Extremal set theory

Let A be a base set. Then A is the power set of A, so it contains all subsets of A.
%I:Z Z,A is called a set-system or a family of subsets.

We do not lost generality if we say that A={1,2,3,..,n}=[n].
A set-system can be interpreted as a hypergraph where the verticess are the elements of A,
the hyperedges are the eIemeri}:s of , which are subsets of A.

A set-system/hypergraph is k-uniform if each element of/}—/hyperedge is a k element set.
A 2-uniform set-system/hyperedge is a graph.

Extremal set theory: How big can C]\— be if it satisfies some conditions?
Examples:
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The maximum is attained when +conta|ns each one element subset and the empty set.
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Proof: If A @‘t then {—\ FJ; therefore at most half of the subsets of [n] can be included
i . And this bound can be attained if we choose all subsets of [n] which contains 1.

Theorem: Erdés-Ko-Rado 1961: ¢ ( Q/XVO
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Note that if k>n/2, then any two k element subsets of [n] intersect each other, this is why the
opposite case is interesting.

and @ is k-uniform where k£ M/Z and for any pair

(K 4) can be attained if we pick all the k element subsets of [n] which contain 1.

Proof by Gyula Katona OH '72: v |2
Let 11 be a circular permutation of [n]. So we imagine that the
n elements are sea around a table.

A set Ais an arcin sﬁdﬁ its elements are consecutive in ”

Fix a circular permutation ’ A
There are at most k sets from“ which are arcs in || ¢
Pick a set A from CE/ which is arc infl_\\, An other set B
from ¥ which is also an arc in | can ends at k-1 different
positions, because B intersect A. 7

For each such po /gon there is only one set from J;{
which is an arc in‘} and ends there: Each set fro

has the same size k therefore two
arcs B and C of size k which end at
the same place are either the same
or disjoint because k ZW\.

So for[i\\there are at most k set
fromqgwhich are arcs.




k elements of A
k! permutations

The total number of circular permutations is (n-1)!
So if we consider all of the circular permutations,

we find at most k(n-1)! arcs which correspond to ¢
sets from —t
A set fromC% is an arc in k!(n-k)! circular permutations. ‘ ¢ the rest
Therefore: -k)!

) ’ (n-k)!
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Theroem: Fischer's inequality:
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Proof: For each i (A ' [7

Case 1: There is an ;Aement { : (/2 "Then every o/&her set A contai A 1aSs
a subset. But then y }\] \ i \A : \ @\'Aﬁ/’\ 4 I/V\\ ;

is an m element set-system such that any two elements are dISjOInt and its base 2et contains
n-A elements, therefore this set system contains at most n }\+/] Ll sets, so ym

Let E\ . be the characteristic vector of A; , So it is an n dimensional vector and 0(1” :;1 t 3?\1
4' ’\ A'\]
Example: If n=7 and P\ é(llétllt@\&/\ U[0|4|D(4\0\®
We are going to show that Ol,l \a Ly dw\ are linearly independent.
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Consider a linear combination £ 1 dq% C'l Al t —5013 .+ Lw\dl’l’l VQ

Take the dot product of this vector and &,

J= 0.7, ( 40‘44;% T4t Wa\i*by]{cﬁ(; «+C%>A7L Lq(//?Q)

] epcpregt 40,20 =2 (=0 pd AW

% L4f+cz +£774-\;t(,,v) >0==) (/f[(D b’/{ % UT”&TL{ Zmare linearly
. : o ind dent
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If m vectrors which are n dimensional are linearly independent, then m&I \/\) .



Theorem: Ray-Changhuri-Wilson:
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This bound cangbe attained, for example when L={1,2,...,5-1}, then f:fAle/O Mgg %

wd (3 = 3 [4)

J

1
When s=1, Ray-Chaudhuri-Wilson gives that VAU%&T( (—HI.B : \Aﬂ&lze ::)[‘/P(é \2@ = l’\J‘j

AN

Fischer's inequality gives: JV’A\ 0 f? PV‘TZQ l(%/‘B\ﬁ\ =) lﬂ Lw
The difference comes from that KZO louJ( '}7 OL

Theorem: De Bruijn-Erdés: % ¢ LEWD i 4 \/\ 6[14,\3\«'3‘ ) = there is exactly one set A 6%
19 .

such that «x'l %é .and if B (a, =) lg\zz

= [ql=1 ot 312w,

This theorem can be interpreted in the following way: If m points in the projective plane are
given then either they are on the same line or they determine at least m different lines.

We prove this theorem by using hypergraph duality:

Any hypergraph P{;é ’IEVQ can be represented by a bipartite graph in the folowing
way: One color class is[%, the other one is [n], and a set A is incident to an element j if 'O»E’P\
ULl ]

this can be a multiset of sets

J
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If (-F ng& | (@ (—.m then the dual hypergraph of/'\tis a hypergraph Cag

{(3 l = 1\ and the bipartite graph representation of % and Qare the same, except

that the role of the two color classes have been swaped. So the class which contained

elements of @ is containing the elements of [m] and the other class which contained
the elements of [n] is containing the elements of Zg)
)
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Proof of De Bruijn-Erdés:
Let be a set system which satisfies the conditions of the theorem and Ietq; be its dual.

Case 1: We obtained the same set twice by the construction of% lso there are A,B 6? S;+
A=B, so"l is not a set but a multiset. )

In this case A and B contain the same elements. What does it mean for ﬁ .
A and B correspond to elements a and b, respectively and any set of(/gw ich containsa orb

it contains the other. But there is exactly one such set. If c is another element from [m], then
there must be a set which ¢ontgins a and ¢, but then it also contains b. So c is also contained
in that set. Therefore b :{[W%Z

Case 2: Every set appears only once during the construction of /’\k , SO it is a set of subsets.

Then Vmbt[f/vﬁr—%:]"(/é% : a\b—éé =) VAI@E(P _:B%l'f/buﬂ : céA/‘g'

So we can apply Fischer's inequality and we obtain that Wy £ W= {Cd/ , Q

m can be attained by the following example which is called as the "near pencil":




