h,�.�/70e]9A$]�De]w5xB�g%'%Ew]�WY*Zf�B�5x*Z]�*{/-[�rR/(]62�r2B�g\*

z = min
{ �

� &(' (ϕ) : ϕ
'%*(B$DY]�)~X ]�WeWe'FDeAh,$.

V
'%D�/1,+*Z,C)h];57]�B$g *Zf2BC[�]

IRh
}

3-0e]�51]>�N.q,$5(B�D­]w)sX�]�WeWR'%DeA
ϕ : V → IRh �

�
� &(' (ϕ) =

∑

(u,v)∈E c(u,v)‖ϕ(u) − ϕ(v)‖1
∑k

i=1

#����
i‖ϕ(si) − ϕ(ti)‖1bd0e]�51]w.q,$57]1� /70e]¬A$]�De]w5xB�g%'%Ew]�W;*1f2B�5x*Z]�*{/o[wrR/�fe57,$Xeg%]w)
'%*o]�2�re'%±�B$gF]�D�/ /1,d^2D2We'FDeAd/70e]¬,CfR/1'%)+B�g

`1
��]�)~X ]�WeWR'%DeA@�

3-0e'\[x0¨3-'%g%g X�]+WR]�De,�/7]�W¨X��
ϕ0

#~°�/9.q,CgFg%,G3(*(/702BG/:^2D�WR'FD2A
ϕ0

'\*9U(n ��02B$57W #?<(,G34]w±C]w56� r�*Z'%DeA P ,Cre57ACB�'%D � */102]w,$57]w):�e34]�[wB$D [�,CD2*{/751r�[ / B+[�,CD�/15xB$[ /7'F,CDY'%D�/1,
`h
1

3-'F/10 *1)+B�g%g�WR'\*{/7,$51/1'%,$Do# (Nf ]�[�'F^�[�B�g%gF�>�234]9r2*Z]sbd0e]w,$�
57]w) IR# kI��3-'F/10

X = {s1, . . . , sk, t1, . . . , tk}
/7,��N'F]�g%W¨B�D ]�)~X ]�WeWe'FDeA

ϕ1
� *1,`/10�BG/

ϕ1
'\*;BY[�,CDC/757BC[ /7'F,CD��

B�D�W
µ = max

1≤i≤k

d(si, ti)

‖ϕ1(si) − ϕ(ti)‖1
= O(log k)

°�/d.q,$g%gF,G3(*4/702BG/
∀1 ≤ i ≤ k : ‖ϕ1(si) − ϕ(ti)‖1 ≥ dsi,ti

/µ
�eB�D2WY/102]w57]�.q,$57]1�

�
� &*' (ϕ1) =

∑

(u,v)∈E c(u,v)‖ϕ1(u) − ϕ1(v)‖1
∑k

i=1

#����
i‖ϕ1(si) − ϕ1(ti)‖1

≤

∑

(u,v)∈E c(u,v)du,v

∑k
i=1

#����
i
dsi,ti

µ

= µ
z

1
= µz

vªIR#%"�y
� *1'%DeA+lo]w)h)+B+IR# <3�R34]9[wB�D­3-57'_/7]

�
� &*' (ϕ1) =

∑

(u,v)∈E

∑p
j=1 c(u,v)dSj

(u, v)
∑k

i=1

∑p
j=1

#����
idSj

(si, ti)
=

∑p
j=1

∑

(u,v)∈E c(u,v)dSj
(u, v)

∑p
j=1

∑k
i=1

#����
idSj

(si, ti)

3-0e]�51]
dS1

, . . . , dSp

B$51]@/10e]�[wrR/()h]�/751'\[w*dAC'F±C]wD­X��Ylo]w)h)+B`IR# <8v
p ≤ hn

y #
��];3-'%g%goDe,G3 r�*Z]:/70e]:.q,$g%gF,G3-'%DeAh*Z'%)hfeg%]:.�B$[ /6$

K:�G�2�z��S��q����� � ¥  %²  l�]�/
x1, . . . , xp

B$D2W
y1, . . . , yp

De,$DR��De]�ACBG/7'F±C]@DNre)sX�]�57*�# bd0e]wD

min
1≤i≤p

xi

yi

≤

∑p
i=1 xi

∑p
i=1 yi

≤ max
1≤i≤p

xi

yi

=CI



� *1'%DeAhn¬51,Cf�,�*Z'F/1'%,$DVIR# �I�N34]�[wB$DY3-57'_/7]
�

� &*' (ϕ1) ≥ min
1≤j≤p

∑

(u,v)∈E c(u,v)dSj
(u, v)

∑k
i=1

#����
idSj

(si, ti)

vªIe# =Cy

lo]w/
j∗

X ] /70e]@'%D2WR]w��BG/d3-0e'\[x0`/102]@)h'%De'F)sre) '\*451]�B$[x0e]�W #�U ,�/7'%[w] /702BG/4/10e];57'FAC0C/1��0�B�D2W`*1'\WR]@,$.©vªIe# =Cy
'\* ]w�RBC[ /7gF�­/102]s5xBG/7'F,Y,�. /102]�[wrR/:We]�^2De]�W XN�

Sj∗
#9bd0e]w57]�.q,C51]>� BC[w[w,$5xWR'FD2A+/1, vªIe# =Cy � /10e]�5xBG/1'%,`,$.¬/10e]h[�re/

WR]w^2De]�W8XN�
Sj∗

'%*@BG/ )h,�*{/ �
� &*' (ϕ1)

# � ,C)~Xe'%De'%DeA+/70e'%* 3-'_/70PvªIe#F"�y ��3z]�0�B�±$]:/10�BG/(/70e]�5xBG/1'%,+,�.�/70e'%*;[�re/
'\*-BG/-)h,C*Z/

µz
�N3-0e]w57]

z
'\*4/102]:[w,C*Z/-,�.�/70e]:A$]�De]w5xB�g%'FE�]�WY*Zf2B$57*1]�*Z/4[wrR/�# < ]wD2[w]1�R/70e]9[�,�*{/-,�.�/10e'\*-[�re/d'\*-BG/

)h,C*Z/(B�.�B$[ /7,$5d,�.
µ
,1D /102]9,$fR/7'F)sre)8# n¬rR/Z/7'FD2A�B�g%g�/10e]9f2'F]�[�]�*4/7,$AC]�/102]w56$

� ��LN�2�GLNO�¥  \T � � ��O�Qe��� � 	�Qe§�Qe��� � �R� �2��� 5 �ª���ªQeM � 5 ������� � � 	�Qe§��ª��� �o�ª��� � �R������
2 7 BG�R'%)~re)[�,CD2[�r25157]wD�/ �2,G3
≤
A$]wD2]w5xB�g%'FE�]�W`*1f2B�5x*1]�*Z/z[�rR/

≤ O(log k)·
)+BG�R'%)~re) [w,$D2[wre5157]wD�/ ��,G39#�& [�re/43-'F/108[�,�*{/

BG/-)h,C*Z/
O(log k)

/1'%)�]�*4/10e]9)+B��N'%)~r2)�[�,CD2[�r25157]wD�/8�2,G3
[�B�D­X�]:.q,CreD2W­'FD8f ,$g%�NDe,$)h'\B�g /1'%)h]$#
b�,Y*1re)¢ref /70e]hB�g%A$,$57'F/10e):$d^25x*{/@/10e]hlon¬��57]wg\BG�eBG/7'F,CDV'%*:*1,$g%±$]�W0� B$D2WV/70e]�51]�*ZregF/1'%DeAY)�]w/157'%[s*Zf�B$[�]s'%*

]w)sX�]�WeWR]�W+'FD�/7,
`h
1

BC*¬'%D P ,$re57ACB$'FD � *�/70e]w,C51]�)­#�bd0e]�D���/10e]@]w)~X ]�W2WR]�W+)h]w/157'%[-'\*4WR]�[w,$)hf�,�*Z]�W+B$[�[�,$5xWR'%DeA
/1,`l�]w)h)+B`IR# <+'FD�/7,`B+[�,$D2'%[�B�g�[w,$)~X2'FD2B�/1'%,$D­,�. [�rR/@)�]w/157'%[�*w#4��'FD2B$gFg%�1�2/10e]9X ]�*Z/ ,$.�/70e]�*1]�[�re/ )h]�/157'\[w*-'%D
/1]�51)+*d,$.�[wrR/(57B�/1'%,s'\*-57]�/7re51D2]�W #

&(r2)hB$DeDhB�D2W B B�X�B�De'RB�g\*1,@fe57,G±$]�W9/70e]4.q,$g%gF,G3-'%DeA;'FD�/1]�51]�*{/7'FD2A@fe57,$f ]w51/{� $�BG. /7]w5 ]�)~X ]�WeWR'%DeA;/102]4AC57B$fe0'%D
`h
1

� BY[�rR/:3-'_/70 5xBG/7'F,�B�/;)h,�*{/:B+.�B$[�/1,C5 ,�.
O(log k)

,KD /10e]s,$fR/7'F)sre) [wB$D X ]~.q,CreD2WVXN� �57%� � J����
�3+.�
�1L H F + �=J �3+ H + � F �,L FO�EH�� ��#

U(,$/1] /102B�/z/70e]@,CXR/7B$'FD2]�Wh/70e]w,C51]�) '\*z'FD2We]w]�WYB�AC]wDe]�57B$gF'%E�B�/1'%,$D+,�. /70e]:lo]w'%A$0�/7,$D � B B�,:/70e]w,C51]�)�vªbd0e]��
,$57]w) ke# jCy # &(g\*1,�D2,�/1]­/702BG/+/70e]8.�B$[�/1,$5h,$.

O(log k)
,$57'FAC'FD2B�/1]�*~.q57,$) /10e]VWR'\*{/7,$51/1'%,$DpA$r2B$57B$D�/1]w]�W XN�

P ,$re57ACB$'FD � *©/10e]�,$57]w)8#�°£DY,$/10e]�5d3z,C57We*��N'_.�.q,$5-Bh[�g\B$*7*z,�.�AC57B$fe02*d*1)hB$gFg%]w5-WR'\*Z/1,$51/1'%,$D­[wB$DYX ]:A$r2B$57B$DC/7]w]�W0�
/102]wD83z]:AC]�/ B�D­'%)�f251,G±C]�W�B$fefe57,��R'F)+BG/7'F,CD`.�BC[ /1,C5�#
<(,G34]w±C]w56� 3z]h6NDe,G3�.q51,C) bd0e]w,C51]�)�=R#%"�}3� /10�BG/9/102]+ACB�f�X ]�/{34]w]wD�/70e]+)+BG�R'F)sre) [w,$D2[wre5157]wD�/9�2,G3B�D�W /70e]+A$]�De]w5xB�g%'FE�]�W¨*Zf2B$57*1]�*Z/�[�rR/~[�B�D�X�]

Ω(log k)
'FD�/70e]+3z,C57*Z/9[wB$*1]$#+&@*�B8[�,$D�*Z]62Cr2]wD2[w]1�oDe,$/�,$Deg%�

bd0e]�,$57]w)�Ie#>a"��X2rR/@B�g\*1, P ,$r251A�B�'%D � *z/70e]w,C51]�) '%*4/7'FAC0�/�#
��'FD�B�g%gF�>��'F/;*10e,$r2g%W8X ]~De,$/1]�W­/102B�/ /102]s*7B�)h]9/1]�[x0eDe' 2�re]~[wB$DVX�]�B�fef2gF'%]�W8/7,+/102]~)h'FD2'F)sre)�)~regF/1'\[�rR/

fe57,$Xeg%]w) BC*;3z]�gFg�/1,8�N'%]wg\W B�D
O(log2 k)

��B$fefe57,��N'%)+BG/7'F,CD B�g%A$,$57'F/10e)8#;< ,G3z]�±$]w56��/10e'\*:'%*;De,$/9'FD�/1]�51]�*{/7'FD2A
X ]�[wB$r2*1]s34]s0�B�±$]hB�g%51]�B$WR�8fe57]�*1]wD�/1]�W B$D

O(log k)
�£B�fefe57,��R'F)+B�/1'%,$D B�g%A$,C51'F/102)�.q,$5:'_/9r2*1'%DeA�/70e]h51]�A$'%,$DR�

A$57,G3-'%DeA+B�g%A$,$57'F/10e)8#zU ]w±C]w51/10e]�gF]�*1*��e'F/ '%*('FD�/1]�51]�*{/7'FD2Ah/1,`De,$/1]:/702BG/(/70e]~*Z/157]wDeA$/10V,$.�/70e]�*1]9/{34,+)�]w/10e,RWe*
B�57]9[�,C)�f2gF]�)�]�D�/7B�57�1�RBC*-*Z0e,G3-D­'%D­b�B�Xeg%]~IR#%"$#

b�B�Xeg%]iIR#%"1$¤&(f2fe51,��R'%)+BG/1'%,$D .�BC[ /1,C57* B$[x0e'%]w±GB�X2gF]�3-'F/10 /10e]i51]�A$'%,$DR��A$57,G3-'FD2AiB�g%A$,C51'F/102)�±R*w#;3-'F/10
`1
�

]w)sX�]�WeWR'%DeA
n¬57,$Xeg%]w) B ]wAC'F,CDR��AC51,G3-'%DeA�B�g%A$,$57'F/10e) `1

��]w)~X ]�W2WR'FD2A
(Nf2B$57*1]�*Z/([�rR/

O(log n) O(log n)�;]�De]w5xB�g%'FE�]�WY*Zf2B$57*1]�*Z/-[�rR/
O(log2 k) O(log k)7V'%De'%)~re)�)~regF/1'\[�rR/
O(log k) O(log2 k)

� ��� � � � # ��� ��� � ����	 � � � � ����	 ���
� � � � � � � ! � ��
 � �
°£DY/10e'\*(*1]�[ /7'F,CD��R34]:BCWeWR57]�*7*z/10e]9)h'%De'F)sre)|)sregF/1'%34B��`[wrR/(fe57,$Xeg%]w)8# �(Deg%'%6$];.q,$5d/70e]9fe57,$Xeg%]w)+*402B�D�WRgF]�W
*1,Y.�B$5���3z]`[�B�D�De,G3 .q,C51)sreg%B�/1]+B�D

O(1)
�£B�fefe57,��R'F)+B�/1'%,$D¨B$gFAC,$57'_/70e)8#+U(,�/7]h/102B�/�]w±C]wD¨/10e]h^25x*Z/�� 2�re'F/1]

*1'F)hfeg%]([�,C)~Xe'%D2BG/7,$57'%B$gRB�g%A$,$57'F/10e) .q,C5 /102'%* f251,CXegF]�):�C*1reA$AC]�*Z/1]�W~XN� 	 B�0eg%02B�r�*%� � ,C0eD2*1,$D���n B$f2B$WR'%)h'_/751'%,$r4�
(N]���)h,Cre5~B�D�W � B$DeD2B$6�B$6N'%* �%"$" �434BC*9B�D

O(1)
�£B�fef251,��R'%)hB�/1'%,$Do# 7 ,$57]`*Zf ]�[w'_^�[�B�g%gF�>��'F/7*sB�fefe57,��R'F)+B�/1'%,$D

=$�



.�B$[�/1,C5;3dB$*
2(1 − 1/k)

#�bd0e]hDe]w�N/:X251]�B�6�/10e57,$r2A$0 3dB$*@/102]`B�g%A$,$57'F/10e)�,�. ��� g%'FD2]�*7[�r�� �9B$51g%,KD�B$D2W B BG�X2B$De' �F"�}#� ����'%]wg\WR'%DeA8B�D¨B$fefe57,��R'F)+BG/7'F,CD8.�B$[�/1,$5:,$.
3/2 − 1/k

#�bd02'%*9B$gFAC,$57'_/70e)�)hB$6$]�* r2*1]�,�.zB­*Zf ]�[w'%B$g
`1
��]w)sX�]�WeWR'%DeA8/10�BG/�34]`B�57]�AC,$'%DeA­/1,Vfe57]�*1]wD�/90e]�51] v (N]�[�/1'%,$DPIR# ke#%"�y�# P ]�*1'%WR]`B8X ]�/1/1]�5~B�fef251,��R'%)hB�/1'%,$D

.�B$[�/1,C5��R'F/ B�g\*Z,�fe57,G±N'%WR]�W`.qr25Z/70e]w5-'%)hfe51,G±C]w)h]wD�/df�,�*1*1'%Xe'Fg%'F/1'%]�*��R/102B�/(3-'Fg%g X ]�*Zre57±$]��$]�W`'%D (R]�[ /7'F,CD IR# ke#>=R#
��������� �
	�� 1%� ! � , ����! .%� *
B ]�[wB�g%g�/10�BG/9'FD (N]�[ /1'%,$D =R# kI��B�D lon
.q,$57)~reg\BG/7'F,CD .q,$5:/70e]h)h'FDe'%)~r2) )~r2g_/7'F3dB�� [�rR/�f251,CXegF]�)¢02B$*:X ]w]�D
A$'%±$]�D�vªlon�=R# uCy�# U(,G3 'F/7* [�,$D2De]�[�/1'%,$DY/1,

`1
��]w)sX�]�WeWR'%DeAC*d3-'%gFg�X�]�*10e,G3-Do#

lo]w/
∆k

WR]�De,�/7]d/10e]d.q,CgFg%,G3-'%DeA
k−1

�£WR'%)�]�D2*1'F,CD2B�gR*1'F)hfeg%]���'FD
IRk $ ∆k = {x ∈ IRk : x ≥ 0 ∧ x ·1k =

1}
#�bd02]

j
/70­r2De'_/(±C]�[�/1,$5d,$.

IRk '\*-WR]wD2,�/1]�W­X��
ej v

j = 1, . . . , k
y�#�bd02]:.�B$[�]:,$.

∆k
/102B�/('%*d,Cfef ,C*1'_/7];'F/7*

±$]�5Z/7]��
ej 3-'Fg%goX ]�[wB�g%g%]�W�/10e] j

/10­.�BC[�]:,�.�/10e]�*1'%)�f2gF]w��#
� L������q���ª��� ¥! \!  

ϕ : V → ∆k
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