Weak perfect graph theorem

Weak perfect graph theorem (Lovasz '72): G is perfect <-->Gis perfect.
Lovasz' 2nd perfect graph theorem: G is perfect <--> For any induced subgraph H of G: / I/(H)l éVL/}DW(HJ

Note that is the size of the largest indpendent (sometimes called stable) set.
Remainder: A<V(G) is an independent set in graph G if no two elements of A are adjacent.

Lovasz' 2nd perfect graph theorem implies the weak perfect graph theorem.

Proof: Let G be perfeﬁt raph. Let H be an induced subgraph of G. In this case H is an induced subgr of G.
Note that A_ %3'»'- w{4 ) for any graph J. We utilize thj\ 2nd perfect graph theorem. Since G is perfect:

oL o8] = o (H) N )=

This holds for all induced subgraphs of 5, therefore by the 2nd perfect graph theorem,_é is perfect. 7.

Proof of the 2nd perfect graph theorem:

The direction that G is perfect - IV &)\é c)( A) : w(H) is easy:

Since G is perfect, 9( =w E o there is a proper coloring of H with A) colors. Each color class in
that coloring is an independent s g, trerefore its size is at mostvLU-}B . The coloring covers all the vertices
of H, therefore °L(BU( w[ 2 l\/ Bl

The opposite direction requires some definitions and lemmas to prove.
Definition: G is called imperferct if G is not perfect.

Definition: G is called minimal imperfect if G is imperfect but any induced subgraph H of G which is not G
is perfect.

Clearly any imperfect graph contains a minimal imperfect induces subgraph.

Lemma 1:
Let G be a minimal imperfect graph and A be an independent set of G. Then w(é\,&:}___w((,) ,
where G\A is the induces subgraph of G whose vertex set is V(G)\A.

Proof: Indirectly assume that (/U(é\A\ {w ((7> Then: (6

G is minimal imperfect, thus G\A is perfect and therefore X (G\A =W \/5‘

Pick an optimal proper coloring of G\A, so it uses Ul(@\#} colors. Use this coloring for G while we introduce
a new color for A. In this way we obtain a proper coloring of G with sz\A 44 colors.

X(0O) & w (bt £ (6} 6H8) = X )=ul0) e ¢ A= (4)
’ \lh_:—e-/\/\/

G is minimal imperfect

L/_\/\___/

G is perfect

by the indirect assumption

But G cannot be impefect and perfect at the same time, so this is a contradiction. ,Da
Lemma 2:

Let G be a minimal imperfect graph. Let 0{?0((6) and A= “)(6) . A
Then there is a collection of independent sets 'A‘OFA" Az, - i\ wlA W . A’Zw l()m,, e Jw

and cliques Eo \\%/, l[%u . @w,Bw'M - &zw \BLUJM{ Eau,, which satisfy:
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Proof

Let ”\4 Loy CUJ( be a maximum indepe dent se So its size isJ\. G is minimal imperfect, so
%ééi is perfect By lemma 1, f)(((,\ fa\ = LU = w . Pick an optimal coloring of (s\@%

and

ote its color classes by A@ﬂ)w f, 7”‘@ —A)wHA IA B A 11 - All of these are independent sets.

For any i, by lemma 1., U\)(G\A\—— W(Q so for any Ai there is a maximum clique in G which is disjoint
from Ai. Choose such a clique to be Bi.

Now we have the collections, we need to verify the 2 properties:

Let Bi be a clique from the clique collection:

Case 1: /A\o OQA=@, Bi is @ maximum clique in each G\fa d, which is perfect, therefore it does not
matter what optimal coloring of G\{ak} is choosen, each color class intersect Bi. Therefore by the choice
rule of Bi we have that i=0.

Case 2: A o ﬂ (% :7‘ Clearly the size of intersection of a clique and an independent set is either 0 or 1.

So le Let qhzt Ao/ lga'

choosen, each color class intersect Bi. So i 44 u) ALy -
In G\{ak} Bi\{ak} is a clique of size |y, - -/, and an optlmal coloring of G\{ak} uses W colors, so there is
exactly one color class which is disjoint from Bi, and that must be Ai. I

In G\{aj} where J%k Bi is still a clique of si ée w, so there is no matter WR:: optimal coloring of G\{aj} is

Lemma 3:
Let ;‘fq o s ad B, \@7.‘ Ru, be subsets of an n element set which satisfy:
DB

1) ., \=0
)‘VJL\O\“#" '\‘}S /)G\ 4

then m £ n.
Proof:

Let A be an mxn matrix whose ith row is the characteristic vector of Ai and let B be an nxm matrix whose
jth row is the characteristic vector of Bj. By the 2 conditions:

where C is an mxm matrix

The deterimnant of C is not zero, therefore the rank of C is m. >
We know from linear algebra that min(n,m)Zrank(B) > rank(A B)=rank(C)=m % n= b, l\:&

End of the proof of the 2nd perfect graph theorem:
Now we show that if for all H induced subgraph of G L(/(H“éa{(ﬁ) "U( H) = Gis perfect.

Let H be a minimal imperfect graph. By lemma 2, we can p|ck
collections of independent sets and cliques of H: A B H\W‘H\ ,\ & O\K,, |- B J\(H )

which satisfy that: /. [A.NR;|=0 avd Ha\y N ’/t
So by lemma lemma 3 J\(m L(_)(‘})+/1 L jt/(}‘)

Therefore if for all H induced subgraph of G DL )UJ (HSD ﬁ/(“)‘ then G cannot contain a minimal
imperfect subgraph and therefore it must be perfect g



