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MN�qG�L_GIa£J�MNYZREPKJ�aUJ�abc=GI¤eL¢J�YZ^wMN�qG�Hea£J�PePeYbPec!J�Pq�0YbO�HeaZGIO#GIPQMNYbPec!R�SUMN�qG�L_GIa£J�MNYZREPKJ�a��qJ�M¢J�¤KJE^_Gs^-u§p+�eYZ^tHKJ�H¯GIL
«wYZ^N�qGs^wM_R#YbPmMNL_R�WdqrsG�YbPmM_R#MN�qG�YbO�HeL_R-g=GIO#GIPQM6R�S�MN�qG�L_GIa£J�MNYZREPKJ�a?J�abc=GI¤eL¢J�RELNYbciYbPKJ�M_Gs�0YbP�MN�qG�HeL¢JErIMNYZrsGiu

Ì ÍÉÎ �3Ä�Ï_Ð�
�
ÑÅ_Ä�ÐtÏ0Á:�UÏ_ÐÜ�ÑÅ����±ÐzÏ0ÐtÏ_Ò���Ó9Á¯Ð
pD«§R\¤KJE^NYZr�«§RELN°^9L_G¶SXGILNLNYbPec¸M_R¸MN�qG#L_GIa£J�MNYZREPKJ�atJ�abc=GI¤eL¢J¹Ôbv¶ÕVo J�Pq�ËÔ j Õ�«�GIL_G!Hede¤eabYZ^N�qGs�YbPÖv-×=Ø l J�Pq�YbP
v-×=Ø j ¤m] ` R�e�;u?�wrsrsREL_�WYbPec±M_R�MN�qGs^_G+«�RELN°W^-oiMN�qGzREH¨GIL¢J�MNYZREPq^ R�S¯MN�qG+L_GIa£J�MNYZREPKJ�aÑJ�abc=GI¤eL¢J�«§GIL_GtrsREO�O#REPeab]
JErsrsGIHeM_Gs�;u#p+�qG#REH¯GIL¢J�MNYZREPq^�R�S+MN�qG�L_GIa£J�MNYZREPKJ�a§J�abc=GI¤eL¢J�«§GIL_G#^_RELNM_Gs��YbPQM_R�SXREdeL�ciL_REdeHq^-u�ÙqREL�G¶µqJ�O�HeaZGio

A
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�5ababO�J�P�J�Pq���ËYZ�eREO dq^_G§MN�eYZ^U°YbPq��R�S¯^¢RELNMNYbPec�YbP�MN�qGIYbL ¤¨RRE°��I�ÆÙ�YbL_^NM ` REdeL_^_Gs^UYbP#F�J�M¢J�¤KJE^_G5[Q]W^NM_GIO#^��
� v-×i×=Ø
	¶u��6J�O#GIab]=oqMN�qG�S¦REdeLwciL_REdeHq^5R�S�REH¯GIL¢J�MNYZREPq^5J�L_Gi¬

©§[GIMzREH¯GIL¢J�MNYZREPq^ � ∪,∩,− 	¶u

©§[GIaZGsrIMNYZREP\J�Pq��HeL_R�fNGsrIMNYZREP �
σ, π

	¶u

©�=REYbPq^ � ×, ./, ./c, ... 	¶u

©��zGIPKJ�O#G �
ρ
	¶u

[REO#G¥J�deMN�qREL_^tO�Ybci�QMz�eG¶ÊqPqG¥J9S¦deLNMN�qGILzREH¯GIL¢J�MNYZREP0«w�eYZr_�AYZ^tr-J�abaZGs�A�WYbgYZ^NYZREP � ÷ 	¶u

y5GIPqrsG¶SXRELN«§J�L_��«§G�«wYbaba rsREPq^NYZ�eGIL�MN�qG�L_GIa£J�MNYZREPq^¥JE^6M¢J�¤eaZGs^-oD^¢R�«§G�«wYbaba�L_G¶S¦GIL�L_R	«t^¥J�Pq��rsREabdeO�Pq^�R�S
MN�qG�L_GIa£J�MNYZREPq^-u ÙedeLNMN�qGILNO#REL_G±«�G�«wYbaba¡dq^_G�MN�qG��eGIPqREO�YbPKJ�MNYZREPq^ v���GsE@Derq¶jC J�Pq� DFE ��G � YbPA^¢J�O#G�O#G-J�PeYbPecqu

�z¤¯R-g=G¥REH¨GIL¢J�MNYZREPq^5rsREPmM¢J�YbPAPqR#L_Gs^NMNLNYZrIMNYZREPq^tSXRELtREL_�eGILNYbPec�R�S�MN�qG�L_R	«t^6J�Pq�0rsREabdeO�Pq^	oKJErsrsREL_�WYbPec�M_R
�eG¶ÊqPeYbMNYZREPq^±R�S�MN�qG�L_GIa£J�MNYZREPq^-u�p+�eYZ^�S�JErIM�YZ^�M_REM¢J�abab]�JErsrsGIHeM¢J�¤eaZG#YbP�MN�qGsREL_GIMNYZr-J�a�J�HeHeL_R=JEr_�¤¨Gsr-J�dq^_G�REPqG
R�SwMN�qG�O�J�YbP L_Gs²mdeYbL_GIO#GIPQM_^¥YbP"rsREPePqGsrIMNYZREP¹«wYbMN�"MN�qG#�qJ�M¢J�¤KJE^_Gs^¥YZ^�MN�qG#G¶µqJErIM��eGs^_rILNYb¤eYbPec¸R�S+MN�qG�L_G-J�aª©
YbM�]=u+ÙqREL5G¶µqJ�O�HeaZGioq«w�qGIP¸MN�qG��qJ�M¢J�¤KJE^_G¥^_M_REL_Gs^tMN�qG¥^_MNdq�eGIPmM_^��KYbPWS¦RELNO�J�MNYZREPDoKMN�qG¥REL_�eGIL5R�SUMN�qG�^_MNdq�eGIPmM_^
� MN�qG�L_R-«t^�	¶oqJE^w«§GIaba?JE^+MN�qG�REL_�eGILzR�S�^NMNdq�eGIPmM_^��ÑJ�MNMNLNYb¤edeM_Gs^ � MN�qG�rsREabdeO�Pq^�	+J�L_G�YbPq�WYª®;GIL_GIPmM-oqPKJ�O#GIab]�MN�qG
�qJ�M¢J�¤KJE^¢G¥r-J�P�L_G��KGsrIMzMN�qG�JErIMNdKJ�abYbM�]�«wYbMN�qREdeMz^Ndqr¢�ArsREPq�WYbMNYZREPAM_RReu

p+�qG�J�¤¨R	g=G!REH¯GIL¢J�MNYZREPq^#J�L_G�^Nd���rIYZGIPmM�M_R\�eGs^_rILNYb¤¯G�J0aZREM�R�S5�WYª®;GIL_GIPmM#²QdqGILNYZGs^-u ` R�e�MNL_G-J�M_^9MN�qG
O#G-J�PeYbPec¸H¨R	«�GIL�YbP��eYZ^�HKJ�H¨GIL�Hede¤eabYZ^N�qGs�"YbPÉv-×=Ø j Ô j ÕVu��"G�r-J�P G¶µWHeL_Gs^_^�MN�qG�L_Gs^NMNLNYZrIMNYZREPq^��Vdq^_YbPec��9MN�qG
²QdqGILNYZGs^5J�Pq�0«�G�r-J�P0Gs^NM¢J�¤eabYZ^_�0PmdeO±¤¨GIL6R�S�REH¯GIL¢J�MNYZREPKJ�a¡YZ�eGIPQMNYbMNYZGs^-u

�5^_YbPeczMN�qG�REH¯GIL¢J�MNYZREPKJ�aWYZ�eGIPmMNYbMNYZGs^-oEMN�qG��qJ�M¢J�¤KJE^_G§^N]^_M_GIO r-J�P�G¶µWGsrIdeM_G�YbPq^NM_G-JE�¥R�SÑJ�P�REH¯GIL¢J�MNYZREPKJ�a^_G¶©
²QdqGIPqrsG ciYbg=GIP±¤m]�MN�qGUdq^_GIL�J�P±Gs²QdeYbgEJ�aZGIPQM?REH¯GIL¢J�MNYZREPKJ�aQ^_Gs²QdqGIPqrsGU«w�eYZr_�9L_Gs²QdeYbL_Gs^DaZGs^_^;PQdeO¥¤¯GIL�R�SqGIaZGIO#GIPW©
M¢J�LN]\^NM_GIHq^-u ` REPq^_Gs²QdqGIPmMNab]\MN�qG±�qJ�M¢J�¤KJE^¢G�^N]^_M_GIO O�Js]¸L_GIO�J�LN°EJ�¤eab]\�eGsrIL_G-JE^_G�MN�qG±MNYbO#G¶©�L_Gs²mdeYbL_GIO#GIPQM_^
R�S�MN�qG¸rsREO�HeaZGIM_GAREH¯GIL¢J�MNYZREPÇYbPÆ^¢REO#G0r-JE^_Gs^-uËp+�eYZ^#M�]QH¯G0R�S�REHeMNYbO�Yb³	J�MNYZREPÆYZ^��eGIM¢J�YbaZGs�Ç�eGs^_rILNYb¤¯Gs�É¤Q]
� J�L_rIY£J(©V�¸REabYbPKJ�J�M5J�a�u�YbP0MN�qGIYbLt¤¯RQRE°��IF�J�M¢J�¤KJE^_G±[Q]W^NM_GIO T�O�HeaZGIO#GIPmM¢J�MNYZREP��¥Hede¤eabYZ^N�qGs��YbP jililil oDÔ��(ÕVu

p+�qGIL_G�J�L_G5PqREM+abYbO�YbM¢J�MNYZREPq^w«wYbMN��L_GIcmJ�L_��M_R±L_R-«t^5J�Pq�!rsREabdeO�Pq^zR�S¡L_GIa£J�MNYZREPq^-oWYbM+YZ^wJErsrsGIHeM¢J�¤eaZG�S L_REO
MN�qGsREL_GIMNYZr-J�aKgQYZGI«wH¯REYbPmM-omJ�Pq�9YbP�gYZGI«wH¨REYbPQM�R�SÑL_G-J�abYb³	J�MNYZREP�R�SKMN�qG+�qJ�M¢J�¤KJE^_G+^N]W^NM_GIO MN�eYZ^�S�JErIM�YZ^��eG¶ÊqPeYbM_GIab]
JE�WgiJ�PmM¢J�c=GsREdq^	o�J�Pq�´J(S M_GIL�J�aba�MN�qGI] �eR¸PqREM9�KJsg=G!M_R0°=GsGIH´MN�qG�PqREPW©VG¶µYZ^NM_GIPQM�HeL_Gs^_rILNYbHeMNYZREPq^-u�[RAMN�qGIYbL
«§RELN°QYbPec=^t¤¨GsrsREO#G�J�aZ^_R�²QdeYZr_°=GIL-u �+M+MN�qG�^¢J�O#G6MNYbO#G�MN�qG6a£JEr_°�R�S�MN�qG6L_Gs^NMNLNYZrIMNYZREPq^wYZ^+R�S M_GIP�PqREMw^NdeYbM¢J�¤eaZG
SXRELzMN�qG±dq^_GIL�� ^5L_Gs²mdeYbL_GIO#GIPQM_^-u! ¡GIM5dq^5MN�eYbPe°0R�S�J�PAYbPqREL_�WYbPKJ�M_G9M_GIaZGIHe�qREPqG9�WYbL_GsrIM_RELN]=u5T�MzrsREPmM¢J�YbP�O�J�PQ]
dq^¢G¶S dea�YbPWSXRELNO�J�MNYZREPDo¯¤edeM6YbM6YZ^6PqREM�^NdeYbM¢J�¤eaZG±S¦REL6�mdeO�J�P"G¶µeGILNMNYZREPDu ` REPq^_Gs²QdqGIPmMNab]¸YbM5YZ^6«�GIaba ^¢GsGIP¸MN�KJ�M
MN�qG§HeL¢JErIMNYZrsG+L_Gs²QdeYbL_Gs��^Ndqr_��HeL_GIM_GIPq^NYZREPq^�SXREL�«w�eYZr_��MN�qG§G-J�LNabYZGIL �eG¶ÊqPqGs�±L_GIa£J�MNYZREPKJ�aKJ�abc=GI¤eL¢J�YZrwREH¯GIL¢J�MNYZREPq^
J�L_G�PqREMz^Nd���rIYZGIPmM-u

f�±
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� ����� Ð��¡
KÅ��º� ���$� Î ��Á��UÏ_Ð��ÑÅ����9ÐtÏ0ÐtÏ¢Ò���Ó±Á¯Ð
�5ababO�J�P�J�Pq���ËYZ�eREO �KJsg=G#J�abL_G-JE�W]��eG-J�abM�«wYbMN��MN�qG9G¶µWHKJ�Pq^NYZREP�R�S�MN�qG9L_GIa£J�MNYZREPKJ�a �qJ�M¢J�¤KJE^_G�O#R�eGIa�YbP
MN�qGIYbL6¤¨RRE°�Ô k ÕVoK¤edeM5MN�qGI]��KJsg=G9PqREMtSXRELNO�J�abYb³-Gs�¸REPqGiu!�zababO�J�P�J�Pq� �ËYZ�eREO �KJ-g=G±GIO�He�KJE^_Yb³-Gs�¸MN�qG¥PqG¶©
rsGs^_^NYbM�]0R�S MN�qG¥O#R�WYªÊKr-J�MNYZREPq^-o¨MN�qG�J�ciciL_GIcmJ�MNYZREPq^�J�Pq�AgYZGI«t^-uty6R-«§GIg=GIL-o¨S¦REL�G¶µeJ�O�HeaZGioÑMN�qGI]0�KJ-g=G±REPeab]
YbPq�WYbL_GsrIM9«wLNYbMNM_GIPÈJ�¤¯REdeM¥MN�qG!REL_�eGILNYbPecqu �5ababO�J�PÈJ�Pq� �ËYZ�eREO �KJ-g=G��eGIg=REM_Gs�ÈJ0^¢GIHKJ�L¢J�M_G�r¢�KJ�HeM_GIL±SXREL
MN�qG�REH¯GIL¢J�MNYZREPq^�L_G¶S¦GILNLNYbPec�M_R!MN�qG�O±deabMNYZ^_GIM_^�YbP�MN�qG�PqGI« YZ^_^NdqG�R�S�MN�qGIYbL�¤¯RRE°�Êqg=G�]=G-J�L_^�a£J�M_GIL�YbP jililij
Ô	�(ÕVuUp+�qGI]��KJ-g=G�YbPmMNL_R�WdqrsGs��MN�qG6SXREabaZR-«wYbPec#REH¯GIL¢J�MNYZREPq^zJE^§MN�qG�JE�e�WYbMNYZREPKJ�aDREH¨GIL¢J�MNYZREPq^tR�S?MN�qG�L_GIa£J�MNYZREPKJ�a
J�abc=GI¤eL¢JWu

viu F6deHeabYZr-J�M_G�GIabYbO�YbPKJ�MNYbPec!REH¨GIL¢J�MNYZREP �
δ
	¶u

j u �5ciciL_GIcmJ�MNYZREPq^ � [ �6�¹oe�¸T �±oe�\��
9o `� ���5p�oq��� � 	¶u

�Wu � L_REdeHeYbPec �
γ
	¶u

k u � L_�eGILNYbPec �
τ
	¶u

�Wu��UµHKJ�Pq�eGs��HeL_R�fNGsrIMNYZREP �
π
	

� u � deM_GIL fnREYbPq^ � ◦
./c
obububu 	

p¡L_G-J�MNO#GIPmM¥R�S§MN�qG±O±deabMNYZ^_GIM_^�YZ^�J�aZ^_R�J�HeL¢JErIMNYZr-J�a �eGIO�J�Pq�;u¥p+�qG9L_Gs^NdeabM_^�R�S§^_REO#G9r-J�aZrIdea£J�MNYZREPq^�SXREL
G¶µqJ�O�HeaZGioqJsg=GIL¢J�c=G�«§REdeaZ��¤¨G�YbPqrsRELNL_GsrIMw«wYbMN�qREdeMzMN�qG�MNL_G-J�MNO#GIPmMzR�S�MN�qG6O¥deabMNYZ^_GIM_^-u�TVM+YZ^+«§GIabaD^_GsGIP�MN�KJ�M
MN�qG�YbPQMNL_RQ�WdqrsGs�APqGI« REH¨GIL¢J�MNYZREPq^z�KJsg=G�¤¯GsGIP0�eGILNYbg=Gs�¸JE^tL_GIMNL_R=JErIMNYZREP¸R�S�MN�qG¥[���  u

� I6Ò�GÐrq´�E@DQ�b��G r��¡r�C�E@Derq¶jC
 DGIM Ï ¤¨G�J�L_GIa£J�MNYZREPDu�T�S�«�G�GIO�HeaZR-]¸MN�qG9�WdeHeabYZr-J�M_G�GIabYbO�YbPKJ�MNYZREP"REH¯GIL¢J�MNYZREP��eGIPqREM_Gs��¤m]

δ
M_R�MN�eYZ^

L_GIa£J�MNYZREPDoDMN�qGIP MN�qG�L_Gs^NdeabM��eGIPqREM_Gs��¤m]
δ
� Ï 	�«wYbabaU¤¨G�MN�KJ�M�L_GIa£J�MNYZREP"«w�eYZr¢� rsREPmM¢J�YbPq^9REPqG�rsREHm]�R�StJ�Pm]

�WYª®;GIL_GIPmMzL_R	«t^zR�S�L_GIa£J�MNYZREP Ï u
BMæ6æjv��qæ�E@Derq¶jC5�
p+�qGs^_G�REH¯GIL¢J�MNYZREPq^�J�L_G!MN�qG�Gs²QdeYbgEJ�aZGIPQM#REH¨GIL¢J�MNYZREPq^�M_R�MN�qG�^_M¢J�Pq�qJ�L_�e^�R�S5MN�qGA[��� � [ �6�o��\T �9o

�\��
�o `� � �6p�o;��� � 	¶u¡[QYbO�Yba£J�L�M_R�MN�qG�[���  o;MN�qGIYbL±G¶®¯GsrIM_^�J�L_G#rsREO±¤eYbPqGs�"¤Q]¸MN�qG�ciL_REdeHq^n©VrIL_G-J�MNYZREPDu
��J�O#GIab]=o¯YªS�MN�qGIL_G#J�L_G9ciL_REdeHq^-o¯MN�qGI]AREH¯GIL¢J�M_G�REP\ciL_REdeHq^	o;REMN�qGILN«wYZ^_G9MN�qGI]AL¢J�M_G9MN�qG�rsREO�HeaZGIM_G�L_GIa£J�MNYZREP
JE^zJ�^NYbPeciaZG�ciL_REdeHDu

ÛÜv�¶jI!Ò�r,C�æ
p+�qG�YbPq�eG¶µ�R�S�MN�qG

γ
ciL_REdeHW©VrIL_G-J�MNYZREP¹REH¨GIL¢J�M_REL�YZ^�J�abYZ^NM��eGIPqREM_Gs��¤Q] � u¨p+�qG�GIaZGIO#GIPQM_^¥R�S§MN�qG±abYZ^_M

r-J�P0¤¯G�MN�qG6S¦REabaZR	«wYbPec=^-¬

• p+�KJ�M�J�MNMNLNYb¤edeM_G�R�S�J�L_GIa£J�MNYZREP Ï oq«w�eYZr¢�¸M¢J�°=Gs^6HKJ�LNM5YbP¸ciL_REdeHeYbPec��eG¶ÊqPqGs�\¤m] γ u5p+�eYZ^6J�MNMNLNYb¤edeM_GYZ^±REPqG#R�SwMN�KJ�M±J�MNMNLNYb¤edeM_Gs^-o�«w�eYZr_�¹�eG¶ÊqPqG#MN�qG�ciL_REdeHeYbPec�R�S+MN�qG#L_R-«t^±R�SwMN�qG�L_GIa£J�MNYZREP Ï u¡p+�qGs^_G
GIaZGIO#GIPQM_^5R�S�MN�qG�abYZ^NM �"J�L_G�r-J�abaZGs��ciL_REdeHeYbPec!J�MNMNLNYb¤edeM_Gs^	u

f�f



v j 798;:=<?>A@�BDCE<�� ���V�U���i�w���¸�t�����

• �zciciL_GIcmJ�MNYZREP�REH¯GIL¢J�MNYZREPA«w�eYZr_�\YZ^�J�HeHeabYZGs��SXREL5^_REO#G9J�MNMNLNYb¤edeM_G±R�SUMN�qG�L_GIa£J�MNYZREPDuzTVP0MN�qG¥L_Gs^NdeabM_Gs�L_GIa£J�MNYZREP¹«�G�J�L_G�J�aZ^_R\J�abaZR-«�Gs�¹M_RAPKJ�O#G�rsREabdeO�Pq^±S¦RELNO#Gs� ¤m]J�ciciL_GIcmJ�MNYZREPDu¸p+�qG#PqGI«�PKJ�O#G#YZ^
ciYbg=GIP0«wYbMN�¸J�PAJ�LNL_R	«�u�p+�qGs^_G±J�MNMNLNYb¤edeM_Gs^5J�L_G�r-J�abaZGs�AJ�ciciL_GIcmJ�M_Gs�\J�MNMNLNYb¤edeM_Gs^-u

p+�qG�L_Gs^NdeabMNYbPec�L_GIa£J�MNYZREP¸R�S�MN�qG�REH¯GIL¢J�MNYZREP
γL
� Ï 	�YZ^trsREPq^NMNLNdqrIM_Gs�\JE^+SXREabaZR-«t^-¬

• �"GwciL_REdeH#MN�qGwL_R	«t^�R�S Ï u=�5abaeL_R-«t^�YbP#L_GIa£J�MNYZREP Ï «w�eYZr_��L_R-«t^��KJsg=GwMN�qGz^¢J�O#GwgiJ�abdqGwYbP�ciL_REdeHeYbPec
J�MNMNLNYb¤edeM_G#J�L_G�^_RELNM_Gs�\YbP�MN�qG9^·J�O#G±ciL_REdeHDu ��JEr_�"rsREO±¤eYbPKJ�MNYZREP R�S��WYª®;GIL_GIPmM�giJ�abdqGs^�R�S�ciL_REdeHeYbPec
J�MNMNLNYb¤edeM_Gs^z�eGIM_GILNO�YbPqGs^5REPqG�ciL_REdeH0M_R�G-JEr¢�Du T�S�«�G¥�WYZ��PqREMz�eG¶ÊqPqG�ciL_REdeHeYbPec�J�MNMNLNYb¤edeM_Gs^-oq«�G�L¢J�M_G
MN�qG�«w�qREaZG�L_GIa£J�MNYZREP Ï JE^zJ�^NYbPeciaZG�ciL_REdeHDu

• p¡R#GIg=GILN]!ciL_REdeH0«§G�SXRELNO J9L_R-« YbP�MN�qG�L_Gs^NdeabMn©�L_GIa£J�MNYZREPDu�p+�eYZ^wL_R	« rsREPq^NYZ^_M_^tR�S�MN�qG6SXREabaZR-«wYbPec=^	¬

� MN�qG±gEJ�abdqGs^�R�S�MN�qG�J�MNMNLNYb¤edeM_Gs^�¤¨GIaZREPeciYbPec�M_R�MN�qG±ciYbg=GIP\ciL_REdeH�R�S�MN�qG±ciL_REdeHeYbPecAJ�MNMNLNYb¤edeM_Gs^-o
J�Pq�

� J�ciciL_GIcmJ�M_Gs�0L_Gs^_deabM_^+S¦RELwciL_REdeHq^5�eG¶ÊqPqGs��¤m]0J�ciciL_GIcmJ�M_G±REH¨GIL¢J�MNYZREP0YbP�MN�qG�abYZ^NM �Uu
ÙqREL�G¶µeJ�O�HeaZGio5«w�qGIPÖMN�qG�L_GIa£J�MNYZREP Ñ rsREPmM¢J�YbPq^�MN�qG\YbPWSXRELNO�J�MNYZREP J�¤¨REdeM�MN�qG�^NMNdq�eGIPQM_^-o6J�Pq�ËMN�qG

J�MNMNLNYb¤edeM_Gs^�J�L_G±MN�qG±SXJErIdeabM�]=o¨MN�qG¥ciL¢JE�eGioDJ�Pq�¸MN�qG±^¢r_�qREa£JE^NMNYZr
�
L_GsrsREL_��MN�qGIP�MN�qG±L_Gs^NdeabM6R�S MN�qG¥SXREabaZR-«wYbPec

REH¯GIL¢J�MNYZREP

γfaculty,grade,AV G(scholastic � record)→grade � record
� Ñ 	

YZ^9J�MN�eL_GsG¶©VrsREabdeO�Pq^9L_GIa£J�MNYZREPDu�p+�qG#L_R	«t^±R�SwMN�eYZ^�L_GIa£J�MNYZREP´rsREPmM¢J�YbP¹MN�qG#YZ�eGIPQMNYªÊKGIL9R�SwMN�qG�S�JErIdeabMV]=o�MN�qG
YZ�eGIPQMNYªÊKGIL�R�S MN�qG�ciL¢JE�eG�J�Pq�AMN�qG9Jsg=GIL¢J�c=G�R�SUMN�qG¥ciL¢JE�eG � «�G�JE^_^NdeO#Gs�;oKMN�KJ�M5MN�qG9Jsg=GIL¢J�c=G�R�S MN�qG�ciL¢JE�eG
YZ^z�eG¶ÊqPqGs�¸JE^wMN�qG�J-g=GIL¢J�c=G¥R�S�MN�qG�^_r_�qREa£JE^_MNYZr�L_GsrsREL_�e^�	¶u

� v 
.�Ëv�r�C�æ
T�S Ï YZ^§J�L_GIa£J�MNYZREPDoeJ�Pq� �0YZ^�J�abYZ^NM�R�S¡J�MNMNLNYb¤edeM_Gs^+R�S Ï o=MN�qGIP�MN�qG5G¶µHeL_Gs^¢^NYZREP

τL
� Ï 	UYZ^�J�P!Gs²mdeYbgiJ�aZGIPmM

L_GIa£J�MNYZREP�M_R Ï o=¤edeM�MN�qGtL_R-«t^+R�S
τL
� Ï 	UJ�L_Gz^_RELNM_Gs��JErsrsREL_�WYbPec9M_R � u=T�S �AYZ^ MN�qG B

1,
B

2, ...,
B�� abYZ^_M-omMN�KJ�P

MN�qG±L_R-«t^�R�S
τL
� Ï 	tJ�L_G9^_RELNM_Gs�AHeLNYbO�J�LNYbab]A¤m]0MN�qG¥gEJ�abdqGs^�R�S MN�qG±J�MNMNLNYb¤edeM_G B

1
utp+�qG¥L_R	«t^6«w�eYZr_���KJsg=G

MN�qG�^¢J�O#G±giJ�abdqGs^5YbP"J�MNMNLNYb¤edeM_G B
1
«wYbaba�¤¨G9^_RELNM_Gs��JErsrsREL_�WYbPec�M_R�MN�qG±giJ�abdqGs^6R�S�MN�qG�J�MNMNLNYb¤edeM_G B

2
o¨J�Pq�

^¢R�REPDu�p+�qG9REL_�eGIL�R�S�MN�qG9L_R-«t^�«w�eYZr_�"J�L_G�Gs²QdeYbgEJ�aZGIPQM6YbP\MN�qG9gEJ�abdqGs^�R�S�MN�qG�J�MNMNLNYb¤edeM_Gs^ B
1,
B

2, ...,
B �

J�L_G�dePqrsGILNM¢J�YbPDu
� H¨GIL¢J�MNYZREP

τ
YZ^ �WYª®¯GIL_GIPQM S¦L_REO REMN�qGIL�REH¯GIL¢J�MNYZREPq^�R�S¯L_GIa£J�MNYZREPKJ�a¨J�abc=GI¤eL¢J�¤¨Gsr-J�dq^¢GtREH¨GIL¢J�MNYZREP

τ
YZ^UMN�qG

REPeab]�REH¯GIL¢J�MNYZREP"«w�eYZr_�L_Gs^NdeabM_^¥J!abYZ^NM9J�Pq��PqREM±J�^_GIM�R�S+L_R-«t^-u ` REPq^_Gs²mdqGIPQMNab]�REH¨GIL¢J�MNYZREP
τ
J(®;GsrIM�MN�qG

L_Gs^_deabM�R�S�MN�qG�²mdqGILN]¸YªS
τ
YZ^6MN�qG�a£JE^NM�REH¨GIL¢J�MNYZREP�YbP�G¶µeGsrIdeMNYZREPDu �Ë�qGIP"J(S M_GIL�MN�qG�REL_�eGILNYbPec�«�G�G¶µeGsrIdeM_G

J�PqREMN�qGIL�REH¯GIL¢J�MNYZREP�R�S�L_GIa£J�MNYZREPKJ�a�J�abc=GI¤eL¢J!MN�qGIP�MN�KJ�M�REH¨GIL¢J�MNYZREP�dq^_Gs^6MN�qG9L_Gs^NdeabM�R�S�MN�qG�REL_�eGILNYbPecAJE^�J
^¢GIMzRELzJ9O¥deabMNYZ^_GIM-oKPqREM5JE^zJ9abYZ^NM-u�p+�qGIL_G¶S¦REL_G�YbMtr-J�P¸�qJ�O�J�c=G�MN�qG�REL_�eGILNYbPecqu

� ��Ò'E@C5��rq¶jC3¶��=D�µ'��Ò�v�¶��\��´\Dere¶@C
[Q]QO±¤¨REa���^NM¢J�Pq�e^�S¦REL�MN�qG+abYZ^NM R�S;J�MNMNLNYb¤edeM_Gs^ � REL�J5HKJ�LNM R�S¯J�MNMNLNYb¤edeM_Gs^�	�R�S Ï YbP�MN�qGwREH¯GIL¢J�MNYZREP

πL
� Ï 	

YbPQMNL_RQ�WdqrsGs��YbP�MN�qG5rIa£JE^¢^NYZr-J�aÑL_GIa£J�MNYZREPKJ�aDJ�abc=GI¤eL¢JWu p+�qG6G¶µWHKJ�Pq^NYZREP!R�SDMN�qG5HeL_R�fNGsrIMNYZREP!REH¯GIL¢J�MNYZREP�H¨GILNO�YbM_^
R�S MN�qG±YbPq^_GILNMNYZREP\R�S MN�qG¥PqGI«�J�MNMNLNYb¤edeM_Gs^5YbPQM_R�MN�qG±L_Gs^NdeabM_Gs�¸L_GIa£J�MNYZREPDoKMN�qG±giJ�abdqG¥R�S MN�qG�PqGI« J�MNMNLNYb¤edeM_Gs^
rsREO�HedeM_Gs�AS¦L_REO MN�qG�L_R	«t^5R�SUL_GIa£J�MNYZREP Ï uqp+�qG±G¶µHKJ�Pq�eGs�AHeL_R�fnGsrIMNYZREP\YZ^tPqREO�YbPKJ�M_Gs�¸¤m]

πL
� Ï 	¶oe«w�qGIL_G

MN�qG�abYZ^NM ��YZ^w¤edeYbabMtS L_REO0¬

f'|
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• [QYbO�HeaZG9J�MNMNLNYb¤edeM_G�R�S Ï��

• �5P¹G¶µWHeL_Gs^_^NYZREP x → y
«w�qGIL_G � J�Pq� � J�L_G!J�MNMNLNYb¤edeM_GIPKJ�O#Gs^	u"p+�qG�GIaZGIO#GIPmM

x → y
R�SzabYZ^NM �

^_]QO±¤¨REabYb³-Gs^�MN�KJ�M�«�G�r¢�KJ�Pec=G�MN�qG±PKJ�O#G�R�S+J�MNMNLNYb¤edeM_G � R�S Ï M_R � u ` REPq^_Gs²QdqGIPmMNab]\MN�qG¥PKJ�O#G�R�S
MN�eYZ^6J�MNMNLNYb¤edeM_G�YbP0MN�qG�^_r¢�qGIO#G¥R�S�MN�qG�L_Gs^NdeabM_Gs�0L_GIa£J�MNYZREPA«wYbabaD¤¨G ���

• �5P�G¶µHeL_Gs^_^_YZREP E → z
«w�qGIL_G ��YZ^wJ�P0G¶µWHeL_Gs^_^NYZREP�¤edeYbabM+S¦L_REO¼J�MNMNLNYb¤edeM_Gs^zR�S Ï oQS¦L_REO3rsREPq^_M¢J�PmM_^-o

S¦L_REO J�LNYbMN�eO#GIMNYZr-J�a§REH¨GIL¢J�M_REL_^-o�J�Pq��S¦L_REO�r_�KJ�L¢JErIM_GIL9REH¨GIL¢J�M_REL_^ �	J YZ^�MN�qG�PKJ�O#G�R�S§MN�qG#PqGI« J�Mn©
MNLNYb¤edeM_G+r-J�aZrIdea£J�M_Gs�9¤m] �+u	ÙqREL�G¶µqJ�O�HeaZG �

a+b→ x
� GIaZGIO#GIPQM�YbP9MN�qG�abYZ^NM	��L_Gs^NdeabM_^�YbP9J�P�J�MNMNLNYb¤edeM_G

� YbPMN�qG�L_Gs^NdeabM_Gs�"L_GIa£J�MNYZREPÈJ�Pq�"MN�qG�gEJ�abdqG�R�S � YZ^¥MN�qG�^NdeO�R�S E J�Pq� � u!p+�qG�GIaZGIO#GIPmM�R�SwabYZ^NM
� �

c||d → e
�#L_Gs^NdeabM_^9YbPÈJ�P¹J�MNMNLNYb¤edeM_G � YbP¹MN�qG�L_Gs^_deabM_Gs� L_GIa£J�MNYZREPÉJ�Pq�MN�qG�giJ�abdqG�R�S � YZ^¥MN�qG

rsREPqr-J�M_GIPKJ�MNYZREP�R�S ´ J�Pq� 
 JE^tr¢�KJ�L¢JErIM_GIL5^NMNLNYbPec=^	u
�"G§SXRELNO MN�qGwREdeM_rsREO#GtR�S¯MN�qGwHeL_R�fnGsrIMNYZREP#S L_REO J�abaeL_R	«t^_Gs^�R�S Ï uE�+M MN�qGwGIgiJ�abdKJ�MNYZREP�R�S¨abYZ^_M ��«�Gw^_de¤q^NMNYª©
MNdeM_G�MN�qG±rIYbM_Gs�AJ�MNMNLNYb¤edeM_Gs^zMN�qGIYbL�JErIMNdKJ�abab]�gEJ�abdqGs^6J�Pq��«�G±rsREO�HedeM_G�MN�qG�giJ�abdqGs^zR�SUMN�qG�PqGI« J�MNMNLNYb¤edeM_Gs^	u
p+�qG#L_Gs^_deabM¥R�SwHeL_R�fnGsrIMNYZREPYZ^¥J�L_GIa£J�MNYZREPDo�«w�qRi^_G�^¢r_�qGIO#G#YZ^¥�eGIM_GILNO�YbPqGs� ¤Q]\MN�qG�abYZ^NM �´©5rsGILNM¢J�YbPeab]�¤m]
L_GIPKJ�O�YbPecqu!ÙeL_REO�G-JEr_�L_R-«�R�S Ï YZ^�SXRELNO#Gs�"REPqG�L_R	« YbP"MN�qG#L_Gs^NdeabM_Gs��L_GIa£J�MNYZREPDu!�AdeabMNYbHeabYZGs��L_R	«t^±R�S
L_GIa£J�MNYZREP Ï YbPq�WdqrsG9O±deabMNYbHeabYZGs��L_R-«t^6YbP�MN�qG9L_Gs^NdeabM_Gs�\L_GIa£J�MNYZREP\M_RReo¨¤edeM��WdeHeabYZr-J�M_Gs��L_R-«t^�«�REdeaZ�\¤¯GsGIP
HeL_R�WdqrsGs�AYbP0MN�qG¥L_Gs^NdeabM_Gs�¸L_GIa£J�MNYZREP\GIg=GIP¸YªS�MN�qG±RELNYbciYbPKJ�a?L_R	«t^zYbP Ï «�GIL_G±PqREM5�WdeHeabYZr-J�M_Gs�;u! DGIMzdq^6^_GsG
MV«§R�G¶µqJ�O�HeaZGs^+SXRELtMN�qG�G¶µHKJ�Pq�eGs�AHeL_R�fnGsrIMNYZREPD¬

Ï ¬
πA,B+C→N

� Ï 	¶¬
πB−A→X,C−B→Y

� Ï 	¶¬
� º `
v j �
v j �
k � �

� �
v �
v �
k viv


 �
v v
v v
v v

` REO�O#GIPQM-utp+�qG�REH¯GIL¢J�MNYZREP
δ
YZ^zJ�ÊeS MN�0«w�qGsGIa?YbPAM_Gsr¢�ePeYZr-J�a?O#G-J�PeYbPecqu �Ë�qGIP

R(
B

1,
B

2, ...,
B �

)
YZ^

J9L_GIa£J�MNYZREPDoqMN�qGIP
δ
� Ï 	§YZ^wGs²QdeYbgEJ�aZGIPQMzM_R

γ � 1, � 2,..., ���
� Ï 	+J�Pq��MN�eYZ^tYZ^zGs²mdeYbgiJ�aZGIPmMtM_R

π � 1, � 2,..., ���
� Ï 	¶u

� I'DQ��v¥�\¶jr,C)�
�Iy�J�PeciYbPec �#L_R	«t^�©5«w�eYZr_�´r-J�P PqREM¥¤¯G#rsREPePqGsrIM_Gs� ©z«�REdeaZ�´J�HeH¯G-J�L±�WdeLNYbPec\MN�qG#G¶µWGsrIdeMNYZREP´R�SwMN�qG

REH¯GIL¢J�MNYZREP�fnREYbPDu�p+�qGs^_GtJ�L_G+MN�KJ�M�L_R-«t^-omM_R�«w�eYZr_�#«§Gtr-J�P�PqREMUÊqPq�#J�Pm]�L_R	«ÉYbP�MN�qGwREMN�qGIL L_GIa£J�MNYZREP#«w�eYZr¢�
«�REdeaZ�\¤¯G±^·J�MNYZ^nSXJErIM_RELN]AM_R�MN�qG�rsREPePqGsrIMNYbPec�rsREPq�WYbMNYZREPDu�y6J�PeciYbPec�L_R	«t^��KJsg=G9PqR�MNL¢JErsG9YbP\MN�qG¥L_Gs^_deabM�R�S
MN�qG�fNREYbPDu�[R6YbMUO�Js]±�KJ�HeH¨GIP�MN�KJ�M�J�abae�qJ�M¢J�R�S¨MN�qG¡fNREYbPqGs��L_GIa£J�MNYZREPq^�J�L_G§PqREMUL_GIHeL_Gs^_GIPQM_Gs��YbP�MN�qG+L_Gs^NdeabM_Gs�
L_GIa£J�MNYZREPDu�T�PA^Ndqr¢�Ar-JE^_Gs^w«w�qGIPAMN�eYZ^zG¶µeGsrIdeMNYZREP0YZ^wPqREMz^NdeYbM¢J�¤eaZG�S¦RELwdq^tMN�qGIP0«�G±r-J�P0dq^_G�MN�qG ¶jI'DQ��v¥�\¶jr�C
g=GIL_^NYZREPAR�S¨fNREYbP�©�JE^wYbMtYZ^wL_G-J�abYb³-Gs��YbPAMN�qG�O#Ri^NMzrsREO�O#GIL_rIY£J�a?^_]^NM_GIO#^	u

Ù�YbL_^NMw«§G�r_�qGsr_°�deH0MN�qG�M�]QH¯Gs^wR�S�MN�qG C�E@DeI�v�EjG@�\¶jr�C5� uUT�P�MN�eYZ^tr-JE^_G�MN�qG�rsREPePqGsrIMNYbPec�rsREPq�WYbMNYZREP¸YZ^+MN�qG
YZ�eGIPmMNYbM�]�R�S§MN�qG9giJ�abdqGs^�R�S�MN�qG�rsREO�O#REPJ�MNMNLNYb¤edeM_Gs^	u9p+�qG Ï ◦

./
Ñ¤C�E@DeI�v�EjGM¶@I�DQ��v��\¶jr�C rsREPq^NYZ^NM_^¥R�S�L_R-«t^

R�S PKJ�MNdeL¢J�a¨fnREYbP Ï
./
Ñ oq«w�KJ�M�«§G±G¶µWHKJ�Pq�A«wYbMN��MN�qG±�KJ�PeciYbPec�L_R-«t^�RELNYbciYbP\S L_REO Ï J�Pq�AS L_REO Ñ u¨TVP¸MN�qG

r-JE^_G�R�StMN�qG��KJ�PeciYbPec\L_R-«t^9MN�qGIL_G�J�L_G�J�MNMNLNYb¤edeM_Gs^9«w�eYZr_�´�KJsg=G�PqR0giJ�abdqGs^-u0p+�qG�giJ�abdqGs^±R�StMN�qG�GIO�HeMV]
J�MNMNLNYb¤edeM_Gs^t«wYbaba¡¤¨G�^_GIMwM_R#Pmdeabaª©�giJ�abdqGiu

p+�qGIL_G0J�L_G�PQdeO#GIL_REdq^�gEJ�LNY£J�PqrsGs^�RELNYbciYbP´S L_REO�MN�qG C�E@DeI�v�EjG�¶jI�DQ�Ëvá�Ë¶jr�C u"p+�qG Ï ◦
./L

ÑêC�E@DeI�v�E@G»G � �ËD
¶jI'DQ��vº�\¶jr�C YZ^±^NYbO�YbabY£J�L9M_R0MN�qG�REdeM_GILzfNREYbPDo�¤edeM¥YbM±«wYbaba§rsREPQM¢J�YbP´J�O#REPec\MN�qG��KJ�PeciYbPec\L_R-«t^�REPeab]�L_R	«t^
RELNYbciYbP�S¦L_REO MN�qG�aZG¶S¦M�L_GIa£J�MNYZREP � Ï 	¶u?[QYbO�Yba£J�LNab]=o Ï ◦

./R
Ñ¤C�E@DeI�v�EjGMv�rsæ>µ�Dp¶jI�DQ�Ëv��Ë¶@r,C «wYbaba rsREPmM¢J�YbP´J�O#REPec

MN�qG��KJ�PeciYbPec#L_R	«t^zREPeab]!L_R-«t^5RELNYbciYbP0S¦L_REO¼LNYbci�mMtL_GIa£J�MNYZREP � Ñ 	

f��
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ÙqREL0J�aba�MN�qG\MN�eL_GsG�PKJ�MNdeL¢J�a�REdeM_GIL�fnREYbPq^0J�L_G��eG¶ÊqPqGs� MN�qG ´�¶jC 
jr�Derq¶jC�E@G�¶jI'DQ��v£�\¶jr,C)� u p+�qG\L_Gs^NdeabM
L_GIa£J�MNYZREPq^�R�SzrsREPq�WYbMNYZREPKJ�awREdeM_GIL5fnREYbPq^±¤¯GIciYbP«wYbMN�MN�qG�rsREPePqGsrIM_Gs�¹L_R-«t^�JErsrsREL_�WYbPec�M_R0MN�qG!rsREPq�WYbMNYZREPDo
«w�eYZr¢�!J�L_G§SXREabaZR-«§Gs�#MN�qG+�KJ�PeciYbPec�L_R	«t^-u [Q]QO±¤¨REa ◦

./C
YZ^�dq^¢Gs�9S¦RELUPqREM¢J�YZREP�R�S¯MN�qG ´�¶jC 
jr�Derq¶jC�E@G�¶jI�DQ�Ëvy�\¶jr,C

ciYbg=GIP!¤m]�MN�qG5rsREPq�WYbMNYZREP ³ ump+�eYZ^�REH¯GIL¢J�MNYZREP�r-J�P�J�aZ^_R�¤¯GwO#R�WYªÊKGs��O#R�ÊeÊKGs��¤m] �AREL Ï oiYbPq�WYZr-J�MNYbPecqoMN�qG
´�¶jC�
jreDere¶@C�EjG^G � �ËD ¶jI'DQ��vM�\¶jr�C RELwMN�qG ´�¶jC�
jreDere¶@C�EjGzv�r æ>µ�D»¶jI'DQ��v¥�\¶jr�C u

� � Á¨Å������ ��� � Î � �sÃ¥Á�� Î ��Á4� � � Ð��¡
KÅ���� ���l� Î � Á:�UÏ_ÐÜ�¨Å����9ÐtÏ0ÐtÏ_Òº��Ó±Á¯Ð
°zI�vËD�µ'��v£¶�Ò5��v�E@Derq¶jC5�=v�� �6��v�v�r�C�æ%DF¶ÅD�µ5�áv���GsE@Dere¶@C5�O¶��=D�µ'�=Ñ�� �

�tS¦M_GIL�H¨GILnSXRELNO�YbPec0MN�qG�G¶µWHKJ�Pq^NYZREP"R�S�MN�qG#L_GIa£J�MNYZREPKJ�a�J�abc=GI¤eL¢JWoDMN�qG�²QdqGILN]AS�JErIYbabYbMNYZGs^�R�S§MN�qG�rIdeLNL_GIPmM
giJ�LNY£J�PmM�R�S�MN�qG�[��� �J�L_G�J�aZ^_R «�GIaba��eGs^_rILNYb¤¯Gs�É¤m]ÇMN�qG¸REH¯GIL¢J�MNYZREPq^�R�S�MN�qG¸L_GIa£J�MNYZREPKJ�a�J�abc=GI¤eL¢JWu p+�qG
REH¯GIL¢J�MNYZREPKJ�amYZ�eGIPQMNYbMNYZGs^�dq^NYbPecwYbP�MN�qG REHeMNYbO�Yb³	J�MNYZREP�R�SeJt²mdqGILN]�r-J�P�¤¯GsGUciYbg=GIP�«wYbMN�¥MN�qG�J�YZ��R�SWREH¯GIL¢J�MNYZREPq^-u
T�P¸JErsrsREL_�qJ�PqrsG±«wYbMN�0MN�qG�HeL¢JErIMNYZrsGioÑMN�qG±[��� �KJE^tREH¨GIL¢J�MNYZREPq^zSXRELtH¨GILnSXRELNO�YbPec#MN�qG¥O#RQ�WYªÊKr-J�MNYZREP\R�S�MN�qG
�qJ�M¢JWo+YbPq^¢GILNM�R�S6PqGI« L_R-« � ^�	¶otJ�Pq�É�eGIaZGIM_G¸R�S6L_R	« � ^�	¶u [Qdqr_�ÆREH¯GIL¢J�MNYZREPq^�«�REdeaZ�É¤¯G�G¶µWHeL_Gs^_^NYb¤eaZG�«wYbMN�
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x
©�J(µWYZ^-uUp+�qG

f�g
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PqG¶µWMzG¶µeJ�O�HeaZG¥YZ^wYbPmM_GIL_Gs^_MNYbPec�JE^zYbMt�eYbci�eabYbci�mM_^5MN�qG¥�WY ��rIdeabMNYZGs^6R�S?ÊqPq�WYbPec�J�P
α
©�c=RQR��HKJ�MN�Du� DGIM

q ∈ R¤¯G#a£J�LNc=G�J�Pq��eG¶ÊqPqG
xn = (q3n+1, 0) ∈ R2 o yn = (0, q3n+2) ∈ R2 o J�Pq� zn = (−q3n+3, 0) ∈ R2 o

J�Pq�
X = ∪∞0 {xn, yn, zn}

u �Ug=GILN]�HKJ�YbL5R�SUH¯REYbPmM_^5YbP
X
�eGIM_GILNO�YbPqGs^�J#^_GIciO#GIPQMzMN�KJ�MzYZ^6GIYbMN�qGIL6J�abO#Ri^_M

g=GILNMNYZr-J�aUREL�J�abO#Ri^_M5�qRELNYb³-REPQM¢J�a�u6T�PAgYZGI«�R�S�p+�qGsREL_GIO�v±MN�qGIL_G±YZ^6J�c=RQR�0HKJ�MN��REP�GIg=GILN]�ÊqPeYbM_G±^_de¤q^_GIM
R�S
X
utº§deM6�qR-«%M_R�G¶µWM_GIPq�¸^_dqr_��J�HKJ�MN�\M_R�J�PAYbPWÊqPeYbM_G�REPqG� �Ë�KJ�MzYZ^�J�P

α
©�c=RQR�AHKJ�MN�\REP

X
� y6R-«

O�J�Pm]
α
©�c=RQR��HKJ�MN�q^zJ�L_G�MN�qGIL_G¥REP

X
�

�"G¥O#GIPmMNYZREPAMN�KJ�M5L_GsrsGIPmMNab] mJ�P ��]QP��Ia§Ô	�(Õ¡�KJE^tYbO�HeL_R	g=Gs�AMN�qG¥¤¨REdePq�0YbPAp+�qGsREL_GIO v�S L_REO
π/9

M_R
π/6

oÑ«w�eYZr¢��YZ^�JErIMNdKJ�abab]AMN�qG¥¤¯Gs^NMzH¯Ri^_^NYb¤eaZG±giJ�abdqG±R�S
α
u5p+�qG9�eGIM¢J�YbaZ^�J�L_G¥PqREM�JsgiJ�Yba£J�¤eaZG9]=GIM-o¨¤edeM5O#Ri^NM

abYb°=GIab]=oQ�eYZ^�L_Gs^NdeabM�rsREO¥¤eYbPqGs�!«wYbMN��REdeL�HeL_RQR�S;«�REdeaZ��YbO�Heab]�MN�KJ�M�p+�qGsREL_GIO j �qREaZ�e^�S¦REL�GIg=GILN]
α < π/12

u

Ì � Ã � Å_Ï_Å_ÐwÁ � Ï�� " " Ðº

p+�qG9HeL_RQR�S§R�S�p+�qGsREL_GIO j rsREPq^_YZ^NM_^�R�S�^_GIg=GIL¢J�aU^NM_GIHq^-u��"G9PqR-« YbPQMNL_RQ�WdqrsG�^_REO#G9PqREM¢J�MNYZREP J�Pq�¸M_GILNO�Yª©
PqREaZREci]0J�Pq�0^NM¢J�M_G�MN�qG�MV«�R�O�J�YbP0aZGIO�O�JE^5PqGsGs�eGs��S¦RELzMN�qG�HeL_RQR�SNu ÙqREL6J�H¨REYbPQM

z ∈ R2 o |z| �eGIPqREM_Gs^zYbM_^�WYZ^NM¢J�PqrsG�S¦L_REO MN�qG�RELNYbciYbP¸J�Pq�
z
�eGIPqREM_Gs^tMN�qG�dePeYbMtg=GsrIM_REL

z/|z| � JE^_^NdeO�YbPec z 6= 0
	¶u�[R

z ∈ S1 «w�qGIL_G
S1 YZ^wMN�qG�dePeYbM5rIYbL_rIaZGioq^_R�YbMtr-J�P0¤¯G�MN�qREdeci�mM6R�S�JE^zJ��WYbL_GsrIMNYZREP¸REL5J�PeciaZGiu T�Mw«wYbaba;¤¨G�rsREPQg=GIPeYZGIPmM6M_R�dq^_G
MN�qG�PqREM¢J�MNYZREP

z ∈ I O#G-J�PeYbPec#MN�KJ�M I YZ^tJ�PAJ�L_r¥REP S1 u�[Qdqr_�\J�PAJ�L_r�YZ^�fhdq^_M I = (β, γ)
«w�qGIL_G

β, γ
J�L_G

J�PeciaZGs^�J�Pq�
(β, γ)

O#G-J�Pq^�MN�qG#J�PmMNYZrIaZRr_°«wYZ^_G#J�L_r9S¦L_REO
β
M_R
γ
u � Ybg=GIP"�WYZ^NMNYbPqrIM�H¯REYbPmM_^

u, v ∈ R2 «§G
aZGIM

uv
�eGIPqREM_G�MN�qG�dePeYbMtg=GsrIM_REL

(v − u)/|v − u| uÙeL_REO¼PqR	« REP�«�G�JE^_^NdeO#G6MN�KJ�M
X ⊂ R2 YZ^+YbPWÊqPeYbM_G�J�Pq���WYZ^_rIL_GIM_G�J�Pq� α ∈ (0, π/18)

u��"G�JE^_^_deO#Gio
«wYbMN�qREdeM�aZRi^_^�R�S�c=GIPqGIL¢J�abYbM�]=oDMN�KJ�M�MN�qG�RELNYbciYbPDo;M_R!¤¯G9�eGIPqREM_Gs��¤Q]

0
o¯YZ^�PqREM�rsREPmM¢J�YbPqGs��YbP

X
J�Pq��J�aZ^¢Reo

MN�KJ�M |x| J�Pq� |y| J�L_G��WYª®;GIL_GIPmMtSXRELtG-JEr_�¸HKJ�YbL x, y ∈ X o x 6= y
u

Ù�Yªµ¥PqR	«
β ∈ (0, π/18)

J�Pq�9�eG¶ÊqPqG
K
M_R5¤¯G�MN�qG§rsREPqG+rsREPq^NYZ^NMNYbPec�R�SKg=GsrIM_REL_^

z
«wYbMN�

z ∈ [−β, β]
u��6^

dq^NdKJ�a�oQaZGIM −K ¤¯GwMN�qGtL_G��KGsrIMNYZREP�R�S
K
«wYbMN��L_Gs^NH¯GsrIM M_R

0
J�Pq�

K∗ = K ∪ (−K)
¤¨GtMN�qGzrsRELNL_Gs^NH¯REPq�WYbPec

�eREde¤eaZG�rsREPqGiu y6GIL_G�YZ^wMN�qG ` REPqG  DGIO�O�JWoÑJ�P¸J�dWµWYbabY£J�LN]!L_Gs^NdeabMtPqGsGs�eGs��SXRELtp+�qGsREL_GIO j u

�¥���d�d&��
2 ���
X \K∗ r_� 4¥C�r�DQ��K¥D�µ'�ËC�D�µ5��v���r,��EjC α ��æ�¶!¶#
OÒ'E@D�µ$¶jC X É

p+�qG�^¢J�O#G�rsREPqrIabdq^NYZREP��qREaZ�e^	oeR�S�rsREdeL_^_GioWYªS
X \K∗0

YZ^§ÊqPeYbM_G5«w�qGIL_G
K∗0

YZ^tJ±L_REM¢J�M_Gs��rsREHm] � J�L_REdePq�
MN�qG6RELNYbciYbP 	�R�S

K∗
u �"G5PqR-« ^NabYbci�QMNab]#L_G¶S¦RELNO±dea£J�M_G�MN�qG ` REPqG  DGIO�O�JWu� DGIM 4 = 4(X)

�eGIPqREM_G5MN�qG�^_GIM
R�S?abYbO�YbM5�WYbL_GsrIMNYZREPq^tYbP

X
oWMN�KJ�MwYZ^-o

z ∈ 4(X)
YªS�J�Pq��REPeab]!YªS?MN�qGIL_G�YZ^tJ�^_Gs²mdqGIPqrsG�R�SU�WYZ^NMNYbPqrIMtGIaZGIO#GIPQM_^

z1, z2, . . .
R�S
X
«wYbMN�

lim zn = z
u ` aZG-J�LNab] 4(X) ⊂ S1 YZ^wrIaZRi^_Gs�;u �Ë�qGIP

I
YZ^tJ�P0J�L_r6REP

S1 «§G��eG¶ÊqPqG
I∗ = I∪(−I) u�y6GIL_G+YZ^�MN�qG ` REPqG  DGIO�O�J�YbP#^NabYbci�mMNab]��WYª®;GIL_GIPmMUSXRELNO0oiO#REL_Gt^NdeYbM¢J�¤eaZG§SXREL REdeLUHedeLNH¯Ri^_Gs^-u

�¥���d�d& } 2 B�����I��Y� 4(X) ⊂ I∗
�\¶jv%�Ë¶@���¿¶�Ò5��C Ejv�´

I ⊂ S1 ¶��%Gs��C�æ@D�µ
π/9

ÉÓ�yµ'��C�D�µ'��v��r,��EjC
α
�eæ�¶6¶#
¡Ò'E@D�µ$¶jC

X
É

T�Mw«wYbaba¡^Nd���rsG�M_R�HeL_R	g=G  DGIO�O�J ��¤¨Gsr-J�dq^¢G�R�S�MN�qG�SXREabaZR-«wYbPec

½O��&)(e� Â72 � ���£��E � r,��Ò�G rF��� � ���£��E���É
<=/>�z��� 2t�5^¢^NdeO#G�MN�qG¥rsREPq�WYbMNYZREPq^5R�S  ¡GIO�O�J k �qREaZ�;uw[QYbPqrsG

I
YZ^5REH¨GIP\J�Pq� 4(X)

YZ^zrIaZRi^_Gs�;oqMN�qGIL_G
YZ^+J¥rIaZRi^_Gs��J�L_r

J ⊂ I «wYbMN� 4(X) ⊂ J∗ u  DGIM K0
¤¯G5MN�qG5rsREPqG5�mdeaba¯R�S

J
omMN�qGIP

K0
YZ^§J±rsREPqG5«wYbMN���KJ�aªS

J�PeciaZG
β ∈ (0, π/18)

J�Pq�
X \K∗0

YZ^+ÊqPeYbM_Gioq^_R  ¡GIO�O�J ��J�HeHeabYZGs^-u
2

�6R-« «�G�rsREO#G¥M_R�MN�qG�^_GsrsREPq�\J�dWµYbabY£J�LN]�aZGIO�O�JWu§� H¯REYbPmM
a ∈ X YZ^tr-J�abaZGs��(���� ,���YªS

∠0ab < π/18SXRELtGIg=GILN]
b ∈ X «wYbMN� |b| < |a| u�[GIM-oWS¦deLNMN�qGIL-o γ = π/9

u

f)È
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a

b

xn

xn+1

b(n − 1) b(n)

a(n)

Ù�YbcideL_G#vi¬Up+�qG�rsREPq^NMNLNdqrIMNYZREP\R�S
a(n), b(n), xn+1

u

�M������&dg 2 Bp����I����¡EjG�G ��I'D4¥C)reDQ��G ����EjC)�%��G ���Y��C�D��£¶��
X
Ejv�����µ�EjvQÒzÉ��yµ5��C3D�µ'��v��Or_��E

γ
�eæ�¶6¶#
OÒ5E@D�µ

¶@C
X
É

ÙqREL+REdeL�HedeLNH¯Ri^_Gs^-oJ�P
α
©�c=RQR��HKJ�MN��REP

X
«§REdeaZ���eR9JE^�«�GIaba�u º§deM-oWJE^�«§Gz«wYbaba¯^_GsGza£J�M_GIL-oQMN�qG5HeL_RR�S

ciYbg=Gs^6J
γ
©�c=RRQ��HKJ�MN�0REP

X
u

� � Á:�á���l��� ÍÉÎ �	�wÁ:� " Ì

��HKJ�YbL
a, b ∈ X YZ^z^¢J�YZ�AM_R#¤¯G�� � / YªS�J�aba�J�PeciaZGs^�R�SUMN�qG�MNLNY£J�PeciaZG

0ab
J�L_G9J�MzaZG-JE^NM

π/18
utp+�qG±HeL_RR�SUR�S

MN�qG�S¦REabaZR	«wYbPec�L_Gs^NdeabMwYZ^t^_YbO�HeaZGiu
<�/1���¥��`!(,�!(���� È 2 ���

X
´�¶jC�DFE@r,C5�=r�C 4¥C�r�DQ��G �b��EjC)� �\E@D:Ò5Ejr,v���K»D�µ'��C�D�µ'��v��Or_��EjC

α
�eæ�¶6¶#
�Ò5E@D�µ$¶jC

X
É

<=/>�z���-2 �"G�r_�qRRi^_G�J�^¢Gs²mdqGIPqrsG#R�S � �WYZ^NMNYbPqrIM�	�SXJ�M¥HKJ�YbL_^-o
ak, bk

oDS¦L_REO
X
«wYbMN�

lim ak = a ∈ S1

J�Pq�
lim bk = b ∈ S1 u5p+�eYZ^5YZ^6rIaZG-J�LNab]0H¯Ri^_^NYb¤eaZGio¯J�Pq�

∠a0b ≥ π/18
u��zaZ^_Reo

∠a0b ≤ π − 2π/18
^NYbPqrsG

MN�qG±J�PeciaZGs^5J�M
a
J�Pq�

b
R�S�MN�qG�MNLNY£J�PeciaZG

a0b
J�L_G¥J�MwaZG-JE^NM

π/18
u

�"G�J�L_G�c=REYbPec#M_R�rsREPq^NMNLNdqrIM�J�P
α
©�c=RRQ�0HKJ�MN�

P
REP

X
R�S�MN�qG�SXRELNO

x1, a(1), b(1), x2 , a(2), b(2), x3 , . . .

^·J�MNYZ^nS ]YbPec�MN�qG�rsREPq�WYbMNYZREP

S¦RELtGIg=GILN]
n,

G-JEr_�
x ∈ X «wYbMN� |x| < |xn| J�HeH¨G-J�L_^w¤¯G¶SXREL_G xn REP P.

� v�	

y5GIL_G
a(n), b(n)

J�L_G�S�J�MtHKJ�YbL_^tS¦L_REO MN�qG¥^_Gs²mdqGIPqrsG
ak, bk

u+p+�qG±rsREPq^NMNLNdqrIMNYZREP¸YZ^6²QdeYbM_G�^NMNL¢J�Ybci�mMnSXRELn©
«+J�L_�;oE^_GsGUÙ�YbcideL_Gtviu��UgYZ�eGIPmMNab]=o

x1
YZ^;MN�qGU^N�qRELNM_Gs^NM¡GIaZGIO#GIPQM?R�S

X
u¡�6^_^NdeO#G

Pn = x1, a(1), b(1), x2 , . . . , b(n−
1), xn

�KJE^�¤¯GsGIP9rsREPq^NMNLNdqrIM_Gs��^·J�MNYZ^nS ]YbPec5rsREPq�WYbMNYZREP � v�	�J�Pq�;o�S¦deLNMN�qGIL-o
xnb(n) ≈ b O#G-J�PeYbPec6MN�KJ�M xnb(n)J�Pq�

b
J�L_G�aZGs^¢^zMN�KJ�P

(π/18 − α)/2
J�HKJ�LNM�REP

S1 u ` aZG-J�LNab] xn+1
�KJE^zM_R�¤¨G¥MN�qG¥^N�qRELNM_Gs^NM5g=GsrIM_REL5YbP

XO�YZ^¢^NYbPec�S¦L_REO
Pn
u ` �qRQRi^¢G�PqR-«

a(n), b(n)
S¦L_REO¼MN�qG�^_Gs²QdqGIPqrsG�R�S?S�J�MwHKJ�YbL_^z^_R9S�J�L+S¦L_REO

xn
J�Pq�

xn+1MN�KJ�M
xna(n) ≈ a J�Pq� xn+1b(n) ≈ b � «wYbMN�!MN�qG6^¢J�O#G5O#G-J�PeYbPec#R�S ≈ JE^§¤¯G¶S¦REL_G�	¶uUT�M§YZ^�PqREM+�KJ�L_�!M_R±^¢GsG

PqR	« MN�KJ�M
Pn+1 = Pn, a(n), b(n), xn+1

YZ^5J�P
α
©�c=RRQ��HKJ�MN�Du

2

�5G¶µWMw«�G¥r-J�aba¡J�HKJ�YbL
a, b ∈ X � ��� ���7* . $�YªS ∠0ab ≥ π/18 o ∠0ba ≥ π/18 J�Pq� ∠a0b < π/18

u

f ×
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−a a

b

c

xn

xn+1

b(n − 1) b(n)

c(n)
a(n)

Ù�YbcideL_G j ¬Up+�qG�rsREPq^NMNLNdqrIMNYZREP\R�S
a(n), b(n), c(n), xn+1

u

<=/>���¥��`!(,�!(���� × 2 ��� X ´�¶jC�DFEjr�C5�£r,C04¥C)reDQ��GÐ����EjC)� ��EjG E@C�´���
YÒ'E@r,v���KºD�µ'�ËCWD�µ'�Ëv��Yr,�bEjC
α
�eæ�¶6¶#
YÒ5E@D�µ3¶@C

X
É
<=/>�z��� 2��"G�r¢�qRQRi^_G�J�cmJ�YbPAJ9^_Gs²QdqGIPqrsG�R�S � �WYZ^NMNYbPqrIM�	�¤KJ�a£J�PqrsGs��HKJ�YbL_^

ak, bk
S L_REO

X
«wYbMN�

lim ak =
a ∈ S1 J�Pq� lim bk = b ∈ S1 u p+�eYZ^wYZ^zrIaZG-J�LNab]!H¯Ri^_^NYb¤eaZGio

∠a0b ≤ π/18 o¨J�Pq� a, b ∈ 4(X)
u

ÙqREL
z ∈ S1 oWaZGIM Iz ¤¯G�MN�qG�REH¯GIP¸J�L_r�R�S S1 R�S�aZGIPeciMN� π/9 oKrsGIPQM_GIL_Gs�¸J�M z u�6^_^NdeO#G�MN�qGIL_G�YZ^

c ∈ 4(X)
«wYbMN�

c /∈ I−a ∪ Ib
u  DGIM

ck ∈ X
¤¨G#J0^_Gs²mdqGIPqrsG�«wYbMN�

ck → c
J�Pq�

|ck| → ∞
u �"G¥J�L_G�c=REYbPec�M_R�rsREPq^NMNLNdqrIM6J�P

α
©�c=RR��HKJ�MN�

P
REP

X
R�S�MN�qG6SXRELNO

x1, c(1), a(1), b(1), x2 , c(2), a(2), b(2), x3 , . . .

^¢J�MNYZ^nS¦]YbPec�rsREPq�WYbMNYZREP � v�	w«w�qGIL_G
a(n), b(n)

J�L_G�HKJ�YbL_^zS L_REO»MN�qG¥^¢Gs²mdqGIPqrsG
ak, bk

J�Pq�
c(n)

YZ^6J#^Nde¤q^_G¶©
²QdqGIPqrsG�R�S

ck
o;^¢GsG9Ù�YbcideL_G j u±p+�qG�rsREPq^NMNLNdqrIMNYZREP"YZ^�^NYbO�Yba£J�L�M_R!MN�qG�HeL_GIgYZREdq^�REPqGiu �"G�^NM¢J�LNM�«wYbMN�

x1
o

MN�qG9^N�qRELNM_Gs^NM�GIaZGIO#GIPmM�YbP
X
u5�6^_^NdeO#G¥MN�qG¥HKJ�MN�

Pn = x1, c(1), a(1), b(1), . . . , b(n − 1), xn
�KJE^z¤¯GsGIP

rsREPq^NMNLNdqrIM_Gs�¹J�Pq��^¢J�MNYZ^nÊKGs^�rsREPq�WYbMNYZREP � v�	¶o?J�Pq�;o;S¦deLNMN�qGIL-o
x(n)b(n− 1) ≈ b

u��zcmJ�YbPDo
xn+1

�KJE^�M_R�¤¯G
MN�qG#^N�qRELNM_Gs^_M¥g=GsrIM_REL¥YbP

X
O�YZ^_^NYbPec0S L_REO

Pn
u ` �qRRi^_G

c(n)
^_R�MN�KJ�M

xnc(n) ≈ c
J�Pq� MN�qGIP"MN�qG#HKJ�YbL

a(n), b(n)
^_R�SXJ�LwJs«+Js]�S L_REO

c(n)
J�Pq�

xn+1
MN�KJ�M

a(n)c(n) ≈ −a J�Pq� xn+1b(n) ≈ b uUTVM�YZ^�rIaZG-J�L+MN�KJ�M
Pn+1 = Pn, c(n), a(n), b(n), xn+1

YZ^zJ�P
α
©�c=RQR��HKJ�MN�Du

p+�qG�^¢J�O#G�J�LNcideO#GIPmM9«�RELN°W^-o¡«wYbMN�G¶µer_�KJ�PeciYbPec\MN�qG�L_REaZGs^¥R�S
a
J�Pq�

b
oD«w�qGIP MN�qGIL_G�YZ^

c ∈ 4(X)«wYbMN�
c /∈ I−b∪Ia

u?p+�Qdq^U«�Gzr-J�P�JE^_^NdeO#G§MN�KJ�MUMN�qGIL_G+YZ^�PqR
c ∈ 4(X)

«wYbMN�
c /∈ I−a∪Ib

REL
c /∈ I−b∪Ia

u
p+�eYZ^ O#G-J�Pq^�MN�KJ�M-o=«wYbMN�

I = Ia∩Ib
o 4(X) ⊂ I∗ u �6R-«ÇMN�qG ` REPqG  DGIO�O�J �  DGIO�O�J k 	�r-J�P#¤¯GtJ�HeHeabYZGs�

^NYbPqrsG
I
YZ^zJ�P0REH¨GIPAYbPmM_GILNgiJ�a¡R�S�aZGIPeciMN�\J�MtO#Ri^NM

π/9
u

2

p+�Qdq^t«�G�J�L_G�aZG¶S Mw«wYbMN��MN�qG�r-JE^_G�«w�qGIPAMN�qGIL_G¥J�L_G�REPeab]�ÊqPeYbM_GIab]!O�J�Pm]!S�J�MwHKJ�YbL_^zJ�Pq�!ÊqPeYbM_GIab]�O�J�Pm]
¤KJ�a£J�PqrsGs�\HKJ�YbL_^6YbP

X
u ` �qRRi^_G

r
^_R�a£J�LNc=G¥MN�KJ�M�J�aba?SXJ�M�J�Pq�A¤KJ�a£J�PqrsGs�\HKJ�YbL_^6YbP

X
J�L_G¥YbPq^NYZ�eG

Dr
o¨MN�qG

�WYZ^N°�R�S�L¢JE�WYbdq^
r
rsGIPQM_GIL_Gs�¸J�M

0
u �"G�rIa£J�YbO MN�qGIP0MN�KJ�MzGIg=GILN]

x ∈ X \Dr
YZ^t^N�KJ�LNHDu

T�Pq�eGsGs�;o=rsREPq^NYZ�eGIL
x ∈ X \Dr

J�Pq�#JE^_^NdeO#G
z ∈ X «wYbMN� |z| < |x| u�p+�qGIPDo=R�S¯rsREdeL_^_Gio ∠0zx > ∠0xz

u
TVS

∠0xz ≥ π/18 oEMN�qGIP±MN�qG HKJ�YbL x, z YZ^?GIYbMN�qGIL¡S�J�M � ^NYbPqrsG ∠x0z ≥ π/18 	DREL?¤KJ�a£J�PqrsGs� � YªS ∠x0z < π/18
	¶u

º§deMt¤¯REMN�0r-JE^_Gs^zJ�L_G�G¶µerIabdq�eGs�AJE^
x
YZ^zREdeM_^NYZ�eG

Dr
uUp+�mdq^

∠0xz < π/18
J�Pq�

x
YZ^t^N�KJ�LNHDu

�%�WYbL_GsrIM5J�HeHeabYZr-J�MNYZREP¸R�S  DGIO�O�J � ÊqPeYZ^N�qGs^tMN�qG�HeL_RR�S�R�S�MN�qG�MN�qGsREL_GIO0u
2

f�A
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�"G�PqGsGs�¸J±^_MNL_REPec=GILwg=GIL_^NYZREPAR�S�p+�qGsREL_GIO v5«w�eYZr¢�0YZ^+HeL_R-g=Gs�0YbP"ÔbvIÕVuUp¡R�^NM¢J�M_G�YbM+«§G��KJsg=G�M_R9ciYbg=G�M�«�R
JE�e�WYbMNYZREPKJ�a��eG¶ÊqPeYbMNYZREPq^-u

� Ybg=GIPJ�HKJ�MN�
z1, z2, . . . , zn

MN�qG#�WYbL_GsrIMNYZREPq^
z2z1

J�Pq�
zn−1, zn

J�L_G�r-J�abaZGs�"MN�qG ��C 
 
@r,v���´\Derq¶jC5� R�S
MN�qG!HKJ�MN�Du��"G!r-J�abatJA^Nde¤q^¢GIM

R
R�S
S1 J ,+. ( / , & *0/ &�� �ÈYªStYbM�YZ^±MN�qG��WYZ^¦fnREYbPQM�dePeYZREP´R�S5MV«�R�rIaZRi^_Gs�ÈJ�L_rs^

R1, R2 ⊂ S1 ^Ndqr¢�\MN�KJ�M�¤¯REMN�¸�KJ-g=G9aZGIPeciMN� 4γ
J�Pq�\MN�qGIYbL��WYZ^NM¢J�PqrsG±S¦L_REO G-JEr¢��REMN�qGIL � J�aZREPec�MN�qG±dePeYbM

rIYbL_rIaZG�	�YZ^�a£J�LNc=GIL�MN�KJ�P
2γ
u � �5Gsr-J�abaUMN�KJ�M

γ = π/9
u 	 �"G#r-J�abaUMN�qG#HKJ�MN�

z1, . . . , zn R
© ����� & $'& ���\YªS�MN�qG

M�«�R�GIPq�0�WYbL_GsrIMNYZREPq^5J�L_G�PqREMzYbP�MN�qG�^¢J�O#G
Ri

�
i = 1, 2

	zJ�Pq��MN�qG�HKJ�MN�0YZ^
γ
©�c=RQR�;u

�  y����/>��� A
2 � �\D
X

���E 4¥C)reDQ���\�ËD�¶��pÒ'¶@r,C�D��br�CÇD�µ'�áÒ�G E@C��6É¿°y¶jvÅ��·>��v��ªv����ËDev�rq´\Derq¶jC
R
D�µ5��v��År,�YEjC

R
��Ej·1¶jr 
jr�C�æ=Ò'E@D�µ$¶jC3EjG,G^D�µ5�ÜÒ5¶jr,C�D��=¶ �

X
É

�"G6PqR-« ¤¯GIciYbP�MN�qG�HeL_RQR�S�R�S?MN�qG ` REPqG  DGIO�O�JWu ` J�aba¡J±HKJ�YbL
a, b ∈ X ( /!. . �¸YªS?MN�qG�J�PeciaZG�¤¯GIMV«�GsGIP

MN�qG
x
J(µYZ^5J�Pq��MN�qG�abYbPqG�MN�eL_REdeci�

a
J�Pq�

b
YZ^zJ�MwaZG-JE^NM

2γ
u

T�S�MN�qGIL_G�YZ^�PqR!^_M_GsGIH�HKJ�YbL�YbP
X
o;MN�qGIP"REL_�eGILNYbPec�MN�qG�H¨REYbPQM_^�R�S

X
¤m]AYbPqrIL_G-JE^_YbPec�ÊqL_^NM�rsREO�H¨REPqGIPQM

ciYbg=Gs^6J�P
α
©�c=RRQ�0HKJ�MN�AREP

X
oeGIg=GIPA«wYbMN�

α = 5π/9
u

�"G�aZGIM
C
M_R�¤¯G�MN�qG�rsREPqG0rsREPq^NYZ^NMNYbPec"R�S�J�aba

z ∈ R2 «wYbMN� z ∈ [−π/18, π/18] otJ�Pq�É^_GIM C∗ =
C ∪ (−C)

u�[QYbPqrsG
β < π/18

o�MN�qG#rsREPqG
K
abYZGs^�YbP"MN�qG�YbPmM_GILNYZREL9R�SwMN�qG#rsREPqG

C
u � PqG#O#REL_G#HeYZGsrsG#R�S

PqREM¢J�MNYZREPD¬
z1 �eGIPqREM_Gs^tMN�qG�ÊqL_^NMtrsRQREL_�WYbPKJ�M_G±R�S z ∈ R2 u

�5^¢^NdeO#G�PqG¶µWM5MN�KJ�M6MN�qGIL_G�J�L_G±REPeab]�ÊqPeYbM_GIab]AO�J�Pm]¸^_M_GsGIHAHKJ�YbL_^6YbP
X
u5ÙqREL

ti > 0
�eG¶ÊqPqG±MN�qG9^NMNLNYbH

Ti = {x ∈ R2 : |x1| ≤ ti}
u ` �qRQRi^_G

t1
^_R�a£J�LNc=G�MN�KJ�M

T1
rsREPQM¢J�YbPq^5J�abaD^NM_GsGIH�HKJ�YbL_^5J�Pq��MN�qG�^_GIM

X \K∗JE^§«§GIaba�u ` �qRQRi^¢GzPqG¶µWM
t2 ∈ R

^_R¥a£J�LNc=G6MN�KJ�M
X \ T2 ⊂ x+C∗

SXREL§GIg=GILN]
x ∈ X ∩T1

u�[Qdqr_�0J
t2
G¶µWYZ^NM_^

¤¯Gsr-J�dq^_G
K ⊂ C u[GIMzPqR	«

R1 = [−2γ, 2γ]
o
R2 = [π − 2γ, π + 2γ]

uwp+�qGIP
R = R1 ∪ R2 ⊂ S1 YZ^5J�L_Gs^_MNLNYZrIMNYZREPDoÑ^_R

¤Q]0p+�qGsREL_GIO»×WoKMN�qGIL_G�YZ^zJ�P
R
©�J-g=REYZ�WYbPec�HKJ�MN�Do

P = x1, x2, . . . , xn
REP

X ∩ T2
� GIg=GIPA«wYbMN�

α = π/9
	¶u

� PqG¥GIPq�0�WYbL_GsrIMNYZREP¸R�S
P
YZ^wPqREMtYbP

R1
J�Pq��MN�qG�REMN�qGIL5REPqG�YZ^tPqREMtYbP

R2
u ÙqRELz^NYbO�HeaZGILz«wLNYbMNYbPec!JE^_^NdeO#G

MN�KJ�M
x2x1 /∈ R1

J�Pq�
xn−1xn /∈ R2

u
 DGIM

xn+1, xn+2, . . .
L_Gs^NHDu

x0, x−1, x−2, . . .
¤¨G�MN�qG#H¨REYbPQM_^¥R�S

(X \ T2) ∩K
YbP"YbPqrIL_G-JE^NYbPecqo�J�Pq�

MN�qG�H¨REYbPQM_^zR�S
(X \ T2) ∩ (−K)

YbP0�eGsrIL_G-JE^NYbPec�REL_�eGIL-u
½O��&)(e� f'±
2 �yµ'�ÜÒ'E@D�µ

. . . , x−1, x0, x1, . . . , xn, xn+1, . . .
r,�
α
��æ�¶!¶#
¿¶jC

X
É

<=/>�z���-2��"GzREPeab]��KJsg=GzM_R¥r_�qGsr¢°
∠xn−1xnxn+1 ≥ α

J�Pq�
∠x0x1x2 ≥ α

uUº§]�^N]O�O#GIMNLN]9YbM§^Nd���rsGs^
M_RAr_�qGsr_°�MN�qG�a£J�MNM_GIL-u �UYbMN�qGIL

x1, x2
YZ^¥J�^NM_GsGIH HKJ�YbL � ^_GsG#Ù�YbcideL_G � 	¶oDYbP�«w�eYZr¢�r-JE^_G

x1, x2 ∈ T1
J�Pq�

∠x0x1x2 ≥ 2γ − π/18 = π/6 > α
¤¯Gsr-J�dq^_G

x1
0 < 0

o
x1 ∈ X ∩ T1

oWJ�Pq�
x0 ∈ X \ T2 ⊂ x1 −C

YbO�Heab]
x0x1 ∈ −C

u � L
x1, x2

YZ^�PqREMtJ9^NM_GsGIH!HKJ�YbL-oWYbP�«w�eYZr¢�0r-JE^_G
x2x1 ∈ R2

¤¨Gsr-J�dq^¢G
x2x1 /∈ R1

uUº§deM�MN�qGIP
∠x0x1x2 ≥ π − γ − π/18 = 13π/18 > α

u
2

[R!«�G�J�L_G�aZG¶S¦M�«wYbMN�"MN�qG�r-JE^_G9«w�qGIP"MN�qGIL_G#J�L_G�YbPWÊqPeYbM_GIab]\O�J�Pm]�^NM_GsGIH�HKJ�YbL_^-u �"G9ÊqL_^NM�rsREPq^NMNLNdqrIM
J�P

α
©�c=RRQ��HKJ�MN�¹REP

X
dePq�eGIL�MN�qG�G¶µWMNL¢J�rsREPq�WYbMNYZREP MN�KJ�M

X ⊂ K
o�J�Pq�"G¶µWHea£J�YbP"�qR-« M_R0G¶µM_GIPq�"MN�qG

J�LNcideO#GIPQMzSXRELwMN�qG�c=GIPqGIL¢J�a¡r-JE^¢G�a£J�M_GIL-u
 DGIM

Π
¤¨G±MN�qG±^¢GIM6R�S�^_M_GsGIH¸HKJ�YbL_^6YbP

X
u��"G¥«wYbaba�dq^_G±MN�qGIO»S¦REL�rIL_G-J�MNYbPec �t©�MNdeLNPq^�REP\MN�qG

α
©�c=RQR�

HKJ�MN�AM_R�¤¨G�rsREPq^_MNLNdqrIM_Gs�;u
�"G�L_GsrIdeL_^NYbg=GIab]É�eG¶ÊqPqGAPmdeO¥¤¯GIL_^

t0 = 0 < t1 < t2 < . . .
J�Pq�ÈHKJ�YbL_^ {ai, bi} J�Pq� {ci, di} YbP

Π
� J�aba6R�S�MN�qGIO��WYZ^NMNYbPqrIM�H¯REYbPmM_^!R�S

X
	#^¢J�MNYZ^nS¦]QYbPec rsREPq�WYbMNYZREPq^ � �5Y 	�J�Pq� � ` Y 	�¤¨GIaZR	«�u �5R	« «§GA^_GIM

Ti = {z ∈ R2 : 0 ≤ z1 ≤ ti}
u�p+�qG�rsREPq�WYbMNYZREPq^5J�L_G¥JE^wS¦REabaZR	«t^-u

� �5Y 	 {ai, bi} ∈ Π, ai, bi ∈ Ti \ Ti−1
J�Pq�

X \ Ti ⊂ (ai + C) ∩ (bi + C)
o

|)±
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R1R2

−t2

−t1 t1

t2

0

x1

x2

x0

Ù�YbcideL_G �W¬Up+�qG¥J�PeciaZG
∠x0x1x2

u

� ` Y 	 {ci, di} ∈ Π, ci, di ∈ Ti+1 \ Ti
J�Pq�

X ∩ Ti ⊂ (ci − C) ∩ (di − C)
u

p+�qG�L_GsrIdeL_^NYbg=G��eG¶ÊqPeYbMNYZREPÆ^NM¢J�LNM_^�«wYbMN�Ér_�qRRi^NYbPec J�^NM_GsGIH´HKJ�YbL
a1, b1

J�Pq�´MN�qGIP
t1
^_R�a£J�LNc=G�MN�KJ�M

� �9v�	�YZ^�^¢J�MNYZ^nÊKGs�;u p+�eYZ^!YZ^!H¯Ri^_^NYb¤eaZG\^NYbPqrsGAMN�qG�J�PeciaZG�R�S
K

YZ^�^NO�J�abaZGIL�MN�KJ�PÖMN�KJ�M!R�S
C
u��5^¢^NdeO#G

ti, ai, bi, ci−1, di−1
�KJ-g=G�¤¯GsGIP¸�eG¶ÊqPqGs�AS¦REL5J�aba

i = 1, 2, . . . , k
� G¶µWrsGIHeM

c−1, d−1
MN�KJ�M�J�L_G�PqREM5PqGsGs�eGs� 	

J�Pq�¸MN�qGI]0^¢J�MNYZ^nS¦]�J�aba�rsREPq�WYbMNYZREPq^-u5p+�qGIP¸«§G±r¢�qRQRi^_G�J�^NM_GsGIHAHKJ�YbL-o
ck, dk

o¨REdeM_^NYZ�eG
Tk

^¢J�MNYZ^NS ]YbPec � ` ° 	¶u
�6G¶µMw«§G�r_�qRRi^_G¥J�PqREMN�qGILz^_M_GsGIH�HKJ�YbL

ak+1, bk+1
REdeM_^_YZ�eG

Tk
� ¤¯REMN�0�WYZ^NMNYbPqrIMwS¦L_REO

ck, dk
	¶uUÙ�YbPKJ�abab]=oq«§G

Êeµ
tk+1

^_R�a£J�LNc=G�MN�KJ�MzrsREPq�WYbMNYZREP � �z°��9v�	��qREaZ�e^-u p+�eYZ^tYZ^trIaZG-J�LNab]�H¨Ri^_^_Yb¤eaZGiu
p+�qG�rsREPq^NMNLNdqrIMNYZREPËR�S5MN�qG

α
©�c=RQR�´HKJ�MN�ÈYZ^#G-JE^N]PqR-«�o§^_GsG�Ù�YbcideL_G k u �"G0JE�e�ÉJ��WdeO�O±]´H¨REYbPQM

a0 = (−1, 0)
u�p+�qGsREL_GIO�v�cidKJ�L¢J�PmM_GsGs^5MN�qG�G¶µWYZ^NM_GIPqrsG�R�S J�P

γ
©�c=RRQ��HKJ�MN�

Qi
REPAMN�qG6ÊqPeYbM_G�^_GIM

((X ∩ (Ti \ Ti−1)) \ {ai, bi, ci−1, di−1}) ∪ {ai−1, ci}.
�6GIYbMN�qGIL

ai−1
PqREL

ci
YZ^zJ�P�YbPmM_GILNYZREL5H¨REYbPQMzR�S

Qi
¤¯Gsr-J�dq^_G�R�SUrsREPq�WYbMNYZREP � �5Yª©¢v�	wJ�Pq� � ` Y 	¶u T�P0r-JE^_G�R�S

a0MN�eYZ^�SXREabaZR-«t^�S¦L_REO
X ⊂ K

u9p+�mdq^
ai−1

J�Pq�
ci
J�L_G�MN�qG�GIPq�WH¨REYbPQM_^¥R�S

Qi
«wYbMN� MN�qG�GIPq���WYbL_GsrIMNYZREPJ�M

ai−1
YbP
C
J�Pq��J�M

ci
YbP −C u�T�M�S¦REabaZR	«t^�PqR	«ÇMN�KJ�M�MN�qGzHKJ�MN�

Q1, d1, b1, Q2, d2, b2, Q3, d3, . . .
YZ^
α
©�c=RRQ�

REP
X ∪ {a0}

u�F�GIaZGIMNYbPec�MN�qG¥�WdeO�O¥]0g=GILNM_G¶µ�S¦L_REO YbMtciYbg=Gs^�J�P
α
©�c=RR��HKJ�MN�¸REP

X
u§p+�eYZ^tÊqPeYZ^N�qGs^tMN�qG

HeL_RR�S�«w�qGIP
X ⊂ K u

T�P�MN�qG�c=GIPqGIL¢J�a?r-JE^¢G�«�G�HeL_RrsGsGs�AJE^+SXREabaZR-«t^	u�TVS?MN�qGIL_G¥J�L_G�YbPWÊqPeYbM_GIab]�O�J�PQ]�^NM_GsGIH0HKJ�YbL_^w¤¯REMN�0YbP
KJ�Pq� −K oÑMN�qGIP\«�G�r_�qRRi^_G�J�^NM_GsGIH\HKJ�YbL

a1, b1 ∈ K
J�Pq��J�PqREMN�qGIL6REPqGio

a−1, b−1 ∈ −K
J�Pq�AMN�qGIP\Êeµ

t1
^¢R�a£J�LNc=G�MN�KJ�M

T1 = {z ∈ R2 : |z1| ≤ t1}
rsREPQM¢J�YbPq^6J�aba

Z \K∗ J�Pq�;oWS¦deLNMN�qGIL-oeMN�qG�rsREPq�WYbMNYZREPq^

(X \ T1) ∩K ⊂ (a1 + C) ∩ (b1 + C)

(X \ T1) ∩ (−K) ⊂ (a−1 − C) ∩ (b−1 − C)

J�L_G�^¢J�MNYZ^nÊKGs�;u±p+�eYZ^�YZ^6rIaZG-J�LNab]¸H¨Ri^¢^NYb¤eaZGiu �"G9MN�qGIP�HeL_RQrsGsGs�\MN�qG�^¢J�O#G9«+Js]�JE^5¤¯G¶SXREL_Gzfndq^NM6O#R-gYbPec�YbP
MV«§R��WYbL_GsrIMNYZREPq^-u

TVSno(ÊqPKJ�abab]=oiMN�qGIL_GwJ�L_G§YbPWÊqPeYbM_GIab]¥O�J�PQ]9^_M_GsGIH±HKJ�YbL_^�YbP
K
]=GIMUREPeab]�ÊqPeYbM_GIab]±O�J�Pm]¥YbP −K o�MN�qGIP#J�P�RE¤W©

gYZREdq^�rsREO±¤eYbPKJ�MNYZREP�R�S;MN�qG5HeL_GIgQYZREdq^�O#GIMN�qR�e^�HeL_R�WdqrsGs^§J�P
α
©�c=RRQ��HKJ�MN�!REP

X
u�p+�qG6^NMNL¢J�Ybci�mMnSXRELN«§J�L_�

�eGIM¢J�YbaZ^5J�L_G�REO�YbMNM_Gs�;u
2
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a0
0

t1

t2

t3

b2

a2

c3

d3

Q3

Ù?YbcideL_G k ¬Up+�qG�rsREPq^NMNLNdqrIMNYZREP¸R�S
Q3
u

#Å����&5/>¦ 2�p+�qG5¤¨REdePq�
α < π/18

rsREO#Gs^�S L_REO�MN�eYZ^�HKJ�LNM§R�SDMN�qG5HeL_RQR�SNu ��J�O#GIab]=oQp+�qGsREL_GIO v5ciYbg=Gs^
MN�qG

γ
©�c=RRQ�AHKJ�MN�

Qi
oeYbM_^6GIPq�WH¯REYbPmM_^�J�L_G�SXREL_rsGs�0M_R�¤¯G

ai−1
J�Pq�

ci
REPeab]�«w�qGIPAMN�qG±J�PeciaZG±R�S

K
YZ^zaZGs^_^

MN�KJ�P
π/9

u

� � Á:�á���l��� ��� " " Ð��

 ¡GIM
r > 0

¤¯G�^_R�a£J�LNc=G¥MN�KJ�M
X0 = X ∩Dr

rsREPmM¢J�YbPq^�J�aba¡PqREPW©V^N�KJ�LNH¸H¨REYbPQM5R�S
X
u � L_�eGILzMN�qG�GIaZGIO#GIPQM_^

R�S
X \X0

¤m]!YbPeL_G-JE^NYbPec��WYZ^NM¢J�PqrsG�S L_REO MN�qG�RELNYbciYbPDoÑ^_R�YªS
x1, x2, . . .

YZ^wMN�eYZ^5REL_�eGIL-oeMN�qGIP |xn| < |xn+1|SXREL5J�aba
n ∈ N

u�[GIM-oWS¦deLNMN�qGIL-o
X(n) = X0 ∪ {x1, . . . , xn}

J�Pq�!ÊeµAJ
γ
©�c=RRQ��HKJ�MN�Do

Pn
oqREP

X(n)
u

½O��&)(e� f�f32 °y¶jvO��·>��v��
n ∈ N

K
xn

r,�=E@C3��C 
�Ò'¶jr�C�DÜ¶��O��·>��v��
γ
��æ�¶6¶ 
OÒ'E@D�µ$¶jC

X(n)
É

<=/>�z���-2��6^_^NdeO#G�REP�MN�qG�rsREPmMNL¢J�LN]�MN�KJ�M
xn

YZ^�J�P\YbPQM_GILNYZREL�H¯REYbPmM�R�S§^_dqr_� J�HKJ�MN�Du±p+�qGIP�MN�qG9M�«�R
PqGIYbci�Q¤¨REL_^�R�S

xn
o
a, b

^·Js]=o J�L_G#YbP
X(n)

J�Pq�
∠0xna

J�Pq�
∠0xnb

J�L_G�¤¯REMN�^NO�J�abaZGIL9MN�qGIP
π/18

J�Pq�
MN�qGIL_G¶SXREL_G

∠axnb < π/9
«w�eYZr_�0YZ^zJ#rsREPmMNL¢JE�WYZrIMNYZREPDu

2

ÙqREL�GIg=GILN]
1 ≤ n ≤ k

«�G��eG¶ÊqPqGio¯¤Q]0¤KJEr_°«§J�L_��YbPq�WdqrIMNYZREP"REP
n
o¯J

γ
©�c=RQR�¸HKJ�MN�

Pk[n]
REP

X(n)JE^wS¦REabaZR	«t^-u�[GIM
Pk[k] = Pk

uUT�S
Pk[n]

�KJE^+¤¯GsGIP0�eG¶ÊqPqGs�0J�Pq�
n > 1

oWMN�qGIPDoe¤Q]�MN�qG�HeL_GIgYZREdq^wrIa£J�YbO0o
xnYZ^5J�PAGIPq�Wg=GILNM_G¶µ0R�S

Pk[n]
u F�GIaZGIM_G�MN�eYZ^tGIPq�Wg=GILNM_G¶µ�S¦L_REO

Pk[n]
M_R�c=GIM

Pk[n− 1]
u

 DGIM
L
¤¯G5J�P�YbPWÊqPeYbM_G6^Nde¤q^_GIM§R�SDMN�qGzPKJ�MNdeL¢J�a¨PmdeO±¤¨GIL_^wJ�Pq�

n ∈ N
u�p+�qGIL_G5G¶µWYZ^NM_^�J�P!YbPWÊqPeYbM_G6^Nde¤q^_GIM

L′
R�S
L
^_dqr_��MN�KJ�M�S¦RELUGIg=GILN]

j, k ∈ L′ MN�qG§M�«�R�HKJ�MN�q^ Pj [n]
J�Pq�

Pk[n]
J�L_G§MN�qG+^¢J�O#Giu�T�Pq�eGsGs�;oEHKJ�LNMNYbMNYZREP

L
¤Q]0HKJ�MN�q^�REP

X(n)
o¨MN�KJ�M6YZ^-oÑS¦REL6GIg=GILN]

k ∈ L o k ≥ n
oKMN�qG�GIaZGIO#GIPmM

k
YZ^5HedeM6YbPmM_R!MN�qG9rIa£JE^_^

Pk[n]
u

[QYbPqrsG�MN�qGIL_G±J�L_G6ÊqPeYbM_GIab]�O�J�Pm]�HKJ�MN�q^zREP
X(n)

oKREPqG�R�S�MN�qG¥rIa£JE^_^_Gs^
L′
YZ^wYbPWÊqPeYbM_Giu

�5G¶µWMt«§G¥�eG¶ÊqPqGioq¤Q]�YbPq�WdqrIMNYZREPDo¨J�r_�KJ�YbP�R�SUYbPWÊqPeYbM_G¥^_GIM_^
L1 ⊃ L2 ⊃ L3 ⊃ . . .

«wYbMN�¸MN�qG�HeL_REH¯GILNMV]
MN�KJ�M-o¨SXREL�GIg=GILN]

j, k ∈ Ln
o¨MN�qG±MV«�R!HKJ�MN�q^

Pj [n]
J�Pq�

Pk[n]
J�L_G¥MN�qG�^¢J�O#Giu�[QM¢J�LNM�«wYbMN�

L0 = N
u� DGIM

n ≥ 1
J�Pq��JE^_^NdeO#G

L = Ln−1
�KJE^6¤¯GsGIP¸�eG¶ÊqPqGs�;u6p+�qG¥HeL_GIgYZREdq^�J�LNcideO#GIPmM�ciYbg=Gs^�J�^_deYbM¢J�¤eaZG¥YbPWÊqPeYbM_G

L′ ⊂ L
oDJ�Pq�\«§G�^_GIM

Ln = L′
u¥p+�qG�^_GIM_^5S¦RELNO J�P�YbPWÊqPeYbM_G�r_�KJ�YbP

L0 = N, L1, L2, . . .
«wYbMN�"G-JEr_�

LnYbPWÊqPeYbM_G9J�Pq�0rsREPmM¢J�YbPeYbPec
Ln+1

oKJ�Pq�;oWS¦deLNMN�qGIL-oeSXREL
i, j ∈ Ln

«wYbMN�
n ≥ 1

oqMN�qG�rsREPq�WYbMNYZREP
Pj [n] = Pk[n]YZ^z^¢J�MNYZ^nÊKGs�;u
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ÙqREL
n ∈ N

aZGIM
Qn

¤¯G�MN�qG�HKJ�MN�
Pk[n]

S¦REL�^_REO#G
k ∈ Ln

u9ÙKREL
n < m

o
Qn

YZ^±J�^_de¤eHKJ�MN� R�S
Qm¤m]!MN�qG�rsREPq^NMNLNdqrIMNYZREPDu�F�G¶ÊqPqG�MN�qG�YbPWÊqPeYbM_G�HKJ�MN�

Q
JE^tMN�qG�dePeYZREPAR�S�MN�qG�HKJ�MN�q^

Qn
uUp+�qG�HKJ�MN�

Q
YZ^5J�P

YbPWÊqPeYbM_G
γ
©�c=RR��HKJ�MN�AREP

X
u

2

#%���d&5/1¦ 2 T�PÉMN�qG0G¶µqJ�O�HeaZG0R�S±[GsrIMNYZREP v�MN�qGIL_G\J�L_G�PqGIYbMN�qGIL#S�J�M#PqREL#¤KJ�a£J�PqrsGs�ÇHKJ�YbL_^-owJ�Pq�ÈMN�qG
rsREPq�WYbMNYZREPq^�R�S  DGIO�O�J k �eR0PqREM9�qREaZ�;uA[R0YbP¹REdeL±HeL_RR�Sno?MN�qG

α
©�c=RQR�"HKJ�MN�´REP

X
YZ^�S¦REdePq� gQY£J0MN�qG

J�¤¯R-g=GtHeL_RrsGs�WdeL_GiuUp+�qGzJ�LNcideO#GIPQM�YbP ` a£J�YbO»vivtr-J�P#¤¯Gwdq^_Gs��M_R�^N�qR	«ÇMN�KJ�M�J�aba
α
©�c=RRQ��HKJ�MN�q^�REP

X
J�L_G

R�S�MN�qG±SXREabaZR-«wYbPec�SXRELNO0u�p+�qG�REL_�eGIL�R�S�MN�qG
xn
^�J�Pq�

zn
^6YZ^

. . . , z2, z1, x1, x2, x3, . . .
J�Pq�

y1
YZ^�GIYbMN�qGIL

¤¯GIMV«�GsGIP
x1

J�Pq�
x2

REL�¤¯GIMV«§GsGIP
x1

J�Pq�
z1
J�Pq�;o;SXREL

n ≥ 2
o
yn

YZ^�GIYbMN�qGIL¥¤¨GIM�«�GsGIP
xn

J�Pq�
xn+1

REL
¤¯GIMV«�GsGIP

zn−1
J�Pq�

zn
uUTVMwYZ^zG-JE^N]�M_R�^¢GsG�MN�KJ�MzG-JEr_�\^Ndqr_��HKJ�MN�0YZ^tYbPq�eGsGs�

α
©�c=RR�;u

� ��Å_Ò Î ��Á Â9Å " �	�¡
KÅ��º�O

T�P�MN�qG�HKJ�H¨GIL�ÔbvsÕD«�G�HeL_R	g=Gs�0MN�qG��eYbci�qGIL5�WYbO#GIPq^_YZREP¸J�PKJ�aZREcidqG¥R�SUp+�qGsREL_GIO�v�YbP�MN�qG�SXREabaZR-«wYbPec�S¦RELNO0u
�  "�.��/1��� f5|72 °^¶@v¿�Ë·>��v��

d ≥ 2
D�µ5��v��¿r,��E%Ò5¶>��reDer,·j�

αd
��I'´ËµWD�µ�E@D �Ë¶jv¿��·>�Ëv�� 4MC)r�DQ�%�\�ËD�¶ ��Ò5¶jr,C�D��

X ⊂ Rd D�µ5��v��b� �jr_�ËD���E αd ��æ.¶6¶#
OÒ'E�D�µ¿¶@C X É
p+�qG�JErIMNdKJ�a?giJ�abdqG9R�S

αd
YZ^
π/42

� S¦REL
d > 2

	z^_GsG�ÔbvsÕVutp+�qG¥HeL_RR�S�R�S�p+�qGsREL_GIO j c=RGs^zMN�eL_REdeci�\YbP
�eYbci�qGILz�WYbO#GIPq^NYZREPq^z«wYbMN�qREdeM6J�PQ]�L_G-J�a¡�WY ��rIdeabM�]=o¨J�Pq��ciYbg=Gs^zMN�qG�SXREabaZR-«wYbPec#L_Gs^NdeabM-u
�  "�.��/1��� f'�
2 °y¶jv¡��·>�Ëv��

d ≥ 2
�\¶jv¡��·>�Ëv�� 
jr,�Ë´Ëv��ËDQ���\�\DÜ¶ �»Ò'¶jr�C�D��

X ⊂ Rd EjC�
��·j��v�� α ∈ (0, π/84)D�µ'��v��b� �jr,��D���E
α
�eæ�¶6¶#
�Ò5E@D�µ$¶jC

X
É

*£?>¦^�y��aY���.70+��d�����6`�2 ��J�LNMNY£J�a�^NdeHeH¯RELNMwS L_REO yzdePecmJ�LNY£J�P �6J�MNYZREPKJ�a�ÙqREdePq�qJ�MNYZREP � L¢J�PmM_^��5Reu l �il�kmj Ø
J�Pq� l �ij � j v�YZ^?JEr¢°QPqR	«waZGs�Wc=Gs�;uUp+�eYZ^¡«§RELN°�«§JE^?J�aZ^¢Rz^NdeHeH¯RELNM_Gs��¤Q]6MN�qG�F6YZ^_rIL_GIM_G�J�Pq� ` REPQg=G¶µ � GsREO#GIMNLN]
HeL_R�fNGsrIM-oq�¸p ��F5© ` p§© jilil �(© l v k �
�
�Wo¯R�S�MN�qG �UdeL_REH¨G-J�P ` REO�O¥dePeYbM�]=u

� � �\��Á��	�9Ä"�	

Ôbv¶Õ±T¶ueº 1�L 1�Pm]=o¨�±u ���EL-o3��u ��J�abMNL-¬ ��J�MN�q^5«wYbMN�qREdeM5^NO�J�aba�J�PeciaZGs^-o Ñ���B�â ç'É	¶jC � r,�Ë´\v��ËDQ��â�E@D�µ'É o � jilil × 	

YbP�HeLNYbPQM-u
Ô j Õ±�9ueF6deO�YbMNL_Gs^_rIdDu���GIL_^_REPKJ�a?rsREO�O±dePeYZr-J�MNYZREPDo jilil �Wu
Ô��(Õ�[¨u�ÙqGI°=GIM_Giu � GsREO#GIMNLN]ËJ�Pq�ÉMN�qGAp¡L¢Jsg=GIabYbPecÇ[WJ�aZGs^NO�J�P �UL_RE¤eaZGIO0o �U�qF MN�qGs^_YZ^-o+MN�qG �5PeYbg=GIL_^NYbMV]ÉR�S

� J�M_GILNaZRReoDv-×i× j u
Ô k Õ�[¨ueÙqGI°=GIM_G�J�Pq� � u qu �"RQGIciYbPec=GIL-oq�5PeciaZG¶©�L_Gs^NMNLNYZrIM_Gs��M_REdeL_^tYbP�MN�qG�Hea£J�PqGio ³	¶j��Ò�I�DQÉ Ûº��¶@��É � �yµ'��¶jv��

EjC 
¡B»Ò�Ò�G É × � v-×i×=Ø
	¶o¡v-× ��� j v 6 u
Ô	�(Õ qu3��]QP��Ia�u ��GIL_^_REPKJ�a?rsREO�O±dePeYZr-J�MNYZREPDo jilil ×Wu

|)�
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2× 2

�����"�#*����

+���8 ��� @5< ��: ∗
F�GIHKJ�LNMNO#GIPmM�R�S ` REO�HedeM_GIL�[rIYZGIPqrsG

�5PeYbg=GIL_^NYbM�]�R�S ��J�PePqREPeY£J
6ijilil � Gs^N³sHeL�
IO0o �Uci]=GIM_GIO dDutv l uboqy5dePecmJ�LN]

{e~E�W~�� ~�� ���m ��
	 �W� �����Q|

���q:7	�� &¥<�I8¯<?> †
º§REab]mJ�Y?TVPq^NMNYbMNdeM_G

�5PeYbg=GIL_^NYbMV]�R�S�[Q³-GIc=Gs�
� Ø jil [Q³-GIc=Gs�;oq�5L¢JE�WYDg	
ILNM¢J�P��e°�M_GIL_G#viubo

y5dePecmJ�LN]
�e~��'�W~m�Ö~��Ç�K~��Q����|��i E} �����i�����m|

*Å-"`\�6/>&5?@�@�+pD«§R�Hea£Js]=GIL_^§Hea£Js]�MN�qGtSXREabaZR-«wYbPec�cmJ�O#G6REP�J�P
m×n ¤¨R=J�L_�;uUp+�qGzÊqL_^NM§Hea£Js]=GILRrsrIdeHeYZGs^�^_REO#G6�WYZ^¦fNREYbPmM

2× 2
^_²QdKJ�L_Gs^�R�SDMN�qGz¤¨R=J�L_�;uUp+�qGIP!MN�qG5^¢GsrsREPq��Hea£J-]=GIL�MNLNYZGs^§M_R�Êqaba

deHAMN�qG±L_GIO�J�YbPeYbPec�^NHKJErsG¥«wYbMN�
2 × 2

^_²QdKJ�L_Gs^6J�Pq�\^NH¯GsrIY£J�a?�eREO�YbPqRGs^-u ` REPqrsGIPmMNL¢J�MNYbPec0REP
MN�qG�dePqrsR-g=GIL_Gs�¹J�L_G-JWoDMN�qG9ÊqL_^NM¥Hea£Js]=GIL�«+J�PmM_^�M_R�O�J(µWYbO�Yb³-Gio?MN�qG�^_GsrsREPq��Hea£Js]=GIL¥«§J�PmM_^¥M_R
O�YbPeYbO�Yb³-Giu �"G�^N�qR	« MN�qG�^_REO#GI«w�KJ�MwdePmdq^_dKJ�aDHe�qGIPqREO#GIPqREP0MN�KJ�MwMN�qGIL_G�YZ^zJ�P�Gs²QdeYbabYb¤eLNYbdeO
J�M nm

5

u�p+�qG#^¢GsrsREPq��Hea£Js]=GIL9r-J�PJ�ab«§J-]^¥L_G-JEr_� MN�eYZ^	oD«w�KJ�M_GIg=GIL¥MN�qG9ÊqL_^_M�Hea£Js]=GIL9^_GIaZGsrIM_Gs�
YbP!�eYZ^+MNdeLNPDu � P!MN�qG�REMN�qGILw�KJ�Pq�;oMN�qG5ÊqL_^NM+Hea£Js]=GILw�KJE^tJ±rsREPq^NMNLNdqrIMNYZREP�aZG-JsgYbPec nm

5

GIO�HeMV]
^_²QdKJ�L_Gs^t^Ndqr¢�0MN�KJ�MwMN�qG�^_GsrsREPq��Hea£J-]=GIL5r-J�P�PqREMtO�J�°=G±J�Pm]�O#R-g=Giu

½�.9zaO��/>70`@�=[Ë`!��&)�y7�¾0-M��&5/>7�¾"�!(��e(e�"+D¾�7"���d(e�y�

¿ À �º�ÑÁ���Â9Ã±Äy�ÑÅ��º�
p+�qG�HeL_RE¤eaZGIO�YbP¹REdeL±SXRQrIdq^9RELNYbciYbPKJ�M_Gs^±S L_REO J0L_GsrsGIPQMNab]"H¯REHedea£J�L9MN�qGIO#GioUr-J�abaZGs�YZ^Na£J�Pq�e^�Ôbvio �(ÕVu  DGIM
J0L_GsrIM¢J�Pecidea£J�L

m × n ¤¯R=J�L_��¤¨G#ciYbg=GIP¹rsREPq^NYZ^_MNYbPecAR�S
mn

dePeYbM±^_²QdKJ�L_Gs^-o�r-J�abaZGs� ´���G�GÐ� u�pD«§R¸rsGIabaZ^9J�L_G
PqGIYbci�Q¤¨REL_^�YªS�MN�qGI]¹�KJ-g=GAJ�H¯REYbPmM#YbPÆrsREO�O#REPDu �"G0JE^_^¢RQrIY£J�M_GAJ�PmdeO¥¤¯GIL � L_G-J�a5REL#YbPmM_GIc=GIL�	�M_R"G-JEr_�
rsGIaba5R�S6MN�qG�¤¯R=J�L_�;u �"G�r-J�PÉMN�eYbPe°´R�S6MN�eYZ^�PQdeO¥¤¯GIL�JE^�J\�qGIYbci�QM!J�¤¯R-g=G0^_GsG!aZGIg=GIa�uÉ� ^Nde¤eL_GsrIM¢J�PeciaZG
I
R�S�MN�qG¸¤¨R=J�L_�ÆYZ^!r-J�abaZGs�ËJ�P r_��G E@C�
 YªS±J�Pq�ËREPeab]ÉYªS�MN�qG¸�qGIYbci�mM�R�S¥G-JEr_� rsGIaba�R�S

I
YZ^�ciL_G-J�M_GIL!MN�KJ�P

MN�qG��qGIYbci�mM�R�S5J�Pm]rsGIaba�YbP¹MN�qG#PqGIYbci�m¤¯RELN�qRRQ�´R�S
I
u0�5P YZ^Na£J�Pq�¹rsREPq^NYZ^NMNYbPec\R�S5J0^NYbPeciaZG!rsGIaba�YZ^9r-J�abaZGs�

J ´���G,G I�G Ejv YZ^_a£J�Pq�;u � MN�qGIL#MV]H¨G�R�S6¤¨R=J�L_�e^	o�YZ^Na£J�Pq�e^�J�Pq�´PqGIYbci�m¤¯RELN�qRQR�Çr-J�PÈ¤¯G�rsREPq^NYZ�eGIL_Gs�;uÈp+�qGs^_G
RE¤WfNGsrIM_^6RELz^NYbO�Yba£J�LzHe�qGIPqREO#GIPKJ!J�L_G�PKJ�MNdeL¢J�abab]�HeL_Gs^¢GIPmM6YbPATVPWSXRELNO�J�MNYZREP¸p+�qGsRELN]=o¨�5abc=GI¤eL¢J�YZr¥p¡REH¯REaZREci]=o
F6Yª®;GIL_GIPmMNY£J�a � GsREO#GIMNLN]#J�Pq��HeL_RE¤KJ�¤eab]#GIaZ^_GI«w�qGIL_Giu �6REM_G§S¦REL�YbPq^NM¢J�PqrsGwMN�qGwHeL_RR�S Ô	�(ÕÑR�S � deaZGIL�� ^�MN�qGsREL_GIO
REPAH¨REab]�qGs�WL¢J�MN�KJ�Mtdq^_Gs^taZRQr-J�a;O�YbPeYbO�JWoÑ^¢JE�e�WaZGs^-oqJ�Pq��aZRr-J�a;O�J(µYbO�J#REP¸J�^NHe�qGILNYZr-J�a¡^NdeLnS�JErsG#Ô j ÕVu

p+�qG�ÊqL_^NMzRE¤q^¢GILNgEJ�MNYZREP0YZ^tMN�KJ�MzMV«§R��WYª®;GIL_GIPmM5YZ^Na£J�Pq�e^zJ�L_G�GIYbMN�qGIL6�WYZ^¦fnREYbPQMzRELzrsREPQM¢J�YbPeYbPecqu§p+�eYZ^tSXJErIM
ciYbg=Gs^?LNYZ^_G�M_RzJwPKJ�MNdeL¢J�aQL_GIHeL_Gs^_GIPmM¢J�MNYZREP�R�SeMN�qG�^_GIM�R�SeYZ^Na£J�Pq�e^¡R�SÑJ§ÊeµeGs��¤¯R=J�L_�;u ��JEr_�9YZ^Na£J�Pq��rsRELNL_Gs^NH¯REPq�e^
M_R�J¥g=GILNM_G¶µ!R�S�J�P�J�dWµWYbabY£J�LN]�L_RREM_Gs��MNL_GsG

(T, r)
uUp+�qG6L_RREM+YZ^�MN�qG�GIPmMNYbL_G�¤¯R=J�L_��J�Pq��Hea£JErsGs��REP�MN�qG5M_REH

R�S�MN�qG�ÊqcideL_Giu6p+�qG¥g=GILNM_G¶µ\rsRELNL_Gs^NH¨REPq�WYbPec�M_R�YZ^Na£J�Pq�
I2
YZ^6MN�qG±^_REP\R�S MN�qG¥g=GILNM_G¶µ\R�S

I1
YªS�J�Pq��REPeab]�YªS

I2 ⊂ I1
J�Pq��MN�qGIL_G�YZ^wPqR�YZ^Na£J�Pq�0¤¨GIM�«�GsGIPAMN�qGIO0u

p+�qG0ÊqL_^_M!²QdqGs^NMNYZREPËH¨Ri^_Gs�ÆYbPËMN�eYZ^�ÊKGIaZ�Ë«+JE^�MN�qG¸O�J(µWYbO¥deO PmdeO±¤¨GIL�R�S±�WYª®;GIL_GIPmM�YZ^Na£J�Pq�e^�R�S9J
L_GsrIM¢J�Pecidea£J�L

m × n ¤¯R=J�L_�ÈÔ��(ÕVo;MN�KJ�M�YZ^�M_R!O�J(µWYbO�Yb³-G�MN�qG9PmdeO¥¤¯GIL±R�S§g=GILNMNYZrsGs^�R�S (T, r)
ÔbvIÕVu �"G±ciYbg=G

∗ �����������
�! #"$�%��&('('�)���*
��+-,/.-021436587��!�:9/*�;=<6>:?:@:AB>DC
† �����������
�! #"$�%��&('('�)���*
��+-,/.-021436587��!�:9/*%3�>:EGF:HGHDC
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R1

R3

R4 R5
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Ù�YbcideL_G#vi¬�y6JE^_^¢G6�WY£J�ciL¢J�O»R�S�YZ^_a£J�Pq�e^w«wYbMN�0L_Gs^NH¯GsrIMtM_R�rsREPmM¢J�YbPeO#GIPQM

J�P�Gs²mdeYbgiJ�aZGIPmM6SXRELNO¥dea£J�MNYZREP"R�S�MN�eYZ^6HeL_RE¤eaZGIO dq^NYbPec0J��WdKJ�a�ciLNYZ�;o¯«w�qGIL_G±MN�qG±HeL_RE¤eaZGIO MNL¢J�Pq^Na£J�M_Gs^�M_R�J
MNYbabYbPec�«wYbMN� �eREO�YbPqRGs^¥J�Pq��²QdKJ�LNM_GIM_^-o;MN�KJ�M¥J�L_G

2 × 2
^_²QdKJ�L_Gs^-u9p+�qG�O�J�YbP�L_Gs^NdeabM�R�S6Ô��(Õ O#REL_G�REL�aZGs^_^

SXREabaZR-«t^wS¦L_REO MN�qG�S�JErIMwMN�KJ�MzMN�qG±J�L_G-J�rsR-g=GIL_Gs�A¤m]��eREO�YbPqRQGs^6J�Pq�0²QdKJ�LNM_GIM_^tYZ^zJ�MtO#Ri^_MtMN�qG¥J�L_G-J�R�S�MN�qG
�WdKJ�aDciLNYZ�;u

TVS�«§G��eR�PqREMt«+J�PmMzM_R�¤¯G�^NH¯GsrIYªÊKrioe«�G�dq^_G�MN�qG�«�REL_� Der,G � L_GIHea£JErIYbPec��eREO�YbPqR�RELt²mdKJ�LNM_GIM-u
�+M MN�eYZ^ H¨REYbPQM-omYbM YZ^ M_GIO�HeMNYbPec¥M_R�JE^N°�^_REO#GwL_GIa£J�M_Gs��²mdqGs^NMNYZREPq^	u � PqGzR�S¨MN�qGIO r-J�P�¤¨G§SXRELNO¥dea£J�M_Gs��JE^

J±cmJ�O#Giu �6^_^NdeO#G5MV«�R�Hea£J-]=GIL_^wHea£Js]!MN�qG5S¦REabaZR	«wYbPecqu p+�qG5ÊqL_^NM+Hea£Js]=GILzRrsrIdeHeYZGs^w^_REO#G��WYZ^¦fNREYbPmMw²QdKJ�LNM_GIM_^
R�S�J�P

m×n ¤¯R=J�L_�;oQM_REL_REYZ�qJ�a;^¢J-]=uUp+�qGIP�MN�qG5^_GsrsREPq��Hea£Js]=GILwMNLNYZGs^§M_R¥ÊqabaÑdeH!MN�qG5L_GIO�J�YbPeYbPec#^NHKJErsGz«wYbMN�^_REO#G�MNYbaZGs^	u�p+�qGIL_G#YZ^±J�P G¶µMNL¢J0rsREPq�WYbMNYZREP¹REP"MN�qG��eREO�YbPqRQGs^-u�p+�qG�^NYZ�eG�R�SwaZGIPeciMN� j R�SwJ�PQ]��eREO�YbPqR
O¥dq^_M9rsREYbPqrIYZ�eG�«wYbMN�¹J�PqREMN�qGIL�^NYZ�eG�R�S+aZGIPeciMN� j ¬�GIYbMN�qGIL9R�SzJA²mdKJ�LNM_GIM�REL±R�S5JA�eREO�YbPqReu �"G#«wYbaba+r-J�aba
MN�qGs^_G6�eREO�YbPqRQGs^wrsREPeciLNdqGIPQMt�eREO�YbPqRQGs^	u �"G5^_�qR-«ÖMN�KJ�M+MN�qGtÊqL_^NM+Hea£J-]=GIL+r-J�P0JEr¢�eYZGIg=G�MN�KJ�M§MN�qGIL_G�J�L_G�J�M
O#Ri^NM nm

5

MNYbaZGs^§REP!MN�qGz¤¯R=J�L_�;u � P�MN�qG6REMN�qGIL+�KJ�Pq�;oMN�qG5^_GsrsREPq��Hea£Js]=GILwr-J�P�J�ab«§J-]^+L_G-JEr¢�!MN�eYZ^§PQdeO¥¤¯GIL
R�S�MNYbaZGs^-u

p+�qG�HKJ�H¯GIL�YZ^�RELNcmJ�PeYb³-Gs� JE^6SXREabaZR-«t^-u�p+�qGIL_G�YZ^�J�^¢GsrIMNYZREP"rsREPmM¢J�YbPeYbPecAMN�qG�¤KJE^_YZr�HeL_RE¤eaZGIO#^-u�p+�qGIP
MN�qGIL_G9YZ^�J�^_GsrIMNYZREP\«wYbMN��L_Gs^NdeabM_^-o;J�Pq^N«§GILNYbPec�J�M�aZG-JE^NM�REPqG9²mdqGs^NMNYZREPDu�p+�qGIP\MN�qG9HeL_RQR�SX^�J�L_G±abYZ^_M_Gs�AYbP�J
^_GIHKJ�L¢J�M_G�^¢GsrIMNYZREPDu

Ì ÍÉÎ �3Â9Ã±ÐtÏ�ÒtÁ¨Å_Â�Ð��9Â&Ó�Ð�
KÅ¢Ä���ÃO�	
)�ÑÅ����¡

 DGIM

R
¤¯G±J�L_GsrIM¢J�Pecidea£J�L�REL6M_REL_REYZ�qJ�a?¤¯R=J�L_�\R�S�^NYb³-G

m × n u �"G±JE^¢^_RQrIY£J�M_G±M_R R J#�WdKJ�a�¤¨R=J�L_�
B
utTVP

MN�qG±L_GsrIM¢J�Pecidea£J�L�r-JE^_Gio¨MN�qG9�WdKJ�a�¤¯R=J�L_�
B
�KJE^�^NYb³-G

(n + 1) × (m + 1)
oDJ�Pq�¸G-JEr¢��g=GILNM_G¶µ\R�S§J�rsGIaba?YbP

R
YZ^�J�O�YZ�e�WaZG±H¯REYbPmM�R�S§J�rsGIaba�YbP

B
u6TVP¸MN�qG9M_REL_REYZ�qJ�a�r-JE^¢Gio¨^¢REO#G±rsGIabaZ^�R�S�MN�qG±L_GsrIM¢J�Pecidea£J�L��WdKJ�a�ciLNYZ�

rsREYbPqrIYZ�eGiuUp+�qGIL_G¶SXREL_GiomMN�qGw^NYb³-GzR�S
B
YZ^�J�aZ^_R

m×n oJ�Pq� B YZ^�J�MNL¢J�Pq^Na£J�M_GtR�S
R
^Ndqr_�#MN�KJ�M�O�YZ�e�WaZGwH¯REYbPmM_^

R�S
R
rsREYbPqrIYZ�eG�«wYbMN�0g=GILNMNYZrsGs^zR�S

B
u

[QdeHeH¯Ri^_G±MN�KJ�M�J#�qGIYbci�mM6S dePqrIMNYZREP\YZ^5ciYbg=GIPDu5TVS�J�rsGIaba
c
YZ^6J�P\YZ^Na£J�Pq�\R�S

R
oqMN�qGIP\PqREPqG±R�S MN�qG9GIYbci�mM

PqGIYbci�m¤¯REL_^9R�S
c
r-J�P¤¨G�J�rsGIababdea£J�L¥YZ^Na£J�Pq�;u�p+�KJ�M±YZ^-o¡YªSw«§G�rsREPq^NYZ�eGIL�J�aba�rsGIababdea£J�L¥YZ^_a£J�Pq�e^±J�Pq� GIPea£J�LNc=G

MN�qGIO�¤m]#�KJ�aªS�J¥dePeYbM§YbP!G-JEr¢���WYbL_GsrIMNYZREPDoWMN�qGIP!MN�qG5YbPmM_GILNYZREL_^wR�S¡MN�qG5L_Gs^NdeabMNYbPec�^_²mdKJ�L_Gs^wJ�L_G6^NMNYbaba¯�WYZ^¦fnREYbPQM-u
p+�qGs^_G�²mdKJ�LNM_GIM_^�J�HeH¨G-J�L±PKJ�MNdeL¢J�abab]"REP MN�qG��WdKJ�a�ciLNYZ�;u � P MN�qG�REMN�qGIL±�KJ�Pq�;oUJE^_^_deO#G�MN�KJ�M�J0rsGIababdea£J�L
YZ^Na£J�Pq�

c
YZ^ rsREPQM¢J�YbPqGs�#YbP�J

2×1
YZ^Na£J�Pq�;u�p+�eYZ^�GIPea£J�LNc=GIO#GIPQM§r-J�P�¤¨Gw^_GsGIP�REP#MN�qGt�WdKJ�aqciLNYZ��JE^�J�²mdKJ�LNM_GIM

dePeYªÊKGs�"«wYbMN�´J�rsREPeciLNdqGIPmM��eREO�YbPqReu��5REMNYZrsGio?MN�KJ�M9J�PQ]\L_GIa£J�MNYZREP
I1 ⊂ I2

r-J�P"¤¯G#^_GsGIPJE^9J�^_GILNYZGs^¥R�S
�eREO�YbPqR�Hea£JErsGIO#GIPQM_^¥«wYbMN� J!H¯Ri^_^NYb¤eaZG�O#R�WYªÊKr-J�MNYZREP R�SwrsREPeciLNdqGIPqrsGiu#º§deM�«�G��eR�PqREM�PqGsGs��YbM�SXREL�REdeL
HedeLNH¯Ri^_Gs^-u

|�Â
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Ù�YbcideL_G j ¬ �5GsrIM¢J�Pecidea£J�L6J�Pq��M_REL_REYZ�qJ�a¡�WdKJ�a¡ciLNYZ�

TVM6YZ^�°PqR-«wP�MN�KJ�M�MN�qG9O�J(µYbO±deO PmdeO±¤¨GIL¥R�S§YZ^Na£J�Pq�e^�REP�MN�qG�L_GsrIM¢J�Pecidea£J�L�¤¯R=J�L_�\r-J�P�¤¯G9L_G-JEr_�qGs�
YbP"^¢GIg=GIL¢J�aU«§Js]W^-u9TVP�MN�qRi^¢G9REHeMNYbO�J�a�^NYbMNdKJ�MNYZREPq^�MN�qGIL_G�O�Ybci�mM¥¤¨G5fndq^NM�J#SXGI« rsGIababdea£J�L�YZ^Na£J�Pq�e^�REL�MN�qGIL_G
r-J�P�¤¯G¥L¢J�MN�qGIL�O�J�PQ]=u�p+�qGIL_G¶S¦REL_GioDYbM5YZ^6PKJ�MNdeL¢J�a�M_R�^_GsGI°¸J�P�J�abc=RELNYbMN�eO «w�eYZr_�"G¶µWM_GIPq�e^�J�ciYbg=GIP�^_GIM�R�S
rsGIababdea£J�L5YZ^Na£J�Pq�e^wM_R#J�^N]W^NM_GIO R�S�YZ^Na£J�Pq�e^wMN�KJ�MtYZ^5JE^+a£J�LNc=G¥JE^wH¯Ri^_^NYb¤eaZGiu�[R�S�J�L-oW«�G��KJE��MN�qG�S L_GsGs�eREO M_R
�eG¶ÊqPqG±MN�qG±�qGIYbci�mM�R�S MN�qG¥rsGIabaZ^-o¯J�Pq�0MN�qG±YZ^Na£J�Pq�e^5«�GIL_G±ciYbg=GIP�J�deM_REO�J�MNYZr-J�abab]=u��5R	« «§G¥M¢J�ab°AJ�¤¯REdeMzMN�qG
YZ^_a£J�Pq�e^tREPeab]=uUTVM+YZ^wrIaZG-J�L+MN�KJ�MtREPqrsG�«�G5Êeµ!MN�qG�YZ^Na£J�Pq�e^-o«�G�r-J�P0�eG¶ÊqPqG�J9�qGIYbci�mM+S¦dePqrIMNYZREPAJErsrsREL_�WYbPeciab]=u
� x"�.`\�!(�����*$�D�5^_^_deO#G�MN�qGIL_G�YZ^zJ9L_GsrIM¢J�Pecidea£J�L

m× n ¤¯R=J�L_��ciYbg=GIPDu  DGIM6J�^_GIMtR�SUrsGIababdea£J�LzYZ^Na£J�Pq�e^w¤¯G
A
u �Æ�KJ�M5YZ^tMN�qG±O�J(µYbO±deO»r-J�L_�WYbPKJ�abYbM�]AR�S�J�^N]W^NM_GIO R�S L_GsrIM¢J�Pecidea£J�L6YZ^Na£J�Pq�e^6rsREPmM¢J�YbPeYbPec

A
��Th^tMN�qGIL_G

J�P\J�abc=RELNYbMN�eO «w�eYZr_�0ÊqPq�e^z^Ndqr¢�¸J9O�J(µYbO�J�a?^N]^_M_GIO��
p+�qG�^_GIM

A
rsRELNL_Gs^NH¯REPq�e^�M_R�J¸HKJ�LNMNY£J�awMNYbabYbPec"R�SzMN�qG��WdKJ�aw¤¯R=J�L_�

B
u p+�qGIL_G0J�L_G!G-JE^_]"c=GsREO#GIMNLNYZr

L_G-JE^¢REPq^-oK«w�Q]0^Ndqr_��J�HKJ�LNMNY£J�a?MNYbabYbPec!r-J�P¸PqREMz¤¯G¥G¶µWM_GIPq�eGs�AYbPQM_R!J�P\REHeMNYbO�J�a�^¢REabdeMNYZREPDuwp+�qG¥MNYbaZGs^zS¦RELNO
^¢REO#G¥rIaZRi^_Gs�AL_GIciYZREPq^6R�S

B
u��Æ�qGIPqGIg=GIL6MN�qG¥r-J�L_�WYbPKJ�abYbM�]AR�S�J�L_GIciYZREP\YZ^zR�e�;oqMN�qGIL_G±YZ^tPqR#«+Js]0M_R#Êqaba¡YbM

deHA«wYbMN�0MNYbaZGs^tR�SUGIg=GIPA^NYb³-Giu
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Ù�YbcideL_G �W¬ � ¤q^NM¢JErIaZGs^zM_R�J�rsREO�HeaZGIM_G¥rsR	g=GILNYbPec

� x"�.`\�!(�����¢%�D�6^_^NdeO#G�MN�qGIL_G¥YZ^5J�L_GsrIM¢J�Pecidea£J�L
m× n ¤¯R=J�L_�0ciYbg=GIPDu��Ë�KJ�M6J�L_G�MN�qG¥O�J(µYbO�J�a�^_GIM_^

AR�SUrsGIababdea£J�LzYZ^_a£J�Pq�e^wMN�KJ�Mzr-J�P0¤¯G�G¶µM_GIPq�eGs�0M_R�J�^_GIMtR�S�L_GsrIM¢J�Pecidea£J�LzYZ^Na£J�Pq�e^tR�S�O�J(µWYbO¥deO r-J�L_�WYbPKJ�abYbM�] �
TVM�YZ^�M_GIO�HeMNYbPec¸M_R�O�J�°=G�MN�qG9SXREabaZR-«wYbPec¸rsREPEfNGsrIMNdeL_Gi¬�TVS�MN�qG#^¢GIM

A
R�SwrsGIababdea£J�L�YZ^Na£J�Pq�e^�rsRELNL_Gs^NH¯REPq�

M_R MNYbaZGs^�R�S�MN�qG0�WdKJ�azciLNYZ�Ç^Ndqr_�ÆMN�KJ�M�G-JEr_�ËrsREPePqGsrIM_Gs�ÇdePqrsR	g=GIL_Gs�ÇL_GIciYZREPÆ�KJE^�GIg=GIPÇ^NYb³-Gio§MN�qGIP
A
YZ^

G¶µWM_GIPq�qJ�¤eaZG�M_R#J9O�J(µWYbO¥deO ^NYb³-G�^N]W^NM_GIO¼R�S�YZ^Na£J�Pq�e^	uUº�deMwMN�eYZ^tYZ^+SXJ�aZ^¢GiuU� HeL_REM_REMV]H¯G�rsREdePmM_GIL_G¶µqJ�O�HeaZG
r-J�PA¤¨G�^_GsGIPAYbP0Ù?YbcideL_G �Wu

|)g



� ���z�������§����� � ���q:7	��1&�<�I8¯<�> j Ø

�"G#r-J�P´J�aZ^_R�H¯Ri^_G�MN�qG#²QdqGs^NMNYZREP YbP MN�qG#REHeH¨Ri^_YbM_G�«§J-]¨¬±MN�qG�c=R=J�a�YZ^�M_R�O�YbPeYbO�Yb³-G�MN�qG#O�J(µYbO±deO
r-J�L_�WYbPKJ�abYbMV]=u¥�5^6YbM6MNdeLNPq^6REdeM-o¯MN�qG9^NYZ�eGs^�R�S�MN�qG±L_GsrIM¢J�Pecidea£J�L�¤¨R=J�L_�\�KJE^�^_REO#G9�eGIc=GIPqGIL¢JErI]=u�p+�qG9rsGIabaZ^
REP0MN�qG�^NYZ�eG��KJE^waZGs^_^wPqGIYbci�Q¤¨REL_^-u�p+�qGIL_G¶S¦REL_GioeYbMzYZ^trsREPmg=GIPeYZGIPQM5M_R�rsREPq^NYZ�eGILzMN�qG�M_REL_REYZ�qJ�a¡¤¯R=J�L_�;u
� xy��`\�!(����½��D�5^¢^NdeO#G�MN�qGIL_G¥YZ^5J�M_REL_REYZ�qJ�a

m× n ¤¯R=J�L_�0ciYbg=GIPDu �Ë�KJ�M6J�L_G¥MN�qG�¤¯Gs^NM � ¤eaZRr_°YbPec �Ñ^_GIM_^
A
R�SUrsGIababdea£J�LzYZ^_a£J�Pq�e^-oS¦RELw«w�eYZr¢�AMN�qG�O�J(µWYbO¥deO r-J�L_�WYbPKJ�abYbMV]0G¶µWM_GIPq^NYZREPq^5J�L_G¥JE^z^NO�J�aba¡JE^wH¯Ri^_^NYb¤eaZG�
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"�"�"
"�"�"
"�"�" #�#�#

#�#�#
#�#�#
$�$�$
$�$�$
$�$�$

%�%�%
%�%�%
%�%�%

&�&�&
&�&�&
&�&�&

'�'�'
'�'�'
'�'�'

(�(�(
(�(�(
(�(�(

)�)�)
)�)�)
)�)�)

*�*�*
*�*�*
*�*�*

+�+�+
+�+�+
+�+�+

,�,�,
,�,�,
,�,�,

-�-�-
-�-�-
-�-�-

.�.�.
.�.�.
.�.�.

/�/�/
/�/�/
/�/�/

0�0�0
0�0�0
0�0�0

1�1�1
1�1�1
1�1�1

2�2�2
2�2�2
2�2�2

3�3�3
3�3�3
3�3�3

4�4�4
4�4�4
4�4�4

5�5�5�5
5�5�5�5
5�5�5�5

6�6�6
6�6�6
6�6�6

7�7�7
7�7�7
7�7�7

8�8�8
8�8�8
8�8�8

9�9�9
9�9�9
9�9�9

:�:�:
:�:�:
:�:�:

;�;�;
;�;�;
;�;�;

<�<�<
<�<�<
<�<�<

Ù�YbcideL_G k ¬ �5P�dePqG¶µM_GIPq�qJ�¤eaZG¥MNYbabYbPec�REP0MN�qG�M_REL_REYZ�qJ�a¡¤¯R=J�L_�

p+�eYZ^¡HeL_RE¤eaZGIO YZ^¡J§L_GIa£J(µqJ�MNYZREP±R�SWMN�qG�O�YZ^NMNYbabYbPeczL¢J�MNYZRwHeL_RE¤eaZGIO Ô � ÕVu � P�MN�qG �WdKJ�amciLNYZ�;o
A
rsRELNL_Gs^NH¨REPq�e^

M_R�J9O�YZ^NMNYbabYbPec�«wYbMN�A²mdKJ�LNM_GIM_^	u p+�qG�c=R=J�a¡R�S J�O�YZ^NMNYbabYbPec#YZ^tM_R�aZG-Jsg=G�PqR�^NHKJErsG�SXRELzJ�PqREMN�qGILzMNYbaZGiu T�P0REdeL
r-JE^_GiomMN�qGz^_GsrsREPq��Hea£Js]=GIL§O�Js]�dq^_GtS deLNMN�qGIL�MNYbaZGs^ M_R¥rsR	g=GIL§^¢REO#GwHKJ�LNM�R�S;MN�qGtL_GIO�J�YbPeYbPec�J�L_G-JWo

U
u�TVP#MN�eYZ^

«§J-]=o;MN�qG¥ÊqL_^NM�Hea£Js]=GIL�MNLN]0M_R!O�J(µYbO�Yb³-G
U
¤m]\^_GIaZGsrIMNYbPec

A
J�Pq�\MN�qG�^_GsrsREPq�AHea£J-]=GIL�MNLNYZGs^6M_R�O�YbPeYbO�Yb³-G

U
u

� xy��`\�!(��������¨�5^¢^NdeO#G6MN�qGIL_G�YZ^tJ±M_REL_REYZ�qJ�a
m× n ¤¨R=J�L_��ciYbg=GIPDu �Ë�KJ�MwYZ^+MN�qG�O�J(µWYbO¥deO r-J�L_�WYbPKJ�abYbM�]

M
^_dqr_�ÉMN�KJ�M�J�PQ]´^¢GIM

A
R�S�rsGIababdea£J�L#YZ^Na£J�Pq�e^#r-J�PÉ¤¯G�G¶µM_GIPq�eGs�ÉM_R"J�^_GIM#R�S6L_GsrIM¢J�Pecidea£J�L�YZ^Na£J�Pq�e^#R�S

r-J�L_�WYbPKJ�abYbMV]
M
�

p+�eYZ^�a£JE^NM9HeL_RE¤eaZGIO YZ^9MN�qG!O�J�YbP¹YbPQM_GIL_Gs^NM#R�Szdq^-u�p+�qG!L_Gs^NM�R�SzMN�qG!HKJ�H¯GIL±YZ^��eGIg=REM_Gs�¹M_R\ciYbg=G�J�P
J�Pq^N«§GIL-u

� = ÐÜ�ÑÃ±Á¯ÐÜ���UÂ �¨Å_Ï_Å��9Ò�

[WJ�MNdeL¢J�M_Gs�¹^NMNLNdqrIMNdeL_Gs^¥¤¯GIaZREPecAM_RAMN�qG�rsREL_G�R�SwF6YZ^_rIL_GIM_G��\J�MN�qGIO�J�MNYZrs^	u�ÙqREL±YbPq^_M¢J�PqrsGio�J�O�J�M_r_�eYbPec�YZ^
r-J�abaZGs� �\E@DeI�v�E@DQ� 
 YªS�MN�qGIL_GAYZ^#PqR�«+Js]ÈM_RJE�e�ËJ�PÇGs�Wc=G0M_R"YbM�°=GsGIHeYbPec YbM_^�O�J�M_r_�eYbPec¹HeL_REH¨GILNM�]=u p+�qG
O�YbPeYbO�J�a¡^NYb³-G�R�S J9^¢J�MNdeL¢J�M_Gs��O�J�M_r¢�eYbPec�YZ^zJ�P�YbO�H¯RELNM¢J�PmM!� ��©��KJ�L_��ciL¢J�He�AHKJ�L¢J�O#GIM_GILt«wYbMN�0PmdeO#GIL_REdq^
J�HeHeabYZr-J�MNYZREPq^�Ô ×(ÕVu�[QYbPqrsG6YbM_^§YbPmMNL_R�WdqrIMNYZREPDoeMN�qGIL_G��KJE^§¤¨GsGIP�J9rsREPmMNYbPQdqREdq^tYbPmM_GIL_Gs^_M§YbP�MN�qG6M_REHeYZriu�[GsG�Ô k Õ
SXRELzJ9L_GsrsGIPmMzL_Gs^_deabMt«wYbMN�¸J�P0R-g=GILNgYZGI« R�S�MN�qG�abYbPqG�R�S�L_Gs^_G-J�L_r_�Du

� deL9^_GIMNMNYbPecAYZ^¥L¢J�MN�qGIL9^NH¯GsrIYªÊKriu �5^_dKJ�abab]�^·J�MNdeL¢J�MNYZREPO#G-J�Pq^9JE�e�WYbPec\rsGILNM¢J�YbP¹RE¤WfnGsrIM_^±dePmMNYba§MN�qGIL_G
YZ^5PqR�L_RREO SXRELzHea£JErIYbPec�J�PqGI«%RE¤WfNGsrIM-uz� O�J(µWYbO�J�a�^N]^_M_GIO R�S�rsGIababdea£J�L�YZ^Na£J�Pq�e^5YZ^6J�^¢J�MNdeL¢J�M_Gs�\^_GIM6R�S
²QdKJ�LNM_GIM_^tYbP�MN�qG��WdKJ�aDciLNYZ�;oqaZG-JE�WYbPec#M_R�MN�qG�rsREPqrsGIHeM5R�S�O�YZ^NMNYbabYbPecqu

|�È



j76 � ���5�������§����� � �-�e:
	��1&�< ¶8;<?>

p+�qG0PqREMNYZREPË¤¨GI�eYbPq� �5dqGs^NMNYZREPÖF YZ^!�WYª®¯GIL_GIPQM-u p+�qG\rsGIababdea£J�L�YZ^Na£J�Pq�e^�r-J�PË^NHeL_G-JE�;u � O�YbPeYbO�J�a
GIPea£J�LNc=GIO#GIPQM�R�S�J#rsGIababdea£J�L6YZ^Na£J�Pq�¸YZ^5G¶µWM_GIPq�WYbPec�J�²mdKJ�LNM_GIM6YbPAMN�qG±�WdKJ�a?ciLNYZ�¸¤m]AJ�rsREPeciLNdqGIPmM��eREO�YbPqReu
p+�qGIL_G¶SXREL_Gio¡REdeL�^·J�MNdeL¢J�MNYZREP�HeL_RQrsGs^_^�YZ^�PqREM+fndq^NM�JE�e�WYbPecA²QdKJ�LNM_GIM_^�dePmMNYba MN�qGIL_G�YZ^�L_RREO»S¦REL�O#REL_Gio;¤edeM
YbPqrIabdq�eGs^6J�PqREMN�qGILzM�]QH¯G�R�SUJE�e�WYbMNYZREPD¬�Hea£JErIYbPec�J�rsREPeciLNdqGIPQM5�eREO�YbPqR#PqG¶µWMwM_R#J�²QdKJ�LNM_GIM-u

� deLwO�J�YbPArsREPmMNLNYb¤edeMNYZREP\YZ^wMN�KJ�Mt«§G�r-J�PA�eGIM_GILNO�YbPqG¥MN�qG�²mdKJ�PQMNYbMV]
M

R�S �5dqGs^NMNYZREPAF�u
�  y����/>��� f32 � �ËDMEbDF¶jv�¶jr 
�EjG

m×n ��¶6E@v 
�����æjr,·j��C�ÉÜBp����I����=D�µ�E@D��\¶j�Y���ËI5EjvËDQ�ËD���Ejv���EjG v���E 
j��Ò�GsE�´���

¶@C�D�µ5� ��¶6Ejv�
.É��b��´�EjC$EjG � Ej�>�p� �@DQ��C 
£D�µ.r_��Ò5Ejv�DerqEjG�Der,G r,C�æ � reD�µ��ËI'E@v�DQ�ËD��áEjC�
£´�¶jC�æjv�I)��C�D 
.¶j�£r,C�¶1������I5´�µD�µ'E@D D�µ5�=v�����Ejr�C)r�C�æ%�Ë�ºÒ:De�ÅEjv���EÅ��µ.v�r�C5à6�=DF¶�E@D¥��¶>�ËD nm

5

É
�"G�PqREMNYZrsG�MN�KJ�M±MN�eYZ^�¤¯REdePq��YZ^�^N�KJ�LNH"YbP MN�qG�S¦REabaZR	«wYbPec¸^_GIPq^¢Giu��6^_^NdeO#G�MN�qG#rsGIababdea£J�L±YZ^Na£J�Pq�e^¥J�L_G

Hea£JErsGs��REP�J
5k × 5l

¤¯R=J�L_�
R
^Ndqr_�\MN�KJ�M5MN�qGI]AJ�L_G�J�°QPeYbci�QM�� ^5O#R	g=G±S L_REO»G-JEr_��REMN�qGIL-o¯^_GsG¥Ù�YbcideL_G

4
u

p+�qGIP�MN�qG�²QdKJ�LNM_GIM_^6REP�MN�qG9�WdKJ�a�¤¨R=J�L_�
B
aZG-Jsg=G9PqR!^NHKJErsG±S¦REL��eREO�YbPqRGs^-u�TVM6YZ^�G-JE^N]�M_R�^_GsG¥MN�KJ�M6MN�qG

dePqrsR	g=GIL_Gs�\J�L_G-J�YZ^ nm
5

u
p+�qGsREL_GIO�v�G-JE^NYbab]!YbO�HeabYZGs^tMN�qG6SXREabaZR-«wYbPec�J�Pq^N«�GILzM_R �5dqGs^NMNYZREPAF�u

�  y����/>��� |
2 B�C)�£�\�\D
A
¶��=´���G�GÐI�GsEjv=r,��GsEjC�
>�=´�EjC ���£� �@DQ�ËC�
.��
�DF¶ÅEb���1�ËDQ���ë¶��áv���´\DFEjC�æjI�GsEjvOr_��G EjC 
>�á¶ �

��rsJ1� nm
5 + 1

¶jC�D�µ'�
m× n DF¶jv�¶jr 
�EjG ��¶!Ejv 
�É

p¡R�^_GsG5MN�eYZ^-oeJE^_^NdeO#G5MN�KJ�M+MN�qG5PQdeO¥¤¯GILtR�S?²QdKJ�LNM_GIM_^�YZ^
N
oQMN�qG6PQdeO¥¤¯GIL+R�S��eREO�YbPqRQGs^+YZ^

D
oWJ�Pq��MN�qG

PQdeO¥¤¯GIL�R�SUGIO�HeM�]0^_²QdKJ�L_Gs^zYZ^
E
u ` REdePmMNYbPec�MN�qG±J�L_G-J#]QYZGIaZ�e^

4N + 2D +E = nm
u§TVS�PqR-«

E ≤ nm
5

o
MN�qGIP

4N + 4D ≥ 4N + 2D ≥ 4nm
5

u�[QYbPqrsG5MN�qG5PmdeO±¤¨GILtR�S?g=GILNMNYZrsGs^wR�S¡MN�qG�J�dWµYbabY£J�LN]#L_RREM_Gs�!MNL_GsG6YZ^+J�M
aZG-JE^_M

N +D + 1
oeMN�qG�^NM¢J�M_GIO#GIPQMtSXREabaZR-«t^-u

��PqR-«wYbPec�MN�qG+G¶µeJ�O�HeaZG§YbP�Ù�YbcideL_G k oEYbM�YZ^�M_GIO�HeMNYbPec6M_R6rsREPEfNGsrIMNdeL_G+MN�qG�^NMNL_GIPeciMN�qGIPeYbPec�R�SKp+�qGsREL_GIO j
MN�KJ�M�J�Pm]�^_GIM?R�SersGIababdea£J�L�YZ^Na£J�Pq�e^?r-J�P¥¤¯G G¶µM_GIPq�eGs�±M_RzJw^¢GIM?R�SqrsGIababdea£J�L¡YZ^Na£J�Pq�e^�R�Sq^NYb³-G nm

5

u�p+�qG�SXREabaZR-«wYbPec
G¶µqJ�O�HeaZG�^N�qR	«t^tMN�qG�S�J�aZ^NYbM�]!R�S�MN�eYZ^trIa£J�YbO0u
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Ù�YbcideL_G �W¬U�
12× 9

¤¨R=J�L_��«wYbMN�\J�P0dePqG¶µM_GIPq�qJ�¤eaZG±^_GIMtR�S
12

rsGIababdea£J�LtYZ^Na£J�Pq�e^

� = �tÏ_Ã��ÑÅ����¡

 ¡GIM6dq^6L_Gsr-J�abaUJ�P�G¶µWGIL_rIYZ^_G!Ô Ø	Õ�S L_REO»MN�qG��tdq^_^NY£J�P�fnREdeLNPKJ�a �+����� �6p �Eu�p+�qG±^_REabdeMNYZREP�R�S�MN�eYZ^6HeL_RE¤eaZGIO
YbPq^_HeYbL_Gs��dq^�M_R�ÊqPq��J¥HeL_RQR�S¡R�S¡REdeL§O�J�YbP�L_Gs^_deabM-oQp+�qGsREL_GIO viu �"G5�WYZ��PqREM§°QPqR	«�om¤edeM§HeL_RE¤KJ�¤eab]![WJ�Pq�e^
Ô 6 ÕD�KJE��¤¨GsGIP�MN�qG�ÊqL_^NMwM_R�HeL_R-g=G�MN�eYZ^tL_Gs^NdeabM-u

| ×



� ���z�������§����� � ���q:7	��1&�<�I8¯<�> j ×

�¥���d�d&��
2 � �ËDpEjC
n × n ��¶6E@v 
&���£æ@r,·>�ËC�É �£��Ò�I'D��\¶j�Y� 
�¶@�¡r�C�¶!����E@v ��reDev�Ejv�r�G �l¶jC�DF¶lD�µ'����¶6Ejv�
3E>�

Gs¶jC�æ�E>� � � 4¥C�
YE@C3����Ò�De� 2× 1
��I ��v���´\DFE@C�æjG �6ÉÅ�yµ5��CªD�µ5�=C�I�� ����v¡¶��O����Ò�De��� �ËI5Ejv�����r_�=E@D ��¶>��D n2

3

É
t»v�¶6¶�� ÙKREL�^NYbO�HeabYZrIYbMV]=oWJE^_^NdeO#GtMN�KJ�MUMN�qGw¤¨R=J�L_�#YZ^UM_REL_REYZ�qJ�a�uUpD«§R¥^_²QdKJ�L_Gs^UR�S¨MN�qGt¤¨R=J�L_��J�L_G+PqGIYbci�Q¤¨REL_^
YªS¯MN�qGI]�^_�KJ�L_GzJ�P�Gs�Wc=Giu �"Gw°PqR-«ÇMN�KJ�M�PqR�MV«§R¥GIO�HeMV]#^¢²mdKJ�L_Gs^�J�L_GtPqGIYbci�m¤¯REL_^-uUp+�qGIL_G¶S¦REL_GioG-JEr_��GIO�HeMV]
^_²QdKJ�L_G��KJE^�HeL_GsrIYZ^_GIab]\SXREdeL��eREO�YbPqRQGs^¥JE^�PqGIYbci�m¤¯REL_^-u � P�MN�qG#REMN�qGIL��KJ�Pq�;o�J�Pm]��eREO�YbPqR0r-J�P"�KJ-g=G�J�M
O#Ri^NM§SXREdeLtGIO�HeMV]�^_²mdKJ�L_Gs^tJE^+PqGIYbci�Q¤¨REL_^	u F�REde¤eaZG�rsREdePmMNYbPec#ciYbg=Gs^wdq^+PqR	« MN�KJ�MwMN�qG�PmdeO±¤¨GILzR�S�GIO�HeMV]
^_²QdKJ�L_Gs^ YZ^+J�M�O#Ri^NM�MN�qGtPQdeO¥¤¯GIL§R�SD�eREO�YbPqRGs^-uUp+�qGIL_G¶S¦REL_GioMN�qG6J�L_G-J�R�SDMN�qGzGIO�HeM�]�HKJ�LNM�YZ^§J�M�O#Ri^NM§REPqG
MN�eYbL_�;u

TVS¨MN�qGz¤¨R=J�L_�#YZ^ Hea£J�PKJ�L�PqREM�M_REL_REYZ�qJ�a�omMN�qGIP�«�Gz�KJsg=GtM_R¥�WYZ^NMNYbPecideYZ^N��¤¯GIMV«§GsGIP�MN�qG5^_²QdKJ�L_Gs^ «wYbMN��SXREdeL
RELwaZGs^_^wPqGIYbci�Q¤¨REL_^	u��zS M_GILt^_REO#G�M_Gsr¢�ePeYZr-J�a?�eGIM¢J�YbaZ^z«�G�RE¤eM¢J�YbP¸MN�qG��eGs^NYbL_Gs��¤¯REdePq�;u

2

�5GIab]QYbPec#REP0MN�qG±J�¤¨R	g=G�YZ�eG-JWoe«�G±J�L_G�L_G-JE�W]!M_R#HeL_R-g=G�REdeLtO�J�YbPAL_Gs^NdeabM-u
t»v�¶6¶�� Ô R�S�p+�qGsREL_GIO v¶Õ �"G¥r-J�P¸SXRELNO¥dea£J�M_G±MN�qG¥HeL_RrsGs^_^�JE^5J�cmJ�O#Giu5p+�qG�ÊqL_^_M � GIgYba 	+Hea£Js]=GIL�Hea£JErsGs^�J
rsREdeHeaZG�R�S�²mdKJ�LNM_GIM_^tREP�MN�qG�¤¯R=J�L_�

B
uUp+�qGIP�«�GioeMN�qG�^_GsrsREPq�0Hea£Js]=GIL-oeMNLN]!M_R±ÊqabaDMN�qG�¤¨R=J�L_�0JE^+O±dqr_��JE^

H¯Ri^_^NYb¤eaZGiu �"G5dq^_G6MN�qGzSXREabaZR-«wYbPec�ciL_GsGs�W]�J�abc=RELNYbMN�eO0u TVS¡MN�qGIL_G6YZ^+J�P�GIO�HeM�]
2× 2

^_²QdKJ�L_Gio«�G�RrsrIdeHm]�YbM
«wYbMN�!J�P!G¶µMNL¢J�²mdKJ�LNM_GIM-uU�zS M_GIL�MN�eYZ^�^Nde¤eL_REdeMNYbPqG5YZ^UÊqPeYZ^_�qGs�;om«§GtHea£JErsGzrsREPeciLNdqGIPQMw�eREO�YbPqRQGs^�ciL_GsGs�WYbab]�JE^
aZREPec0JE^z«§G�r-J�PDu6p+�qG±Hea£JErsGIO#GIPmM�R�S§�eREO�YbPqRQGs^6YbPq�WdqrsGs^�MN�qG¥S¦REabaZR	«wYbPec0r_�KJ�Pec=Gs^�M_R�MN�qG¥MNYbaZGs^-¬tYªS�MN�qGIL_G
YZ^�J � ²QdKJ�LNM_GIM-o;rsREPeciLNdqGIPmM��eREO�YbPqR 	5HKJ�YbL-o¯«§G9MN�eYbPe°AR�S�YbM�JE^�J

2 × 3
MNYbaZGiu¥[QYbO�Yba£J�LNab]=o¯YªS�MN�qGIL_G�J�L_G±M�«�R

�eREO�YbPqRGs^trsREPeciLNdqGIPmMtM_R�MN�qG�^·J�O#G�²mdKJ�LNM_GIM-oW«§G�^_GsG6YbMzJE^tJ
2× 4

RELtJ
3× 3

MNYbaZG�GIM_riu p+�qG�a£J�LNc=Gs^NMwMNYbaZG
«�G9r-J�P\HeL_RQ�WdqrsG±YZ^�J

4 × 4
^_²QdKJ�L_Giu5p+�eYZ^6^NM_GIH\YZ^6J�aZ^¢R#H¯GILnS¦RELNO#Gs�¸ciL_GsGs�WYbab]=u�p+�qGIL_G¶S¦REL_Gio¨MN�qG±L_Gs^NdeabM5YZ^

PqREM�J#dePeYZ²QdqG¥MNYbabYbPecqu�T�MzYZ^�GIg=GIP\H¨Ri^_^_Yb¤eaZG¥MN�KJ�M�^_REO#G9�eREO�YbPqRQGs^6L_GIO�J�YbP�dePmdq^_Gs�;u�y6R-«§GIg=GIL-o¯«�G�rIa£J�YbO
MN�KJ�MtMN�eYZ^wM�«�R�©V^NM_GIH�J�abc=RELNYbMN�eO ^N�eLNYbPe°W^wMN�qG�GIO�HeM�]0J�L_G-J�M_R#J�MtO#Ri^NM nm

5

u
 DGIM0J�P GIO�HeMV]ËrsGIaba�R�S¥MN�qG�^¢J�MNdeL¢J�M_Gs�Ë¤¨R=J�L_�Ë¤¯G¸r-J�abaZGs� J µ�¶jG � u �"G¸«�REdeaZ�ÖabYb°=G\M_RrsREdePQM�MN�qG

PqGIYbci�m¤¯RELNYbPec � �qREaZGio=MNYbaZG�	�HKJ�YbL_^�J(S¦M_GILUMN�qGtJ�¤¨R	g=G+ÊqababYbPecE©�deH�J�abc=RELNYbMN�eO0uUp¡R¥�eR�^_Reoi«�G+PqGsGs�#MN�qG§S¦REabaZR	«wYbPec

<=/>���¥��`!(,�!(����ì} 2 B�����I��Y�ÅD�µ�E@D�D�µ'�%E ��¶j·>��4MG,G r,C�æ �QI!Ò�E@G æ�¶@v�reD�µ.� DQ��v��£r,C�E@DQ��
.É ���bD�µ'��v���Ejv��ÅD � ¶µ�¶@Gs���
�\¶jv��£r�C�æbE 
�¶j�£r�C�¶>K�D�µ'��C$D�µ'���¡r 
 
'G �¥Ò'¶jr�C�D	¶��pD�µ'�pGs¶jC�æ.��v���r 
.�á¶ ��D�µ'� 
�¶@�¡r�C�¶¡r,�ºC���·j��v=Eb´�¶jv�C���v Ò'¶jr�C�D
¶���EÅDer,G �6É

 DGIM§dq^�H¨Ri^NMNH¯REPqGtMN�qG5HeL_RR�S;S¦REL+J�O#REO#GIPmM-u��5^_^_deO#GtMN�qG5gEJ�abYZ�WYbM�]#R�SDMN�qGzHeL_REH¯Ri^NYbMNYZREP�J�Pq��HeL_RrsGsGs�
«wYbMN��MN�qG6HeL_RQR�S�R�S?p+�qGsREL_GIO viuUp+�qG��WdKJ�a¨¤¯R=J�L_�

B
YZ^§HKJ�LNMNY£J�abab]�rsR	g=GIL_Gs��¤m]�MNYbaZGs^-u  DGIM

Tab
�eGIPqREM_G�MN�qG

PmdeO±¤¨GIL�R�SUMNYbaZGs^zR�S ^NYb³-G
a× b u  DGIMzMN�qG¥PmdeO±¤¨GIL6R�S �qREaZGs^t¤¯G E u��"G�«§REdeaZ�0abYb°=G¥M_R�rsREdePmM � �qREaZGioKMNYbaZG�	PqGIYbci�m¤¯REL_^-u��"G¥rIL_G-J�M_G9J�P\J�dWµWYbabY£J�LN]�¤eYbHKJ�LNMNYbM_G¥O±deabMNYbciL¢J�He�Dutp+�qG�g=GILNMNYZrsGs^5YbPAREPqG¥rIa£JE^¢^5J�L_G�MN�qG¥�qREaZGs^-o

J�Pq�0MN�qG9REMN�qGIL5rIa£JE^¢^5rsREPq^NYZ^_M_^zR�S MN�qG�MNYbaZGs^	u �"G¥^NMNYbaba?�KJsg=G±M_R��eG¶ÊqPqG�JE��fNJErsGIPqrI]=u � deL5^NMNL¢J�M_GIci]�YZ^5MN�KJ�M
G-JEr_���qREaZGt^N�qREdeaZ���KJsg=GwgiJ�aZGIPqrI] k u�p?R±JEr¢�eYZGIg=GtMN�eYZ^-omaZGIM�J��qREaZG

f
J�Pq��J�MNYbaZG

t
¤¯GzJE��f_JErsGIPmM�YªS¨MN�qGI]��KJsg=G

J±^NYZ�eGzYbP�rsREO�O#REPDu p+�qGI]�J�L_G�J�aZ^_R�JE��f_JErsGIPmM-oYªS¡MN�qGI]#�KJ-g=G�J±^NYZ�eG5YbP!rsREO�O#REP0J�Pq�!MN�qGIL_G�G¶µYZ^_M_^§J¥�qREaZG
e
^Ndqr¢��MN�KJ�M

e
J�Pq�

f
J�L_G�PqGIYbci�m¤¯REL_^zJ�Pq�

e
J�Pq�

t
�KJsg=G±J�^NYZ�eG�YbP0rsREO�O#REPDu ÙqRELwYbPq^NM¢J�PqrsGioqYªS�MN�qGIL_G�J�L_G

MN�eL_GsG�rsREPq^_GsrIdeMNYbg=G��qREaZGs^
f1, f2, f3

REP�MN�qG9^¢J�O#G�^NYZ�eG�R�S�MNYbaZG
t
o¨MN�qGIP�MN�qG9rsREPQMNLNYb¤edeMNYZREP"M_R!MN�qG±�eGIciL_GsG

R�S
f1
YZ^+MV«§ReoKR�S

f2
YZ^+MN�eL_GsG�J�Pq��M_R

t
YZ^w^¢GIg=GIPDu �UL¢JErIMNYZr-J�abab]=oq«§G�rsREdePmMtMN�qG � �qREaZGioW�qREaZG�	�L_GIa£J�MNYZREPq^z¤KJEr_°

J�Pq��SXRELNMN�AJ�Pq��MNL¢J�Pq^nSXGILtMN�qGs^_G�M�«�R�Gs�Wc=Gs^tM_R�MN�qG�PqGIYbci�m¤¯RELNYbPec�MNYbaZGiu
T�P�MN�eYZ^t«+Js]0J�MNYbaZG�R�SU^NYb³-G

a× b �KJE^t�eGIciL_GsG±J�MtO#Ri^_M 6a+ 6b− 20
oq«w�qGIL_G

2 ≤ a, b ≤ 4
u � ¤q^_GILNg=G

MN�KJ�MzG-JEr¢�0�qREaZG��KJE^t�eGIciL_GsG�S¦REdeLzJE^w«§G�HeL_REO�YZ^_Gs�;u
p+�qG6M_REM¢J�aDJ�L_G-J¥R�S?MN�qG6�WdKJ�a¨ciLNYZ�!YZ^+Gs²mdKJ�a¨M_R9MN�qG5^NdeO3R�S¡MN�qG�J�L_G-JE^+R�S¡MN�qG6MNYbaZGs^§Heabdq^�MN�qG6�qREaZGs^-uUp?R

¤¯G�O#REL_G�HeL_GsrIYZ^_GioeMN�qG�a£J�LNc=GILzMNYbaZGs^trsREPmM¢J�YbP\^_REO#G��qREaZGs^zJE^w«§GIaba�u�p+�eYZ^w]YZGIaZ�e^wMN�qG�SXREabaZR-«wYbPec!Gs²mdKJ�MNYZREPD¬

nm = 4T22 + 6T23 + 8T24 + 8T33 + 10T34 + 16T44 +E
� v�	

|)A
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Ù�YbcideL_G � ¬ �w��f_JErsGIPqrI]!¤¯GIMV«§GsGIPAMN�eL_GsG��qREaZGs^5J�Pq�AJ9MNYbaZG

�zGIO#GIO±¤¨GIL§MN�KJ�M§J�MNYbaZG5R�S¡^NYb³-G
a× b rsRELNL_Gs^NH¯REPq�e^�M_R a+ b− 3

PqR�eGs^�YbP�MN�qG6J�dWµYbabY£J�LN]#L_RREM_Gs�#MNL_GsGiu
p+�qGIL_G¶SXREL_GioKREdeLzc=R=J�a;YZ^wM_R�HeL_R-g=G�MN�KJ�M

nm

5
≤ T22 + 2T23 + 3T24 + 3T33 + 4T34 + 5T44.

� LtGs²mdeYbgiJ�aZGIPmMNab]

nm ≤ 5T22 + 10T23 + 15T24 + 15T33 + 20T34 + 25T44.
� j 	

p¡R�JEr_�eYZGIg=G9MN�eYZ^-o¨«�G±�KJsg=G9M_R�¤¨REdePq�¸MN�qG9PmdeO±¤¨GIL�R�S �qREaZGs^-u ��JEr_���qREaZG±�KJE^��eGIciL_GsG�SXREdeL�J�Pq�\J�PQ]
MNYbaZG¥R�S�^NYb³-G

a× b �KJE^t�eGIciL_GsG¥J�MtO#Ri^_M 6a+ 6b− 20
oq«w�qGIL_G

2 ≤ a, b ≤ 4
u p+�qGIL_G¶S¦REL_Gio

4E ≤ 4T22 + 10T23 + 16T24 + 16T33 + 22T34 + 28T44.
p+�KJ�MtYZ^-o

E ≤ T22 + 2.5T23 + 4T24 + 4T33 + 5.5T34 + 7T44.
�w�e�WYbPec#MN�eYZ^wM_R � v�	�]YZGIaZ�e^

nm ≤ 5T22 + 8.5T23 + 12T24 + 12T33 + 15.5T34 + 19T44,
«w�eYZr_�ArIaZG-J�LNab]�YbO�HeabYZGs^ � j 	¶u

2

p+�eYZ^�HeL_RQR�S;J�aZ^_R�^N�qR	«t^UMN�KJ�MUMN�qGwGIO�HeMV]9HKJ�LNMUYZ^�O�J(µYbO�J�aeYªS¯«�GwREPeab]±dq^_Gw²QdKJ�LNM_GIM_^-u�p+�KJ�MUYZ^-oE«�Gwr-J�P
J�Pq^_«�GIL �5dqGs^NMNYZREP ` YªS¨«§Gtr-J�P#�eGIM_GILNO�YbPqGtMN�qG+Hea£JErsGIO#GIPQM�R�S;²mdKJ�LNM_GIM_^ ^_dqr_�#MN�KJ�MUPqR�rsREPeciLNdqGIPQM��eREO�YbPqR
r-J�P¸¤¨G�Hea£JErsGs�AYbP0MN�qG�dePqrsR	g=GIL_Gs�0HKJ�LNM6R�S

B
u��5HeHeab]QYbPec �UL_REH¨Ri^_YbMNYZREP k ]YZGIaZ�e^tMN�KJ�MtMN�qG±rsREPWÊqcideL¢J�MNYZREP

YbP¸Ù?YbcideL_G k YZ^wMN�qG�REPeab]�^_REabdeMNYZREPDu
tÜv�¶6¶ � Ô R�S"<=/>���¥��`!(,�!(,���;}eÕ;�5^¢^NdeO#GzM_R9MN�qG�rsREPmMNL¢J�LN]!MN�KJ�M+MN�qGIL_G6YZ^tJ�g=GILNMNYZr-J�aDGIO�HeM�]��eREO�YbPqR

d
oeJ�Pq�

MN�qG¥O�YZ�e�WaZG�H¯REYbPmM6R�S�MN�qG�LNYbci�mM5^_YZ�eG�rsREYbPqrIYZ�eGs^z«wYbMN�¸MN�qG�deHeH¯GILn©�aZG¶S M6rsRELNPqGIL5R�S�J�MNYbaZG
T1
u�p+�qGIL_G�O�Ybci�mM

¤¯G�^_REO#G�REMN�qGILz�qREaZGs^t¤¯GIaZR-« MN�qG��eREO�YbPqReu
T�S�GIg=GILN]AaZG¶S M6PqGIYbci�m¤¯REL�R�S�MNYbaZG

T1
YZ^5GIO�HeM�]=o¯MN�qGIP

T1
r-J�P�GIYbMN�qGIL�¤¯G¥G¶µWM_GIPq�eGs�¸M_R�J�a£J�LNc=GIL5MNYbaZGio;REL

MN�qGIL_G�«+JE^�J�P´GIO�HeM�]
2 × 2

J�L_G-JWoUYbPÈG-JEr_�Èr-JE^_G�rsREPQMNL¢JE�WYZrIMNYbPec REdeL�J�abc=RELNYbMN�eO0up+�qGIL_G¶S¦REL_Gio MN�qG�aZG¶S¦M
¤¯REdePq�qJ�LN]�R�S

T1
GIPq�e^+aZR	«�GILtMN�KJ�P�MN�qG�^_GILNYZGs^+R�S��qREaZGs^w¤¨GIaZR	«

d
u p+�KJ�M+YZ^-oWMN�qGIL_G6YZ^tJ�PqREMN�qGILwMNYbaZG

T2
J�Pq�

YbM_^+deHeH¯GILwLNYbci�mMtrsRELNPqGILwYZ^wREP�MN�qG�aZG¶S¦M+¤¨REdePq�qJ�LN]�R�S
T1
u  DGIM

f
¤¯G6MN�qG5aZR	«�Gs^NMz�qREaZG�PqGIYbci�m¤¯RELNYbPec

T1
oeREP

MN�qG�aZG¶S¦Mn©��KJ�Pq�0^NYZ�eGiuUp+�qGIL_G±J�L_G�MV«�R�r-JE^_Gs^-uU�6^_^NdeO#G6MN�qG�^_²QdKJ�L_G
g
REP�MN�qG�aZG¶S¦M+S¦L_REO

f
YZ^wGIO�HeM�]=u�p+�qGIP

MN�qG�^_²QdKJ�L_G�J�¤¨R	g=G
g
O±dq^NM+¤¨G6rsR-g=GIL_Gs��¤Q]!J¥MNYbaZG

T3
oWREMN�qGILN«wYZ^_G�«§GzSXREdePq��J�P�GIO�HeM�]

2× 2
J�L_G-JWo«w�eYZr¢�

YZ^6YbO�H¯Ri^_^NYb¤eaZGiu�[R�MN�qGIL_G±YZ^�J�L_R-« R�S �qREaZGs^�¤¯GIMV«�GsGIP
T2

J�Pq�
T3
u5p+�qGIL_G¶SXREL_Gio;REPqG�R�S MN�qG±MNYbaZGs^

T2
J�Pq�

T3
YZ^tG¶µWM_GIPq�qJ�¤eaZGioÑJ�rsREPQMNL¢JE�WYZrIMNYZREPDu+[R�MN�qG�^¢²mdKJ�L_G�M_R�MN�qG�aZG¶S M+S¦L_REO

f
YZ^wPqREPW©VGIO�HeMV]=u

 DGIM MN�qGwdeHeH¯GIL�GIO�HeM�]#^_²mdKJ�L_Gt¤¨G
f ′
YbP#MN�qGtRELNYbciYbPKJ�a¨�eREO�YbPqR

d
u�p+�qGIP�«�GzJ�L_GwYbP!J�^N]O�O#GIMNLNYZrzr-JE^_Gio

«w�qGIL_G
f ′
Hea£Js]�MN�qG�L_REaZG±R�S

f
u�TVS�MN�qG¥LNYbci�mMNPqG¶µWM6^¢²mdKJ�L_G�M_R

f ′
^¢Js]

g′
YZ^5GIO�HeMV]=o¨MN�qGIPAMN�qGIL_G¥YZ^5J#MNYbaZG

T4

��±
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Ù�YbcideL_G±Ø¬ p+�qG��qREaZGs^t^N�qREdeaZ��PqREMtaZG-J-g=G�^NHKJErsG�M_R#J#rsREPeciLNdqGIPmM5�eREO�YbPqR

J�¤¯R-g=G
g′
u �5R	«ÆMN�qGIL_G5YZ^wJ�P!GIO�HeM�]#L_R-«Ö¤¯GIMV«�GsGIP

T1
J�Pq�

T4
oQMN�qGIL_G¶SXREL_G6REPqG6R�SDMN�qG5MNYbaZGs^�YZ^§G¶µWM_GIPq�qJ�¤eaZGiu

� MN�qGILN«wYZ^_GioWMN�qG6aZG¶S¦M§^NYZ�eG�R�S
T4

�eRQGs^§PqREM+O#GsGIM+MN�qG5LNYbci�QMw^NYZ�eG�R�S
T3
oeJ�Pq�!MN�qGIL_G¶S¦REL_G6MN�qGIL_G�YZ^wJ�P�GIO�HeMV]

rsREabdeO�P0¤¯GIMV«§GsGIP
T3

J�Pq�
T4
u � PqG¥R�S�MN�qGs^_G�MNYbaZGs^tYZ^tG¶µM_GIPq�qJ�¤eaZG9JE^w¤¯G¶S¦REL_GioqJ�rsREPQMNL¢JE�WYZrIMNYZREPDu

2

#%����&5/>¦ �"G�^NMNL_REPeciab]A¤¨GIabYZGIg=G±MN�KJ�M�MN�qG¥M_REL_REYZ�qJ�a�¤¯R=J�L_�\r-J�P\¤¯G±r¢�KJ�Pec=Gs�¸YbPQM_R�J#L_GsrIM¢J�Pecidea£J�L�¤¯R=J�L_�
ciYbgYbPec"MN�qGA^¢J�O#G0L_Gs^NdeabM#«wYbMN�ËJ�O#REL_G�M_Gs�WYZREdq^�HeL_RR�S�L_Gs²mdeYbLNYbPec PqR G¶µWMNL¢J�YZ�eG-JE^-uÇp+�qGAYbPqrIabdq^NYZREPÆR�S
^Ndqr¢��HeL_RQR�S+«�REdeaZ��O�J�°=G�MN�qG�HeL_Gs^¢GIPmM¢J�MNYZREP R�S+MN�qG�HKJ�H¨GIL�aZGs^_^�rIaZG-J�L¥ciYbgQYbPec�PqR�¤¯GIPqG¶ÊqM�M_R!MN�qG�L_G-JE�eGIL
J�Pq��MN�qGIL_G¶SXREL_G�aZG¶S M�REdeM-u �6REM_G#J�aZ^_R!MN�KJ�M�MN�qG9M_REL_REYZ�qJ�a�r-JE^_G9YbO�HeabYZGs^�MN�qG�JE^N]O�HeM_REMNYZr�¤¨GI�KJ-gQYZREL�R�S§MN�qG
L_GsrIM¢J�Pecidea£J�Lz¤¯R=J�L_�;u

� � �\��Á��	�9Ä"�	

Ôbv¶Õ + � @z<���: �6� � &¥<�I8¯<?> � � ���5� & � ���'�W:�� �UaZGIO#GIPQM¢J�LN]´HeL_RQR�SzM_Gsr¢�ePeYZ²mdqGs^�S¦REL9MN�qG!O�J(µYbO±deO

PQdeO¥¤¯GIL5R�S�YZ^Na£J�Pq�e^-oU^Nde¤eO�YbMNM_Gs�AM_R�MN�qG � I�v�¶�Ò)��EjCdç'ÉÜ³	¶j� ��r,C:É
Ô j Õ�� �	� � @� � � ��
 �� � � � �/� > ��� 	���� oDp¡GIPq^¢REL�J�PKJ�ab]^_YZ^�REP�O�J�PeYªSXREaZ�e^-o ` RELNL_GsrIM_Gs�#L_GIHeLNYbPmM+R�S¯MN�qG�v-× �76

RELNYbciYbPKJ�a�u � ¶j·j��vpt»I���G re´�E�Dere¶jC)��K	��C�´1É o �6GI« ��RELN°¨o � v-× 6il 	§gQYbYbY � j76il HeHDu
Ô��(Õ�� � � C�� � >� oUp+�qG�PQdeO¥¤¯GILzR�S�L_GsrIM¢J�Pecidea£J�L5YZ^Na£J�Pq�e^w¤Q]!O#G-J�Pq^zR�S��WYZ^NMNLNYb¤edeMNYbg=G¥a£J�MNMNYZrsGs^-o � I�v�¶�Ò5��EjC

ç'ÉÜ³	¶j� ��r,C:É ��± � jilil × 	 jil76 � j v �Wu
Ô k Õ $ � - 	 *t<?8� 	���� � ���  * o#�¸YbPeYbO¥deO���J(µYbO�J�a��\J�M_r¢�eYbPec¸Th^ ����©Vy�J�L_��YbP �5GIcidea£J�L¥º§YbHKJ�LNMNYbM_G

� L¢J�He�q^	o¯YbP�p+�qGsRELN]�J�Pq���zHeHeabYZr-J�MNYZREPq^§R�S¡�¸R�eGIaZ^�R�S ` REO�HedeM¢J�MNYZREPDo � ��´\DeI�v���Ê=¶@DQ���pr,C�³	¶j��Ò�I'DQ��v
Ñ�´\rq��C�´�� [QHeLNYbPec=GIL-oKº§GILNabYbPW©Vy6GIYZ�eGIab¤¯GILNcqo�}�AzÈ × � jilil76 	 � ��k � �=Ø k u

Ô	�(Õ - ����
�
�� :
	� 8 o p+�qG�c=GsREO#GIMNLN]9fhdePe°]mJ�L_�;u �5YbPqGIM_GsGIP �UL_RR�S¦^zR�S �UdeaZGIL�� ^5ÙqRELNO¥dea£JWo
�QMNMNHD¬ xix(«w«w«�u YZrs^-u dqrIY�u Gs�WdÑx��-GIHeHq^NM_GIYbPÑx¢fndePe°Q]mJ�L_�Kx�GsdeaZGIL·x(PÑR=J��Du �QMNO#a

Ô � Õ�� � �/� � � < � �Uo§�AYZ^_MNYbabYbPec=^w«wYbMN�AF�REO�YbPqRQGs^	o � r,�Ë´\v��ËDQ��â�E@D�µ'É f��:È � v-×i× � 	 � � v � � � �Wu
Ô Ø	Õ±� � l�k HeL_REH¯Ri^_Gs��¤m] ��u � L_Ri^_^NO�J�PDo ����� �6p�o;v-×=Ø 6 � k 	¶o jij � j �Wu

[REabdeMNYZREP¸¤m]0[¨uqÙqREO�YbP0YbP �������5p�o;v-×=ØE× � � 	¶o � k � � �Wu
Ô 6 Õ @ � �K<?8 �%�=o p+�qG � dePeH¯RELNMwHeL_RE¤eaZGIO0o â�E@D�µ'ÉyâªE6æ.E!JËr�C�� }�} � v-×=Øv�	�v-×
���Ñv-× � u
Ô ×(Õ $ ��� <�8D8¯< � < �  � � 
�� � <����  > o � �Wc=G#�eREO�YbPKJ�MNYbPec¸^¢GIM_^�YbP�ciL¢J�He�q^ Ñ���Bpâ ç�É�B Ò�Ò�GsÉ¥âªE@D�µ5É � ×� v-× 6il 	 � ��k � �=Ø��Wu

�zf
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7w:¯:  >=<Æ@ 	��;87�W:�� ∗
�¸p?�t© �  p� �Uc=GILNg�1�LN] �5Gs^_G-J�L_r_� � L_REdeHDo

F6GIHKJ�LNMNO#GIPQM6R�S � H¯GIL¢J�MNYZREPq^!�zGs^¢G-J�L_r_�Do � �EMNg	�i^
�zPeYbg=GIL_^_YbMV]=o�� 1�³sO 1�Pm] � 
IM_GIL5^�
IM 1�PQ]�v	x ` o

º§dq�qJ�H¨Gs^_M-oqyzdePecmJ�LN]=oKyt©¢viviv	Øu
{��E���W~��m����= ��!�m����� ���m|

��< * � � �  ��?> � †
�\p¡�z© �  Qp� �Uc=GILNg�1�LN] �zGs^_G-J�L_r¢� � L_REdeHDo

F�GIHKJ�LNMNO#GIPmM�R�S � H¯GIL¢J�MNYZREPq^!�5Gs^_G-J�L_r_�Do � �EMNg	�i^
�5PeYbg=GIL_^NYbMV]=o � 1�³sO 1�PQ] � 
IM_GIL6^�
IM 1�Pm]�v	x ` o

º§dq�qJ�H¯Gs^NM-oqy5dePecmJ�LN]=oqyz©¢viviv	Øu
�  Ñ�	�e~m���W� �m ��!�Q��� �U���Q|

*Å-"`\�6/>&5?@�@� p+�qG0PqRQ�eG¶©�M_R�©�J�L_G-J rsREPePqGsrIMNYbgQYbM�]ÇJ�deciO#GIPmM¢J�MNYZREPÖHeL_RE¤eaZGIO YZ^�MN�qG�S¦REabaZR	«wYbPecq¬
ciYbg=GIPËJ��m]H¨GILNciL¢J�He�

H0 = (V, E0)
o+J rsREabaZGsrIMNYZREPÆR�S�^Nde¤q^_GIM_^ W R�S

V
J�Pq�ÆJ�S dePqrIMNYZREP

r :W → Z+
oKREdeLzJ�YbO YZ^wM_R�ÊqPq�0J��Q]QH¯GILNciL¢J�He�

H
R�S��d(e�"(e��x0� �6���6&)�Ü`!(�ã��!^Ndqr_�0MN�KJ�M

λH0+H(x,W ) ≥ r(W )
SXRELzJ�Pm]

W ∈ W J�Pq�
x ∈ V.

p+�eYZ^ HeL_RE¤eaZGIO�YbP#ciL¢J�He�q^ � Y�u Giu=«w�qGIP
H0

J�Pq�
H
¤¨REMN���KJsg=GzM_R�¤¯GwciL¢J�He�q^�	�«+JE^�YbPQMNL_RQ�WdqrsGs�

J�Pq� ^¢REabg=Gs�"¤m]"Th^N�eYbY�J�Pq�y6J�ciYb«+J�L¢J � MN�qGI]�PqGsGs� MN�qG
r ≥ 2

JE^¢^NdeO�HeMNYZREPDoUREMN�qGILN«wYZ^_G#MN�qG
HeL_RE¤eaZGIO�YZ^

NP
©VrsREO�HeaZGIM_G�	¶u �"G#rsREPq^NYZ�eGIL�M�«�RAg=GIL_^NYZREPq^¥R�SwMN�qG�HeL_RE¤eaZGIO�J�¤¨R	g=Giu�T�P�MN�qG

ÊqL_^NM¥r-JE^¢G#REdeL9J�YbO YZ^�M_R�ÊqPq�¹J��m]H¨GILNciL¢J�He�
H
aY(_�! Ó&5`ª�Q�.a �.70+���`l&5`ª�¥��`6`!(�-0���Ñu��

MN�qGsREL_GIO¼R�S�[Q³sYbc=GIMNY;^N�qR-«t^+MN�KJ�M+MN�eYZ^+r-J�P!¤¨G6^_REabg=Gs�;u �"G5c=GIPqGIL¢J�abYb³-G�MN�qGzL_Gs^_deabM_^wR�S�[Q³sYbc=GIMNY
J�Pq��^N�qR	« MN�KJ�M

H
r-J�P�GIg=GIP�¤¨G�r_�qRi^¢GIP0M_R9¤¨G6PqG-J�LNab]!dePeYªS¦RELNO0oeRELw«§G�r-J�P0GIg=GIP0^_REabg=G6MV«�R

^Ndqr¢�!HeL_RE¤eaZGIO#^z^NYbO¥deabM¢J�PqGsREdq^Nab]=oKYªS?rsGILNM¢J�YbP0rsREPq�WYbMNYZREPq^w�qREaZ�;u p+�qG�REMN�qGILwG¶µWMNL_GIO#G�YZ^+«w�qGIP
«�G�«§J�PmM

H
M_R��KJ-g=G=&5`Å�e(,�\�!���l �9^�¥��/1��7"+��.`�&5`Y�¥��`6`1(,-����K¬�YbP�HKJ�LNMNYZrIdea£J�L5MN�qG�L¢J�Pe°�R�S

H^N�qREdeaZ�\PqREM�G¶µWrsGsGs�\MN�KJ�M�R�S
H0

u¥p+�eYZ^�rsREPmM¢J�YbPq^�MN�qG9HeL_RE¤eaZGIO R�S�Th^N�eYbYUJ�Pq��y6J�ciYb«+J�L¢JWoD^_R
«�G#J�aZ^¢R�JE^¢^NdeO#G9MN�KJ�M

r ≥ 2
u �"G�^N�qR-« J!rsREPQg=GIPeYZGIPmM9J�HeHeL_R=JEr¢�"M_R!MN�eYZ^�HeL_RE¤eaZGIO «w�eYZr_�

GIPKJ�¤eaZGs^tdq^tM_R�^_REabg=G�YbMzJ�Pq�0^NYbO�HeabYªÊKGs^zHKJ�LNM_^tR�S�MN�qG�HeL_RQR�SUR�SUT�^N�eYbY¡J�Pq��y�J�ciYb«§J�L¢JWoKM_RQReu

½�.9zaO��/>70`@�;�"�z70�@���6�5��&5/>�.& ?.���0�y��?@�!(,�y(_��9 &)xy+��������6&'�!(���� ¾�`!¦���a£��`1xy�¥��/>�d�z70x0��&5/
��x0�"?@�!(����

¿ À �º�ÑÁ���Â9Ã±Äy�ÑÅ��º�
p+�qG\PqR�eG¶©�M_R�©�J�L_G-J´rsREPePqGsrIMNYbgQYbM�]ÖJ�deciO#GIPQM¢J�MNYZREP HeL_RE¤eaZGIO YbPÖciL¢J�He�q^�«§JE^!YbPmMNL_R�WdqrsGs� ¤Q]ÇT�^_�eYbY�J�Pq�
y�J�ciYb«§J�L¢JAÔ	�(ÕVu � g=GIL_^NYZREPAR�S�MN�qGIYbLtHeL_RE¤eaZGIO YZ^wMN�qG�SXREabaZR-«wYbPecq¬
<�/1��-0����� f32 ÛÜr�·>��C�E��qµ.��Ò5�Ëv��\æjv�E�Ò�µ

H0 = (V, E0)
KÜEÅ´�¶@G,G ��´\Derq¶jC�¶�����I ���\�ËD�� W ¶ �

V
EjC�
�E ��I�C�´\Derq¶jC

r :W → Z+
K ¶jI�vOEjr�� r,��DF¶�4¥C�
%E	�qµ.��Ò5��v
�Ëæ@v�E�Ò�µ

H
¶ �á�¡r�C)r��£I�� DF¶@DFE@Gz��r J!�á��I5´�µ¿D�µ�E@D

λH0+H(x,W ) ≥ r(W )
�\¶jv�EjC)�

W ∈ W EjC�

x ∈ V. � v�	

∗ � & '('�):��*
� +�,/.#0214365	���!�:9/*%36EGFG@:F�/C
† � & '('�):��*
� +�,/.��:�!��9D*
��0214365�36EGFG@:F� ��9 + 0�������� F���E:FG@���:F:FGE C

��|
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p+�qG��"�z7"�����6�5��&5/>�.&Ç?����"�"�.?��!(_�y(,��9ì&)xy+��������6&'�!(�����0/1��-0����� (��+�/>&5�0 "`�YZ^�MN�qG�^NH¯GsrIY£J�aUr-JE^_G
«w�qGIP

H0
YZ^�J�ciL¢J�He�"J�Pq�

H
�KJE^6M_R!¤¨G9J�ciL¢J�He�DoÑM_RReu�TVM6YZ^6YbP¸c=GIPqGIL¢J�a � ��©VrsREO�HeaZGIM_G � GIg=GIP�YªS

H0
YZ^

MN�qG�GIO�HeM�]�ciL¢J�He�\J�Pq�
r(W ) = 1

SXRELzGIg=GILN]
W ∈ W 	¶oq^_R#MN�qG¥J�deMN�qREL_^5R�SwÔ	��Õ�JE^¢^NdeO#G�MN�KJ�M

r ≥ 2
J�Pq�

^NdeLNHeLNYZ^NYbPeciab]AMN�qG¥HeL_RE¤eaZGIO ¤¯GsrsREO#Gs^6MNL¢JErIM¢J�¤eaZGi¬tMN�qGI]�ciYbg=G�J#H¯REab]PqREO�Y£J�a?MNYbO#G�J�abc=RELNYbMN�eO MN�KJ�M�^_REabg=Gs^
YbM-u

T�PÈMN�eYZ^�HKJ�H¯GIL�«�G�«wYbabatrsREPq^NYZ�eGIL�gEJ�LNY£J�PQM_^�R�S � L_RE¤eaZGIO�vio�^¢REO#G�R�S6«w�eYZr¢�ÇrsREPmM¢J�YbPÆMN�qG�HeL_RE¤eaZGIO
R�SzTh^N�eYbY+J�Pq�¹y�J�ciYb«§J�L¢JWu�p+�qG�c=GIPqGIL¢J�a�S¦L¢J�O#GI«�RELN°R�S6REdeL±L_Gs^NdeabM_^±YZ^¡?������./j(e�y+ `69y�d���.�6/>(�?;`6¦���a£�
`!x"�¥�./j���z7�x0�,&5/���x0�y?��!(,���y`d-:9��� �9^�¥�./���+�/>&5�0 "`=u´p+�qG�ÊqL_^NM�g=GIL_^_YZREPÉYZ^�«w�qGIP �

H0
J�Pq� 	

H
O�Js]

rsREPmM¢J�YbPËJ�LN¤eYbMNL¢J�LNYbab]¹a£J�LNc=G0�m]H¨GIL_Gs�Wc=Gs^-¬�«§G�«wYbabatr-J�abawMN�eYZ^�MN�qG¿�"�z7"�����6�5��&5/>�.&ì?.���0�y��?@�!(,�y(_��9 &)x"+5�
�������6&'�!(����W�"/>��-������ (��W �9^�¥��/1+�/1&5�� y`mu¡º§]�c=GIPqGIL¢J�abYb³sYbPec�MN�qGtL_Gs^NdeabM_^§R�S?[Q³sYbc=GIMNYÑ«§Gz^N�qR	«ÆMN�KJ�M�MN�eYZ^
HeL_RE¤eaZGIO r-J�P�¤¯G9^¢REabg=Gs�¸YbP�H¯REab]QPqREO�Y£J�aUMNYbO#G � GIg=GIP�YªS

r(W ) = 1
SXREL�^_REO#G�J�L_G-JE^

W ∈ W 	¶oDJ�Pq��«§G
r-J�P�GIg=GIP¸L_Gs²QdeYbL_G�MN�KJ�M6MN�qG±^¢REabdeMNYZREP

H
�KJE^5M_R#¤¯G�PqG-J�LNab]0dePeYªSXRELNO0uzÙedeLNMN�qGILNO#REL_G�«§G±r-J�P\GIg=GIP\^¢REabg=G

MV«§R"^Ndqr¢�ÉHeL_RE¤eaZGIO#^#^NYbO±deabM¢J�PqGsREdq^Nab]=o§YªS�rsGILNM¢J�YbPÇrsREPq�WYbMNYZREPq^#�qREaZ�;u �5REM_G�MN�KJ�M�MN�qGs^_G�L_Gs^_deabM_^#�eR�PqREM
c=GIPqGIL¢J�abYb³-G�MN�qRi^¢G�R�S�Th^N�eYbY¡J�Pq�0y�J�ciYb«§J�L¢JWu

p+�qG6^_GsrsREPq��g=GIL_^NYZREP�«§G5rsREPq^_YZ�eGIL�YZ^§r-J�abaZGs��MN�qGp/>&)�y¦���/>�.`6�M�.?@�!(e�"+ª�"�z7"�����6�5��&5/>�.&¿?.���0�y��?@�!(,�y(_��9
&)x"+��������6&'�!(����ì�0/>��-��,��� (e�ì �9^�¥�./>+�/>&5�� y`=¬t«�G�L_Gs²QdeYbL_G±MN�KJ�M�MN�qG9L¢J�Pe°\R�S

H
^N�qREdeaZ��PqREM�G¶µersGsGs�

MN�qG�L¢J�Pe°0R�S
H0

u+TVS
H0

YZ^5J#ciL¢J�He�¸MN�qGIP¸MN�eYZ^zYZ^5G¶µeJErIMNab]�MN�qG¥HeL_RE¤eaZGIO H¨Ri^_Gs�0¤m]0Th^N�eYbY�J�Pq�¸y6J�ciYb«+J�L¢JWo
^_R9«wYbMN�qREdeMtMN�qG�JE^_^_deO�HeMNYZREP�MN�KJ�M

r ≥ 2
YbMwYZ^

NP
©VrsREO�HeaZGIM_Giu º§deMwdePq�eGILwMN�eYZ^zJE^_^NdeO�HeMNYZREP�«§G�^N�qR-« J

rsREPmg=GIPeYZGIPQM5J�HeHeL_R=JEr_�AM_R±MN�eYZ^+HeL_RE¤eaZGIO0oW«w�eYZr¢�AGIPKJ�¤eaZGs^+dq^§M_R�^_REabg=G6MN�qG�HeL_RE¤eaZGIO J�Pq�!^_YbO�HeabYªÊKGs^+HKJ�LNM_^
R�S�MN�qG�HeL_RQR�SUR�SUT�^N�eYbY¡J�Pq��y�J�ciYb«§J�L¢JWoKM_RQReu

 DGIM�dq^UciYbg=GtJ6O#REL_Gt�eGIM¢J�YbaZGs��YbPQMNL_RQ�WdqrIMNYZREPDu � Ybg=GIP�J5ÊqPeYbM_G+ciL_REdePq�#^_GIM
V
omJ�^_GIM�S¦dePqrIMNYZREP

p : 2V →
Z ∪ {−∞} YZ^zr-J�abaZGs� ��àj� � �F��I!Ò5��v���¶#
jI�G E@v YªS�J�MtaZG-JE^_M5REPqG¥R�S MN�qG�S¦REabaZR	«wYbPec�M�«�R�YbPqGs²mdKJ�abYbMNYZGs^6�qREaZ�e^zS¦RELGIg=GILN]

X,Y ⊆ V ¬

p(X) + p(Y ) ≤ p(X ∩ Y ) + p(X ∪ Y ), (∩∪)

p(X) + p(Y ) ≤ p(X − Y ) + p(Y −X). (−)

�"Gt^·Js]�MN�KJ�M MN�qGw�Q]QH¯GILNciL¢J�He�
H
?.�����./>`á�! "��`6���O��x0�y?@�!(����

p
YªS
dH(X) ≥ p(X)

S¦REL�J�PQ]
X ⊆ V up+�qGÅ�6�)�6&)�O`!(�ã��Ç���¡�! "�� �9^�¥�./>+�/>&5�0 ÆYZ^±MN�qG�^NdeO�R�StMN�qG�r-J�L_�WYbPKJ�abYbMNYZGs^�R�StMN�qG��m]H¯GIL_Gs�Wc=Gs^-¬�YªSzREdeL

�m]H¯GILNciL¢J�He�\YZ^�J�ciL¢J�He�¸MN�qGIP\MN�eYZ^6YZ^zM�«�R!MNYbO#Gs^6MN�qG¥PQdeO¥¤¯GIL�R�S MN�qG9Gs�Wc=Gs^�R�S MN�eYZ^6ciL¢J�He�Du5p+�qG¡/1&)�"¦
���p&� �9^�M�./>+�/>&5�0 

H
� �eGIPqREM_Gs�¸¤m]

rank(H)
	wYZ^zMN�qG±^NYb³-G¥R�SUMN�qG¥a£J�LNc=Gs^NM5�Q]QH¯GIL_Gs�Wc=G�YbP¸YbM-uwÙqREL�J#^_GIM

S¦dePqrIMNYZREP
p : 2V → Z ∪ {−∞} «�G�YbPQMNL_RQ�WdqrsG¥MN�qG�H¨REab]�qGs�WL_REP

C(p) = {x ∈ RV : x(Z) ≥ p(Z) ∀Z ⊆ V, x ≥ 0}. � j 	
T�MtYZ^w°PqR-«wPAMN�KJ�MzS¦REL6J�^N°=GI«+©V^NdeH¯GILNO#RQ�Wdea£J�LzS dePqrIMNYZREP

p
MN�eYZ^tYZ^6J�P � YbPmM_GIc=GIL�	zrsREPmMNL¢J�H¯REab]QO�J�MNL_REYZ� � SXREL

�eGIM¢J�YbaZ^z^¢GsG�Ôbv¶Õ 	¶u
p+�qG�c=GIPqGIL¢J�a¡HeL_RE¤eaZGIO «�G¥rsREPq^NYZ�eGILtYZ^wMN�qG�SXREabaZR-«wYbPecqu

<=/>��-������ | � ` R-g=GILNYbPec J¸^N°=GI«+©V^NdeH¯GILNO#R�Wdea£J�L±S¦dePqrIMNYZREP¹«wYbMN� � �Q]QH¯GIL�	hGs�Wc=Gs^�	 2 ÛÜr�·>��C�E����j�£���\Dev�rq´
��à@� � �F��I6Ò5�Ëv���¶#
jI�GsEjv ��I�C�´\Derq¶jC p : 2V → Z∪ {−∞} � r�D�µEjC��Ë·1EjG I'E@Derq¶jC�¶jv�E�´ËG �6É�°Mr,C 
YE	�qµ.��Ò5��v
�Ëæ@v�E�Ò�µ
H
´�¶j·>�Ëv�r�C�æ

p
µ�Ej·6r�C�æÅ�£r,C)r���EjGzDF¶@DFEjGz��rsJ1�6É

 DGIM+dq^§^N�qR-«Ö«w�Q]#MN�eYZ^§HeL_RE¤eaZGIO�YZ^wJ¥c=GIPqGIL¢J�abYb³	J�MNYZREP0R�S �UL_RE¤eaZGIO viu  DGIM
q : 2V → Z∪{−∞} ¤¯G5J^_GIM§S¦dePqrIMNYZREPD¬U«�G�«wYbaba;L_Gs²QdeYbL_G�J�aba;MN�qG�^_GIM§S¦dePqrIMNYZREPq^wYbP�MN�eYZ^wHKJ�H¯GIL§M_R�^·J�MNYZ^nS ]
q(∅) ≤ 0

J�Pq�
q(V ) ≤ 0

u
F�G¶ÊqPqG£�! y�W`\9y�������6/j(�ã��.7¤���

q
¤m]

qs(X) = max{q(X), q(X)} SXREL�J�PQ] X ⊆ V
u9� ^_GIM�S¦dePqrIMNYZREP

p : 2V → Z ∪ {−∞} YZ^�r-J�abaZGs� ��´\v�¶>����r�C�æ �C��qæ.Ej��¶#
jI�G Ejv YªS§YbM�^¢J�MNYZ^nÊKGs^
(−)

S¦REL¥J�PQ] � rIL_Ri^_^NYbPec 	�HKJ�YbL
X
J�Pq�

Y
u��5P�YbO�H¨RELNM¢J�PQM±^NH¯GsrIY£J�a r-JE^_G�YZ^¥J�d���"�)�6���"�d70�.?./1��&5`!(e�y+S¦dePqrIMNYZREPD¬�¤m]\MN�KJ�M�«�G#O#G-J�P

���
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J�S¦dePqrIMNYZREP
q
MN�KJ�M�^·J�MNYZ^nÊKGs^

q(∅) ≤ 0
¤edeM

q(X) ≥ q(Y )
SXREL�J�PQ] ∅ ( X ⊆ Y ⊆ V

u � ¤q^_GILNg=G9MN�KJ�M�J
�Q]QH¯GILNciL¢J�He�

H
rsR-g=GIL_^

p
YªSUJ�Pq�AREPeab]�YªS

H
rsR	g=GIL_^

ps
u

� Ybg=GIP0MN�qG�PqR�eG¶©�M_R�©�J�L_G-J#rsREPePqGsrIMNYbgYbMV]0J�deciO#GIPmM¢J�MNYZREP\HeL_RE¤eaZGIO � �UL_RE¤eaZGIO v�	¶oq�eG¶ÊqPqG

RN2A(X) = max{r(W ) : W ∈ W, W ∩X = ∅} S¦RELzJ�PQ] ∅ 6= X ⊆ V J�Pq�
RN2A(∅) = 0.

� � 	

p+�eYZ^±YZ^±J0O#REPqREM_REPqG��eGsrIL_G-JE^_YbPec0S¦dePqrIMNYZREPDo�^¢R�YbM¥YZ^±rIL_Ri^_^NYbPecAPqGIcmJ�O#R�Wdea£J�L-oUJ�Pq�J � �m]H¨GIL�	�ciL¢J�He�
HYZ^�J#S¦G-JE^_Yb¤eaZG±^_REabdeMNYZREP�M_R �UL_RE¤eaZGIO&v±YªS�J�Pq�\REPeab]AYªS

dH
rsR	g=GIL_^

q = RN2A − dH0

REL6Gs²QdeYbgEJ�aZGIPQMNab]
qs
u

[R � L_RE¤eaZGIO v�YZ^�J�^NH¯GsrIY£J�a r-JE^_G�R�Sá?.�����./j(e�y+��! y��`\9y�d�d���6/j(,ã.�.7���=&Ç?�/>��`6`1(��"+��"�.+�&)���z7�x"��&5/
��x"�"?@�!(�����aY(,�! �&� �9^�¥��/1+�/1&5�� Ç���º�d(e�0(���x0� �6�)�6&)�Ü`!(�ã��32

TVP"G-JEr¢�R�S+MN�qG�HeL_RE¤eaZGIO#^�«§G�rsREPq^NYZ�eGIL¥MN�qG#RE¤WfnGsrIMNYbg=G�YZ^�M_R�O�YbPeYbO�Yb³-G�MN�qG�M_REM¢J�a�^NYb³-G#R�S+MN�qG�J�decE©
O#GIPQMNYbPecA�Q]QH¯GILNciL¢J�He�

H
u �"G�rsREdeaZ�"r-J�abaUMN�eYZ^�g=GIL_^NYZREP"R�S§MN�qGs^¢G�HeL_RE¤eaZGIO#^�MN�qG��d(e�0(e�ªx0� ����/1`!(�����u

y6R-«§GIg=GIL5YbM5YZ^zrIaZRi^_GIab]�L_GIa£J�M_Gs�AM_R�J�PqREMN�qGILzg=GIL_^_YZREPDoqMN�qG¥^¢R�©Vr-J�abaZGs�$70�.+�/>�.��`6�M�.?.(,]��.7c���./>`!(�����oe«w�qGIP
«§GtJ�L_GtJ�aZ^_R6ciYbg=GIP�Jp7"��+�/>�.�b`6�¥��?.(,]0?.&'�!(,���

m : V → Z+
J�Pq�9MN�qGw²QdqGs^NMNYZREP�YZ^�«w�qGIMN�qGIL�J6�m]H¨GILNciL¢J�He�

H
rsR	g=GILNYbPec

p
G¶µWYZ^NM_^¥«wYbMN�

dH(v) = m(v)
S¦REL9GIg=GILN]

v ∈ V
u ��Ri^_^NYb¤eab]�MN�qG�SXRELNO#GIL±HeL_RE¤eaZGIO�^_GsGIO#^

O#REL_G+YbPQM_GIL_Gs^NMNYbPec¥J�Pq�9PKJ�MNdeL¢J�a�oi�qR-«§GIg=GIL�J6^_REabdeMNYZREP9S¦REL�MN�qG+^_GsrsREPq��J�ab«§Js]W^�ciYbg=Gs^ J5^_REabdeMNYZREP�M_R5MN�qG�ÊqL_^NM
¤Q]AMN�qG�^N°=GI«+©V^NdeH¯GILNO#R�Wdea£J�LNYbMV]�R�S

p
� ^¢GsG±�eGIM¢J�YbaZ^�YbPÈÔbv¶Õ 	¶o¯MN�qGIL_G¶SXREL_G±«§G9«wYbaba�O�J�YbPeab]\^NH¯G-J�°¸J�¤¨REdeM6MN�qG

�eGIciL_GsG�^_H¨GsrIYªÊKGs��HeL_RE¤eaZGIO0oqJ�Pq��«§G�«wYbaba¯RE¤eM¢J�YbP�MN�qG�^_REabdeMNYZREP0R�S�MN�qG6O�YbPeYbO¥deO g=GIL_^NYZREPAJE^wJ9rsREL_REaba£J�LN]=u
p+�qGAJ�abc=RELNYbMN�eO�YZrA^¢REabdeMNYZREPÇR�S��WYª®¯GIL_GIPQM�g=GIL_^NYZREPq^#R�S��UL_RE¤eaZGIO j L_Gs²mdeYbL_GAMN�KJ�M#MN�qG�S¦dePqrIMNYZREP

p
YZ^

JErsrsGs^¢^NYb¤eaZGAMN�eL_REdeci� ^_REO#G\REL¢JErIaZGiu � deL!MN�qGsREL_GIO#^�«wYbaba�JE^_^NdeO#G0MN�KJ�M!«�G\r-J�P JErsrsGs^_^!MN�qG�SXREabaZR-«wYbPec
REL¢JErIaZGiu � ¤q^_GILNg=G�MN�KJ�MtMN�eYZ^zREL¢JErIaZG�r-J�P0¤¯G�YbO�HeaZGIO#GIPmM_Gs�AS¦RELwMN�qG�S¦dePqrIMNYZREP

RN2A
�eG¶ÊqPqGs�0YbP � � 	su

��.]��0(,�!(���� �
2 B i U ��N i Nq¨�NQn^Ã R�P6U�®��,k �Ë¶jv3E��\�\D���I�C�´\Derq¶jC
p : 2V → Z ∪ {−∞} DQ�ËG,GÐ�lI��lD�µ'���E �@r,�£I��

max{p(Z) − dH(Z) − x(Z) : Z ⊆ V } EjC�
$r�D�EjG �\¶Åæ@r,·>����E¿�\�\D Z ⊆ V
D�µ�E@D���E �@r,�£r J!���

D�µ�r_� �ËI5EjC�DereDe�>K¥r � � �pæjr�·>��r�D»EjC x ∈ RV
+

EjC�
%EjC3Ejv#��r�Dev�Ejv���µ.��Ò5�Ëveæjv�E�Ò�µ
H = (V, E) É

p+�qG�^_MNLNdqrIMNdeL_G!R�S5MN�qG�HKJ�H¯GIL9YZ^�JE^±SXREabaZR-«t^-u��6^¥«§G!�KJsg=G0J�abL_G-JE�W]"O#GIPQMNYZREPqGs�;o�«§G�rsREPq^NYZ�eGIL�M�«�R
^_H¨GsrIY£J�a§r-JE^_Gs^¥R�S �UL_RE¤eaZGIO viu�TVPMN�qG�ÊqL_^NM±r-JE^¢G�REdeL±J�YbO YZ^¥M_R�ÊqPq�¹J��Q]QH¯GILNciL¢J�He�

H
aY(,�! Ó&5`l����a

��7"+��.`¿&5`$�¥��`6`1(,-����Ku±TVM�MNdeLNPq^�REdeM�MN�KJ�M�MN�eYZ^�r-J�P�¤¯G��eREPqG�YbP�c=GIPqGIL¢J�a � GIg=GIP�YªS
r(W ) = 1

SXREL�^_REO#G
R�SwMN�qG�J�L_G-JE^

W ∈ W 	¶o�J�Pq��«�G�r-J�P GIg=GIP L_Gs²QdeYbL_G�MN�KJ�M
H
�KJE^�M_R�¤¯G�PqG-J�LNab]�dePeYªS¦RELNO0¬¥MN�eYZ^¥r-J�P"¤¯G

SXREdePq�"YbP´[GsrIMNYZREP j u�p+�qG�REMN�qGIL¥G¶µMNL_GIO#G�YZ^�«w�qGIP «§G#«+J�PmM
H
M_R��KJ-g=GY&5`l�e(,�\�!���Ç �9^�¥�./>�.70+���`$&5`

�M��`6`!(�-����K¬U«§G�REPeab]�MNLN]�M_R�JE�e�0ciL¢J�He�AGs�Wc=Gs^tM_R
H
JE^taZREPec�JE^tH¨Ri^_^_Yb¤eaZGiu � S rsREdeL_^_G��qGIL_G�«§G�PqGsGs��MN�qG

JE^¢^NdeO�HeMNYZREP
r ≥ 2

� REMN�qGILN«wYZ^_G�MN�qG9HeL_RE¤eaZGIO YZ^
NP

©VrsREO�HeaZGIM_G�	¶oD¤edeM�dePq�eGIL�MN�eYZ^�JE^_^NdeO�HeMNYZREP�«§G�r-J�P
ÊqPq�0J±�Q]QH¯GILNciL¢J�He�

H
MN�KJ�Mw�eRQGs^§PqREMw�KJ-g=G�J¥¤eYbcic=GIL+L¢J�Pe°�MN�KJ�P�MN�qG5L¢J�Pe°!R�S

H0
u�p+�qGs^_G�L_Gs^_deabM_^+J�L_G�YbP

[GsrIMNYZREP��Wu

Ì � ��ÂO���@�����mÐwÁ:�UÐËÄ"���¡�¡�UÄ^�ÑÅ���Å�� � ÐtÃ9Ò5" �	���ÑÐÜ�¨Å���� � Á:�wÓ9Ï�� " Å�� Î � � ��Á¯ÒwÁ¯Ð �9Î 

�5Gsr-J�aba�o�MN�KJ�M±MN�qG��m]H¨GILNciL¢J�He�

H = (V, E) YZ^9^¢J�YZ�"M_Rl?������./�MN�qG�S¦dePqrIMNYZREP p : 2V → Z ∪ {−∞} YªS
dH(X) ≥ p(X)

S¦REL�GIg=GILN]
X ⊆ V

u �"G�«wYbaba J�aZ^_R�dq^_G�J!�WYª®¯GIL_GIPQM�PqREMNYZREP"R�S§rsR	g=GILNYbPecq¬
H
YZ^�^¢J�YZ��M_R

a¡�.&5¦^�,9�?������./±MN�qG�S dePqrIMNYZREP
p : 2V → Z ∪ {−∞} YªS bH(X) ≥ p(X)

SXRELtGIg=GILN]
X ⊆ V oe«w�qGIL_G

bH(X) = |{e ∈ E : e ∩X 6= ∅}|.
�6REM_G�MN�KJ�M

bH
YZ^t^Nde¤eO#R�Wdea£J�L5J�Pq��O#REPqREM_REPqG�YbPqrIL_G-JE^NYbPec � ¤edeMwPqREMz^N]O�O#GIMNLNYZr�	¶u � deLtL_Gs^NdeabM_^z�eGIH¨GIPq�

REP�MN�qG��"(�?����¥���,9y y��7"/>&)���"/>���M�./1�!(,��`����» �9^�¥��/1+�/1&5�� "`=aO��&5¦^�,9�?�������/>(e�"+AJ±^N°=GI«+©V^NdeH¯GILNO#RQ�Wdea£J�L
^¢GIM+S dePqrIMNYZREPAJ�Pq��REP�MN�qG6S�JErIM§MN�KJ�MwdePq�eGILwMN�qG�J�HeHeL_REHeLNY£J�M_G¥rIYbL_rIdeO#^NM¢J�PqrsGs^�aO��&5¦Ç?�������/>(e�"+�(��d�0�e(��.`
?.�����./j(e�y+ 2

�)}
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 DGIM
p : 2V → Z ∪ {−∞} ¤¯G0J�PÇJ�LN¤eYbMNL¢J�LN]È^N°=GI«+©V^NdeH¯GILNO#RQ�Wdea£J�L�S¦dePqrIMNYZREPÆJ�Pq�ÈaZGIM

C = C(p)¤¯GAMN�qG�rsREPmMNL¢J�H¯REab]O�J�MNL_REYZ� �eG¶ÊqPqGs�ËYbP � j 	¶u  DGIM
k ≥ max{p(X) : X ⊆ V } u  ¡GIM�S¦deLNMN�qGILNO#REL_G

y ≤ (k, k, . . . , k)
¤¯G�J�P YbPQM_GIc=GIL±g=GsrIM_REL9YbP

C
� PqREM_G�MN�KJ�M9MN�qG#g=GsrIM_REL

(k, k, . . . , k)
YZ^¥YbP

C
o�^_RA^_dqr_�

J
y
G¶µWYZ^NM_^�	¶u � deL9J�YbO YZ^�M_R�ÊqPq�¹J��m]H¯GILNciL¢J�He�¹rsREPQM¢J�YbPeYbPec

k
�m]H¨GIL_Gs�Wc=Gs^±«wYbMN��eGIciL_GsG!^_Gs²QdqGIPqrsG

yMN�KJ�M6«�G-J�°ab]0rsR-g=GIL_^
p
u �5REM_G±MN�KJ�MzYbP¸MN�qG�SXREabaZR-«wYbPec!MN�qGsREL_GIO#^6MN�qG±^_]QO�O#GIMNLN]0R�S

p
YZ^zPqREM5PqGsrsGs^_^¢J�LNYbab]

JE^_^NdeO#Gs�;u
 DGIMzdq^t�eG¶ÊqPqG�MN�qG�H¯REab]Q�qGs�WL_REP

Q = Q(p, k, y) = {x ∈ RV : x(Z) ≥ 1
YªS
p(Z) = k,

x(Z) ≤ y(Z)− p(Z) + 1 ∀Z ⊆ V, 0 ≤ x ≤ y}.
� PqG�r-J�P"RE¤q^_GILNg=G�MN�KJ�M

y/k ∈ Q o;^_R Q YZ^�PqREPW©VGIO�HeMV]=u �"G�«+J�PmM�M_R�L_GIa£J�M_G#MN�qG�YbPmM_GIc=GIL�H¯REYbPmM_^�R�S
Q«wYbMN�\�m]H¨GIL_Gs�Wc=Gs^�R�S�J�P"J�abO#Ri^NM6dePeYªS¦RELNO»�m]H¯GILNciL¢J�He�\MN�KJ�M�«§G-J�°Qab]ArsR	g=GIL_^

p
uzp?R�MN�eYZ^�GIPq�;o

Q
�KJE^6M_R

¤¯G�O#RQ�WYªÊKGs�0^_abYbci�mMNab]=u� ¡GIM

Q1 = Q1(p, k, y) = Q ∩
{
x ∈ RV : 0 ≤ x ≤ 1, x(v) = 1

YªS
y(v) = k,

⌊
y(V )

k

⌋
≤ x(V ) ≤

⌈
y(V )

k

⌉}
.

� k 	

p+�qG�SXREabaZR-«wYbPec�MN�qGsREL_GIO YZ^wHeL_R	g=Gs�0YbP"Ô j ÕVoWMN�qG�HeL_RR�S�YZ^tREO�YbMNM_Gs���qGIL_G��WdqG�M_R�^_HKJErsG�abYbO�YbM¢J�MNYZREPq^-u
�  "�.��/1��� } 2

Q1
r_�¡E �FC�¶jC:����Ò�De�>K r�C�DQ�qæ.��v
�£æ �sÒ'¶jG �j��E@Dev�¶@r�
.É¡B�C3r�C�DQ�qæ.��v¡·>��´6DF¶jv

x ∈ ZV
r,��r�C

Q1
r �

EjC�
�¶jC)G �pr �»r�D:r,� D�µ'�º´�µ�Ejv�E�´\DQ��v�r,��Derq´�·>��´\DF¶jv�¶���Epµ.��Ò5�Ëv���
!æ.�p¶���E�C���Ejv�G �áI�C)r �\¶jv��¤µ.��Ò5��vqæjv�E�Ò�µ
H = (V, E)´�¶jC�DFEjr,C�r,C�æ

k
µ���Ò)��v�� 
6æ.����K � µ.rq´�µ � ��E>à!G �´�¶j·>��v�� p EjC�
��ËE@Der,� 4Ü��� bH(v) = y(v)

�Ë¶@v�EjC)�
v ∈ V É

�6G¶µM-o�«�G0HeL_R-g=G�MN�KJ�M�SXREL�`\9y�������6/j(�?�^_GIM�S¦dePqrIMNYZREPq^#«�GAr-J�PÇ^NMNL_GIPeciMN�qGIPÉMN�qGAJ�¤¯R-g=G0L_Gs^NdeabM�¤m]
L_GIHea£JErIYbPec �V«§G-J�°Qab]�rsR	g=GIL_^ ��¤m] ��rsR-g=GIL_^ �¢oKHeL_R-gYZ�eGs��MN�KJ�M

k = Mp = max{p(X) : X ⊆ V } u
�¥���d�d&%Â72 ���

p : 2V → Z∪{−∞} r,�ÜE�S1o i3i k.��P@N�®á��àj� � �F��I6Ò)��v���¶#
@I�GsEjv ��I�C�´\Derq¶jC5K k = max{p(X) :
X ⊆ V } KpEjC�
 H r_�YE¿µ.��Ò5��vqæjv�E�Ò�µW´�¶jC�DFEjr,C�r,C�æ�� ��E.´\DeGÐ�

k
µ���Ò)��v�� 
6æ.����KáD�µ5��C

bH ≥ p
r,��Ò�G rq���£D�µ�E�D

H®>R�¯'k.P@S
p
É

t»v�¶6¶�� [QdeHeH¨Ri^_G±MN�KJ�M
H
�eRQGs^5PqREM�rsR-g=GIL

p
o¨^_R�MN�qGIL_G±YZ^�J�^_GIM

X
«wYbMN�

bH(X) ≥ p(X) > dH(X) =
bH(X) − iH(X)

o?«w�qGIL_G
iH(X)

�eGIPqREM_Gs^¥MN�qG�PmdeO±¤¨GIL9R�S§�Q]QH¯GIL_Gs�Wc=Gs^¥R�S
H
r,C 
jI'´���
 ¤Q]

X
u#º§]¸MN�qG

JE^_^NdeO�HeMNYZREPq^§MN�qGIL_G6YZ^wJ¥^¢GIM
T
«wYbMN�

p(T ) = k
u�[QYbPqrsG

H
rsREPQM¢J�YbPq^wG¶µeJErIMNab]

k
�m]H¨GIL_Gs�Wc=Gs^	o

p(X ∪T ) =
p(V − (X ∪ T )) ≤ k − iH(X)

J�Pq�
p(T −X) ≤ k− iH(X)

J�aZ^_R9SXREabaZR-«t^-uUTVS
(∩∪)

J�HeHeabYZGs^§SXREL
X
J�Pq�

T
MN�qGIP

p(X ∩ T ) ≥ p(X) + iH(X) > bH(X) ≥ bH(X ∩ T )
o¨J�Pq�0YªS

(−)
J�HeHeabYZGs^tSXREL

X
J�Pq�

T
MN�qGIP

p(X − T ) ≥ p(X) + iH(X) > bH(X) ≥ bH(X − T )
oWGIYbMN�qGILtR�S�«w�eYZr_�0rsREPmMNL¢JE�WYZrIM_^zREdeLzJE^_^NdeO�HeMNYZREPq^-u

2

�  "�.��/1��� g 2 � �\D
p : 2V → Z ∪ {−∞} ���ªE����>�£�Y�ËDev�re´¿��à@� � �F��I6Ò5�Ëv���¶#
jI�GsEjv���I�C�´\Derq¶jC5K�G �ËD k =

max{p(X) : X ⊆ V } K�EjC�
ªG �ËD y ∈ C(p)
���E@C�r,C�DQ�qæ.��v%·>��´\DF¶@v � reD�µ y(v) ≤ k

�Ë¶@v���·>�Ëv��
v ∈ V

É
�yµ'��C�D�µ5��v��r_�ÅEªC:��Ejv�GÐ��I�C)r �\¶jv�� µ���Ò)��veæ@v�E�Ò�µ;´�¶jC�DFEjr,C�r,C�æ

k
µ.��Ò5�Ëv���
!æ.���¿D�µ�E@Dá´�¶j·j��v��

p
EjC�
l�\E@Der,� 4»���

bH(v) = y(v)
�\¶jvO��·>��v��

v ∈ V É
[QYbPqrsG�MN�qG�YbPQM_GIL_^_GsrIMNYZREPÇR�S5M�«�R�cE©�H¯REab]O�J�MNL_REYZ�e^#YZ^#J�cmJ�YbPÇJ�PÈYbPmM_GIc=GIL�H¨REab]�qGs�WL_REPDo «§G�r-J�PÉ^_REabg=G

MN�qG�HeL_RE¤eaZGIO R�S�rsR-g=GILNYbPecMV«�R ^N°=GI«+©V^NdeH¯GILNO#RQ�Wdea£J�L�S¦dePqrIMNYZREPq^�^_YbO¥deabM¢J�PqGsREdq^Nab]´YbPÉ^_REO#G0r-JE^¢Gs^-u  DGIM
p1, p2 : 2V → Z ∪ {−∞} ¤¯G9MV«�RA^N°=GI«+©V^NdeH¯GILNO#RQ�Wdea£J�L�S¦dePqrIMNYZREPq^-o¡J�Pq��aZGIM k ≥ max{pi(X) : X ⊆

��Â
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V, i = 1, 2} u� DGIM y ∈ C(p1) ∩ C(p2) ∩ ZV
^Ndqr_�AMN�KJ�M

y(v) ≤ k SXRELtGIg=GILN] v ∈ V J�Pq�
y(V ) ≥ k � SXREL

G¶µqJ�O�HeaZG
(k, k, . . . , k)

YZ^t^Ndqr¢�¸J9g=GsrIM_REL�	¶u� DGIM

R = R(p1, p2, k, y) := Q1(p1, k, y) ∩Q1(p2, k, y),

«w�qGIL_G
Q1

YZ^��eG¶ÊqPqGs� JE^!YbP � k 	Iu p+�qGIP
y/k ∈ R

o5J�Pq�
R
YZ^�MN�qG�YbPQM_GIL_^_GsrIMNYZREP R�S±M�«�R´YbPQM_GIc=GIL0cE©

H¯REab]O�J�MNL_REYZ�e^-o�^_R
R
YZ^±J�PqREPW©VGIO�HeMV]"YbPQM_GIc=GIL±H¯REab]Q�qGs�WL_REPDu�p+�qG�HeL_RR�StR�SwMN�qG�SXREabaZR-«wYbPec\MN�qGsREL_GIO�YZ^

J�PKJ�aZREc=REdq^5M_R�MN�KJ�MzR�SUp+�qGsREL_GIO k u

�  y����/>��� È 2 B�C�r�C�DQ�qæ.�Ëvb·>��´\DF¶jv
x ∈ ZV

r,�br,C
R
r ��EjC�
ª¶jC)G �r �¡reD�r,��D�µ'�Y´Ëµ�Ejv�E�´\DQ��v�r_�ËDere´%·j��´\DF¶jvÅ¶ �

Elµ���Ò)��v�� 
6æ.�l¶��ÅEªC���E@v�G �lI�C)r �Ë¶@v�� µ.��Ò5��vqæjv�E�Ò�µ
H = (V,E)

´�¶jC�DFE@r,C)r�C�æ
k
µ.��Ò5��v���
6æ.��� � µ�re´�µ � ��E>à!G �´�¶j·>��v�� ��¶�D�µ

p1
EjC�


p2
E@C�
b�\E@Der,� 4»���

bH(v) = y(v)
�\¶jvO��·>�Ëv��

v ∈ V É
�5^_YbPec  DGIO�O�J ��«§G�RE¤eM¢J�YbP0MN�qG�SXREabaZR-«wYbPec#MN�qGsREL_GIO0u

�  y����/>��� × 2 � �ËD p1 : 2V → Z ∪ {−∞} EjC�
 p2 : 2V → Z ∪ {−∞} ���lD � ¶����j�£���\Dev�rq´���àj� � ���I6Ò)��v���¶#
@I�GsEjvO�\�ËD ��I�C�´\Derq¶jC5�p��I5´�µ$D�µ�E�D

max{p1(X) : X ⊆ V } = max{p2(X) : X ⊆ V } = k,
� � 	

E@C�
�G �ËD
y ∈ C(p1) ∩ C(p2)

���ªEjC�r�C�DQ�qæ���v¿·>��´6DF¶jv � reD�µ y(v) ≤ k
�Ë¶@v¿�Ë·>��v��

v ∈ V
Éê�yµ'��C�D�µ'��v��

r,�¡E�C:��Ejv�GÐ��I�C)r �\¶jv��ëµ���Ò)��veæ@v�E�Ò�µ3´�¶@C�DFEjr�C)r,C�æ
k
µ���Ò)��v�� 
6æ.����D�µ�E@D�´�¶j·>��v�� ��¶@D�µ

p1
EjC 


p2
EjC�
Å�ËE�Der_� 4»���

bH(v) = y(v)
�\¶jvO��·j��v��

v ∈ V É
TVM�YZ^�^_�qR-«wPËYbP%Ô j Õ�MN�KJ�M�«wYbMN�qREdeM�MN�qG\JE^_^NdeO�HeMNYZREP REPÇMN�qG¸O�J(µYbO±deO gEJ�abdqGs^!MN�qG�J�¤¨R	g=GAHeL_RE¤W©

aZGIO»¤¯GsrsREO#Gs^
NP

©VrsREO�HeaZGIM_Giu�º§]0^NH¨GsrIY£J�abYb³sYbPec!MN�qG�J�¤¨R	g=G±L_Gs^_deabM_^tSXRELzMN�qG±PqRQ�eG¶©�M_R�©�J�L_G-J!rsREPePqGsrIMNYbgYbMV]
J�deciO#GIPQM¢J�MNYZREP¸HeL_RE¤eaZGIO «�G�RE¤eM¢J�YbPAMN�qG�S¦REabaZR	«wYbPec�L_Gs^NdeabM-u

�  y����/>��� A 2 �yµ'�ª¶�Ò:Der,��EjG��\¶jG I�Derq¶jCì¶��$D�µ'�lC�¶#
.� ��DF¶ ��Ejv���Ec´�¶jC)C���´\Der,·!r�De�ÇEjI@æj�Y��C�DFE@Derq¶jCWÒ�v�¶ ��G ��� r,C
µ���Ò)��veæ@v�E�Ò�µ���´�E@C ��� �\¶jI�C�
$r,C¿Ò'¶jG �>C�¶j�£reEjG¥Der��Y�YE@C�
reD�´�E@C ���Å´Ëµ�¶>�\�ËC;DF¶ ���YC���E@v�G �$I�C)r �Ë¶jv��YÉ ��� � �µ'Ej·>��D � ¶ár�C5��DFE@C�´�����¶���D�µ'��Ò�v�¶ ��Gs�Ë� ��I5´�µbD�µ�E@D �\¶jv�D�µ'��´�¶jv�v����QÒ'¶jC�
@r,C�æOv�� �ËI�r,v����Y��C�D ��I�C�´\Dere¶@C5�

p1
EjC�


p2� �=µ�E@·>� max{p1(X) : X ⊆ V } = max{p2(X) : X ⊆ V } KMD�µ'��C � �¡´�EjC 4¥C�
�r,CYÒ'¶jG �jC�¶j�£reE@G:Der��Y��Eµ���Ò)��veæ@v�E�Ò�µ¶����£r,C)r��£I�� DF¶@DFEjG���r J!�pD�µ�E@D"�\¶jGÐ·j���pD�µ'��C�¶#
.� ��DF¶ ��Ejv���E%´�¶jC)C:��´\Der�·6r�De�YE@Ijæj�Y��C�DFE@Dere¶@C$¶���D�µ'���\�
D � ¶År�C5��DFE@C�´�������r��£I�G DFEjC���¶jI.��GÐ�.É�°zI�vËD�µ'��v���¶jv���K»D�µ.r,���Ë¶jG I�Derq¶jC3´�EjC ���¡´�µ�¶j�\��C�DF¶����OC���E@v�G ��I�C)r �\¶jv��YÉ

� ÍÈÎ � Á¨Ð���� �=Á��	
 � �UÄy�ÑÅ��9Ò �O��Â¡���@�����mÐwÁ:�UÐ Ä0���¡�O�UÄy�ÑÅ ��Å�� � ÐtÃ9Ò5" �	���ÑÐÜ�ÑÅ����
� Á��wÓ�Ï�� "

T�P9MN�eYZ^�^¢GsrIMNYZREP±«§G�«wYbabaW^_REabg=G�MN�qG�L¢J�Pe°Q©�L_Gs^NH¯GsrIMNYbPec�PqRQ�eG¶©�M_R�©�J�L_G-J�rsREPePqGsrIMNYbgYbMV]�J�deciO#GIPmM¢J�MNYZREP�HeL_RE¤eaZGIO0o
Y�u Giu � L_RE¤eaZGIO2v�«w�qGIL_G

rank(H) ≤ rank(H0) ≤ γ
¬�R�S�rsREdeL_^_G�«�G�«wYbabawPqGsGs�´MN�qG0JE^¢^NdeO�HeMNYZREPÈMN�KJ�M

r(W ) 6= 1
S¦RELzJ�PQ]

W ∈ W u�TVP�S�JErIMw«�G�«wYbaba?^_REabg=G�MN�qG�SXREabaZR-«wYbPec#c=GIPqGIL¢J�abYb³	J�MNYZREP�R�S�MN�KJ�MzHeL_RE¤eaZGIO¼S¦REL
J�PQ]

γ ≥ 3
u

<�/1��-0����� f�± 2 Bp����I��Y�OD�µ�E@D
R : 2V → Z ∪ {−∞} r,�ÜÒ'¶>��reDer�·>��G �%´Ëv�¶>����r,C�æYC:�qæ�Ej��¶#
jI�GsEjv�K R 
.¶!����C�¶�D

DFEjàj�  Ej�O·1EjG I)��KºEjC�
�G �ËD
q = R − dH � r�D�µlE%µ���Ò)��veæ@v�E�Ò�µ H0 = (V, E0)

¶��¡v�EjC5à%E@DÜ��¶>�ËD
γ
É�°Mr�C�
E

µ���Ò)��veæ@v�E�Ò�µ
H
¶��=v�EjC5àYE@D¥��¶>�ËD

γ
´�¶j·j��v�r�C�æ

q = R− dH0

EjC�
�µ�Ej·!r,C�æY���bE@G,G ����DzÒ'¶>����r ��Gs�ODF¶@DFE@G:��r J!�6É

��g
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� deLtJ�HeHeL_R=JEr_��M_R±MN�qG6^_REabdeMNYZREP�R�S¡MN�eYZ^§HeL_RE¤eaZGIO�YZ^§MN�KJ�M§«�G6MNLN]#M_R9rsR-g=GIL+MN�qG5S dePqrIMNYZREP
R− dH0

¤m]
J��eGIciL_GsG¶©V^NH¯GsrIYªÊKGs�¸ciL¢J�He�Do¨J�Pq��YªSUMN�eYZ^tSXJ�YbaZ^zMN�qGIPA«�G¥dq^_G¥J��Q]QH¯GIL_Gs�Wc=G±YbP0MN�qG¥GIPq�;uw[QdeLNHeLNYZ^NYbPeciab]=oÑMN�eYZ^
J�HeHeL_R=JEr_��J�abO#Ri^NMt«§RELN°^-oqYbMtREPeab]!PqGsGs�e^tM_R�¤¨G�O#R�WYªÊKGs�0^NabYbci�QMNab]=u

�Ë�qGIP�«�G§«§J�PQMUM_R6rsR	g=GIL�Jz^¢GIM?S¦dePqrIMNYZREP�¤m]�Jº70�.+�/1���b`6�¥�.?�(_]��.7�+�/1&5�� �MN�qGIP�MN�qG§dq^NdKJ�aWM_Gsr_�ePeYZ²QdqG
YZ^�`!�0�e(,�\�!(e�y+)�����zu!TVP «w�KJ�M�SXREabaZR-«t^±aZGIM

p : 2V → Z ∪ {−∞} ¤¯G�J�^N]O�O#GIMNLNYZr�^N°=GI«+©V^_deH¨GILNO#R�Wdea£J�LS¦dePqrIMNYZREPAMN�KJ�Mz^¢J�MNYZ^NÊKGs^
p(∅) ≤ 0

J�Pq�
m : V → Z

J�PqREPePqGIcmJ�MNYbg=G�S¦dePqrIMNYZREP¸^¢J�MNYZ^nS¦]YbPec
m(X) ≥ p(X)SXREL±J�Pm]

X ⊆ V
� Y�u Giu�J�P"YbPmM_GIc=GIL9GIaZGIO#GIPmM�R�S

C(p)
	¶u �"G�«§REdeaZ�"abYb°=G#M_RA�eGsrIYZ�eG#«w�qGIMN�qGIL¥MN�qGIL_G�YZ^¥J

ciL¢J�He� � RELtH¯Ri^_^NYb¤eab]��m]H¨GILNciL¢J�He� 	
G
rsR-g=GILNYbPec

p
MN�KJ�Mz^¢J�MNYZ^NÊKGs^

dG(v) = m(v)
S¦RELtGIg=GILN]

v ∈ V uÙqREL¥J�PqR�eG
v ∈ V «§G�^¢Js]¸MN�KJ�M

v
YZ^p�M��`!(,�!(,����YªS

m(v) > 0
u�p+�qG�^_GIM�R�S�H¯Ri^NYbMNYbg=G9PqRQ�eGs^6«wYbabaU¤¯G

�eGIPqREM_Gs�\¤m]
V + uz�6^_^NdeO#G u, v ∈ V + J�L_G±MV«§R�H¯Ri^NYbMNYbg=G±PqRQ�eGs^ � H¯Ri^_^NYb¤eab]

u = v
o¨¤edeM6MN�qGIP

m(u) ≥ 2YZ^zJE^_^_deO#Gs� 	¶u p+�qG�REH¯GIL¢J�MNYZREP$`6����(,�\�!(e�"+5����� ��&'�
u
&)�y7

v
�zYZ^wMN�qG�S¦REabaZR	«wYbPecq¬ aZGIM

m′ = m− χ{u} − χ{v}
J�Pq�

p′ = p− d(V,{(uv)}).
� � 	

� PqG�r-J�PÈRE¤q^_GILNg=G�MN�KJ�M�MN�eYZ^�YZ^±YbPq�eGsGs�´MN�qG�dq^_dKJ�a§PqREMNYZREPÈR�S5^_HeabYbMNMNYbPecE©VR�®�¬�YªSt«�G!YbPmMNL_R�WdqrsG0J¸ciL¢J�He�
G∗ = (V + s,E)

«wYbMN�0GIg=GILN]!Gs�Wc=G�R�S
E
YbPqrIYZ�eGIPQMwM_R

s
J�Pq�

dG∗(s, v) = m(v)
SXRELwJ�PQ]

v ∈ V MN�qGIP�«�G
J�L_G6¤KJEr_°�J�M+MN�qG5«§GIaba;°QPqR	«wP�^NHeabYbMNMNYbPecE©VR�®�REH¯GIL¢J�MNYZREPDu y6R-«§GIg=GILt«�G5SXREdePq��MN�eYZ^+«+Js]�R�S?HeL_Gs^_GIPQMNYbPec#REdeL
L_Gs^NdeabM_^6O#REL_G9rsREPmg=GIPeYZGIPmM-u�TVS

m′(X) ≥ p′(X)
S¦REL�J�Pm]

X ⊆ V
MN�qGIP�«§G±^¢J-]0MN�KJ�M6MN�qG±^NHeabYbMNMNYbPec�R�® YZ^

&57��d(�`6`!(�-��,�Ñu ` aZG-J�LNab]=oD^NHeabYbMNMNYbPec�R�®ÈJ�M
u
J�Pq�

v
YZ^�JE�WO�YZ^¢^NYb¤eaZG�YªS§J�Pq��REPeab]AYªS§MN�qGIL_G�YZ^5PqR��qJ�Pec=GIL_REdq^

^_GIM
X
rsREPQM¢J�YbPeYbPec�¤¨REMN�

u
J�Pq�

v
� J±^_GIM

X
YZ^ 70&)�y+��./>��x"`zYªS

m(X)− p(X) ≤ 1
J�Pq��YbM�YZ^§r-J�abaZGs�Å�!(�+� ��

YªS
m(X)− p(X) = 0

	¶u �"G�«wYbaba¡J�aZ^_R�^¢J-]�MN�KJ�Mt^Ndqr¢�AJ9�qJ�Pec=GIL_REdq^t^_GIM
X
-0���z?>¦z`¡�! y�¿`!�0�e(,�\�!(e�y+3&'�

u&)�"7
v
oeREL5^NYbO�Heab]�MN�KJ�M

X
-��,�z?>¦z`

u
&)�"7

v
u

 DGIM
Mp = max{p(X) : X ⊆ V } u��È^¢GIM X «wYbMN�

p(X) = Mp
«wYbaba¤¨G§r-J�abaZGs�

p
����&'Ùy(e��&)�hu ` aZG-J�LNab]=o

YªS
Mp ≤ 0

MN�qGIPAJ�Pm]�^NHeabYbMNMNYbPecE©VR�®�YZ^tJE�WO�YZ^_^NYb¤eaZGiu �6REM_G6MN�KJ�M+S¦REL+MV«§R
p
©�O�J(µWYbO�J�aD^_GIM_^

X
J�Pq�

Y
GIYbMN�qGIL

¤¯REMN��R�S
X ∩Y J�Pq�

X ∪Y REL�¤¨REMN�!R�S
X−Y J�Pq�

Y −X J�L_GzJ�aZ^_R
p
©�O�J(µYbO�J�a�uUp+�qGtS¦REabaZR	«wYbPec¥aZGIO�O�J

«§JE^zHeL_R-g=Gs�AYbP"Ô��(ÕVu

�¥���d�d& f�f 2 � �ËD
p : 2V → Z ∪ {−∞} ���$E3���j�£���\Dev�rq´���àj� � �F��I6Ò)��v���¶#
@I�GsEjv ��I�C�´\Derq¶jC�EjC 
 m ∈

C(p) ∩ ZV
É ���

Mp = max{p(X) : X ⊆ V } > 1
D�µ'��C3D�µ'�Ëv���r,�=E@C�E 
@�¡r,����r �ËGs�=�FÒ�GÐreDqDer,C�æ ��¶ ��É

t»v�¶6¶��  DGIM
Y
¤¨G�J0O�YbPeYbO�J�at^¢GIM9^¢J�MNYZ^NS ]YbPec

p(Y ) = Mp
u\º§]"^N]O�O#GIMNLN]=o

p(V − Y ) = Mp
o�M_RReo

^_R «�GAr-J�PÖr_�qRRi^_G\J�O�YbPeYbO�J�a�^_GIM
Z ⊆ V − Y

^¢J�MNYZ^NS ]YbPec
p(Z) = Mp

u [QYbPqrsG
Mp ≥ 1

«�G\r-J�P
r_�qRRi^_G

y ∈ Y, z ∈ Z «wYbMN�
m(y),m(z) > 0

u �"G±rIa£J�YbO MN�KJ�MzMN�qG9^NHeabYbMNMNYbPec�J�M
y
J�Pq�

z
YZ^6JE�WO�YZ^_^_Yb¤eaZGiu

�6^_^NdeO#G�MN�KJ�MwYbMwYZ^wPqREMzJ�Pq�0rsREPq^_YZ�eGIL5J��qJ�Pec=GIL_REdq^z^_GIM
X
rsREPmM¢J�YbPeYbPec

y
J�Pq�

z
� PqREM_G�MN�KJ�M

p(X) > 0
	¶u

[QYbPqrsG
m(X − Y ) ≤ m(X) − m(y) ≤ m(X) − 1

J�Pq�
p(Y − X) < Mp

¤Q]ÉMN�qG¸O�YbPeYbO�J�abYbMV]ÆR�S
Y
o
X

J�Pq�
Y
r-J�PePqREM�^¢J�MNYZ^NS ]

(−)
o�^NYbPqrsG�MN�KJ�M�«�REdeaZ�ÈO#G-J�P

m(X) − 1 + Mp ≤ p(X) + p(Y ) ≤
p(X − Y ) + p(Y −X) < m(X − Y ) +Mp ≤ m(X)− 1 +Mp

oeJ9rsREPmMNL¢JE�WYZrIMNYZREPDuw[R
X
J�Pq�

Y
O¥dq^_M

^¢J�MNYZ^nS¦]
(∩∪)

o=«w�eYZr_�!YbO�HeabYZGs^ � dq^NYbPec
m(X ∩Y ) = m(X)−m(X−Y ) ≤ m(X)−m(z) ≤ m(X)−1

	
MN�KJ�M

p(X ∪ Y ) = Mp
J�Pq�

m(X − Y ) = 1
o¨^NYbPqrsG

m(X) − 1 +Mp ≤ p(X) + p(Y ) ≤ p(X ∩ Y ) +
p(X ∪ Y ) ≤ m(X ∩ Y ) +Mp ≤ m(X) − 1 + Mp

u �6R-«
X ∪ Y J�Pq�

Z
r-J�PePqREM�^¢J�MNYZ^nS¦]

(−)
^NYbPqrsG

MN�eYZ^w«§REdeaZ��ciYbg=G
p(Z − (X ∪ Y )) = Mp

oWrsREPmMNL¢JE�WYZrIMNYbPec!MN�qG�O�YbPeYbO�J�abYbMV]�R�S
Z
uUp+�qGIL_G¶SXREL_G

X ∪ Y J�Pq�
Z
^¢J�MNYZ^nS¦]

(∩∪)
YbO�Heab]QYbPec!MN�KJ�M

p(Z ∩ (X ∪ Y )) = Mp
oK«w�eYZr_�\YZ^zREPeab]�H¯Ri^_^NYb¤eaZG�YªS

Z ⊆ X ∪ Y u�º§deM
2 ≤Mp = p(Z) ≤ m(Z) ≤ m(X − Y ) = 1

ciYbg=Gs^6J�rsREPmMNL¢JE�WYZrIMNYZREPDu
2

 DGIM5dq^wO#GIPmMNYZREP�J�P0YbO�H¯RELNM¢J�PmM�rsREPq^_Gs²QdqGIPqrsG¥R�S�MN�eYZ^taZGIO�O�JWu§T�S�MN�qGIL_G�YZ^zPqR�JE�WO�YZ^_^NYb¤eaZG�^_HeabYbMNMNYbPecE©
R�®UoWMN�qGIP

p ≤ 1
J�Pq��GIg=GILN]!HKJ�YbL

u, v ∈ V + YZ^+YbPAJ��qJ�Pec=GIL_REdq^t^_GIM
X
¬UMN�eYZ^+O#G-J�Pq^tMN�KJ�M

p(X) = 1
J�Pq�

m(X) = 2
oe�qGIPqrsG

m ≤ 1
u

�:È
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½���/1���e�,&5/194f'|72 ���
p
r_�¡EÅ���j�¡�Y�ËDev�rq´O��àj� � �Q��I!Ò5��v���¶#
jI�G Ejv ��I�C�´\Derq¶jC�EjC�
 m ∈ C(p) ∩ ZV

D�µ5��C�D�µ'��v��
r,�=E£µ.��Ò5��vqæjv�E�Ò�µ

H
´�¶j·>�Ëv�r�C�æ

p �
reD�µ�
.�qæ@v���� ��I�C�´\Derq¶jC

m
D�µ�E�DM´�¶jC�DFE@r,C5�=E@D	��¶>�ËDM¶jC���µ.��Ò5��v���
6æ.�£¶ ����rsJ1�

æ@v���E�DQ��v¡D�µ'EjC��'É
` REPq^NYZ�eGILtMN�qG6SXREabaZR-«wYbPec�ciL_GsGs�W]�J�abc=RELNYbMN�eO0u

��� �����
	 ���������������������� ��!�"$#��&%'�(!)+* �,	.- /10�2�3�45�7698+:<;>=@?�ACB>DE;GF�HJI�-LKM�	 �,-
R : 2V → Z ∪ {−∞} N �,	 O * -QP�	 �R�QST�$SMU9	V�W	 XY	V-Z�[���\SLK � *L]

^ SL�_	 ^ Ha`�	.-Z� R(X) 6= 1
H
���bS�-c`

X ⊆ V S�-LdeS@�Z`�f * �g�h�aS�f��
H0 ij 3�4k2�3�4��l�h�aS�f��

G = (V,E)
S�-mdTSn�c`�f * � * d+� *

e ^ ILK �o��YSZ���R� * �Z`�f * �g�h�aS�f��
G + e

Kc�YO * � ^
R− dH0

S�-Ldp�R� * �J� �JS�� ^ 	 X * �YH
G+ e

	 ^ �W	V-�	V�kI�� iviubviu � * �
q = R− dH0

S�-Ld
p = qs i�q 	.-Ld@Sr�W	.-+	V�$S��

m ∈ C(p) ∩ ZV iviu j uWs -+	 �_	ES��t	 X *
G = (V, ∅) iviu��Wu�u �+	.� * �� * � *�* U�	 ^ � ^ S�-vSLd<�W	 ^w^ 	 ) � * fmS�	V�

u, v
d��

viu k u � * �
m = m− χ(u)− χ(v)

S�-Ld
p = p− d(V,{(u,v)})

S�-md
G = G+ (uv) iviu	�Wu �$IL�f�IL�

G
S�-Ld

e
P'� * � *

χe = m i* -md
` aZG-J�LNab]=o¯YªS�MN�qG±S¦dePqrIMNYZREP

R
YZ^6ciYbg=GIP�«wYbMN�"J�O�J(µWYbO�Yb³sYbPec0REL¢JErIaZG9MN�qGIP�MN�eYZ^�J�abc=RELNYbMN�eO M_GILNO�YbPKJ�M_Gs^

YbP�H¯REab]QPqREO�Y£J�a�MNYbO#Giu��"G�^¢Js]AMN�KJ�M6MN�qG�J�abc=RELNYbMN�eOÕ+����%`6�!xy?>¦¹YªS MN�qG±�Q]QH¯GIL_Gs�Wc=G9YbP�MN�qG±REdeMNHedeM�YZ^�R�S
^_Yb³-G�ciL_G-J�M_GILtMN�KJ�P l u

TVP«w�KJ�M9S¦REabaZR	«t^�«�G!«§J�PQM�M_R¸r¢�KJ�L¢JErIM_GILNYb³-G�MN�qG�^NMNdqr_° ^_YbMNdKJ�MNYZREPDu�T�S
p
YZ^9MN�qG!^_]QO�O#GIMNLNYb³-Gs�´R�S6J

S¦dePqrIMNYZREP
q
MN�qGIP´S¦REL�J�PQ]¹^¢GIM

X
GIYbMN�qGIL

p(X) = q(X)
REL
p(X) = q(X)

� H¨Ri^_^_Yb¤eab] ¤¯REMN� 	¶uÈTVP´MN�qG
SXRELNO#GIL+r-JE^_Gz«§G5^·Js]�MN�KJ�M

X
YZ^§R�S

q
����9^�M�KoQYbP�MN�qG5a£J�MNM_GIL�«§G5^¢J-]�MN�KJ�M

X
YZ^§R�S

q
����9^�¥� � ^_R

X
r-J�P�¤¯GzR�S

¤¯REMN�AM�]QH¯Gs^�	¶u �"G¥«wYbaba¡PqGsGs�0MN�qG�S¦REabaZR	«wYbPec!RE¤q^¢GILNgEJ�MNYZREP�J�¤¨REdeM�J�rIL_Ri^_^NYbPec�PqGIcmJ�O#RQ�Wdea£J�L�^_GIMtS dePqrIMNYZREP
q
� «w�qGIL_G�MN�qG�PqREM¢J�MNYZREP

Mq = max{q(X) : X ⊆ V } YZ^+dq^_Gs��SXRELzJ�Pm]�^_GIM+S¦dePqrIMNYZREP q 	¶u
TVS
X,Y ⊆ V J�L_G�rIL_Ri^_^NYbPecqo

q(X) = q(Y ) = Mq
oeMN�qGIP

q(X ∩ Y ) = 1
J�Pq�

q(X ∪ Y ) = 1.
� Ø
	

p+�qG�SXREabaZR-«wYbPec�rIa£J�YbO c=GIPqGIL¢J�abYb³-Gs^�MN�eYZ^?^_M¢J�M_GIO#GIPmM�YbP±REPqG��WYbL_GsrIMNYZREPDu�T�M¡YZ^¡HeL_R-g=Gs�±¤m]¥Jt^_YbO�HeaZG YbPq�WdqrIMNYZREPDu
½O��&)(e� f'�
2 � �ËD

q : 2V → Z
���$´\v�¶>����r�C�æ3C:�qæ�Ej��¶#
jI�GsEjv$EjC�
�Ej����I��Y�D�µ�E�D

X0, X1, X2, . . . , Xt
Ejv��

��I ���\�ËD��$¶��
V

� � µ'��v�� t ≥ 0
�l��I5´�µ;D�µ'E@D

q(X0) = q(X1) = q(X2) = · · · = q(Xt) = Mq
EjC�


Xi´\v�¶>���\���
X0 ∪

⋃
j<iXj

�Ë¶@v�EjC)�
i = 1, 2, . . . , t

Éb�yµ'��C
q(X0 ∪

⋃
j≤tXj) = Mq

É
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h = v1v2
	¶uwº+Gsr-J�dq^_G¥R�S MN�qG±Gs�Wc=G

h
oKMN�qG¥M�]QH¯G¥R�S

Xv2v3

J�Pq�
Xv1v3

O¥dq^NM
¤¯G±MN�qG¥^¢J�O#Giu�[QYbPqrsG

p(v3) = 1
oKMN�qGIL_G±O¥dq^NM6¤¯G±J�P�Gs�Wc=G

g
R�S
H
aZG-JsgYbPec

v3
¬+MN�eYZ^5Gs�Wc=G9r-J�PePqREM�aZG-Jsg=G

{v2, v3, v4}
o?^NYbPqrsG

(−)
O¥dq^_M¥�qREaZ��«wYbMN�¹Gs²mdKJ�abYbM�]�S¦REL

Xv2v3

J�Pq�
Xv3v4

u!TVP J�PQ]"r-JE^_Gio�GIYbMN�qGIL
Xv2v3J�Pq�

Xv1v3

oeREL
Xv1v3

J�Pq�
Xv3v4

«wYbaba¡PqREMz^¢J�MNYZ^nS¦]
(−)

«wYbMN�0Gs²QdKJ�abYbMV]=u
2

TVPMN�qG�aZGIO�O�JE^#J�¤¯R-g=G�«�G!�KJ-g=G!^_�qR-«wP´MN�KJ�M±MN�qGIL_G�G¶µWYZ^NM_^�J0dePeYZ²QdqG�H¯Ri^NYbMNYbg=G�PqRQ�eG
x
^Ndqr_�¹MN�KJ�M

GIYbMN�qGIL�MN�qG
q
©�ciL¢J�He�"REL�MN�qG

q
©�ciL¢J�He��YZ^�MN�qG�rsREO�HeaZGIM_G�ciL¢J�He�"REP

V + − x J�Pq�¸MN�qG�REMN�qGIL�ciL¢J�He��YZ^6MN�qGrsREO�HeaZGIO#GIPQM � Y�u GiuUJ�^NM¢J�L�	¶uUp+�eYZ^�MNL¢J�Pq^Na£J�M_Gs��M_R�MN�qGz^_YbMNdKJ�MNYZREP�¤¯G¶S¦REL_G5rsREPmMNL¢JErIMNYZREP�O#G-J�Pq^-oQMN�KJ�M�SXREL�J�PQ]
u ∈ V + MN�qGIL_G�G¶µYZ^_M_^zJ9MNYbci�mMz^¢GIM

X(u)
MN�KJ�Mz«§JE^zrsREPQMNL¢JErIM_Gs� � ^_R�MN�qGs^¢G�^_GIM_^zJ�L_G��WYZ^¦fNREYbPmM�	¶u

[\�4�! y�
γ ≥ 4

?�&5`6�
X(u) ∪ X(v)

YZ^±�qJ�Pec=GIL_REdq^±SXREL9J�PQ]
u, v ∈ V + − x u0ÙedeLNMN�qGILNO#REL_G!MN�qGIL_GG¶µWYZ^NM_^�J�M�aZG-JE^NM�REPqG9a£J�LNc=G��m]H¨GIL_Gs�Wc=G

f ∈ H MN�KJ�M��KJE^�^NYb³-G
γ
J�Pq��^¢J�MNYZ^nÊKGs^6MN�KJ�M |f ∩X(u)| = 1

SXREL
J�PQ]

u ∈ V + − x u! DGIM Y = V − ∪u∈V +−xX(u)
o¯^_R

X(x) ( Y
� YbM5O±dq^NM5¤¯G±J�HeL_REH¯GIL6^Nde¤q^¢GIM-oÑ^NYbPqrsG

p(Y ) 6= 1
o^NYbPqrsGwPqR��Q]QH¯GIL_Gs�Wc=GzaZG-J-g=Gs^

Y
	¶u�TVP#MN�eYZ^�r-JE^_GwYbM�YZ^ PqREM �KJ�L_��M_R¥^_GsGwMN�KJ�M§GIg=GILN]�^_GIM

Y ∪X(u)�
u ∈ V +−x 	�YZ^�R�S q ©�MV]H¨GiuUT�M�YZ^�rIaZG-J�L�MN�KJ�M§MN�qGtciL¢J�He� G �eRQGs^�PqREM��KJ-g=G5Gs�Wc=Gs^�¤¯GIMV«�GsGIP�MN�qGzHKJ�LNMNYbMNYZREP
rIa£JE^¢^_Gs^ {X(u) : u ∈ V + − x} ∪ {Y } u� P"MN�qG�REMN�qGIL±�KJ�Pq�;o	(��¤�! "�

γ ≤ 3
?.&5`6�\MN�qGIL_G�G¶µWYZ^NM_^¥JA^_GIM

Z ⊆ V − ∪u∈V +X(u)
^Ndqr_�MN�KJ�M

X(u) ∪ X(v) ∪ Z YZ^#�qJ�Pec=GIL_REdq^�SXREL�J�Pm]
u, v ∈ V + − x

J�Pq�´MN�qGs^_G0^¢GIM_^#J�abaw�KJsg=G�MN�qG0^·J�O#G�MV]H¨G
�
Z
YZ^9GIO�HeMV]�YbPMN�qG

γ > 3
r-JE^_G�	¶u  DGIM

Y = V − Z − ∪u∈V +−xX(u)
¬�J�cmJ�YbP

X(x) ( Y
� YbM±O¥dq^NM

¤¯G#J�HeL_REH¨GIL�^_de¤q^_GIM-oD^NYbPqrsG
p(Y ) 6= 1

o¡^NYbPqrsG�PqR��m]H¨GIL_Gs�Wc=G�aZG-J-g=Gs^
Y
	¶u9T�P�MN�eYZ^�r-JE^_G�MN�qG�Gs�Wc=Gs^�R�S

GJ�L_G!GIYbMN�qGIL¥YbPq�WdqrsGs�¹YbP´J�O#GIO¥¤¯GIL�R�S+MN�qG�HKJ�LNMNYbMNYZREP {X(u) : u ∈ V + − x} ∪ {Y,Z} o�REL¥MN�qGI]"r-J�PGIg=GIP\c=R�¤¨GIM�«�GsGIP\MV«�R�rIa£JE^_^¢Gs^ � ¤edeM6REPeab]0¤¨GIM�«�GsGIP
X(u)

J�Pq�
X(v)

RELz¤¯GIMV«�GsGIP
X(u)

J�Pq�
Z
oK«w�qGIL_G

u, v ∈ V + − x 	¶uUTVP�¤¯REMN�Ar-JE^_Gs^w«§G�r-J�P�HeL_R-g=G¥MN�qG�SXREabaZR-«wYbPec#aZGIO�O�JWu
�M������&;f × 2 �yµ'�á�\�ËD�� X(u)

�
u ∈ V + − x �YEjv�����E �jr���EjG^Dersæ>µ�DM�\�ËD��6É

tÜv�¶6¶ � �5^¢^NdeO#G�MN�KJ�M�MN�qGIL_G�YZ^
u ∈ V + − x J�Pq�"J!MNYbci�mM±^_GIM X ) X(u)

u  DGIM
v, w ∈ V + − {u, x}¤¯G�J�LN¤eYbMNL¢J�LN] J�Pq�¹RE¤q^_GILNg=G�MN�KJ�M¥MV]H¯G�R�S

X(v) ∪ X(w) ∪ Z J�Pq�"MN�KJ�M9R�S
Y ∪ X(v) ∪ X(w) ∪ Z YZ^

�WYª®;GIL_GIPmM-¬9MN�eYZ^�S¦REabaZR	«t^�S¦L_REO � Ø
	�J�HeHeabYZGs� M_R
X(v) ∪ X(w) ∪ Z J�Pq�

Y ∪ X(v)
u!p+�eYZ^¥YbO�HeabYZGs^¥MN�KJ�M

X∩X(v) = X∩Z = ∅ o=^NYbPqrsG (∩∪)
SXREL

X
J�Pq��GIYbMN�qGIL�R�S

X(v)∪X(w)∪Z J�Pq�
Y ∪X(v)∪X(w)∪Z� J�Pq�

p
	w«�REdeaZ�\ciYbg=G9J�rsREPmMNL¢JE�WYZrIMNYZREPDu �"G9REPeab]0PqGsGs�¸M_R�HeL_R	g=G9MN�KJ�M

X ∩ Y YZ^5GIO�HeM�]=u6�6^_^NdeO#G¥MN�KJ�M
YbMwYZ^+PqREMzJ�Pq���WYZ^_MNYbPecideYZ^N��MN�qG6S¦REabaZR	«wYbPec#MV«§R#r-JE^_Gs^-u ` aZG-J�LNab]=oqMN�qG�MV]H¨G�R�S

X
J�Pq�

Y ∪X(z)
�KJE^+M_R�¤¯G

MN�qG9^¢J�O#G�S¦REL�J�Pm]
z ∈ V + − x oÑREMN�qGILN«wYZ^_G p(X ∩ (X(z) ∪ Y )) = 1

«�REdeaZ�AS¦REabaZR	« S¦L_REO
(∩∪)

S¦REL
XJ�Pq�

X(z) ∪ Y oqJ�Pq��YbMw«�REdeaZ�AciYbg=G¥J�rsREPmMNL¢JE�WYZrIMNYZREPDu

}�±



� � �?���e� ���¯��� ����� ���< * � � �  ���?> � k v

½O* w ¼ [>���Ug=GILN]�^_GIM
Y ∪ X(z)

�
z ∈ V + − x 	5YZ^�R�S q ©�MV]H¨Giu±º�] � Ø
	�J�HeHeabYZGs��M_R

X(v) ∪ X(w) ∪ ZJ�Pq�
Y ∪X(v)

oeMN�qG�^_GIM
Y ∪X(v) ∪X(w) ∪ Z «§REdeaZ��¤¨G�R�S

q
©�M�]QH¯GioeYbO�Heab]YbPec�MN�KJ�M

q(X ∩ Y ) = 1
oqJ

rsREPmMNL¢JE�WYZrIMNYZREPDu
½O* w ¼Õ[1[>���Ug=GILN]"^_GIM

Y ∪ X(z)
�
z ∈ V + − x 	�YZ^9R�S q ©�M�]QH¯Giu0�5HeHeab] ` a£J�YbO�v���S¦REL

X0 = X
J�Pq�

MN�qG�^_GIM_^
X(u) ∪ X(z) ∪ Z �

z ∈ V + − x
	�M_R¹c=GIM�MN�KJ�M

p(X ∪ Z ∪ ⋃z∈V +−xX(z)) = 1
u  DGIM

Y ′ = V − (X ∪ Z ∪ ⋃z∈V +−xX(z)) = Y − X ¬6YbM��KJE^ p ©�giJ�abdqG�vio;^_R!MN�qGIL_G�O±dq^NM�¤¨G�J��m]H¨GIL_Gs�Wc=G
h
aZG-J-gQYbPecYbM-uÇp+�eYZ^��m]H¨GIL_Gs�Wc=G¸r-J�PePqREM�aZG-Jsg=G

Y
o+^_R�YbM�GIPmM_GIL_^

Y ∩ X uËº§deM#YbPÉMN�eYZ^�r-JE^¢G�MN�qG0^_GIM_^
X ∪X(v)∪Z J�Pq�

X ∪X(w)∪Z rsREdeaZ�!PqREM+^·J�MNYZ^nS ]
(−)

«wYbMN��Gs²QdKJ�abYbMV]=oWMN�qREdeci��¤¨REMN��R�S¡MN�qGIO3�KJ-g=G
q
©�gEJ�abdqG#viuUp+�eYZ^zrsREPmMNL¢JE�WYZrIMNYZREP¸ÊqPeYZ^N�qGs^tMN�qG�HeL_RR�SUR�S�MN�eYZ^waZGIO�O�JWu

2

p+�eYZ^  DGIO�O�J6^N�qR	«t^?MN�KJ�M�REdeL�YZ�eG-J5r-J�P9¤¯G YbO�HeaZGIO#GIPmM_Gs�#MN�qG SXREabaZR-«wYbPec�«§J-]¨¬¡YªS
G
rsREPmM¢J�YbPq^ J�P�Gs�Wc=G

ab
oKJ�Pq�

c ∈ V + − x YZ^z^Ndqr_�¸MN�KJ�M X(c) ∩ {a, b} = ∅ MN�qGIP0MN�qG��Q]QH¯GILNciL¢J�He� H = (V,E(G) − {ab} +
{a, b, c} + e′)

R�S�M_REM¢J�a ^NYb³-G�O#GsGIMNYbPec�MN�qG�ciL_GsGs�W]¸¤¨REdePq��YZ^�J�SXG-JE^NYb¤eaZG�^_REabdeMNYZREPDo;«w�qGIL_G
e′ = V + − c up+�eYZ^+ÊqPeYZ^N�qGs^zMN�qG�^_REabdeMNYZREPAR�S�MN�qG6�UL_RE¤eaZGIO v l S¦RELzJ�PQ]

γ ≥ 3
u

� � �\��Á��	�9Ä"�	

Ôbv¶Õ ��ELNc=GIP¸º+J�PecE© mGIPq^_GIPDoq�5Pq�WL 1E^tÙeL¢J�Pe°¯oqJ�Pq��º�Ybaba QJEr_°W^_REPDo t»v����\�Ëv�·6r�C�æ�EjC�
Yr�C�´Ëv���E>��r�C�æYG ¶!´�EjG0��
!æ.� �

´�¶@C)C���´\Der�·6reDe�År�C$�£r �.��
bæjv�E�Ò�µ.� oÑ[Th�5� quqF6YZ^_rIL_GIM_G���J�MN�Du × � v-×i× � 	¶oePqReu j o;v � ���Ñv	Ø 6 u
Ô j Õ±�+MNMNYba£J º+GILNP31�MN� J�Pq� p?J�O 1E^ ��YbL 1�ab]=o ³	¶j·j��v�r�C�æ ���>�£�Y�ËDev�re´ ��àj� � �F��I6Ò)��v���¶#
@I�GsEjv ��I�C�´6Dere¶jC)�

� reD�µcµ���Ò)��v�� 
6æ.��� o±p?Gsr_�Du��zGIH¯RELNMAp �w© jilil76 © l �Wo � c=GILNg�1�LN] �5Gs^_G-J�L_r_� � L_REdeHDo�º§dq�qJ�H¨Gs^_M-o jilil76 o
��� �§���= ��!�m����� ���m|�� ���=���W  u

Ô��(Õ o B C�� � E�Ò�Ò�v�¶6E�´�µ4DF¶Ç�QÒ�GÐreDqDer�C�æ ��¶ � o¥p¡Gsr¢�Du �zGIH¯RELNM¸p �w© jilil76 © lij o �Uc=GILNg 1�LN] �zGs^_G-J�L_r¢�
� L_REdeHDoKº�dq�qJ�H¯Gs^NM-o jilil76 o � � �+� �m ��!�Q��� �U���Q|������=� �  u

Ô k Õ �5REa£J�Pq� � L¢J�HeH¨G�J�Pq���¨REabM 1�PÆ[Q³sYbc=GIMNY�o Ê=¶@DQ� � ³	¶j·>��v�r,C�æ����j�£�Y�ËDev�re´%�6���£r ����¶jC�¶@DF¶jC:� ��I�C�´6Dere¶jC)� o
F6YZ^_rIL_GIM_G��5HeHea�ue��J�MN�Duzf'Â�g � jilil76 	¶oePqReuDvio¡v�� 6 �Ñv kik u

Ô	�(Õ±p?Ri^N�eYbO�JE^¢J�Th^N�eYbYDJ�Pq�!��JE^¢J-]Qde°Y;y6J�ciYb«+J�L¢JWo â$r�C)r,�£I�� EjIjæ@���ËC�DFE@Derq¶jCª¶���Gs¶6´�EjG���
6æ.� ��´�¶jC)C:��´\Der�·6r�De�
���\D � ����Cd·j��v�Derq´����bEjC�
%·>�Ëv�DQ� ����I����\�ËD��¡r,C�I�C�
jr�v���´\DQ��
Yæ@v�E�Ò�µ�� o¨F6YZ^_rIL_GIM_G¥�5HeHea�uK��J�MN�Du^f5Â5} � jilil � 	¶o
PqReuDv � o j � l Ø � j � j ×Wu

}^f



� �%� �#*§.���� ���U� ��*&, �A.����(�	����' ��� � ��
È��*§� �#*��!���

� �  � Ci:  Z<�8È@6B¡CE< ∗
F6GIHKJ�LNMNO#GIPQM5R�SUTVPWSXRELNO�J�MNYZREPAp+�qGsRELN]

J�Pq� ` REO�HedeM_GIL6[rIYZGIPqrsG
º§dq�qJ�H¯Gs^NM!�5PeYbg¨uUR�SUp¡Gsr¢�ePDu�J�Pq� ��rsREPqREO�YZrs^
viviv	Ø�º§dq�qJ�H¯Gs^NM-oq��J�ci]mJ�LtMNdq� �i^_RE°!°	�EL��eM¦fNJ j u

y5dePecmJ�LN]
{Q|Q}W~=� �m ��V{i��� ���Q|

7�8;:i<�>¸@�BDCE<
F�GIHKJ�LNMNO#GIPmM�R�SUTVPWSXRELNO�J�MNYZREP\[Q]W^NM_GIO#^

` REabaZGIc=G¥R�SUF6dePKJ�dEfhgiJ�L_Ri^
j�kmlil F6dePKJ�dEfngEJ�L_Ri^	oqp?J�Pqrs^NYZrs^zdDuwv	xEJ

y5dePecmJ�LN]
{Q|Q}W~=���K~W�i�U�V�m|Q�����m|

*Å-"`\�6/>&5?@�@��TVP�MN�eYZ^�HKJ�H¯GIL�«�G�YbPQMNL_RQ�WdqrsG#MN�qG�^NdeH¨GILNO�J�LN°=GIM�^¢GIM_REdeM�HeL_RE¤eaZGIO0u�p+�eYZ^�J�YbO#^
J�M�ÊqPq�WYbPec�«w�qGIL_G�HeL_R�WdqrIM_^¥J�L_G�M_R!¤¨G�Hea£JErsGs��YbPq^_YZ�eG�MN�qG�^NdeH¨GILNO�J�LN°=GIM � REP�«w�eYZr_� ^N�qGIaªSNo
J�M!«w�eYZr_�ÖH¨Ri^_YbMNYZREPËR�S±J^N�qGIaªSNotGIM_riu 	 YbPÖREL_�eGIL!M_R O�J(µWYbO�Yb³-G\HeL_R�ÊqM-u p+�eYZ^!O#REMNYbgiJ�MNYZREP
� Y�u Giu±O�J(µYbO�Yb³	J�MNYZREP R�S§HeL_R�ÊqM�	5YZ^�g=GILN]\^_YbO�Yba£J�L�M_R�MN�qG�O#REMNYbgiJ�MNYZREP R�S§MN�qG�O�J�LN°=GIM�¤KJE^N°=GIM
J�PKJ�ab]W^NYZ^-o«w�eYZr_��YZ^wREPqG�R�S?MN�qG6O#Ri^NM+HeL_REO�YbPqGIPQM5J�Pq��O#Ri^NM+H¨REHedea£J�Lw¤edq^_YbPqGs^_^§HeL_RE¤eaZGIO#^wYbP
�qJ�M¢J�O�YbPeYbPecqu�y5R	«�GIg=GIL-oersREO�HKJ�L_Gs��M_R¥MN�qGzO�J�LN°=GIM�¤KJE^N°=GIMwJ�PKJ�ab]W^NYZ^-oQYbP�r-JE^_G5R�SDMN�qG5^NdeH¯GILn©
O�J�LN°=GIM±^¢GIM_REdeM�HeL_RE¤eaZGIO «§G�M¢J�°=G�JE�e�WYbMNYZREPKJ�awJ�HeHeabYZr-J�MNYZREPKJ�a§L_Gs²mdeYbL_GIO#GIPQM_^±YbPQM_R¸JErsrsREdePQM-o
J�Pq�¸MN�eYZ^�J�abaZR	«t^6¤¨GIMNM_GIL-o¨O#REL_G9L_G-J�abYZ^NMNYZr±O#RQ�eGIababYbPec�R�S�J�rsREO�HeaZG¶µ¸¤edq^NYbPqGs^_^5HeL_RE¤eaZGIO0u��"G
YbPmMNL_R�WdqrsG�J�P � J�HeHeL_RsµWYbO�J�M_G�	w^_REabdeMNYZREP!SXREL+MN�qG6^_deH¨GILNO�J�LN°=GIMt^_GIM_REdeM+HeL_RE¤eaZGIO ¤Q]�rsREO±¤eYbPW©
YbPec9O�J�LN°=GIMw¤KJE^N°=GIM+J�PKJ�ab]W^NYZ^§M_Gsr_�ePeYZ²QdqGs^ � S¦L_Gs²mdqGIPQM+YbM_GIO#^_GIM+O�YbPeYbPec 	�J�Pq��rsREPq^NMNL¢J�YbPQMwaZREciYZr
HeL_REciL¢J�O�O�YbPecqu

½�.9zaO��/>70`@�º�Q/>�.{^x"�����á(,�6���d`6������(��0(e�y+¡¾�?����y`6�6/1&)(e���á�,��+�(�?£�"/>��+�/1&)���d(e�"+D¾�`!x"�¥��/6�
��&5/>¦��.��`6���6��x^���0/>��-��,���

¿ À �º�ÑÁ���Â9Ã±Äy�ÑÅ��º�
��J�LN°=GIM9¤KJE^N°=GIM9J�PKJ�ab]W^NYZ^�YZ^±REPqG�R�SwMN�qG#O#Ri^_M¥YbO�H¯RELNM¢J�PmM±ÊKGIaZ�e^±R�St�qJ�M¢J�O�YbPeYbPecqu�T�M±J�YbO#^�J�M�ÊqPq�WYbPec
HKJ�YbL_^	o=MNLNYbHeaZGs^-ususuNR�S;HeL_R�WdqrIM_^ «w�eYZr_�!J�L_GtR�S M_GIP�¤¨REdeci�QM M_REc=GIMN�qGIL§J�Pq��dq^_G+MN�eYZ^�YbPWS¦RELNO�J�MNYZREP�YbP#¤edq^NYbPqGs^_^-¬
¤KJE^¢Gs�0REP0^Ndqr_�\J�PAJ�PKJ�ab]^NYZ^	oeREPqG�^N�qREdeaZ���eGIM_GILNO�YbPqGioeSXRELtG¶µqJ�O�HeaZGioe«w�eYZr_�0HeL_R�WdqrIM_^z^_�qREdeaZ��¤¨G�Hea£JErsGs�
PqG¶µWMtM_R�G-JEr¢�¸REMN�qGILzREP�MN�qG�^_�qGIabg=Gs^tR�S�MN�qG¥^NdeH¨GILNO�J�LN°=GIM-u

p+�qG±rsRELNL_Gs^_H¨REPq�WYbPec0J�abc=RELNYbMN�eO�YZr�HeL_RE¤eaZGIO0o¨MN�qG±^¢R�r-J�abaZGs�¸S¦L_Gs²mdqGIPQM5YbM_GIO#^_GIM�O�YbPeYbPec!HeL_RE¤eaZGIO «§JE^
�eG¶ÊqPqGs�¸¤m]��5ciL¢Js«+J�a�J�Pq�\[Q�eLNYb°iJ�PmM9ÔbvIÕVu�p+�eYZ^6J�YbO#^5J�MwÊqPeYbPec�MN�qRi^_G�^_GIM_^5R�SUHeL_RQ�WdqrIM_^z«w�eYZr_�\J�L_G±R�S M_GIP
¤¯REdeci�mM¥M_REc=GIMN�qGIL-u�[Qdqr_�J!^_GIM�YZ^�r-J�abaZGs� J�S¦L_Gs²mdqGIPQM�YbM_GIO#^_GIM-u��6^�L_G-J�aª©�abYªS¦G��qJ�M¢J�¤KJE^_Gs^±J�L_G�g=GILN]¸a£J�LNc=Gio
J�Pq�ÉMN�qG�PmdeO±¤¨GIL!R�SzS¦L_Gs²mdqGIPQM#YbM_GIO#^_GIM_^#YZ^#H¨REM_GIPQMNY£J�abab]´G¶µWH¯REPqGIPmMNY£J�azYbPÈMN�qG0PmdeO¥¤¯GIL�R�S�HeL_R�WdqrIM_^#R�S
MN�qG±^NdeH¯GILNO�J�LN°=GIM ��PqREM_GioKMN�KJ�MzMN�qG�PQdeO¥¤¯GIL5R�SUHeL_R�WdqrIM_^zYbP¸J#^NdeH¨GILNO�J�LN°=GIM6r-J�PA¤¯G¥J�¤¯REdeM¥v lilililil REL
GIg=GIP¸O#REL_G�YbPAMN�qG�HeL¢JErIMNYZ^_G ��MN�Qdq^-oqYbP0MN�qG�a£JE^NMz�eGsr-JE�eGioqL_Gs^¢G-J�L_r_�qGIL_^6O�J�YbPeab]!S¦RrIdq^_Gs��REPALNdePQMNYbO#GioqY�u Giu
J�abc=RELNYbMN�eO�YZr�REHeMNYbO�YZ^·J�MNYZREPq^-u idq^NM6M_R�O#GIPQMNYZREP"J�SXGI«%R�S MN�qG±O#Ri^NM6YbO�H¨RELNM¢J�PQM�«�RELN°W^6YbP¸MN�eYZ^5ÊKGIaZ�;o¨«�G
L_G¶SXGILtM_R�Ôbv=o j o �qo k ÕVu

∗ 32�
"$����*
" �:9 ��&�� � " ��� & ���
��9D*�� . �
	 &���� � *
"� � �
� ��� ���
�! �:����"$� *!�:9/*6� *�*
 ��� 9�	 ):��� ��*
"$):9 �/. � *
��� �%�:9 + � ���  "$9(��� ��� �
9("$9 �
� �:, )�	�*
 ��� 9("��B� �
��"$* . )�	���"�� + � �� (��"��� 7 ����� ��9/.�� ,(&������ "$���
��� C + ��� �:9(+ �! D*
���
9 ���2�:����"$� *!��9D* )"	6*
 (� <2� '(����*�� � 9/*�)"	
� 9�	 ):��� � *
" ):9 14 (��):��.#�:9 +$#�)%� ' & *
��� �D� "$� 9(� � )"	 *
 (� ��& + �:'�� � *&� 9 "��B���
��" * . )�	=1 � �! (9()"�$) �:.#�:9(+$'�� )G9 )%� "$� � C

}�|



� �  � Ci:  £<?8É@�BDCE<�� � � �� �È�����q� k �

p+�qG�HeL_RE¤eaZGIO �KJE^¥¤¨GsGIPc=GIPqGIL¢J�abYb³-Gs�S¦REL9�WYª®¯GIL_GIPQM±HKJ�MNM_GILNP¹MV]H¨Gs^	u�TVP"MN�qG�RELNYbciYbPKJ�a�SXRELNO¥dea£J�MNYZREPDo
REPqGw«+JE^ REPeab]±YbPQM_GIL_Gs^NM_Gs��SXREL �\�\D�� R�SÑHeL_R�WdqrIM_^ � r-J�abaZGs��YbM_GIO#^_GIM_^�	¶u�y6R-«§GIg=GIL-omYbP�«w�eYZr¢��REL_�eGIL�rIdq^_M_REO#GIL_^
MV]HeYZr-J�abab]�HedeL_r_�KJE^¢G�HeL_R�WdqrIM_^zYZ^zH¨REM_GIPQMNY£J�abab]�g=GILN]!YbO�H¯RELNM¢J�PmM6YbPWSXRELNO�J�MNYZREPD¬�LNdeaZGs^5abYb°=G r �ÜÒ�v�¶#
jI5´\D

A
r_�

Ò�I�v�´Ëµ�E>�\� 
l¶jC 
.Ej�
t
EjC�
OÒ�v�¶#
@I'´\D

B
r,��Ò�I�v�´�µ�E>�6��
l¶@C 
�Ej�

t+ 1
KÜD�µ5��C�¶jC 
.Ej�

t + 5
D�µ'��Ò�v�¶#
jI5´\D��

CEjC�

D
Ejv��bG r,àj��G �¿DF¶ ����Ò�I�v�´�µ�Ej�\��
 O�Js]A¤¯G±g=GILN]AYbPmM_GIL_Gs^¢^NMNYbPecqu¥p+�eYZ^�aZG-JE�e^�M_R!MN�qG ��v�� �ËI)��C�D��\� �\I5��C�´��

O�YbPeYbPec!HeL_RE¤eaZGIO Ô	�Wo � o¨Ø	ÕVuz[QYbO�Yba£J�LN]=oÑYªS�J�M¢J(µeREPqREO¥]0R�S HeL_R�WdqrIM_^zYZ^zciYbg=GIPDoÑREPqG9r-J�PAdq^_G¥MN�qG�HeL_R�WdqrIM
r-J�M_GIc=RELNYZGs^wS¦L_REO MN�qG�M¢J(µeREPqREO¥]�YbP�S¦L_Gs²mdqGIPQMtYbM_GIO#^_GIM_^±Ô 6 oK×Wo;v l oDvivio;v j ÕVu

T�P�MN�qGza£JE^NM��eGsr-JE�eGioMN�qGtO�J�YbP�^NMNL_G-J�O L_Gs^_G-J�L_r_��YbP�MN�eYZ^+J�L_G-J�SXRrIdq^_Gs��REP�J�abc=RELNYbMN�eO�YZr6REHeMNYbO�YZ^·J�MNYZREP
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«+Js]�S¦L_REO MN�qG#r-JE^N�"�eGs^N°\M_R�MN�qG�G¶µWYbM-u 	´ÙqREL�MN�eYZ^�L_G-JE^_REPJErsrsGs^_^NYb¤eYbabYbM�]�R�S§MN�qG#r-JE^_�"�eGs^N°¸YZ^�MV]HeYZr-J�abab]
O�J�PeYbHedea£J�M_Gs�0¤m]�MN�qG�^_GIM_REdeMtR�S?MN�qG6^_�qGIabg=Gs^-¬�MN�qG�rIdq^NM_REO#GILwYZ^�S¦REL_rsGs��M_R9M¢J�°=G�J±L_GIa£J�MNYbg=GIab]�aZREPec�«§J-]�YbP
REL_�eGILzM_R�J�LNLNYbg=G¥J�MtMN�qG�r-JE^N�¸�eGs^N°¨u

p+�qG O�J�YbP�c=R=J�aQR�SÑMN�qG�rIdq^NM_REO#GIL�YZ^?M_Rt¤ede]�MN�qG�HeL_RQ�WdqrIM_^�REP9�qGIL·x(�eYZ^�^_�qREHeHeYbPec5abYZ^NM-u�p+�qG�H¨Ri^NYbMNYZREP9R�S
MN�qGs^¢G�HeL_R�WdqrIM_^ � Y�u Giu¡«w�qGIL_G§MN�qGs^_G�HeL_RQ�WdqrIM_^UJ�L_G�M_Rt¤¯G SXREdePq�±YbP¥MN�qG§^NdeH¨GILNO�J�LN°=GIM�	¡�KJE^?O�J(fnREL�YbP��qdqGIPqrsG
REP�MN�qG�L_REdeM_G�R�S�MN�qG�rIdq^NM_REO#GIL-u�º§]\J�PKJ�ab]W^NYZ^�R�S+MN�qG�O�J�LN°=GIM�¤KJE^N°=GIM_^�«§G#r-J�P"�eGIM_GILNO�YbPqG�MN�qG�ciL_REdeHq^
R�SUHeL_R�WdqrIM_^t«w�eYZr¢�\J�L_G�M�]QHeYZr-J�abab]�¤¯REdeci�mMzM_REc=GIMN�qGIL-oK«w�eYZr_�\r-J�P0¤¨G�L_GIcmJ�L_�eGs�\JE^zJ�P¸J�HeHeL_R-µYbO�J�MNYZREP�R�S
M�]QHeYZr-J�a¯^N�qREHeHeYbPec9abYZ^NM_^-u�TVS¯«§GzHedeM§^Ndqr_�!HeL_R�WdqrIM_^ � Y�u Giu�HeL_R�WdqrIM_^�M�]QHeYZr-J�abab]�¤¨REdeci�QM�M_REc=GIMN�qGIL�	USXJ�L�S L_REO
G-JEr¢�¸REMN�qGIL-oe«§G���SXREL_rsG��6MN�qG�rIdq^_M_REO#GILtM_R�M¢J�°=G¥J9aZREPec=GILtL_REdeM_G�YbP0MN�qG�^NdeH¯GILNO�J�LN°=GIM-u

y5R	«�GIg=GIL-o¨MN�eYZ^5H¨REYbPQM6R�S gYZGI« YZ^5PqREM5MN�qG9REPeab]0REPqGiutp+�qGIL_G�J�L_G¥«§GIaba��eG¶ÊqPqGs�\«wLNYbMNM_GIP\L_Gs^NMNLNYZrIMNYZREPq^-o
L_GIcidea£J�MNYZREPq^	oma£J-«t^ rsREPqrsGILNPeYbPec�ÊqL_G+HeL_REM_GsrIMNYZREPDom�qG-J�abMN�qr-J�L_GioQ^_GsrIdeLNYbM�]=omrsREPq^NdeO#GIL�HeL_REM_GsrIMNYZREPDoJ�Pq��^_R�REPDu
�Ë�qGIPA�eGIM_GILNO�YbPeYbPec�MN�qG�^_GIM_REdeMzR�S�HeL_RQ�WdqrIM_^	oWMN�qGs^_G��KJsg=G�M_R�¤¨G�M¢J�°=GIPAYbPmM_R�JErsrsREdePQM6JE^w«§GIaba�u

ÙedeLNMN�qGILNO#REL_Gio�rIdq^NM_REO#GIL_^�HeL_G¶SXGIL�MN�qG\^_deYbM¢J�¤eaZG �ÈS¦L_REO �eYZ^·x(�qGIL�H¨REYbPQM0R�S¥gQYZGI« �Ç^_GIM_REdeM�R�S¥MN�qG
HeL_R�WdqrIM_^-¬�rIdq^NM_REO#GIL_^5R�S¦M_GIPA�eR�PqREMzM_REaZGIL¢J�M_G¥G¶µWMNL_GIO#GIab]�aZREPec#L_REdeM_Gs^6JE^t«�GIaba�JE^zMN�qG�^_r-J�MNM_GILNYbPec!R�S�MN�qG
^_YbO�Yba£J�Lwc=RQR�e^-uUTVS¡MN�qG�rIdq^NM_REO#GILtYZ^§SXREL_rsGs��M_R9M¢J�°=G�aZREPec�L_REdeM_Gs^-oe^N�qG	x(�qG�«wYbaba;PqREMtGIPmM_GILzMN�eYZ^w^N�qREH�PqG¶µM
MNYbO#Giu�p+�qGIL_G¶S¦REL_G�YbPq^NM_G-JE�0R�S�YbPqrIL_G-JE^NYbPec#MN�qG�HeL_R�ÊqM-oeMN�qG�HeL_R�ÊqMt«wYbaba¡�eGsrIL_G-JE^_Giu

�5^!J"rsREPq^_Gs²QdqGIPqrsG¸MN�qGA^NdeH¯GILNO�J�LN°=GIM!^¢GIM_REdeM�HeL_RE¤eaZGIO�YZ^!J�PËREHeMNYbO�Yb³	J�MNYZREPËM¢JE^_°¨owREdeL!RE¤WfnGsrIMNYbg=G
S¦dePqrIMNYZREPAYZ^+MN�qG�HeL_R�ÊqM � �eGIPqREM_Gs�0¤Q]

P
	¶u �"G�«wYZ^N��M_R9ÊqPq��MN�qG�O�J(µWYbO¥deO»R�S

P
u

Prestrictions(setout)→ maximum
u

p+�qG�L_Gs^NMNLNYZrIMNYZREPq^±M_R�¤¯G�M¢J�°=GIP YbPQM_R¸JErsrsREdePmM�J�L_G�JE^�S¦REabaZR	«t^-¬ �KRREL�Hea£J�PR�SwMN�qG�¤edeYbaZ�WYbPecqo�R ��rIY£J�a
L_GIcidea£J�MNYZREPq^	oWa£Js«t^ � MN�qGs^_G�J�L_G5G¶µqJErIMNab]��eG¶ÊqPqGs��L_Gs^NMNLNYZrIMNYZREPq^�	¶oqJ�Pq��MN�qGzM_REaZGIL¢J�PqrsG�R�S¡MN�qG6rIdq^NM_REO#GIL-uUp+�qG
M_REaZGIL¢J�PqrsG�R�S�MN�qG±rIdq^NM_REO#GIL�YZ^�^Nde¤WfNGsrIMNYbg=Gio¨«�G�r-J�P�REPeab]0L_GIab]AREP�GIO�HeYbLNYZr-J�a�JE^_^NdeO�HeMNYZREPq^-u�T�P¸c=GIPqGIL¢J�a�o
^_M¢J�MNYZ^NMNYZr-J�a?J�Pq�0�qJ�M¢J�O�YbPeYbPec�O#GIMN�qRQ�e^5r-J�P0¤¨G�dq^¢Gs��M_R#�WYZ^_rsR-g=GILzMN�qGs^_G�GIO�HeYbLNYZr-J�aDHKJ�L¢J�O#GIM_GIL_^-u

� � Á:� ��ÃO�	��� À ��� " 
��0��
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� deLUJ�HeHeL_R=JEr_��M_R5^_REabg=G MN�qG�^NdeH¨GILNO�J�LN°=GIM�^_GIM_REdeM?HeL_RE¤eaZGIO0oEYZ^D¤KJE^_Gs�9REP±rsREPq^NMNL¢J�YbPQM?aZREciYZr�HeL_REciL¢J�O�O�YbPecqu
� deL ��^_GIM_REdeM�LNdeaZGs^ � � ¤¨REMN�"MN�qG�REPqGs^�¤KJE^_Gs�"REP�L_GIcidea£J�LNYZ^¢J�MNYZREPq^-o?MNL¢JE�WYbMNYZREPq^-o�J�Pq��MN�qG�REPqGs^�¤KJE^_Gs��REPqG
S¦L_Gs²QdqGIPmM�YbM_GIO#^_GIM_^�	¡J�L_G�O#R�eGIabaZGs�¥¤Q]¥rsREPq^NMNL¢J�YbPQM_^-u��´c=GIPqGIL¢J�a � �eYbci�W©�aZGIg=GIa 	��eGs^_rILNYbHeMNYZREP�R�SKREdeLUJ�HeHeL_R=JEr_�
YZ^tMN�qG�S¦REabaZR	«wYbPecq¬

}�}
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viu  ¡GIM¥�WYª®¯GIL_GIPQM�HeL_R�WdqrIM_^�¤¨G��eGIPqREM_Gs�"¤m]��WYª®¯GIL_GIPQM�YbPmM_GIc=GIL±PmdeO¥¤¯GIL_^
1, 2, 3, . . . , N

o;«w�qGIL_G
N
YZ^

MN�qG¥rsREdePmM5R�SU�WYª®;GIL_GIPmMtHeL_R�WdqrIM_^tYbP�MN�qG�^_deH¨GILNO�J�LN°=GIM-u

j u���JEr_�AH¯Ri^_^NYb¤eaZG6H¯Ri^NYbMNYZREPDoe«w�qGIL_G�J9HeL_R�WdqrIMzr-J�P�¤¯G�Hea£JErsGs�AJ�MzJ�^N�qGIaªS?YZ^5J9gEJ�LNY£J�¤eaZGiu F�GIPqREM_G
Vi,jMN�qG

i
MN�0H¨Ri^_YbMNYZREP0R�S�MN�qG

j
MN�A^N�qGIaªSNu

�Wu �5GIcidea£J�LNYZ^¢J�MNYZREPq^ � a£Js«t^�	zrsREPqrsGILNPeYbPec0^¢GIM_REdeM�J�Pq� ��^_GIM_REdeM�MNL¢JE�WYbMNYZREPq^ ��r-J�P¸¤¯G±O#RQ�eGIabaZGs�\¤m]\rsREPW©
^_MNL¢J�YbPmM_^-u�ÙKREL�G¶µqJ�O�HeaZGio¯YªS�HeL_R�WdqrIM

A
J�Pq�

B
J�L_G9PqREM�J�abaZR	«�Gs��M_R!¤¯G¥PqG¶µWM5M_R�G-JEr¢��REMN�qGIL-o¯MN�eYZ^

rsRELNL_Gs^_H¨REPq�e^9M_R¸MN�qG#SXREabaZR-«wYbPec�rsREPq^NMNL¢J�YbPQM-¬
Vi,j = A → (Vi−1,j 6= B ∧ Vi+1,j 6= B)

u¸T�StM�«�R
HeL_R�WdqrIM_^

A
J�Pq�

B
O¥dq^NM5¤¨G�REP�MN�qG¥^¢J�O#G�^N�qGIaªSNoeREPqG�rsREdeaZ��«wLNYbM_G¥MN�qG�S¦REabaZR	«wYbPec�rsREPq^NMNL¢J�YbPQMzSXREL

MN�KJ�M-¬
V?,j = A → V?,j = B

o¯«w�qGIL_G
?
YZ^¥J �ZfNRE°=GIL �¢o;«w�eYZr_� O#G-J�Pq^±J�P J�LN¤eYbMNL¢J�MV]�H¯Ri^NYbMNYZREP"R�S+J

^_�qGIaªSnu

k utp+�qG�J�PKJ�ab]^NYZ^�R�S+MN�qG�HeL_R�WdqrIM�HedeL_r_�KJE^_G#�qJ�M¢J�L_Gs^NdeabM_^�YbP�MN�qG9S¦L_Gs²mdqGIPQM�YbM_GIO#^_GIM_^-oDY�u Giu�J(S¦M_GIL�MN�qG
J�PKJ�ab]W^NYZ^5«�G±°QPqR	«�oK«w�eYZr¢��HeL_RQ�WdqrIM_^�J�L_G¥M�]QHeYZr-J�abab]A¤¨REdeci�QM5M_REc=GIMN�qGIL-u5p+�eYZ^5r-J�P¸¤¨G¥MNdeLNPqGs�AYbPQM_R
JE�e�WYbMNYZREPKJ�aUrsREPq^NMNL¢J�YbPQM_^�JE^z«§GIaba�ut�\J�LN°=GIMNYbPec�^NMNdq�WYZGs^6^N�qR-«�¬+MN�qG¥O#REL_G�MNYbO#G�J#rIdq^NM_REO#GIL�^NH¯GIPq�e^
YbPMN�qG�^NdeH¯GILNO�J�LN°=GIM9MN�qG#O#REL_G!^N�qG	x(�qG#HedeL_r¢�KJE^_Gs^-u0p+�Qdq^-o�YªS+«§G�°PqR-«�o�MN�KJ�M±HeL_RQ�WdqrIM_^

A
J�Pq�

B
J�L_G0R�S¦M_GIPÈ¤¨REdeci�QM�M_REc=GIMN�qGIL-o+J�Pq�´«§G�«§J�PQM#MN�qG0rIdq^NM_REO#GIL�M_R�MNL¢J-g=GIL_^_G�MN�eL_REdeci�ÉMN�qG0«w�qREaZG

^_deH¨GILNO�J�°=GILNM5YbP¸REL_�eGILzM_R�^NH¨GIPq�0O#REL_G�MNYbO#G�YbPAMN�qG¥^NdeH¯GILNO�J�LN°=GIM � «§G��qREH¯G�MN�KJ�MzMN�qG�rIdq^_M_REO#GIL
«wYbaba¡¤ede]!^_REO#G¥REMN�qGILtHeL_RQ�WdqrIM_^5�WdeLNYbPec#�qGIL·x(�eYZ^tM_REdeL�	¶oq«�G�^N�qREdeaZ�0Hea£JErsG�HeL_RQ�WdqrIM_^

A
J�Pq�

B
S�J�L

S¦L_REO3G-JEr_��REMN�qGIL-u �5^NYbPec�rsREPq^NMNL¢J�YbPQM_^-oWREPqG5r-J�P�^¢Js]=omSXREL�G¶µqJ�O�HeaZGioQMN�KJ�M§HeL_R�WdqrIM_^
A
J�Pq�

B
O¥dq^_M

PqREMz¤¨G�Hea£JErsGs�0REPAMN�qG�^¢J�O#G�^N�qGIaªSNu

�WutÙ�YbPKJ�abab]=o§REPqG��KJE^�M_R�^_REabg=G�MN�qG�rsREPq^NMNL¢J�YbPQM�^¢J�MNYZ^nS�JErIMNYZREPÈHeL_RE¤eaZGIO0u´p+�eYZ^�ciYbg=Gs^�J\^NdeH¯GILNO�J�LN°=GIM
^¢GIM_REdeM-u � p+�eYZ^�^_GIM_REdeM�YZ^�PqREM�PqGsrsGs^_^¢J�LN]¹MN�qG�¤¨Gs^_M�REPqGio��qR-«§GIg=GIL-owJE^�«�G�«wYbabat^_GsG!YbPÈMN�qG�PqG¶µWM
^¢GsrIMNYZREPDoeMN�eYZ^tYZ^tJ�L_GIa£J�MNYbg=GIab]�c=RRQ��^¢GIM_REdeM-u 	

º+G¶SXREL_G�YbO�HeaZGIO#GIPmMNYbPecAMN�eYZ^��eYbci�W©�aZGIg=GIa�J�HeHeL_R=JEr_�Do¡ÊqL_^NM-o;«§G��KJsg=G�M_R�L_GIO�J�LN°\MN�KJ�M�rsREPq^NMNL¢J�YbPmM±^¢J�Mn©
YZ^nS�JErIMNYZREP�HeL_RE¤eaZGIO#^±J�L_G�PqREM¥J�ab«+Js]W^¥^_REabgiJ�¤eaZGiu�p¡R�¤¯G�O#REL_G�HeL_GsrIYZ^_GioDMN�qG�rsREdePQM¥R�S+^¢REabdeMNYZREPq^�O�Js] � Y 	
³-GIL_Reo � YbY 	�REPqG�REL � YbYbY 	�O#REL_G�MN�KJ�PREPqGiu��w�e�WYbPec¸PqGI« rsREPq^NMNL¢J�YbPQM_^-o�MN�qG�rsREdePQM9R�St^_REabdeMNYZREPq^9�eRQGs^¥PqREM
YbPqrIL_G-JE^_Gi¬�JE�e�WYbPec�PqGI« rsREPq^NMNL¢J�YbPmM_^	oeMN�qG�rsREdePmM5R�S�^_REabdeMNYZREPq^zdq^NdKJ�abab]��eGsrIL_G-JE^_Gs^-u �"G�JE^_^_deO#GioWMN�KJ�MtMN�qG
rsREPq^NMNL¢J�YbPQM9^¢J�MNYZ^NSXJErIMNYZREP"HeL_RE¤eaZGIO�rsREPq^NYZ^NMNYbPec\REPeab]�R�S+MN�qG�rsREPq^NMNL¢J�YbPmM_^±¤KJE^_Gs�REP"L_GIcidea£J�LNYZ^¢J�MNYZREPq^�J�Pq�
MNL¢JE�WYbMNYZREPq^ � Y�u Giu�REPeab]¸R�S�MN�qG�rsREPq^NMNL¢J�YbPmM_^�S¦RELNO±dea£J�M_Gs��YbP\MN�qG ��L_��^NM_GIH 	z�KJE^�J�M�aZG-JE^NM�REPqG9^¢REabdeMNYZREPDu�T�S
MN�eYZ^�«§REdeaZ�"PqREM�¤¯G�MN�qG#r-JE^_Gio?REPqG#rsREdeaZ��PqREM�ÊqPq� J�PQ]�^NdeYbM¢J�¤eaZG#^_GIM_REdeM-u#T�P"MN�qG k MN� ^_M_GIHDoD«�G��eGILNYbg=G
rsREPq^NMNL¢J�YbPQM_^§S L_REO MN�qGtS¦L_Gs²mdqGIPQM�YbM_GIO#^¢GIM_^-u �"Gz¤¯GIciYbP�MN�eYZ^§HeL_RrsGs�WdeL_Gz«wYbMN�!MN�qG5O#Ri^NM S¦L_Gs²mdqGIPQM+YbM_GIO#^_GIM-o
J�Pq��«�G6SXREabaZR-« «wYbMN��MN�qG j Pq�;o ��L_�;obususuhS¦L_Gs²mdqGIPQMtYbM_GIO#^_GIM-oqJE^+aZREPec#JE^+MN�qG�L_Gs^NdeabMNYbPec#rsREPq^NMNL¢J�YbPQMz^¢J�MNYZ^nS�JEr¶©
MNYZREP0HeL_RE¤eaZGIO �KJE^5J�MtaZG-JE^NMtREPqG¥^_REabdeMNYZREPDu � p+�eYZ^zO#G-J�Pq^-oeMN�KJ�MtaZGs^¢^+S L_Gs²QdqGIPmM5YbM_GIO#^_GIM_^tO�J-]�GIg=GIPmMNdKJ�abab]
PqREMw¤¯G�M¢J�°=GIP�YbPmM_R�JErsrsREdePQM-oqYªS?MN�eYZ^t«�REdeaZ��aZG-JE��M_R#J�P�dePq^_REabg=G-J�¤eaZG¥rsREPq^NMNL¢J�YbPmM6^¢J�MNYZ^nS�JErIMNYZREP�HeL_RE¤eaZGIO0u 	

[GsrsREPq�;oQ«�Gw�KJ-g=GwM_R�L_GIO�J�LN°¯o=MN�KJ�MU«§GzJE^_^NdeO#GwMN�KJ�M�MN�qGwrsREPq^NMNL¢J�YbPmM§^_REabg=GIL�J�HeHeabYZGs��YbP#MN�qG���MN��^NM_GIHDo
YZ^¥J�¤eaZG�M_R��KJ�Pq�WaZG�J�aba MN�qG#rsREPq^NMNL¢J�YbPQM_^�YbPmMNL_R�WdqrsGs�"YbP MN�qG ��L_� J�Pq� k MN�"^NM_GIHq^-u�p+�eYZ^�YZ^¥J!PqREPW©�MNLNYbgY£J�a
L_Gs²QdeYbL_GIO#GIPmM+rsREPqrsGILNPeYbPec±MN�qGtrsREPq^_MNL¢J�YbPmM+^_REabg=GIL-o=�qR	«�GIg=GIL+MN�qGt�WYZ^_rIdq^_^_YZREP�REL�GIPe�KJ�PqrsGIO#GIPQM§R�S¯S�JErIYbabYbMNYZGs^
R�S6rsREPq^_MNL¢J�YbPmM#^_REabg=GIL_^�YZ^�REdeM#R�SzMN�qG�^¢rsREH¨G�R�SzMN�eYZ^�HKJ�H¯GIL-u �"G0JE^_^_deO#GioUMN�KJ�M�YbPÈ^NM_GIHq^ ��J�Pq� k «§G
SXRELNO¥dea£J�M_G�^Ndqr¢�´rsREPq^_MNL¢J�YbPmM_^-oU«w�eYZr¢�Ér-J�P¤¯G��KJ�Pq�WaZGs�´¤m]"MN�qG�rsREPq^NMNL¢J�YbPQM#^_REabg=GIL�J�HeHeabYZGs�¹YbP´MN�qG�a£JE^NM
^NM_GIHDu¸p+�eYZ^±O#G-J�Pq^±S¦L_REO J�P´REMN�qGIL�H¨REYbPQM9R�StgYZGI«�o�MN�KJ�M±«§G!JE^¢^NdeO#Gio�MN�KJ�M±MN�qG!rIa£JE^_^9R�SzrsREPq^NMNL¢J�YbPmM_^	o
«w�eYZr_�!r-J�P�¤¨G+�KJ�Pq�WaZGs��¤m]9MN�qGtrsREPq^NMNL¢J�YbPQM�^_REabg=GIL YZ^ LNYZr_��GIPqREdeci��^¢R�MN�KJ�M MN�qGwL_Gs²QdeYbL_GIO#GIPmM_^§rsREPqrsGILNPeYbPec
J �Vc=RRQ� ��^_GIM_REdeMzr-J�P0¤¯G6SXRELNO¥dea£J�M_Gs�;u

}�Â
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T�P¥REdeL�G¶µH¯GILNYbO#GIPmM_^-o�«§G dq^_GUc=GIPqGIL¢J�M_Gs�9�qJ�M¢JWu�p+�mdq^�REdeL?G¶µWH¨GILNYbO#GIPQM_^�J�L_GUabYbO�YbM_Gs�;oiGs^_H¨Gs^NY£J�abab]�²QdKJ�PmMNYbM¢J(©
MNYbg=Gi¬UREdeL+J�YbO YZ^�M_R¥�eGIO#REPq^NMNL¢J�M_G6MN�qGzdq^¢J�¤eYbabYbMV]�R�S¡REdeL+J�HeHeL_R=JEr_��REPeab]=u � deL���^NYbO¥dea£J�M_Gs� �5^_deH¨GILNO�J�LN°=GIM
rsREPq^_YbM_^tR�S

2× 3
^N�qGIabg=Gs^ � MN�qGIL_G�J�L_G�MV«§R�L_R-« R�S�^N�qGIabg=Gs^-oWYbP0G-JEr¢��L_R-« MN�qGIL_G�J�L_G ��^_�qGIabg=Gs^�	¶u �UL_R�WdqrIM_^

r-J�P�¤¯GzHea£JErsGs��REP�G-JEr_�0^_YZ�eGs^�R�S¡MN�qG�^N�qGIaªSNo¯v l HeL_R�WdqrIM_^+H¯GIL§^NYZ�eGiuUp+�Qdq^+«�G6�KJsg=G�v jil HeL_R�WdqrIM_^+YbP�J�aba�u
p¡R�c=GIPqGIL¢J�M_G¥L_G-J�abYZ^_MNYZr¥HeL_R�WdqrIM5HedeL_r¢�KJE^_G��qJ�M¢J � ^¢R�r-J�abaZGs�¸MNL¢J�Pq^¢JErIMNYZREPKJ�aU�qJ�M¢J�¤KJE^_G�	¶oÑÊqL_^NMz«§G¥L¢J�PW©

�eREO�ab]¹c=GIPqGIL¢J�M_Gs�ÉJ�fnREYbPQM�HeL_RE¤KJ�¤eYbabYbMV]È�WYZ^NMNLNYb¤edeMNYZREPÉR�S6HeL_RQ�WdqrIM�HedeL_r_�KJE^¢Gs^-up+�eYZ^�YZ^��eGIPqREM_Gs�´¤Q]
p
u

p+�qGIPÆ«�GAc=GIPqGIL¢J�M_GAMN�qGAHeL_RQ�WdqrIM�HedeL_r_�KJE^_G¸�qJ�M¢J JErsrsREL_�WYbPec¹M_R
p
uÆp+�eYZ^��qJ�M¢J"rsREPq^NYbM_^!R�S�v0O�YbababYZREP

MNL¢J�Pq^·JErIMNYZREPq^ � Y�u GiuwvzO�YbababYZREP�¤KJE^_°=GIM_^�R�S¡rIdq^NM_REO#GIL_^�	¶uUp?R�ÊqPq��MN�qGwS¦L_Gs²mdqGIPQM�YbM_GIO#^_GIM_^+G���rIYZGIPQMNab]#YbP�MN�eYZ^
�qJ�M¢JWo�«§G�dq^¢Gs�J��eYbci�eab]"G���rIYZGIPQM�gEJ�LNY£J�PQM9R�StMN�qG!J�abc=RELNYbMN�eO��5HeLNYZRELNY§¤KJE^_Gs� REPMNLNYZG�L_GIHeL_Gs^_GIPQM¢J�MNYZREPq^
J�Pq�A�eREde¤eab]!L_GsrIdeL_^_Ybg=G�rsREdePmMNYbPec!^_r_�qGIO#G�Ô j o �Wo k ÕVu

TVP¸REdeL5G¶µWH¨GILNYbO#GIPQM_^z«§G�dq^_Gs�¸REPeab]0REPqG�rIa£JE^_^6R�SUrsREPq^_MNL¢J�YbPmM_^-uwp+�eYZ^5«§JE^-oKMN�KJ�MzHeL_R�WdqrIM_^
A
J�Pq�

BJ�L_G¥PqREM�J�abaZR	«�Gs�¸M_R#¤¯G¥REP0MN�qG9^¢J�O#G�^_�qGIaªSn¬ 
jr �ÜÑ)µ'��G �
(A,B)

uwTVS�MN�qG�J�HeHeL_R=JEr_�\YZ^5J�HeHeabYZGs�¸YbPAHeL¢JErIMNYZ^¢Gio
REPqG\«§REdeaZ�ÖPqGsGs�ÆO±dqr_� O#REL_G�rsREPq^NMNL¢J�YbPQM�MV]H¨Gs^-ozabYb°=G �ËEj�Y��Ñ)µ5��G � o C:� �@D_t�¶>��r�Derq¶jC � C5Ñ�µ'��G � obususuNÙqREL�REdeL
G¶µWH¯GILNYbO#GIPmM_^+«�G�JE^_^_deO#Gs�;oQMN�KJ�M+REPqG�r-J�P�SXRELNO¥dea£J�M_G�J�aba¨MN�qG6L_GIcidea£J�LNYZ^¢J�MNYZREPq^ � a£Js«t^�	�rsREPqrsGILNPeYbPec�^_GIM_REdeM
J�Pq� ��^_GIM_REdeM�MNL¢JE�WYbMNYZREPq^ �9JE^5«�GIaba JE^5MN�qG±rsREPq^_MNL¢J�YbPmM_^��eGILNYbg=Gs�AS L_REO S L_Gs²QdqGIPmM6YbM_GIO#^_GIM�YbP0SXRELNO R�S�^Ndqr_�

@r �ÜÑ)µ5��G � rsREPq^NMNL¢J�YbPmM_^	u�p+�qG�rsREPq^NMNL¢J�YbPmM_^±rsREPqrsGILNPeYbPec0L_GIcidea£J�LNYZ^¢J�MNYZREPq^ � a£J-«t^�	�J�Pq� ��^_GIM_REdeM�MNL¢JE�WYbMNYZREPq^ �
«§GIL_G�L¢J�Pq�eREO�ab]�c=GIPqGIL¢J�M_Gs�;u�p+�qG�rsREPq^NMNL¢J�YbPmM_^w¤KJE^¢Gs��REP�S¦L_Gs²QdqGIPmMwYbM_GIO#^_GIM_^+«§GIL_G��eGILNYbg=Gs�0JE^§�eGs^¢rILNYb¤¨Gs�
YbPAMN�qG�HeL_GIgQYZREdq^z^_GsrIMNYZREPDu

�5^zrsREPq^NMNL¢J�YbPmM�^_REabg=GILz«§G±J�HeHeabYZGs�¸rIa£JE^_^NYZr�¤KJEr¢°QMNL¢JEr¢°QYbPec�J�abc=RELNYbMN�eO�Ôbv	Ø	Õ?«wYbMN�0ÊeµeGs��giJ�LNY£J�¤eaZG¥REL_�eGIL
J�Pq�¸ÊeµeGs�AgiJ�abdqG9REL_�eGIL-u ∗ p+�qG9giJ�LNY£J�¤eaZG±REL_�eGIL�«§JE^ V1,1

o
V2,1

o
V3,1

ususu
V1,2

o
V2,2

o
V3,2

usususo¨Y�u Giu5ÊqL_^NM�J
HeL_R�WdqrIM§«wYbabaK¤¯GwHea£JErsGs��REP�MN�qGwÊqL_^NM H¯Ri^NYbMNYZREP!R�S¯MN�qGtÊqL_^NM�^N�qGIaªSNo=MN�qGIP�J�HeL_R�WdqrIM�«wYbabaÑ¤¨GwHea£JErsGs�!REP#MN�qG
^¢GsrsREPq��H¯Ri^NMNYZREP±R�SeMN�qGUÊqL_^_M¡^N�qGIaªSNo(GIM_riu�T�SWMN�qGUÊqL_^_M¡^N�qGIaªSeYZ^;S¦deabaQR�SeHeL_R�WdqrIM_^-o	MN�qG�HeL_RQ�WdqrIM_^?«wYbabam¤¯GUHea£JErsGs�
REPMN�qG�^_GsrsREPq�^N�qGIaªSNo¡GIM_riu�p+�qG#giJ�abdqGs^±R�StG-JEr¢� giJ�LNY£J�¤eaZGs^±rsRELNL_Gs^NH¯REPq�"M_RAHeL_RQ�WdqrIM_^	u � L_RQ�WdqrIM_^±«�GIL_G
PQdeO¥¤¯GIL_Gs�S L_REO v#M_R"v jil o?rsREPqrsGILNPeYbPec\giJ�abdqG#REL_�eGILNYbPec¸YbP MN�qG#¤KJEr_°MNL¢JEr_°YbPec�J�abc=RELNYbMN�eO0o?«§G�J�HeHeabYZGs�
MN�qG�PKJ�MNdeL¢J�a?REL_�eGILNYbPecAvio j o �Wo¡usususv jil u

�Æ�qGIPqGIg=GIL�MN�qGzrsREPq^NMNL¢J�YbPQM§^·J�MNYZ^nSXJErIMNYZREP�HeL_RE¤eaZGIO � ` [ ��	��KJE�#O#REL_G5MN�KJ�P�REPqG5^_REabdeMNYZREPq^-oQ«�G6J�ab«§Js]W^
rsREPq^_YZ�eGIL_Gs�0MN�qG�ÊqL_^_Mt^_REabdeMNYZREP¸REPeab]=u � SUrsREdeL_^¢GioqMN�eYZ^wYZ^zPqREM5J�P �VYbPmM_GIababYbc=GIPQM �±^NMNL¢J�M_GIci]�R�S ^_GIaZGsrIMNYbPec#MN�qG
¤¯Gs^NM#^_REabdeMNYZREPDuÆy5R	«�GIg=GIL-o§«�G¸J�LNcidqGio�MN�KJ�M!J�Pm]´�qGIdeLNYZ^NMNYZrs^-o�«w�eYZr_�ËrsREdeaZ�È¤¨G0J�HeHeabYZGs�ËJ�M�MN�eYZ^#^NM¢J�c=Gio
«§REdeaZ� J(®;GsrIM�MN�qG"^_REabdeMNYZREP R�S�MN�qG�^NdeH¯GILNO�J�LN°=GIM¸^_GIM_REdeM�HeL_RE¤eaZGIO � REPqG�«�REdeaZ� ^_GIaZGsrIM�MN�qG"^_REabdeMNYZREP
JErsrsREL_�WYbPec�M_R¸MN�KJ�M9�qGIdeLNYZ^NMNYZrio�J�Pq�YbPMN�eYZ^�^_RELNM�R�Sz^_GIPq^_G�MN�KJ�M±�qGIdeLNYZ^_MNYZr�«§REdeaZ�´^_REabg=G�MN�qG�HeL_RE¤eaZGIO 	 �
¤edeM�REdeL6J�YbO YZ^zPqREM5M_R#O#G-JE^NdeL_G±�qR-« «�GIabaUJ#^NH¯GsrIYªÊKr��qGIdeLNYZ^_MNYZr±^_REabg=Gs^zMN�eYZ^zHeL_RE¤eaZGIO0o¨¤edeM5M_R#O#G-JE^NdeL_G
JE^�rIaZG-J�L#JE^9H¨Ri^¢^NYb¤eaZG�MN�qG!G¶®;GsrIM�R�StM¢J�°YbPec\S L_Gs²QdqGIPmM�YbM_GIO#^_GIM_^9YbPQM_R�JErsrsREdePQM-u"p¡R\¤¯G�O#REL_G!rsREPqrIL_GIM_Gi¬
R�SUrsREdeL_^_Gioe«w�qGIP � ÊqL_^NMzr-JE^_G�	�M¢J�°YbPec�REPeab]!L_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©�MNL¢JE�WYbMNYZREPKJ�a rsREPq^NMNL¢J�YbPmM_^zYbPmM_R�JErsrsREdePQM-oqMN�qG
^¢GIM6R�S�^¢REabdeMNYZREPq^6R�S�MN�qG ` [ �ËYZ^�J�^NdeH¨GIL_^¢GIM6R�S�MN�KJ�M�^_REabdeMNYZREPq^�«w�eYZr¢��REPqG9«§REdeaZ�¸c=GIM6YªS � ^_GsrsREPq��r-JE^_G�	
M¢J�°YbPec"¤¯REMN�ÈL_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©�MNL¢JE�WYbMNYZREPKJ�a�rsREPq^NMNL¢J�YbPmM_^!J�Pq�ÉrsREPq^NMNL¢J�YbPQM_^#¤KJE^_Gs�ÈREP´S¦L_Gs²mdqGIPQM#YbM_GIO#^_GIM
YbPQM_R�JErsrsREdePQM-uwp+�mdq^-oKMN�qG�¤¨Gs^_Mz^_REabdeMNYZREP0YbP0MN�qG±^_GsrsREPq�0r-JE^_G�YZ^zR�S rsREdeL_^_G¥J�O#REPec�MN�qG�^_REabdeMNYZREPq^6R�S�MN�qG
ÊqL_^_M r-JE^_Giu?y6R-«§GIg=GIL-om�qR	«ÈM_R�^_GIaZGsrIMUYbP�G-JEr_��r-JE^¢Gs^�MN�qG�¤¯Gs^NMU^_REabdeMNYZREP�J�O#REPec�MN�qG+H¯Ri^_^NYb¤eab]¥�eYbci��PmdeO¥¤¯GIL
R�Sw^_REabdeMNYZREPq^-oDYZ^�PqREPW©�MNLNYbgQY£J�a�u � deL¥JErIMNdKJ�a§J�YbO YZ^�M_R�rsREO�HKJ�L_G�J �VMV]HeYZr-J�a �#^_REabdeMNYZREPq^�YbP�MN�qG9ÊqL_^NM�r-JE^_G
J�cmJ�YbPq^_M9J��VM�]QHeYZr-J�a ��^¢REabdeMNYZREPq^�YbP MN�qG�^_GsrsREPq� r-JE^_Giu �"G�J�LNcidqGio?MN�KJ�M¥MN�qG#ÊqL_^NM¥^_REabdeMNYZREPL_GIMNdeLNPqGs� ¤Q]
MN�qG6rsREPq^NMNL¢J�YbPQM§^_REabg=GIL�YZ^�J�L_GIHeL_Gs^_GIPmM¢J�MNYbg=G6YbP�G-JEr¢�!r-JE^¢GioQJ�Pq��MN�mdq^�«�GtabYbO�YbM+REdeL�YbPQg=Gs^NMNYbcmJ�MNYZREPq^§M_R�MN�KJ�M
^¢REabdeMNYZREPq^¥R�SwMN�qG ` [ ��u¡ÙedeLNMN�qGILNO#REL_Gio�rsREPq^NMNL¢J�YbPQM±^_REabg=GIL_^9J�L_G�R�S M_GIPJ�¤eaZG#M_R�ÊqPq� J�^_REabdeMNYZREP²mdeYZr¢°Qab]=o
�qR	«�GIg=GILzÊqPq�WYbPec�J�abaD^_REabdeMNYZREPq^wO�Js]!M¢J�°=G�aZREMwR�S�MNYbO#GiuUp+�Qdq^wYbPAJ±HeL¢JErIMNYZ^_GioeYbM+«�REdeaZ�0¤¨G6L_G-JE^_REPKJ�¤eaZG�M_R
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p�J�¤eaZG�vi¬ ��µWH¯GILNYbO#GIPmM_^
[GIM_REdeM ` REPq^NMNL¢J�YbPmM_^ �?gQcquUrsREdePQM5R�S�HeL_RQ�WdqrIM_^wHedeL_r¢�KJE^_Gs�
REPeab]�L_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©�MNL¢JE�WYbMNYZREPKJ�aUrsREPq^NMNL¢J�YbPQM_^ v �Wu	�
¤¯REMN�0L_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©�MNL¢JE�WYbMNYZREPKJ�aUrsREPq^NMNL¢J�YbPQM_^ v	Øu��
J�Pq�AREPArsREPq^NMNL¢J�YbPmM_^5�eGILNYbg=Gs��S¦L_REO3S L_Gs²QdqGIPmMzYbM_GIO#^_GIM_^

�eGsrIYZ�eG�SXRELwMN�qG�ÊqL_^NMt^_REabdeMNYZREPDoKdePeaZGs^_^wMN�qGIL_G¥J�L_G�^_MNL_REPec�J�LNcideO#GIPmM_^�J�cmJ�YbPq^NMtYbM-u
ºwJE^_Gs�ÉREPÆMN�qG�fNREYbPmM�HeL_RE¤KJ�¤eYbabYbM�]Ç�WYZ^NMNLNYb¤edeMNYZREPËR�S�HeL_R�WdqrIM_^

p
o�«§G0c=GIPqGIM¢J�M_Gs� v l ^N�qREHeHeYbPec abYZ^_M_^

R�SzaZGIPeciMN�
20 ± 2

u��"G!rsREPq^NYZ�eGIL_Gs�ÈrIdq^NM_REO#GIL_^-o�«w�qR\«§J�ab°L¢J�Pq�eREO�ab] YbP¹MN�qG�^N�qREHDu ��JEr_�ÈrIdq^NM_REO#GIL
�KJE^�REPqG�R�S¥MN�qGAc=GIPqGIL¢J�M_Gs� ^_�qREHeHeYbPec¹abYZ^_M_^-o5J�Pq�ÆYªS¥MN�qG�rIdq^NM_REO#GIL�YZ^�rIdeLNL_GIPmMNab]ËPqG¶µM!M_R¹JHeL_R�WdqrIM
«w�eYZr_��YZ^+rsREPmM¢J�YbPqGs��REP!�eYZ^·x(�qGIL+^N�qREHeHeYbPec�abYZ^NM-oQ�qG	x�^N�qG6HedeL_r_�KJE^_Gs^+MN�eYZ^§HeL_R�WdqrIM-uUy5R	«�GIg=GIL-oe�WdeLNYbPec�MN�qG
L¢J�Pq�eREO�«§J�ab°¯o�MN�qG�rIdq^NM_REO#GIL±HedeL_r¢�KJE^_Gs^�^_REO#G!REMN�qGIL�HeL_RQ�WdqrIM_^9«wYbMN�ÈJA^NO�J�aba§HeL_RE¤KJ�¤eYbabYbMV] � l u l v�	9JE^
«�GIaba�u�y6R-«§GIg=GIL-oDrIdq^NM_REO#GIL_^��eR�PqREM6abYb°=G9«§J�ab°YbPec!S¦REL�J#aZREPec!MNYbO#Gio¨MN�mdq^�MN�qGI]0aZG-J-g=G9MN�qG±^N�qREHDo¨YªS MN�qGI]
J�abL_G-JE�W]��KJsg=G

90%
R�S�MN�qG�HeL_R�WdqrIM_^tREP0MN�qGIYbLz^_�qREHeHeYbPec#abYZ^NM_^-u

T�P�MN�eYZ^6S L¢J�O#GI«§RELN°¨o;«§G�rsREO�HKJ�L_Gs��MV«§R�^_GIM_REdeM_^-¬ � Y 	zMN�qG�^_GIM_REdeM�¤KJE^_Gs��REPeab]¸REP�L_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©
MNL¢JE�WYbMNYZREPKJ�a¡rsREPq^NMNL¢J�YbPQM_^-oqJ�Pq� � YbY 	�MN�qG�^_GIM_REdeMw¤KJE^_Gs��REP�¤¨REMN��L_GIcidea£J�LNYZ^¢J�MNYZREPKJ�aª©�MNL¢JE�WYbMNYZREPKJ�a�rsREPq^NMNL¢J�YbPmM_^
J�Pq�´REP¹rsREPq^_MNL¢J�YbPmM_^#�eGILNYbg=Gs�S¦L_REO S¦L_Gs²QdqGIPmM�YbM_GIO#^_GIM_^-u��Ë�qGIPMN�qG��qJ�M¢J¸«§JE^�^¢G-J�L_r_�qGs�S¦REL9S¦L_Gs²mdqGIPQM
YbM_GIO#^_GIM_^-om«�Gwdq^¢Gs��J6O�YbPeYbO¥deO3^NdeHeH¯RELNMUMN�eL_Gs^N�qREaZ��R�S l u lil76 � Y�u GwYªSDJ�^_GIM R�S¯HeL_RQ�WdqrIM_^	omr-J�abaZGs�#YbM_GIO#^¢GIM YZ^
rsREPmM¢J�YbPqGs�!YbP�J�M�aZG-JE^NM l o 6�� R�S?J�abaKMN�qG5¤KJE^N°=GIM_^-oQYbM�«+JE^�rsREPq^NYZ�eGIL_Gs��JE^�S L_Gs²QdqGIPmM�	¶uUT�P�REdeL§G¶µH¯GILNYbO#GIPmM_^	o
REP\J-g=GIL¢J�c=G�R-g=GILzMN�qG!v l ^_�qREHeHeYbPec�abYZ^NM_^-oK«�G¥S¦REdePq�AMN�KJ�M6rIdq^_M_REO#GIL_^z¤ede]AJ�L_REdePq� j O#REL_G±HeL_RQ�WdqrIM_^5YbP
MN�qGz^¢GsrsREPq��r-JE^_Giu �6REM_GiomMN�KJ�M§REdeL�G¶µWH¨GILNYbO#GIPQM_^§J�L_GzabYbO�YbM_Gs��²QdKJ�PmMNYbM¢J�MNYbg=Gio¤¯Gsr-J�dq^_Gt«§Gtdq^_Gs��c=GIPqGIL¢J�M_Gs�
�qJ�M¢JWu�p+�Qdq^tMN�eYZ^zL_Gs^NdeabMzREPeab]��eGIO#REPq^NMNL¢J�M_Gs^tMN�qG�dq^¢J�¤eYbabYbMV]0R�S�MN�qG¥J�HeHeL_R=JEr_�DoÑ¤edeMtMN�eYZ^zL_Gs^NdeabMz�eRGs^wPqREM
O#G-J�PDoeMN�KJ�MtL_G-J�a?rIdq^NM_REO#GIL_^t«§REdeaZ��¤ede] j O#REL_G�HeL_RQ�WdqrIM_^	u

� ���º�±Ä�Ï_Ã¡
KÅ����¡

T�PMN�eYZ^�HKJ�H¯GIL�«�G!YbPmMNL_R�WdqrsGs�ÈMN�qG�^NdeH¯GILNO�J�LN°=GIM�^¢GIM_REdeM9HeL_RE¤eaZGIO0u �"G�rsREO¥¤eYbPqGs�¹S¦L_Gs²mdqGIPQM�YbM_GIO#^_GIM
O�YbPeYbPec�J�Pq��rsREPq^NMNL¢J�YbPmMwaZREciYZr6HeL_REciL¢J�O�O�YbPec#M_R±ÊqPq��^_REO#G!�VL_GIa£J�MNYbg=G�c=RRQ� �5^¢REabdeMNYZREP�SXREL§MN�eYZ^+HeL_RE¤eaZGIO0u
p+�eYZ^tr-J�P0¤¯G�rsREPq^NYZ�eGIL_Gs�\JE^wYbO�HeL_R-g=GIO#GIPQM5YbP�MN�qG�O#R�eGIababYbPec�R�SUJ�rsREO�HeaZG¶µ�¤edq^NYbPqGs^_^wHeL_RE¤eaZGIO0u
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J�PAGs²QdeYbabYb¤eLNYbdeO J�abaZRr-J�MNYZREPDu

∗ �%� ����� �
�  #" � ,/.�� ' 725	���!�:9/* � �:F:FGAG? �:F:H
† �%� ����� �
�  #" � ��& '('�):��*
� +-,/.�,D.-0214365 36EGHGF G> ���!�:9/*��:9 + *
 (� � 1 5 � ' � 1 ' ' �G� ���
	 ��.-�%� ����� �
�  7��
)G&('
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�zaba�MN�qG!J�¤¯R-g=G�L_Gs^NdeabM_^9dq^_G�MN�qG!JE^_^_deO�HeMNYZREPMN�KJ�M�G-JEr_�ÉJ�c=GIPmM�� ^��qREdq^¢G�YZ^±dePeYZ²mdqGiu¸T�StMN�qG��qREdq^_Gs^
R�S+^_GIg=GIL¢J�a�J�c=GIPmM_^±J�L_G�Gs²mdeYbgiJ�aZGIPmM-o;MN�qG�^_YbMNdKJ�MNYZREP�O�Js]�r_�KJ�Pec=Giu9ÙqGI°=GIM_Gio�[Q°deM_GIaba£J�J�Pq� �"RQGIciYbPec=GIL�Ô	�(Õ
HeL_R	g=Gs�0MN�KJ�MtYbMwYZ^!����©VrsREO�HeaZGIM_G¥M_R#�eGsrIYZ�eG�«w�qGIMN�qGIL5J µ�¶jI���r�C�æ���Ejv�àj�ËD � reD�µ 
jI!Ò�G re´�E@DQ��µ�¶jI��\��� JE�WO�YbM_^
J�PÆGsrsREPqREO�YZr¸Gs²QdeYbabYb¤eLNYbdeO0uÆF6deHeabYZr-J�M_GA�qREdq^_Gs^�O#G-J�PÇMN�KJ�M�YbPÉMN�qG�HeL_G¶SXGIL_GIPqrsG0abYZ^NM_^�R�S�J�c=GIPQM_^�^_REO#G
� rsREO�HedeaZ^¢RELN] �WMNYZGs^tJ�HeH¯G-J�L � PKJ�MNdeL¢J�abab]=oqGs²mdeYbgiJ�aZGIPmMw�qREdq^¢Gs^+O¥dq^NM+¤¯GzMNYZGs� 	+J�Pq�!MN�qGIL_G�YZ^§aZGs^_^�S L_GsGs�eREO¼YbP
JE^¢^NYbciPeYbPec¸HeLNYZrsGs^±M_R��qREdq^_Gs^ � Gs²QdeYbgEJ�aZGIPQM±�qREdq^_Gs^¥O¥dq^NM9�KJsg=G!Gs²QdKJ�a HeLNYZrsG�	¶u0y6R-«�GIg=GIL-o�YbPMN�qG#O�J�LN°=GIM
rsREPq^_MNLNdqrIM_Gs��YbP�MN�qG�� ��©VrsREO�HeaZGIM_GIPqGs^_^�L_Gs�WdqrIMNYZREP�YbP�Ô	��ÕVoi^_REO#GwJE�e�WYbMNYZREPKJ�aqMNYZGs^�«�GIL_G+dq^¢Gs�;u?TVSKPqREPqGs²QdeYbgm©
J�aZGIPQMw�qREdq^_Gs^wr-J�PePqREMw¤¯GzMNYZGs�;oW«§REdeaZ��MN�qG5�KJ�L_�WPqGs^¢^+L_Gs^NdeabMw^NMNYbaba¯¤¨G6giJ�abYZ� ��p+�eYZ^w²QdqGs^NMNYZREP�YZ^+O#REMNYbgEJ�M_Gs�
¤Q]\REMN�qGIL�J�abaZRr-J�MNYZREP�O�J�LN°=GIM_^�«w�qGIL_G9MN�qG��WYbgQYZ�WYbPec�abYbPqG9¤¯GIMV«�GsGIPG���rIYZGIPmMNab]�^_REabgEJ�¤eaZG�J�Pq���KJ�L_��r-JE^_Gs^
YZ^¥MN�qG�HeL_Gs^_GIPqrsG�REL¥J�¤q^¢GIPqrsG�R�S+MNYZGs^-u  DGIM�dq^�O#GIPmMNYZREP MN�qG ��DFE ��G �Yv�¶!¶j�£�bE�DQ����Ò�v�¶ ��G ��� o¡«w�qGIL_G�YªS§MNYZGs^
J�L_G�PqREM�HeL_Gs^¢GIPmM-o¡J!H¯REab]QPqREO�Y£J�a�J�abc=RELNYbMN�eO�M_R!�eGsrIYZ�eG�MN�qG�G¶µWYZ^NM_GIPqrsG�R�SwJ�^_M¢J�¤eaZG�O�J�M_r_�eYbPecAG¶µWYZ^NM_^ � YbP
r-JE^¢G�«wYbMN�¹MNYZGs^¥MN�qG!G¶µWYZ^NM_GIPqrsG�HeL_RE¤eaZGIO YZ^ ����©VrsREO�HeaZGIM_G � ^_GsG\Ô Ø	Õ 	¶uA�3^NYbO�Yba£J�L�^NYbMNdKJ�MNYZREPÈRrsrIdeL_^9J�aZ^_R
SXREL¥J!O#R�WYªÊKr-J�MNYZREP R�S�MN�qG�rIa£JE^_^_YZr-J�aU�qREdq^NYbPec0O�J�LN°=GIM-oD«w�qGIL_G#J�c=GIPQM_^��KJ-g=G�HeL_G¶S¦GIL_GIPqrsGs^±J�aZ^_R�R-g=GIL�MN�qG
aZGIPeciMN�q^¥R�S�MNL¢JE�WYbPec�rI]rIaZGs^�Ô k ÕVu�T�P\^_dqr_��O�J�LN°=GIM_^-o;MN�qG±PqREMNYZREP"R�S�GsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO YZ^5PqREM�J�HeHeabYª©
r-J�¤eaZGio ¤edeM±MN�qG�pwp ` J�abc=RELNYbMN�eO YbP´MN�qGs^_G!^_GIMNMNYbPec=^�J�ab«§J-]^±ÊqPq�e^#J � ^NMNL_REPec 	±rsREL_G!J�abaZRr-J�MNYZREPDoUYªSzMNYZGs^
J�L_G9PqREM�J�abaZR-«§Gs�;u¥y6R-«§GIg=GIL-o;YbP�MN�qG±HeL_Gs^¢GIPqrsG9R�S�MNYZGs^�YbM5YZ^ � ��©VrsREO�HeaZGIM_G�M_R!�eGsrIYZ�eG�«w�qGIMN�qGIL6MN�qG�rsREL_G
JE^¥«�GIaba+JE^�MN�qG#^NMNL_REPec\rsREL_G�J�L_G#PqREPqGIO�HeM�]ÉÔ���ÕVu��5PqREMN�qGIL±G¶µqJ�O�HeaZG#YZ^�MN�qG ��DFE ��Gs�Y��Ejv�v�rqE6æ.�áÒ�v�¶ ��G ��� u
p+�qGIL_GioeJ�^_M¢J�¤eaZGtO�J�M_r_�eYbPec#J�ab«+Js]W^�G¶µWYZ^NM_^�J�Pq��YbP�MN�qG5r-JE^_Gt«wYbMN�qREdeM�MNYZGs^§J�aba¨^NM¢J�¤eaZGtO�J�M_r¢�eYbPec=^��KJ-g=GtMN�qG
^·J�O#G�r-J�L_�WYbPKJ�abYbMV]=u � P0MN�qG±REMN�qGILt�KJ�Pq�;oqYbP0MN�qG¥r-JE^_G�«wYbMN�0MNYZGs^-oK^NM¢J�¤eaZG�O�J�M_r_�eYbPec=^5O�Js]��KJ-g=G��WYª®;GIL_GIPmM
r-J�L_�WYbPKJ�abYbM�]AJ�Pq��MN�qG�HeL_RE¤eaZGIO R�S�ÊqPq�WYbPec!J9O�J(µWYbO¥deO»r-J�L_�WYbPKJ�abYbMV]0^NM¢J�¤eaZG�O�J�M_r_�eYbPec�YZ^!����©��KJ�L_� Ô ×(ÕVu

p+�qG!J�YbO�R�StMN�qG�HeL_Gs^_GIPmM�HKJ�H¯GIL¥YZ^9M_RA^NMNdq�W]^_REO#G!J�abc=RELNYbMN�eO�YZr!HeL_RE¤eaZGIO#^±SXREL±�qREdq^NYbPec\O�J�LN°=GIM_^-u
T�P´[GsrIMNYZREP ��«§G��eGILNYbg=G�^¢REO#G#HeL_REH¯GILNMNYZGs^¥MN�KJ�M�J�L_G�rsREO�O#REP YbP´J�aba��qREdq^NYbPec¸O�J�LN°=GIM_^-o�YbP"HKJ�LNMNYZrIdea£J�L
«§G#L_GIgYZGI« J�abc=RELNYbMN�eO#^¥S¦REL�rsREO�HedeMNYbPec\rsREL_G�J�Pq� � ^NMNL_REPeciab] 	 ��J�L_GIM_RAREHeMNYbO�J�a+J�abaZRQr-J�MNYZREPq^-o�^N�qR	« �qR-«
M_R�M_Gs^_M9MN�qG!PqREPqGIO�HeM�]QPqGs^_^�R�SzMN�qG�^NMNL_REPec�rsREL_G0J�Pq�¹HeL_R-g=G�MN�KJ�M�G-JEr¢�Ç^NMNL_REPec�rsREL_G0J�abaZRQr-J�MNYZREPÈYZ^#J�P
Gs²QdeYbabYb¤eLNYbdeO J�abaZRQr-J�MNYZREPDu � deL�J�HeHeL_R=JEr_�Do¯dePeabYb°=G9MN�qG¥HeL_GIgYZREdq^Nab]�Hede¤eabYZ^N�qGs�\L_Gs^NdeabM_^	oÑ�eRGs^zPqREM�JE^_^NdeO#G
MN�qG�dePeYZ²QdqGIPqGs^_^#R�S�J�c=GIPmM_^��UGIPq�eR	«wO#GIPmM_^�J�Pq�´HeL_R-gYZ�eGs^�J¸dePeYªS ]YbPec�O#GIMN�qR�´dq^NYbPec�MN�qG!a£J�PecidKJ�c=G0R�S
ciL¢J�He�¸MN�qGsRELN]=u

TVP0[GsrIMNYZREPq^ k J�Pq� �±«�G��eG-J�a;«wYbMN�0GsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO¼YbP��qREdq^NYbPec�O�J�LN°=GIM_^-u �"G�^N�qR-« MN�KJ�MwYbP
MN�qGzr-JE^_GwR�S¯^_MNLNYZrIMUHeL_G¶S¦GIL_GIPqrsGs^�MN�qGw�KJ�L_�WPqGs^_^UL_Gs^NdeabM S¦RELUO�J�LN°=GIM_^�«wYbMN�#�WdeHeabYZr-J�M_Gt�qREdq^_Gs^tÔ	�(ÕqYZ^ PqREM gEJ�abYZ�
J�Pq�"«�G�HeL_REH¯Ri^_G�J�^NYbO�HeaZG#H¨REab]PqREO�Y£J�a MNYbO#G#J�abc=RELNYbMN�eO SXREL��eGsrIYZ�WYbPecAMN�qG�G¶µWYZ^NM_GIPqrsG#R�StJ�P"GsrsREPqREO�YZr
Gs²QdeYbabYb¤eLNYbdeO0u�p+�qG�REMN�qGIL¥GIPq��R�S§MN�qG�^NH¨GsrIMNLNdeO YZ^�MN�qG�r-JE^_G9«wYbMN��MNLNYZr_�qREM_REO#REdq^±HeL_G¶S¦GIL_GIPqrsGs^ � Y�u Giu�J�aba
J�c=GIPQM_^+rsREPq^NYZ�eGIL+J�aba¯JErsrsGIHeM¢J�¤eaZG6�qREdq^_Gs^�Gs²QdeYbgiJ�aZGIPmM-oW^NMNLNYZrIMNab]�HeL_G¶SXGILNL_Gs�#M_R±MN�qGIYbL�R-«wP!�qREdq^_G�	¶u �"G5^N�qR-«
MN�KJ�Mz�qGIL_G�MN�qG�G¶µWYZ^NM_GIPqrsG�HeL_RE¤eaZGIO¼SXRELwMN�qG�GsrsREPqREO�YZr¥Gs²QdeYbabYb¤eLNYbdeO L_GIO�J�YbPq^ ����©VrsREO�HeaZGIM_Giu
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 ¡GIM
A
¤¯G�J �\�ËDá¶��

n
E!æ.��C�D�� o

H
J �\�\D�¶ �

m
µ�¶jI��\��De��Ò5��� u¸p+�qG ��C�
.¶ � �Y��C�D ��I�C�´\Derq¶jC ω : A → HJE^¢^NYbciPq^§M_R±G-JEr¢��J�c=GIPQM+MN�qG5M�]QH¯G6R�SD�qREdq^_G6�qG5RELNYbciYbPKJ�abab]!R-«wPq^-u � �6REMNYZrsG6MN�KJ�M�YbP!MN�qG�rIa£JE^_^NYZr-J�a¨O#RQ�eGIa¯R�S

[Q�KJ�HeaZGI]!J�Pq��[r-J�LnS�Ôbv k ÕVo
m = n

J�Pq�
ω
YZ^§J�¤eY fnGsrIMNYZREPDu 	�ÙedeLNMN�qGIL-oWG-JEr_��J�c=GIPmM

a ∈ A «wYZ^N�qGs^�M_R��KJ-g=G6YbP
�eYZ^ H¨Ri^_^¢Gs^_^NYZREP�fndq^NMUREPqGw�qREdq^_GtJ�Pq��YbM YZ^U^NdeHeH¯Ri^_Gs��MN�KJ�M �eYZ^ HeL_G¶S¦GIL_GIPqrsGs^§J�L_G+ciYbg=GIP�JE^�J6abYbPqG-J�L�REL_�eGILNYbPec
P (a)

REP"J�^_GIM
H(a) ⊆ H

o¨MN�qG�^_GIM�R�S E�´�´���Ò�DFE ��G � �qREdq^¢G±M�]QH¯Gs^-u �"G�JE^_^NdeO#G9MN�KJ�M
ω(a) ∈ H(a)

J�Pq�
MN�eYZ^§YZ^§MN�qG5aZG-JE^NM�HeL_G¶SXGILNL_Gs�!�qREdq^_G5YbP

H(a)
S¦REL+G-JEr_�

a ∈ A u�p+�qG6PqREM¢J�MNYZREP i �a j O#G-J�Pq^§MN�KJ�MwJ�c=GIPQM aHeL_G¶SXGIL_^U�qREdq^_G+M�]QH¯G
i
M_R��qREdq^_G+M�]QH¯G

j
u�TVS

i �a j
J�Pq�#^_YbO¥deabM¢J�PqGsREdq^Nab]

j �a i
oi«§Gt^¢J-]±MN�KJ�MU�qREdq^_G+M�]QH¯Gs^

i
J�Pq�

j
J�L_G Derq��
 YbP

a
� ^zHeL_G¶SXGIL_GIPqrsG¥abYZ^_M5J�Pq�0«wLNYbM_G

i ∼a j
� YªS

i �a j
J�Pq�0PqREM

j �a i
oK«�G�«wLNYbM_G

i �a jJ�Pq�^¢Js]\MN�KJ�M9J�c=GIPQM
a
��Dev�re´6DeGÐ� HeL_G¶SXGIL_^��qREdq^_G�M�]QH¯G

i
M_R��qREdq^_G�M�]QH¯G

j
u!p+�qG

n
©�MNdeHeaZG�R�S+HeL_G¶SXGIL_GIPqrsGs^

Â)±
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(P (a), a ∈ A)
«wYbabaD¤¨G��eGIPqREM_Gs�A¤m] P J�Pq�0r-J�abaZGs��MN�qG Ò�v�� �6��v���C�´���Ò�v�¶ 4¥Gs� u

p+�qG µ'¶jI.��r,C�æY��Ejv�àj�ËD YZ^tJ�²mdKJE�WLNdeHeaZG M = (A,H, ω,P)
u

TVS
S ⊆ A

oDaZGIM
ω(S) = {ω(a); a ∈ S} ⊆ H

¤¯G�MN�qG#^_GIM±R�S§�qREdq^_G#MV]H¨Gs^�R	«wPqGs�"¤Q]�J�c=GIPQM_^¥YbP
S
u

` REPmg=GIL_^¢GIab]=oqSXREL
T ⊆ H

«§G¥^_GIM
AS(T ) = {a ∈ S;ω(a) ∈ T} M_R�¤¯G�MN�qG�^¢GIMzR�S�J�c=GIPmM_^5YbP S «w�qR#R	«wP

J��qREdq^¢G�«w�qRi^_G±MV]H¨G¥YZ^zYbP
T
uwT�S

A′ ⊆ A
oK«§G±^¢J-]�MN�KJ�M M′ =M\A′ = (A\A′, ω(A\A′), ω′,P ′) YZ^6J��I�����Ejv�àj�ËD R�S M YªS

ω′
J�Pq� P ′ J�L_G�L_Gs^_MNLNYZrIMNYZREPq^zR�S ω J�Pq� P M_R

A\A′ J�Pq� ω(A\A′) oeL_Gs^NH¯GsrIMNYbg=GIab]=u�"G�^·Js]�MN�KJ�M M YZ^zJ��qREdq^NYbPec�O�J�LN°=GIMz«wYbMN� �ËDev�rq´\DzÒ�v�� �\��v���C�´���� YªS�MN�qGIL_G±J�L_G�PqR�MNYZGs^zYbP P u � PAMN�qGREMN�qGIL��KJ�Pq�;o M YZ^¥J��qREdq^NYbPec�O�J�LN°=GIM¥«wYbMN� Dev�rq´�µ�¶@DF¶j��¶jI��pÒ�v�� �\�Ëv���C�´���� YªS§S¦REL�G-JEr¢�J�c=GIPmM
a ∈ A o?J�abaMN�qG9�qREdq^_G�MV]H¯Gs^

h ∈ H ′(a) = H(a)\{ω(a)} J�L_G9MNYZGs�;u¥T�P�REMN�qGIL�«�REL_�e^-o;YbP"J��qREdq^NYbPec�O�J�LN°=GIM�«wYbMN�MNLNYZr_�qREM_REO#REdq^tHeL_G¶S¦GIL_GIPqrsGs^tG-JEr¢�0J�c=GIPmM
a ∈ A HKJ�LNMNYbMNYZREPq^wMN�qG5^¢GIM

H
YbPmM_R9MN�eL_GsG�rIa£JE^_^_Gs^-¬

H ′(a)
J�L_G5MN�qG

�qREdq^_G6MV]H¯Gs^�MN�KJ�MtJ�L_G ���ËDqDQ�Ëv MN�KJ�P��eYZ^+R-«wP��qREdq^¢G5M�]QH¯GioMN�qG�^_GsrsREPq��rIa£JE^_^+rsREPmM¢J�YbPq^�fndq^NM
ω(a)

J�Pq��MN�qG
MN�eYbL_��REPqG6MN�qRi^_G6�qREdq^_G6MV]H¨Gs^+MN�KJ�MtJ�L_G � ¶jv��\� MN�KJ�P ω(a)

uUÙKRELtG-JEr_�AJ�c=GIPmM
a ∈ A «§G��eGIPqREM_G5¤Q]

fS(a)MN�qG#^_GIM±R�S+MN�qG#O#Ri^NM�HeL_G¶SXGILNL_Gs� � �a
©�O�J(µWYbO�J�a 	��qREdq^¢G�MV]H¨Gs^�S L_REO

ω(S)
J�Pq�

FS(a) = AS(fS(a))
YZ^

MN�qG�^_GIMtR�SUR-«wPqGIL_^5R�S�MN�qGs^¢G��qREdq^_Gs^-u
�6REMNYZrsG6MN�KJ�M§«w�qGIP!HeL_G¶SXGIL_GIPqrsGs^wR�S�J�c=GIPmM_^tJ�L_G�^NMNLNYZrIM+MN�qGIP |fS(a)| = 1

SXREL§G-JEr¢�
a ∈ A J�Pq�

S ⊆ A �SXRELwMNLNYZr_�qREM_REO#REdq^6HeL_G¶S¦GIL_GIPqrsGs^z«�G��KJ-g=G
fA(a) = H ′(a)

u
�"G#^·Js]�MN�KJ�M9J!S¦dePqrIMNYZREP

x : S → H
YZ^±J�P EjG,Gs¶6´�E�Dere¶jC REP

S
YªSwMN�qGIL_G#G¶µWYZ^NM_^9J�¤eY fnGsrIMNYZREP

π
REP

S^Ndqr¢�"MN�KJ�M
x(a) = ω(π(a))

SXREL�G-JEr_�
a ∈ S u�T�P�MN�qG�«w�qREaZG�HKJ�H¯GIL-o;«�G�JE^_^NdeO#G�MN�KJ�M±J�abaZRr-J�MNYZREPq^±J�L_Gr�C�
jr�·6r�
@I'EjG�G �%v�E@Derq¶jC�EjG o;Y�u Giu

x(a) ∈ H(a)
SXREL�G-JEr¢�

a ∈ A u �6REMNYZrsG�MN�KJ�M�S¦REL�G-JEr_� J�abaZRr-J�MNYZREP x REP S oMN�qG6^_GIM
S
r-J�P�¤¯G5HKJ�LNMNYbMNYZREPqGs��YbPQM_R��WYbL_GsrIM_Gs�!rI]WrIaZGs^ � Dev�E 
jr,C�æ�´Ë��´ËG ��� 	�R�SDMN�qG5S¦RELNO

K = (a0, a1, . . . , a`)YbP�^_dqr_��J�«§J-]#MN�KJ�M
x(ai) = ω(ai+1)

SXREL�G-JEr_�
i = 0, 1, . . . , `

� �qGIL_G�J�Pq��GIaZ^_GI«w�qGIL_GioYbPq�WYZrsGs^�S¦REL§J�c=GIPmM_^
REP�rI]rIaZGs^wJ�L_G5M¢J�°=GIP!O#R�WdeaZR

`
	¶uUp+�qGIL_G¶SXREL_G5«§G5^_�KJ�aba¨R�S¦M_GIP�L_GIHeL_Gs^¢GIPmMzJ�P�J�abaZRQr-J�MNYZREP0JE^+J¥rsREabaZGsrIMNYZREP0R�S

MNL¢JE�WYbPec�rI]WrIaZGs^-u �"G�^¢J-]�MN�KJ�MzJ�c=GIPmM
a
YZ^wMNL¢JE�WYbPec�YbP

x
YªS
x(a) 6= ω(a)

u
�%rsR=J�abYbMNYZREP

S ⊆ A ��Gs¶6´�à6� J�P¸J�abaZRr-J�MNYZREP
x
REP

A
YªS�MN�qGIL_G�G¶µYZ^_M_^zJ�PAJ�abaZRQr-J�MNYZREP

y
REP

S
^_dqr_�0MN�KJ�M

y(a) �a x(a)
SXRELtG-JEr_�\J�c=GIPQM

a ∈ S,
MN�KJ�M�YZ^-o J�c=GIPmM_^�R�S

S
r-J�P´L_G-J�abaZRr-J�M_G!MN�qGIYbL9�qREdq^¢Gs^�YbP¹^Ndqr¢�ÉJA«+Js]MN�KJ�M�GIg=GILN]¤¯RQ�W]"YbP

S
YZ^�^NMNLNYZrIMNab]

¤¯GIMNM_GIL9R�®ÉMN�KJ�PYbP
x
u��¼rsR=J�abYbMNYZREP

S ⊆ A � ��E>à1GÐ� ��Gs¶6´�à6� J�P¹J�abaZRr-J�MNYZREP x REP
A
YªStMN�qGIL_G!G¶µWYZ^NM_^±J�P

J�abaZRr-J�MNYZREP
y
REP

S
S deaªÊqababYbPec#MN�qG¥rsREPq�WYbMNYZREP

y(a) �a x(a)
SXRELtG-JEr_�

a ∈ S J�Pq�
y(a) �a x(a)

S¦RELzJ�MwaZG-JE^_MzREPqG
a ∈ S,

MN�KJ�M#YZ^-o�YbPÆJ\L_G-J�abaZRr-J�MNYZREPÇPqRE¤¯RQ�W]S L_REO
S
YZ^#«�REL_^_G0R�® J�Pq�ÇJ�M#aZG-JE^_M#REPqGAJ�c=GIPmM#YbP

S
cmJ�YbPq^-uÉ�5P

J�abaZRr-J�MNYZREP
x
REP

A
YZ^5YbP¸MN�qG ´�¶jv�� R�S O�J�LN°=GIM M YªS�YbM�JE�WO�YbM_^6PqR�¤eaZRQr¢°QYbPec�rsR=J�abYbMNYZREP"J�Pq�AYbM6YZ^6YbP¸MN�qG

��Dev�¶jC�æ�´�¶@v�� R�S M YªS§PqR¸rsR=J�abYbMNYZREP «�G-J�°ab]�¤eaZRr_°W^�YbM-u!�zPJ�abaZRr-J�MNYZREP
x
REP

A
YZ^ t�E@v��ËDF¶�¶�Ò:Der,��EjG SXREL

O�J�LN°=GIM M YªS
A
�eRGs^+PqREMw¤eaZRr_°

x
oeJ�Pq�

x
YZ^ ��Dev�¶jC�æjG �¡t�E@v��ËDF¶�¶�Ò:Der,��EjG YªS

A
�eRGs^+PqREMw«�G-J�°ab]�¤eaZRr_°

x
u

� HKJ�YbL
(x, p)

o¨«w�qGIL_G
x
YZ^�J�P"J�abaZRr-J�MNYZREP�REP

A
J�Pq�

p : H → R
YZ^�J�HeLNYZrsG±S dePqrIMNYZREPDo¯YZ^�J�P ��´�¶jC�¶@�¡rq´

� �ËI�r�GÐr ��v�r,I�� S¦REL�O�J�LN°=GIM M YªS�S¦REL�G-JEr¢�J�c=GIPmM
a ∈ A o x(a) ∈ fS(a)

S¦REL�MN�qG�^¢GIM
S
R�SwJ�c=GIPQM_^�«w�qRi^_G

�qREdq^_G�YZ^5J(®¯REL_�qJ�¤eaZG�M_R
a
oeY�u Giu

S = {a′ ∈ A; p(ω(a′)) ≤ p(ω(a))}.
�"G�^N�KJ�aba?^¢Js]�MN�KJ�M6J�abaZRr-J�MNYZREP

x
YZ^zJ�P � �\I�r�GÐr ��v�r,I��ÕEjG�G ¶6´�E@Dere¶@C YªSUMN�qGIL_G¥G¶µWYZ^NM_^zJ�HeLNYZrsG�S dePqrIMNYZREP

p
^Ndqr¢�

MN�KJ�MtMN�qG�HKJ�YbL
(x, p)

YZ^zJ�P ��´�¶@C�¶j�£re´�� �ËI�r�G r ��v�r�I�� u
p+�qG�SXREabaZR-«wYbPec!^NYbO�HeaZG�HeL_REH¯GILNMV]0R�SUGs²mdeYbabYb¤eLNYbdeO J�abaZRr-J�MNYZREPq^t«wYbaba?R�S M_GIP�¤¯G�dq^_Gs�;u

�¥���d�d&�f32 ���
(x, p)

r,�OEjC���´�¶jC�¶j�£re´Y� �ËI�r�G r ��v�r�I�� �\¶jv���Ejv�àj�ËD M D�µ'��C
p(x(a)) = p(ω(a))

�\¶jv£��E�´�µ
a ∈ A É

Â:f
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tÜv�¶6¶ �  DGIM
K = (a0, a1, . . . , a`)

¤¨G�J�PQ]ÆMNL¢JE�WYbPecÇrI]WrIaZG�R�S
x
u �wrsrsREL_�WYbPecÇM_RMN�qG��eG¶ÊqPeYbMNYZREP R�S

Gs²QdeYbabYb¤eLNYbdeO0o
p(ω(ai)) ≥ p(ω(ai+1))

S¦REL�G-JEr¢�
i = 0, 1, . . . , `

o�«w�eYZr¢�ÈYbO�HeabYZGs^�MN�qG�JE^_^_GILNMNYZREP´R�SzMN�qG
 ¡GIO�O�JWu

2

TVP «w�KJ�M�SXREabaZR-«t^-o�«�G�^N�KJ�aba��eGIPqREM_G�¤m]
Q(M), C(M), SC(M), PO(M)

J�Pq�
SPO(M)

MN�qG�^_GIM
R�S�J�aba�Gs²mdeYbabYb¤eLNYbdeO0oÑrsREL_GioK^NMNL_REPec!rsREL_Gio3��J�L_GIM_R�REHeMNYbO�J�a�J�Pq�A^NMNL_REPeciab] ��J�L_GIM_R�REHeMNYbO�J�a�J�abaZRQr-J�MNYZREPq^zS¦REL
O�J�LN°=GIM M uUp+�qG¥�eG¶ÊqPeYbMNYZREPq^zYbO�Heab]!MN�KJ�MwSXRELtG-JEr_�A�qREdq^_YbPec#O�J�LN°=GIM

SC(M) ⊆ C(M) ⊆ PO(M)
J�Pq�

SC(M) ⊆ SPO(M) ⊆ PO(M),

J�Pq�J�aba MN�qG�YbPqrIabdq^NYZREPq^�YbP�MN�qG�J�¤¨R	g=G#r_�KJ�YbP¹r-J�P�¤¨G�^NMNLNYZrIM-u�ÙedeLNMN�qGIL-o¡YbP�MN�qG�r-JE^_G�«wYbMN�qREdeM¥�WdeHeabYZr-J�M_G
�qREdq^¢Gs^-o � J�°=R0Ôbv �(Õ¡HeL_R	g=Gs�

SC(M) ⊆ Q(M)
u

TVP�MN�qG�SXREabaZR-«wYbPec¸^_GsrIMNYZREPq^�«§G#^N�KJ�aba R�S¦M_GIP�dq^_G��WYbciL¢J�He�q^-o�^_R!aZGIM�dq^�L_Gsr-J�aba MN�qG�M_GILNO�YbPqREaZREci]�dq^_Gs� �
SXREL�S¦deLNMN�qGIL±�eGIM¢J�YbaZ^±«�G�L_GsrsREO�O#GIPq�¹Giu cqu�Ôbviv¶ÕVu�� 
@r æjv�E�Ò�µ YZ^�J�HKJ�YbL

G = (V,E)
o�«w�qGIL_G

V
YZ^±J0^¢GIM

R�S ·>��vËDere´���� o
E
YZ^6MN�qG�^_GIM�R�S E@v�´�� o¯Y�u Giu�REL_�eGIL_Gs��HKJ�YbL_^�R�S�g=GILNMNYZrsGs^-u �"G�J�abaZR	« HKJ�L¢J�abaZGIa�J�L_rs^�JE^6«�GIaba�JE^

aZRREHq^-oKY�u Giu+J�L_rs^6R�SUMN�qG�SXRELNO
(i, i)

SXRELz^_REO#G
i ∈ V u+TVS V ′ ⊆ V

oÑJ�^Nde¤¯�WYbciL¢J�He�¸R�S
G
r�C�
jI5´���
 ¤m]

V ′
YZ^

J#�WYbciL¢J�He�
G(V ′) = (V ′, E′)

«w�qGIL_G
E′ = {(i, j) ∈ E; i, j ∈ V ′} u� � EjGÐà YbP G YZ^�J\^_Gs²QdqGIPqrsG�R�Szg=GILNMNYZrsGs^

(i0, i1, . . . , ik)
^Ndqr_�ÈMN�KJ�M

(ij , ij+1) ∈ E
S¦REL�G-JEr_�

j =
0, 1, . . . , k − 1

u��"G�^¢J-]!MN�KJ�Mzg=GILNM_G¶µ
j
YZ^5J ��I'´�´������\¶jv R�S�J�g=GILNM_G¶µ

i
YbP
G
oqYªS

G
rsREPmM¢J�YbPq^�J�«§J�ab°�S¦L_REO

i
M_R
j
ut�%g=GILNM_G¶µ

j
YZ^�J 
jr�v���´\D»��I5´�´������Ë¶@v R�S�J�g=GILNM_G¶µ

i
YbP
G
oÑYªS

(i, j) ∈ E uw��g=GILNM_G¶µ
i ∈ V YZ^5J ��r,C)à

YbP
G
oqYªS�YbMt�KJE^wPqR#^NdqrsrsGs^¢^_REL_^wYbP

G
u �  DGIMzdq^tL_GIO�J�LN°¨oKMN�KJ�Mz^_REO#G¥J�deMN�qREL_^-oKGiu cquzÔbv k o;v j ÕDdq^¢G�MN�qG�M_GILNO

DF¶�Ò3·j��v�DQ� � YbP�MN�qG�^·J�O#G�O#G-J�PeYbPecqu 	
�3«§J�ab°

(i0, i1, . . . , ik)
YZ^±^¢J�YZ�M_R¸¤¨G ´ËG ¶j�\��
 o YªS

i0 = ik
� YªS5O#REL_GsR-g=GIL#J�aba+MN�qG�g=GILNMNYZrsGs^

i1, . . . , ikJ�L_G!HKJ�YbLN«wYZ^_G��WYZ^NMNYbPqrIM-o�YbM±YZ^�J ´Ë��´ËG � u"� rsREabaZGsrIMNYZREP K R�Szg=GILNM_G¶µ©V�WYZ^¦fNREYbPmM#rI]WrIaZGs^±YZ^�J ´Ë��´ËG �¿´�¶@·>��v R�S
J��WYbciL¢J�He�

G
YªS6G-JEr_�Çg=GILNM_G¶µ´R�S

G
YZ^�rsREPmM¢J�YbPqGs�ÇYbPÈ^_REO#G

K ∈ K u´� H¯REab]QPqREO�Y£J�aª©�MNYbO#GAJ�abc=RELNYbMN�eO
M_RA�eGsrIYZ�eG#«w�qGIMN�qGIL±J��WYbciL¢J�He��KJE^¥J�rI]WrIaZG#rsR-g=GIL¥YZ^�«�GIabaª©�°PqR-«wPDu!p+�qG�SXREab°QaZREL_G�J�HeHeL_R=JEr_��eGs^¢rILNYb¤¨Gs�
Giu cqu+YbPÔ j ÕDÊqL_^NM6rsREPq^NMNLNdqrIM_^6J�¤eYbHKJ�LNMNYbM_G � dePq�WYbL_GsrIM_Gs� 	zciL¢J�He�

Γ
¤m]0�WdeHeabYZr-J�MNYbPec�G-JEr_�\g=GILNM_G¶µ0R�S

G
J�Pq�

O�J�°YbPec�MN�qG�HKJ�YbL {i, j′} J�PAGs�Wc=G�YªS J�Pq�AREPeab]!YªS (i, j) ∈ E oe«w�qGIL_G j ′ YZ^zMN�qG�rsREHm]�R�SUg=GILNM_G¶µ j ∈ V u�T�MYZ^z^NMNL¢J�Ybci�mMnSXRELN«§J�L_�¸M_R#^_GsG�MN�KJ�M
G
�KJE^6J�rI]rIaZG�rsR	g=GILzYªS J�Pq�0REPeab]!YªS

Γ
�KJE^zJ9H¨GILnSXGsrIMtO�J�M_r¢�eYbPecqu

�Ö�WYbciL¢J�He�
G
«wYbMN��g=GILNM_G¶µ�^_GIM

V
YZ^ �ËDev�¶jC�æjGÐ��´�¶@C)C���´\DQ� 
 oWYªS¯S¦REL§G-JEr_�!HKJ�YbL

i, j
R�SD�WYZ^NMNYbPqrIM§g=GILNMNYZrsGs^�R�S

V
MN�qGIL_G5YZ^wJ¥«§J�ab°�S L_REO

i
M_R
j
JE^�«§GIabaDJE^+J±«+J�ab°#S¦L_REO

j
M_R
i
YbP
G
uU� ��Dev�¶jC�æ@GÐ�Y´�¶@C)C���´\DQ� 
%´�¶j��Ò'¶jC���C�D

� [ `w` S¦REL�^N�qRELNM�	�R�SDJ��WYbciL¢J�He�
G
YZ^§J�O�J(µWYbO�J�aK^NMNL_REPeciab]#rsREPePqGsrIM_Gs��^_de¤¨�WYbciL¢J�He�!R�S

G
u �"Gt^_�KJ�abaKr-J�aba¨J

[ `w` Dev�r,·!reEjG oYªS¡YbM+rsREPmM¢J�YbPq^�fndq^NM+REPqG5g=GILNM_G¶µ�J�Pq��PqR�J�L_rs^-u � [R9YªS�J¥g=GILNM_G¶µ�«wYbMN�0J¥aZRQREH�YZ^wJ9[ `w` oMN�qGIP
YbMzYZ^wPqREPmMNLNYbgY£J�a�u 	#p+�qG ´�¶jC�
���C5�ËE�Dere¶jC

G∗ = (V ∗, E∗)
R�S J��WYbL_GsrIM_Gs�0ciL¢J�He�

G
YZ^tRE¤eM¢J�YbPqGs�A¤m]�O#GILNciYbPec

MN�qG¥g=GILNMNYZrsGs^5R�S G-JEr¢��[ `w` R�S
G

� J�Pq�0H¯GILN�KJ�Hq^z�eGIaZGIMNYbPec�GIg=GIPmMNdKJ�a�HKJ�L¢J�abaZGIa�J�L_rs^�	¶u§ÙKREL
i ∈ V «�G9^N�KJ�aba

�eGIPqREM_G�¤m]
i∗
MN�qG6g=GILNM_G¶µ�R�S

G∗
rsRELNL_Gs^NH¯REPq�WYbPec�M_R�MN�qG�[ `w` R�S

G
rsREPQM¢J�YbPeYbPec

i
uU�6^

G∗
YZ^wJErI]rIabYZrioWMN�qG

g=GILNMNYZrsGs^�R�S
G∗

J�L_G¥HKJ�LNMNY£J�abab]0REL_�eGIL_Gs�;o
i∗ � j∗

YªS�J�Pq�\REPeab]�YªS
i∗
YZ^6J#^NdqrsrsGs^_^¢REL5R�S

j∗
YbP
G∗

J�Pq�AMN�eYZ^
REL_�eGIL�r-J�P�G-JE^NYbab]�¤Q]¸G¶µWM_GIPq�eGs�AM_R�J�abYbPqG-J�L6REL_�eGILNYbPecqoD^¢REO#GIMNYbO#Gs^6r-J�abaZGs��J DF¶�Ò'¶jGs¶�æjrq´�EjGM¶@v 
.�Ëv u�� [ `w`
YZ^ ��r�C5à o¡YªS+YbM_^±rsRELNL_Gs^NH¯REPq�WYbPecAg=GILNM_G¶µ"YbP"MN�qG�rsREPq�eGIPq^¢J�MNYZREP YZ^9J�^NYbPe°¯u��5PJ�abc=RELNYbMN�eO�M_R¸rsREPq^NMNLNdqrIM9J
rsREPq�eGIPq^·J�MNYZREP0R�S?J¥�WYbciL¢J�He�0J�Pq�!YbM_^�M_REH¯REaZREciYZr-J�a;REL_�eGIL-oWabYbPqG-J�L�YbP!MN�qG6PmdeO±¤¨GILwR�S¡YbM_^+J�L_rs^-oYZ^��eGs^¢rILNYb¤¨Gs�
Giu cqu YbP Ôbviv¶ÕVu

�ÆrsREPq�eGIPq^·J�MNYZREP�R�S¡J��WYbciL¢J�He��r-J�P�¤¨Gwdq^¢Gs��J�aZ^_R6SXREL MN�qG+SXREabaZR-«wYbPec9M¢JE^N°¨uU[REO#GIMNYbO#Gs^�«�Gz^_�KJ�abaq�KJsg=G
M_R��eGsrIYZ�eG+«w�qGIMN�qGILUYbP#J6�WYbciL¢J�He�

G = (V,E)
JzrI]WrIaZG+rsR-g=GIL G¶µWYZ^NM_^-oEMN�KJ�MUrsREPmM¢J�YbPq^�J�M�aZG-JE^NMUREPqGtJ�L_r�S¦L_REO

MN�qG�HeL_Gs^¢rILNYb¤¨Gs��^_GIM
F ⊆ E

� ^Ndqr_�"J�rI]WrIaZG9rsR	g=GIL�«wYbaba�¤¨G�^¢J�YZ�\M_R�¤¯G µ.r�DqDer�C�æ
F
u �5^NYbPec�MN�qG#J�HeHeL_R=JEr¢�

�eGs^¢rILNYb¤¨Gs� J�¤¯R-g=Gio¡«�G#rsREO�HedeM_G�J!H¨GILnSXGsrIM�O�J�M_r_�eYbPec¸YbP�MN�qG�¤eYbHKJ�LNMNYbM_G#ciL¢J�He�
Γ
u�TVS§^_REO#G�R�S§MN�qG�J�L_rs^

S¦L_REO
F
rsRELNL_Gs^NH¨REPq�e^±M_RAJ0O�J�M_r_�qGs�¹Gs�Wc=Gio¡MN�qG!J�Pq^N«�GIL¥S¦REL�MN�qG��eYbMNMNYbPec¸rI]WrIaZG�rsR	g=GIL¥HeL_RE¤eaZGIO YZ^�]=Gs^-u

� MN�qGILN«wYZ^¢Gz«§Gzr-J�P�rsREPQMNYbPmdqG6YbP�MN�qGtS¦REabaZR	«wYbPec¥«+Js]¯¬U�WYbL_GsrIM§J�abaKMN�qGzO�J�M_r_�qGs�!Gs�Wc=Gs^ S¦L_REO MN�qGtÊqL_^NM�rsREaZREL

Â�|



�������� ���t� � � � � � ���U��� � � ��< * � ��
 > 	� 8 	�� �
�

rIa£JE^_^§M_R�MN�qG�^_GsrsREPq��REPqG�J�Pq�0J�aba¨MN�qG6dePeO�J�M_r¢�qGs�0Gs�Wc=Gs^§S L_REO3MN�qG�^_GsrsREPq��rsREaZRELwrIa£JE^_^+M_R9MN�qG5ÊqL_^NMwREPqGiu
ÙqREL�MN�qG�RE¤eM¢J�YbPqGs���WYbciL¢J�He�"rsREPq^NMNLNdqrIM�YbM_^6rsREPq�eGIPq^·J�MNYZREP

Γ∗
u �5R	« YbM_^6YZ^�RE¤mgYZREdq^�MN�KJ�M�G-JEr_��O�J�M_r¢�qGs�

Gs�Wc=G�MN�KJ�MtrsREPePqGsrIM_^wM�«�R#�WYª®;GIL_GIPmM5[ `w` ^tR�S
Γ∗

YZ^§O�J�M_r_�qGs�AYbP�G-JEr¢�0H¯GILnS¦GsrIM+O�J�M_r_�eYbPec � Y�u GiuUYZ^+dq^_Gs�!YbP
G-JEr_�¸rI]rIaZG�rsR-g=GIL5R�S

G
	¶oqG-JEr¢��dePeO�J�M_r_�qGs�AGs�Wc=G�MN�KJ�MtrsREPePqGsrIM_^tMV«�R��WYª®¯GIL_GIPQM6[ `w` ^wYZ^+O�J�M_r_�qGs�0YbP�PqR

H¯GILnS¦GsrIMwO�J�M_r¢�eYbPec � Y�u Giu�YZ^wdq^¢Gs��YbP�PqR#rI]WrIaZG�rsR-g=GIL5R�S
G
	¶oqJ�Pq�AJ�abaDMN�qG�Gs�Wc=Gs^z«wYbMN�eYbPA^_REO#G±[ `w` J�L_G�YbP

^_REO#GioK¤edeMzPqREMzYbP\J�aba¡H¯GILnS¦GsrIM5O�J�M_r_�eYbPec=^-uwy6GIPqrsG�MN�qG9J�Pq^N«�GILzS¦RELtMN�qG¥�eYbMNMNYbPec!rI]WrIaZG�rsR	g=GIL5HeL_RE¤eaZGIO»YZ^
PqR�YªSUJ�Pq�0REPeab]�YªS�J�aba?J�L_rs^+S¦L_REO

F
J�L_G�dePeO�J�M_r¢�qGs�¸J�Pq�0rsREPePqGsrIM6�WYª®¯GIL_GIPQMzrsREO�H¯REPqGIPmM_^6R�S

Γ∗
u

� ^NMNL_REPeciab]#rsREPePqGsrIM_Gs�!�WYbciL¢J�He�
G
YZ^�^¢J�YZ�#M_R¥¤¨G��UdeaZGILNY£J�PDoYªSDYbM�rsREPmM¢J�YbPq^wJ¥rIaZRi^_Gs��«+J�ab°#rsREPmM¢J�YbPeYbPec

J�abaUJ�L_rs^5R�S
G
G¶µqJErIMNab]0REPqrsGiu5p+�eYZ^6YZ^6Gs²mdeYbgiJ�aZGIPmM�«wYbMN�\MN�qG¥HeL_REH¯GILNMV]0MN�KJ�M5SXREL6G-JEr¢�\g=GILNM_G¶µ

i
YbP
G
MN�qG

PmdeO±¤¨GILtR�S�J�L_rs^+MN�KJ�M+GIPQM_GIL
i
YZ^wGs²QdKJ�a¨M_R±MN�qG6PQdeO¥¤¯GILtR�S�J�L_rs^+MN�KJ�M+aZG-Jsg=G

i
�#MN�eYZ^§r-J�P0J�aZ^_R9¤¯G5�eGsrIYZ�eGs�

abYbPqG-J�LNab]�YbP�MN�qG�PmdeO±¤¨GIL6R�SUJ�L_rs^zR�S
G
Ôbviv¶ÕVu

� ����" " ��� � Á�� � ��Á��¨Å��	
ì��� Î �zÃO
ÑÅ��±Ò " ÐtÁ ���0��

TVS M YZ^�J�Pm]´�qREdq^NYbPec�O�J�LN°=GIM-o�SXREL�ÊqPq�WYbPecJ�rsREL_G � J�Pq�È�qGIPqrsGAJ�aZ^¢R"J���J�L_GIM_RREHeMNYbO�J�a 	�J�abaZRQr-J�MNYZREP
MN�qG�S�J�O#REdq^�pwp ` J�abc=RELNYbMN�eO�Ôbv k Õ�r-J�P�¤¨G�dq^¢Gs�;u#pwp ` ^NM¢J�LNM_^�«wYbMN� MN�qG�«w�qREaZG#^_GIM�R�StJ�c=GIPmM_^

A
u#�5P

J�LN¤eYbMNL¢J�LN]¸J�c=GIPQM
a0 ∈ A

YZ^zr¢�qRi^_GIP�J�Pq�¸�qG�HeL_REH¯Ri^_Gs^5M_R�REPqG � J�LN¤eYbMNL¢J�LN] 	5J�c=GIPmM6YbP
FA(a0)

oK^·Js]AJ�c=GIPmM
a1
u�p+�qGIP

a1
HeL_REH¯Ri^_Gs^+M_R�REPqG�R�S?MN�qG�J�c=GIPQM_^wYbP

FA(a1)
oe^¢J-]�J�c=GIPQM

a2
oeGIM_riuU�tS¦M_GILzJ¥ÊqPeYbM_G�PmdeO±¤¨GILzR�S

HeL_REH¯Ri^¢J�aZ^-oeJ¥rI]WrIaZG
K
J�LNYZ^_Gs^-o«w�eYZr¢��«wYbaba¨¤¯G5MN�qGzÊqL_^_M�MNL¢JE�WYbPec#rI]WrIaZGiuU�zc=GIPQM_^wrsRELNL_Gs^NH¯REPq�WYbPec9M_R

K
J�L_G

�eGIaZGIM_Gs��S¦L_REO MN�qG¥O�J�LN°=GIM6J�Pq�0MN�qG�«w�qREaZG�HeL_RrsGs�WdeL_G�YZ^tL_GIH¯G-J�M_Gs��SXRELtMN�qG�^_de¤eO�J�LN°=GIM M\K dePmMNYba�J�aba
J�c=GIPmM_^6J�L_G¥JE^_^NYbciPqGs�0M_R�^_REO#G�MNL¢JE�WYbPec�rI]WrIaZGiu
�  "�.��/1��� |
2 �  ���Å�yµ'��´�¶jv��£¶ �O��E�´�µµ�¶@I.��r,C�æÅ��Ejv�àj�ËD r_�áC�¶@C�����Ò�De�.É

�5P
O(L)

YbO�HeaZGIO#GIPQM¢J�MNYZREP\R�S�MN�qG�pwp ` J�abc=RELNYbMN�eO0oK«w�qGIL_G
L =

∑
a∈A |H(a)| YZ^wMN�qG�M_REM¢J�aDaZGIPeciMN�R�S+HeL_G¶S¦GIL_GIPqrsG�abYZ^NM_^-o;YZ^±�eGs^_rILNYb¤¨Gs�"YbPÉÔbvIÕUS¦REL¥MN�qG�PqR�©�MNYZGs^-oDPqR�©V�WdeHeabYZr-J�M_G¶©��qREdq^¢Gs^9r-JE^¢Giu � ¤mgYZREdq^Nab]=o?MN�eYZ^

YbO�HeaZGIO#GIPmM¢J�MNYZREP´r-J�P"¤¯G�dq^_Gs��YbP J�PQ]\O�J�LN°=GIM-o?YªStJ�M�MN�qG�¤¨GIciYbPePeYbPecAMN�qG�MNYZGs^±J�L_G�¤eL_RE°=GIP´J�LN¤eYbMNL¢J�LNYbab]=o
L_Gs^NH¯GsrIMNYbPec#MN�qG��qREdq^_G�M�]QH¯Gs^-u

�Ë�qGIP0pwp ` YZ^tJ�HeHeabYZGs��M_R#J±�qREdq^NYbPec�O�J�LN°=GIMt«wYbMN�qREdeMt�WdeHeabYZr-J�M_G��qREdq^_Gs^tJ�Pq��MNYZGs^	oWYbM_^wREdeM_rsREO#G�YZ^
dePeYZ²QdqGiu�p+�eYZ^�PqGsGs�\PqREM6¤¯G±MN�qG9r-JE^¢G±«w�qGIP�GIYbMN�qGIL��WdeHeabYZr-J�M_G��qREdq^_Gs^�REL�MNYZGs^�J�L_G9HeL_Gs^_GIPmM-u±�¸REL_GsR	g=GIL-o
YbP�MN�qG�rIa£JE^_^NYZr-J�aUO#R�eGIa G-JEr_�Gs²mdeYbabYb¤eLNYbdeO J�abaZRr-J�MNYZREP"YZ^�J�P"REdeMNHedeM¥R�S+^_REO#G�L_G-J�abYb³	J�MNYZREP R�S+MN�qG�pwp `
J�abc=RELNYbMN�eO YbLNL_Gs^_H¨GsrIMNYbg=G�R�S�MNYZGs^-oW¤edeMwYbMtO�J-]��KJ�HeH¯GIP0MN�KJ�Mz^¢REO#G�rsREL_G¥J�abaZRQr-J�MNYZREPq^5r-J�PePqREMt¤¯G�RE¤eM¢J�YbPqGs�
YbP�MN�eYZ^�«+Js]=u�T�P ��µqJ�O�HeaZG0vioDMN�eYZ^±J�HeHeabYZGs^�Giu cqu�M_R0J�abaZRr-J�MNYZREP

x5
¬�JE^�^¢RQREP"JE^¥J�c=GIPQM

a3
L_GsrsGIYbg=Gs^¥MN�qG

HeL_REH¯Ri^¢J�aUS¦L_REO
a4
o¡�qG�HeL_REH¨Ri^¢Gs^�¤KJEr_°�M_R

a4
u  DGIM�dq^�L_GIO�J�LN°��qGIL_GioDMN�KJ�M±J�rsREO�HeaZGIM_G��eGs^_rILNYbHeMNYZREPR�S

MN�qG�^NMNLNdqrIMNdeL_G¥R�S�MN�qG�rsREL_G�R�S J��qREdq^NYbPec�O�J�LN°=GIMtYZ^wPqREMt°PqR-«wPDu
p+�qG±^NMNL_REPec�rsREL_G±R�S J��qREdq^NYbPec�O�J�LN°=GIM6O�Js]�¤¯G�GIO�HeMV]"Ôbv��EÕ�J�Pq�¸J�P

O(n3)
J�abc=RELNYbMN�eO S¦RELtM_Gs^_MNYbPec

YbM_^�PqREPqGIO�HeM�]QPqGs^_^�«§JE^�HeL_REH¨Ri^_Gs�ÉYbP Ôbv j ÕVuÈy5GIL_G�«§G�ciYbg=GAJ�^NYbO�HeaZGIL!J�abc=RELNYbMN�eO&SXREL�MN�eYZ^�M¢JE^N°¯u  DGIM
GF (M) = (A,E)

¤¨G5J��WYbciL¢J�He�!�eG¶ÊqPqGs��¤m]
(i, j) ∈ E YªS

j ∈ FA(i)
uUp+�KJ�M�YZ^-o=YbP

GF (M)
G-JEr_��g=GILNM_G¶µ

� J�c=GIPmM�	
i
^_GIPq�e^zJ�P¸J�L_r�M_R�G-JEr_�\J�c=GIPQMt«w�qR#R	«wPq^5J9�qREdq^_G�MN�KJ�M

i
abYb°=Gs^tMN�qG�¤¯Gs^NM-u

�¥���d�d&��
2 � �ËD M = (A,H, ω,P)
���bE@C)�Yµ'¶jI.��r,C�æ���Ejv�à@�ËD�EjC�
%G �ËD

D
���YEÅ��r�C5àbÑ0³�³Çr�C

GF (M)
É

�yµ'��C
SC(M) 6= ∅ r �%EjC�
3¶jC)G �$r � D E 
j�£r�D��ÅE3´\�@´\Gs�´�¶j·>��v¿EjC�


SC(M′) 6= ∅ �Ë¶jv%D�µ'�Y��I�����Ejv�àj�ËD
M′ =M\V (D)

É
t»v�¶6¶��  DGIM

x ∈ SC(M)
u [QdeHeH¯Ri^_GiomS¦REL�J�rsREPQMNL¢JE�WYZrIMNYZREPDoWMN�KJ�M

D
YZ^�J�^NYbPe°�[ `w` YbP

GF
MN�KJ�M��eRQGs^�PqREM

�KJsg=G9J�rI]rIaZG¥rsR-g=GIL-u�p+�qGIPAMN�qGIL_G�G¶µYZ^_M_^
a ∈ V (D)

^Ndqr_�0MN�KJ�M
x(a) /∈ fA(a)

oK¤edeMzJE^
a ∈ V (D)

oeMN�qGIL_G
G¶µWYZ^NM_^6J�rI]rIaZG

K
YbP
D
rsREPQM¢J�YbPeYbPec

a
ut�6^_^NYbciPeYbPec�M_R�G-JEr¢��J�c=GIPQM�REP

K
MN�qG9GIPq�eR-«wO#GIPQM�R�S �eYZ^6�WYbL_GsrIM

Â)�
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^_dqrsrsGs^_^_REL�REP
K
oKYbM5YZ^5G-JE^N]�M_R!^_GsG¥MN�KJ�M5MN�qG±g=GILNMNYZrsGs^�R�S

K
S¦RELNO J#«§G-J�°Qab]A¤eaZRQr¢°QYbPec�^_GIMtSXREL

x
u6[R

DO±dq^NMz�KJ-g=G±J�rI]WrIaZG�rsR	g=GIL6J�Pq�
x(a) ∈ ω(V (D))

SXRELtG-JEr_��J�c=GIPmM
a ∈ V (D)

u�y6GIPqrsG�MN�qG�L_Gs^NMNLNYZrIMNYZREP\R�S
x
M_R#J�c=GIPmM_^5R�S

A\V (D)
YZ^zJ�^NMNL_REPec�rsREL_G±J�abaZRQr-J�MNYZREP�SXREL M′ u` REPmg=GIL_^_GIab]=ozaZGIM

x′ ∈ SC(M′) J�Pq�ÆaZGIM
D
�KJ-g=G�J rI]rIaZG\rsR-g=GIL K u T�M�YZ^!G-JE^N]ÈM_R^_GsGAMN�KJ�M

x′J�deciO#GIPQM_Gs��¤m]#MN�qG6MNL¢JE�WYbPec�rI]rIaZGs^+�eG¶ÊqPqGs�!¤m]�MN�qG5rI]WrIaZGs^+R�S K ciYbg=Gs^wJ¥^_MNL_REPec9rsREL_G�J�abaZRQr-J�MNYZREP!SXREL M u
2

ºwJE^_Gs�ÈREP  DGIO�O�J �Wo�YbM#YZ^�^Nd���rIYZGIPQM�M_R�ÊqPq�ÆJ�Pm]´^NYbPe°È[ `w`
D
R�S�MN�qG�ciL¢J�He�

GF (M)
J�Pq�ÈM_R

M_Gs^_M�«w�qGIMN�qGIL!YbM�JE�WO�YbM_^!J rI]rIaZGArsR-g=GIL-u TVS6MN�qG\J�Pq^N«�GIL�YZ^�PqGIcmJ�MNYbg=Gio
SC(M) = ∅ owREMN�qGILN«wYZ^_G0MN�qG^·J�O#G�HeL_RQrsGs�WdeL_G�YZ^6YbPmg=RE°=Gs�"«wYbMN��MN�qG9^_de¤eO�J�LN°=GIM M\V (D)

u±p+�eYZ^�YZ^6^_deO�O�J�LNYb³-Gs��YbP�MN�qG¥SXREabaZR-«wYbPec
JE^¢^_GILNMNYZREPDu
�  y����/>��� } 2 ��C3EjC)�Yµ�¶jI���r�C�æÅ�bE@v�àj�\D M KMD�µ'�OC�¶@C�����Ò�De�jC������=¶ ��D�µ'�=��Dev�¶jC�æ�´�¶jv��b´�E@C&��� 
.��´Ër 
.��
r,C
O(L
√
n)
Der��Y�6É

tÜv�¶6¶ � ` REO�HedeMNYbPec±MN�qGtrsREPq�eGIPq^¢J�MNYZREP!L_Gs²mdeYbL_Gs^
O(L)

REH¯GIL¢J�MNYZREPq^-uUTVP�deH¯�qJ�MNYbPec¥MN�qGz�WYbciL¢J�He�
GF (M)M_R�c=GIM

GF (M′) J�Pq��YbM_^trsREPq�eGIPq^¢J�MNYZREP¸J(S¦M_GILzJ�^NYbPe°�[ `w` D
«+JE^t�eGIaZGIM_Gs�;oeYbMt^Nd���rsGs^wM_R�^_r-J�P�fndq^NM+MN�qG

J�L_rs^�MN�KJ�M�GIPmM_GIL
V (D)

u�y5GIPqrsG�PqR0J�L_r�«wYbabaU¤¯G9dq^_Gs��O#REL_G�MN�KJ�P"REPqrsG�YbP�MN�qGs^_G�rsREO�HedeM¢J�MNYZREPq^-o?^_R�YbP
deH¯�qJ�MNYbPec±�WYbciL¢J�He�q^§J�Pq��MN�qGIYbL�rsREPq�eGIPq^¢J�MNYZREPq^�PqR�O#REL_GwMN�KJ�P

O(L)
REH¯GIL¢J�MNYZREPq^ «wYbabaq¤¯G+dq^_Gs�;u�F�GsrIYZ�WYbPec

MN�qG�G¶µWYZ^NM_GIPqrsG�R�S+J!rI]WrIaZG�rsR-g=GIL�YbP"J!rsREO�H¨REPqGIPQM�«wYbMN�
ni ≤ n

g=GILNMNYZrsGs^¥J�Pq�
Li ≤ L

J�L_rs^-o¯dq^NYbPec�MN�qG
J�HeHeL_R=JEr¢���eGs^_rILNYb¤¨Gs�0YbPÔ j Õ¡PqGsGs�e^

O(Li
√
ni)

REH¯GIL¢J�MNYZREPq^-oqYªSUMN�qG�¤eYbHKJ�LNMNYbM_G±O�J�M_r_�eYbPec�J�abc=RELNYbMN�eO»R�StÔ 6 Õ
J�Pq� Ôbv l ÕDYZ^wdq^_Gs�;u � g=GIL¢J�aba�oKMN�eYZ^wciYbg=Gs^

O(L
√
n)
MNYbO#G�rsREO�HeaZG¶µWYbMV]=u

2

�5G¶µWMw«�G¥G¶µM_GIPq��p+�qGsREL_GIO j S L_REO�Ôbv �(Õ?M_R��qREdq^NYbPec#O�J�LN°=GIM_^t«wYbMN�¸�WdeHeabYZr-J�M_G��qREdq^_Gs^-u
�  y����/>��� Â72 ��C3EjC)�bµ�¶@I.��r,C�æY��Ejv�àj�ËD M K

SC(M) ⊆ Q(M)
É

tÜv�¶6¶ �  DGIM
x ∈ SC(M)

¤¨G�J�LN¤eYbMNL¢J�LN]=u��"G�«wYbaba¡^N�qR-« MN�KJ�M+S¦RELzJ�^_deYbM¢J�¤eab]!�eG¶ÊqPqGs��HeLNYZrsG�S dePqrIMNYZREP
p
o

MN�qG�HKJ�YbL
(x, p)

YZ^zJ�P0GsrsREPqREO�YZr±Gs²mdeYbabYb¤eLNYbdeO»R�S M u
 DGIMtdq^wM¢J�°=G�MN�qG¥�WYbciL¢J�He�

G(H,x) = (H,E∼x ∪E�x )
«w�qGIL_G

(hk, h`) ∈ E∼x
YªS�MN�qGIL_G�G¶µWYZ^NM

i, j
^_dqr_�0MN�KJ�M

ω(i) = hk, ω(j) = h`
J�Pq�

h` ∼i x(i)
(hk, h`) ∈ E�x

YªS�MN�qGIL_G¥G¶µYZ^NM
i, j

^Ndqr¢��MN�KJ�M
ω(i) = hk, ω(j) = h`

J�Pq�
h` �i x(i).

�5L_rs^¥S L_REO
E∼x

«wYbaba§¤¯G�r-J�abaZGs� � ��E>à J�L_rs^-o�MN�qRi^_G#S L_REO E�x
J�L_G ��Dev�¶jC�æ J�L_rs^-u¸�5^

x
YZ^�JA^_MNL_REPec¸rsREL_G

J�abaZRr-J�MNYZREPDo�J�Pm]�rI]rIaZG
K
YbP
G(H,x)

rsREPq^NYZ^NM_^�G¶µerIabdq^NYbg=GIab]�R�S§«§G-J�°"J�L_rs^-o¡REMN�qGILN«wYZ^_G#MN�qG#J�c=GIPmM_^¥rsRELn©
L_Gs^_H¨REPq�WYbPec´M_R¹MN�qG\J�L_rs^�R�S

K
«§REdeaZ�ËS¦RELNO J «�G-J�°ab]Ç¤eaZRr_°YbPec´^¢GIM�SXREL

x
u  ¡GIM!dq^!PqR	«»M¢J�°=G¸MN�qG

rsREPq�eGIPq^·J�MNYZREP
G∗ = (V ∗, E∗)

R�S
G(H,x)

u�[QMNL_REPec#J�L_rs^ � PqR	« �eG¶ÊqPqGs�!JErsrsREL_�WYbPeciab] 	�rsREPePqGsrIM§�WYª®;GIL_GIPmM
g=GILNMNYZrsGs^wR�S

G∗
oQ^¢R¥M¢J�°YbPec�J�PQ]�M_REH¯REaZREciYZr-J�a;REL_�eGIL � R�S

V ∗
omMN�qG6HeLNYZrsGs^+R�S¡�qREdq^_G5MV]H¯Gs^§r-J�P!¤¯G5�eG¶ÊqPqGs�

¤Q]

p(hi) > p(hj)
YªSUJ�Pq�0REPeab]!YªS

h∗i � h∗j .
TVMwYZ^wG-JE^_]�M_R#^¢GsG�MN�KJ�MwS¦RELwMN�qG�HKJ�YbL

(x, p)
«�G¥�KJsg=Gi¬

� Y 	
p(ω(i)) = p(x(i))

SXREL5G-JEr¢�\J�c=GIPQM-o¯JE^6J�Pm]�MNL¢JE�WYbPec�rI]rIaZG¥R�S
x
YZ^t«wYbMN�eYbP�J�[ `w` R�S

G(H,x)
o¨^_R

G-JEr_�\J�c=GIPmM
i
r-J�P\J(®¯REL_���qREdq^¢G

x(i)
�

� YbY 	!YªS�J�c=GIPmM
i
HeL_G¶S¦GIL_^�J��qREdq^_G±MV]H¨G

ω(j)
M_R
x(i)

o¯MN�qGIP
p(ω(j)) > p(ω(i))

o¯�qGIPqrsG±PqR�J�c=GIPmM
i
r-J�P

J(®;REL_�0J��qREdq^_G�MN�KJ�Mt�qG�HeL_G¶SXGIL_^wM_R
x(i)

Â5}
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J�Pq�0^_R
(x, p)

YZ^zJ�P0GsrsREPqREO�YZr¥Gs²QdeYbabYb¤eLNYbdeO SXREL M u
2

��J�L_GIM_R�REHeMNYbO�J�abYbMV]�S¦REL��qREdq^NYbPec±O�J�LN°=GIM_^+YZ^§^NMNdq�WYZGs��YbP\Ôbv¶ÕVuU�ÖH¯REab]PqREO�Y£J�a¯J�abc=RELNYbMN�eO�SXREL�ÊqPq�WYbPec�J
^NMNL_REPeciab] ��J�L_GIM_R�REHeMNYbO�J�a�O�J�M_r_�eYbPec0J�Pq�¸^_REO#G�L_Gs^NdeabM_^6rsREPqrsGILNPeYbPec!MN�qG±^NMNLNdqrIMNdeL_G±R�S�^NMNL_REPeciab] ��J�L_GIM_R
REHeMNYbO�J�aKO�J�M_r¢�eYbPec=^wJ�L_Gz�eGs^_rILNYb¤¯Gs�;om�qR	«�GIg=GIL-oeJ�abaqYZ^��eREPqGtdePq�eGIL�MN�qG6JE^_^NdeO�HeMNYZREP!R�S;^_MNLNYZrIM HeL_G¶S¦GIL_GIPqrsGs^	u
TVS6MNYZGs^�J�Pq�Kx�REL��WdeHeabYZr-J�M_G¸�qREdq^_Gs^�J�L_GAHeL_Gs^_GIPmM-owREPqG¸r-J�PÉdq^_G\J��WYª®¯GIL_GIPQM!J�HeHeL_R=JEr¢�Du  DGIM

x
¤¨G¸J�Pm]

J�abaZRr-J�MNYZREPAYbP M u� DGIMzdq^zM¢J�°=G�MN�qG��WYbciL¢J�He�
G�(A, x) = (A,E�x )

«w�qGIL_G
(i, j) ∈ E�x

YªS
ω(j) �i x(i)� MN�eYZ^ �WYbciL¢J�He�#YZ^U^_YbO�Yba£J�L M_R�MN�qGwREPqG+dq^_Gs��YbP�MN�qG+HeL_RR�S¯R�S¯p+�qGsREL_GIO �Woi¤edeMUPqR-«ÇYbM_^Ug=GILNMNYZrsGs^�J�L_GtJ�c=GIPmM_^	o

PqREMz�qREdq^¢G�MV]H¯Gs^�	¶u
x
YZ^tPqREM ��J�L_GIM_R!REHeMNYbO�J�a?YªS�J�Pq�¸REPeab]!YªS

G�x
JE�WO�YbM_^6J#rI]rIaZG±rsR-g=GIL-u � PAMN�qG±REMN�qGIL

�KJ�Pq�;o
x
YZ^zPqREM�^NMNL_REPeciab] ��J�L_GIM_R�REHeMNYbO�J�a�YªS�J�Pq�\REPeab]AR�S�YbP¸MN�qG��WYbciL¢J�He�

G�(A, x) = (A,E∼x ∪ E�x )«wYbMN�
(i, j) ∈ E∼x

YªS
ω(j) ∼i x(i)

J¸rI]WrIaZG!rsR-g=GIL#G¶µWYZ^NM_^9�eYbMNMNYbPec
E�x

u � �"G��eGs^_rILNYb¤¯Gs�´J�PÈJ�HeHeL_R=JEr_�
SXREL9r¢�qGsr_°YbPec"MN�eYZ^9YbPÉ[GsrIMNYZREP j u 	%TVSzPqR¸�eYbMNMNYbPec"rI]rIaZG�rsR	g=GIL�G¶µWYZ^NM_^-o

x
YZ^�^NMNL_REPeciab] ��J�L_GIM_R�REHeMNYbO�J�a�u

� MN�qGILN«wYZ^_G
x
r-J�P\¤¯G�deHeciL¢JE�eGs�\M_R

x′
J�aZREPec�J��eYbMNMNYbPec�rI]rIaZG±rsR-g=GIL-u6TVM5YZ^zG-JE^N]�M_R!^_GsG�MN�KJ�M

G�(A, x′)YZ^�J�HeL_REH¯GIL�^Nde¤eciL¢J�He�ÖR�S
G�(A, x)

oz^_R"YªS�«�G¸M¢J�°=G�J��eYbMNMNYbPec´rI]rIaZG\rsR-g=GIL!MN�KJ�M�ciYbg=Gs^!^_REO#G\J�c=GIPmM
�eYZ^�¤¯Gs^NM±H¯Ri^_^NYb¤eaZG!YbO�HeL_R	g=GIO#GIPmM-o§MN�eYZ^#J�c=GIPmM�«wYbaba+PqREM�YbO�HeL_R-g=GAJ�PQ] O#REL_Giu´[R¸«§G��KJsg=G0J�M�O#Ri^NM

ndeHeciL¢JE�eGs^-uUp+�eYZ^UciYbg=Gs^§J�P
O(n3/2L)

J�abc=RELNYbMN�eO � J�M O#Ri^NM
n
MNYbO#Gs^�rsREO�HedeMNYbPec�J6O�J(µYbO±deO r-J�L_�WYbPKJ�abYbM�]

O�J�M_r_�eYbPec J�Pq�´rsREPq�eGIPq^¢J�MNYZREPÈYbPÈJA¤eYbHKJ�LNMNYbM_G�ciL¢J�He�¹«wYbMN�
2n

g=GILNMNYZrsGs^#J�Pq�¹PqR¸O#REL_G!MN�KJ�P
L
Gs�Wc=Gs^�	

J�Pq��«§G�¤¨GIabYZGIg=G�MN�KJ�MwS deLNMN�qGILwYbO�HeL_R	g=GIO#GIPmM_^�r-J�P0¤¯G�JEr_�eYZGIg=Gs�A¤m]0J�r-J�L_G¶S dea¡YbO�HeaZGIO#GIPmM¢J�MNYZREP�J�Pq��MN�qG
r_�qREYZrsG±R�SUJ�^_deYbM¢J�¤eaZG�^NM¢J�LNMNYbPec�J�abaZRr-J�MNYZREP

x
u�[QdeO�O�J�LNYb³sYbPecq¬

�  "�.��/1��� g 2 ��CEjC��dµ�¶@I.��r,C�æÇ�bE@v�àj�\D M K¡t�E@v��ËDF¶c¶�Ò�Der���EjGpE>� � ��G�G�E>�$��Dev�¶jC�æjG �dt�Ejv��ËDF¶�¶�Ò:Der,��EjGEjG�G ¶!´�E@Derq¶jC5�¡� �jr,��DÜEjC�
���¶@D�µ$´�E@C&��� �Ë¶jI�C�
Yr,CYÒ'¶jG �jC�¶j�£rqEjG^Der,�Y�6É

� � �tÃ¡
KÅ��9Ò " ÐwÁ ���0��
�� Å�� Î 
5�ÑÁ¨Å_Äy� � Á�� �\��Á:�	�9Ä"�	

 DGIM M ¤¨G�J��qREdq^NYbPec�O�J�LN°=GIM�«wYbMN�"^NMNLNYZrIM�HeL_G¶S¦GIL_GIPqrsGs^	u �"G��eG¶ÊqPqG#J!�WYbciL¢J�He�

GH = (H,E)
o¡r-J�abaZGs�

MN�qG µ�¶jI��\� ��De��Ò)� 
jrsæjv�E�Ò�µ o«wYbMN�0J�L_rs^+rsRELNL_Gs^NH¯REPq�WYbPec9M_R�J�c=GIPmM_^+YbP�^Ndqr¢��J¥«§J-]�MN�KJ�M
e(a) = (hi, hj) ∈ EYªS

ω(a) = hi
J�Pq�

hj ∈ fA(a)
u �6REMNYZrsG+MN�KJ�M�^NYbPqrsG+HeL_G¶SXGIL_GIPqrsGs^�J�L_Gw^NMNLNYZrIM-omMN�qGwrsRELNL_Gs^NH¨REPq�eGIPqrsGz¤¨GIM�«�GsGIP

J�c=GIPmM_^6J�Pq�AJ�L_rs^wYZ^tREPqG¶©�M_R�©VREPqGiu
�¥���d�d&�È2�� �ËD M ���OEb��Ejv�àj�ËD � reD�µY�ËDev�rq´\D�Ò�v�� �6��v���C�´���� � µ'��v���EjC3��´�¶jC�¶j�£re´£� �ËI�r,G r ��v�r�I�� � r�D�µ=Ò�v�rq´��
��I�C�´6Dere¶jC

p
� �jr_�ËD��OEjC�
YGs�\D

D
���¡EY��r�C5à¡Ñ0³�³;r�C

GH
É£�yµ'��C

�Fr �
p(hi) = p(hj)

�\¶jvO��E.´�µ
hi, hj ∈ V (D) �

�Fr�r �
D
r,� � I�G ��v�reE@C3E@C�


�Fr�r�r �dr �
(hi, hj) ∈ E

�Ë¶@v��Ë¶j�Y�
hi /∈ V (D)

K
hj ∈ V (D)

K»D�µ'��C
p(hi) < p(hj)

É
t»v�¶6¶��  ¡GIMtMN�qG�GsrsREPqREO�YZr¥Gs²QdeYbabYb¤eLNYbdeO YbP M ¤¯G

(x, p)
u

(i)
[QdeHeH¯Ri^_G9MN�KJ�M

V (D)
YZ^�HKJ�LNMNYbMNYZREPqGs��YbPmM_R�M�«�R�PqREPqGIO�HeM�]��WYZ^XfnREYbPQM�^¢GIM_^

V 1 J�Pq� V 2 YbP�^_dqr_�"J
«§J-]AMN�KJ�M

p(hi) > p(hj)
SXREL�G-JEr_�

hi ∈ V 1 J�Pq��G-JEr_� hj ∈ V 2 u��5^ D YZ^�^NMNL_REPeciab]¸rsREPePqGsrIM_Gs�;oDMN�qGIL_G
G¶µWYZ^NM_^±J�PJ�c=GIPQM

a
^Ndqr¢� MN�KJ�M

e(a) = (hi, hj)
SXREL±^¢REO#G

hi ∈ V 1 o hj ∈ V 2 u!p+�qGIPDo�^NYbPqrsG hj YZ^¥MN�qGREPeab] O#Ri^_M9HeL_G¶SXGILNL_Gs�¹�qREdq^_G!MV]H¨G�SXREL
a
YbP
A
J�Pq�ÈJ�c=GIPmM

a
r-J�PÉJ(®;REL_�YbM-o «�G!�KJsg=G

x(a) = hj
� J

rsREPmMNL¢JE�WYZrIMNYZREP\«wYbMN�  DGIO�O�J0viu p+�qGIL_G¶S¦REL_G�MN�qG�HeLNYZrsGs^zR�S J�aba;MN�qG��qREdq^_G�M�]QH¯Gs^tYbP
V (D)

J�L_G�Gs²QdKJ�a�u
(ii)

TVMtS¦REabaZR	«t^zS¦L_REO
(i)

J�Pq�0MN�qG9�eG¶ÊqPeYbMNYZREP\R�S
D
MN�KJ�M6J�aba?MN�qG±J�c=GIPQM_^6rsRELNL_Gs^_H¨REPq�WYbc!M_R�J�L_rs^5R�S

DMNL¢JE�eG#REPeab]�J�O#REPec0MN�qGIO#^_GIabg=Gs^-o¡Y�u Giu�MN�qG�J�L_r�^_GIM�R�S
D
r-J�P�¤¯G�HKJ�LNMNYbMNYZREPqGs�"YbPQM_R0^_GIg=GIL¢J�a�J�L_r¶©V�WYZ^¦fNREYbPmM

�WYbL_GsrIM_Gs�ArI]WrIaZGs^ � H¯Ri^_^NYb¤eab]�aZRQREHq^�	tJ�Pq��^_R
D
YZ^�� deaZGILNY£J�PDu

(iii)
TVS
e(a) = (hi, hj) ∈ E

SXREL
hi /∈ V (D)

o
hj ∈ V (D)

J�Pq�
p(hi) ≥ p(hj)

o¯MN�qGIP"J�c=GIPmM
a
r-J�P

J(®;REL_���qREdq^_G�MV]H¨G
hj
J�Pq��^NYbPqrsG�MN�eYZ^wYZ^+�eYZ^zREPeab]�O#Ri^NMwHeL_G¶SXGILNL_Gs���qREdq^_G�M�]QH¯G6YbP M oW�qG�O±dq^NMw¤¨G�YbP

x

Â�Â



� � �����Q�§��� �t��� ��� � � �§�U��� � ���< * � ��
 > 	� 8 	��

REP\J¥MNL¢JE�WYbPec�rI]rIaZG�rsREPQM¢J�YbPeYbPec��qREdq^_G�M�]QH¯Gs^+S¦L_REO
V (D)

oq¤edeMwMN�eYZ^wYZ^tJ�rsREPmMNL¢JE�WYZrIMNYZREP¸«wYbMN�0MN�qG�HeL_RQR�S
R�S

(ii)
u

2

�5REMNYZrsG�MN�KJ�M�YªSÑJz^NYbPe°�[ `w` R�SqMN�qG��qREdq^_G¶©�MV]H¯G§�WYbciL¢J�He��rsREPq^NYZ^_M_^?R�S¨Jz^NYbPeciaZG§g=GILNM_G¶µ¯o�MN�qGIP�YbM�rsREPmM¢J�YbPq^
J�aZRQREHDoe^_R�YbMzYZ^wMNLNYbgQY£J�abab] �UdeaZGILNY£J�PDu
�M������& × 2 � �\D M = (A,H, ω,P)

���áEO��Ejv�à@�ËD � r�D�µ£��Dev�rq´\D�Ò�v�� �\��v���C�´����áE@C�
¡Gs�\D D ���áE���r�C5à�Ñ0³�³�r�C
GH

Éb�yµ'�ËC3E@C3��´�¶jC�¶j�£rq´Y� �ËI�r,G r ��v�r�I��î� �@r_�ËD��=r,C M r ��EjC�
%¶jC)G �Yr �
D
r_� � I�Gs�Ëv�rqEjC�EjC�
År�CªD�µ'��v���
jI5´���


��Ejv�àj�ËD M′ =M\E(D)
EjC3��´�¶jC�¶j�£rq´�� �ËI�r,G r ��v�r�I��î� �@r_�ËD��\É

tÜv�¶6¶ �  DGIM
(x, p)

¤¨G±J�P¸Gs²QdeYbabYb¤eLNYbdeO SXREL M u  DGIO�O�J�Ø9YbO�HeabYZGs^6MN�KJ�M
x(a) ∈ V (D)

SXREL5G-JEr¢��J�c=GIPQM
a ∈ E(D)

oUMN�KJ�M
D
YZ^ �UdeaZGILNY£J�PÇJ�Pq�¹PqR�J�c=GIPmM

a
«wYbMN�

ω(a) /∈ V (D)
r-J�PÉJ(®;REL_�´JA�qREdq^_G!MV]H¯G�YbP

V (D)
uUp+�qGIPAMN�qG�L_Gs^NMNLNYZrIMNYZREP¸R�S

(x, p)
M_R M′ YZ^zJ�P0GsrsREPqREO�YZr¥Gs²QdeYbabYb¤eLNYbdeO¼SXREL M′ u` REPmg=GIL_^_GIab]=oWaZGIM

(x′, p′) ∈ Q(M′) uUp+�qGIP!«�G6rsREPq^NMNLNdqrIMtJ�P!GsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO (x, p)
SXREL M YbP

MN�qG§SXREabaZR-«wYbPec¥«§Js]=uUÙKREL�G-JEr_�
a ∈ A\E(D)

^_GIM
x(a) = x′(a)

oiSXREL�G-JEr¢�
h ∈ H\V (D)

aZGIM
p(h) = p′(h)

u
�6R-«ËM¢J�°=G5J�P�J�LN¤eYbMNL¢J�LN]#rsREPq^NM¢J�PmM

ξ > max{p(h);h ∈ H\V (D)} J�Pq��^_GIM p(h) = ξ
SXREL§J�aba

h ∈ V (D)
u

` aZG-J�LNab]=oQ�qREdq^_Gs^�YbP
V (D)

J�L_GwPqR-«ËREdeM_^NYZ�eGtMN�qGt¤edq�Wc=GIM�^_GIMUSXREL�J�abaÑJ�c=GIPQM_^ YbP
A\E(D)

o^_R�MN�qGs^_GzJ�c=GIPQM_^
^_MNYbaba?�KJ-g=G¥MN�qGIYbL5O#Ri^NM5HeL_G¶SXGILNL_Gs��J(®¯REL_�qJ�¤eaZG±�qREdq^_Gs^5YbP

(x, p)
u���JEr_��J�c=GIPmM

a ∈ E(D)
rsRELNL_Gs^NH¨REPq�e^6M_R

J�P"J�L_r
e(a) = (hi, hj)

o¯^_R!«�G�^_GIM
x(a) = hj

SXREL5MN�eYZ^�J�c=GIPQM-u¥�6^
D
YZ^ �UdeaZGILNY£J�PDo;MN�qG�^NdeHeHeab]¸Gs²QdKJ�aZ^

MN�qG¥�eGIO�J�Pq��SXRELwMN�qG��qREdq^_Gs^tYbP
D
oWMN�mdq^

(x, p)
YZ^zJ�PAGsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO SXREL M u

2

�5R	«  DGIO�O�JE^6Ø9J�Pq� 6 �WYbL_GsrIMNab]�YbO�Heab]�MN�qG6S¦REabaZR	«wYbPec�^NYbO�HeaZG�J�abc=RELNYbMN�eO0u ÙKRELzJ¥ciYbg=GIP�O�J�LN°=GIM M o
rIL_G-J�M_GtMN�qG��qREdq^¢G¶©�MV]H¨Gw�WYbciL¢J�He�

GH
J�Pq��M¢J�°=GtJ�Pm]9^NYbPe°�[ `w`

D
YbP
GH

u�TVS
D
YZ^�PqREM��UdeaZGILNY£J�PDo M �eRGs^

PqREM+JE�WO�YbM+J�PQ]#GsrsREPqREO�YZr5Gs²QdeYbabYb¤eLNYbdeO0u TVS
D
YZ^ �UdeaZGILNY£J�PDoMN�qG5J�c=GIPmM_^+J�Pq�#�qREdq^¢GtMV]H¯Gs^�rsRELNL_Gs^NH¯REPq�WYbPec

M_R
D
J�L_G5�eGIaZGIM_Gs��S¦L_REO M J�Pq��MN�qGt«w�qREaZGtHeL_RrsGs�WdeL_GzrsREPQMNYbPmdqGs^§SXREL MN�qGzRE¤eM¢J�YbPqGs��^Nde¤eO�J�LN°=GIM-u �6^UMN�qG

PQdeO¥¤¯GIL�R�S§J�L_rs^6YbP¸MN�qG9�qREdq^_G¶©�M�]QH¯G��WYbciL¢J�He��YZ^
n
J�Pq�¸YbP�G-JEr_��L_Gs�WdqrIMNYZREP"J�M6aZG-JE^NM�REPqG¥�qREdq^¢G¶©�MV]H¨G9YZ^

�eGIaZGIM_Gs�;oK«�G�c=GIMzMN�qG�¤¨REdePq�
O(mn)

oW«w�eYZr¢�¸rsREdeaZ�AJ�cmJ�YbP0¤¯G�YbO�HeL_R-g=Gs�A¤m]0J�r-J�L_G¶S¦deaDYbO�HeaZGIO#GIPmM¢J�MNYZREPDu
[QdeO�O�J�LNYb³sYbPecq¬

�  y����/>��� A 2 ����D�µ'�	Ò�v�� �\�Ëv���C�´����=¶��ºEjG�G�E6æ.��C�D���r�C%E�µ�¶@I.��r,C�æ���Ejv�àj�ËD M Ejv����ËDev�rq´\D�K"D�µ5��CD�µ'��� �jr,��DQ��C�´��
¶ ��EjCd��´�¶jC�¶@�¡rq´b� �ËI�r,G r ��v�r�I�� �\¶jv M ´�E@C&��� 
���´Ër 
.��
�r�C

O(mn)
Der,�Y�6É

�5REMNYZrsG�MN�KJ�M�YªSwJ!O�J�LN°=GIM±JE�WO�YbM_^¥J�P"GsrsREPqREO�YZr#Gs²QdeYbabYb¤eLNYbdeO0o?MN�qGIP�MN�qG�Gs²mdeYbabYb¤eLNYbdeO J�abaZRr-J�MNYZREP"YZ^
dePeYZ²QdqGioWJ�abMN�qREdeci��YbM O�J-]�¤¨Gz^NdeHeH¨RELNM_Gs��¤m]#^_GIg=GIL¢J�aÑ�WYª®¯GIL_GIPQM�HeLNYZrsGtS dePqrIMNYZREPq^+J�Pq�#PqREM�GIg=GIP�MN�qGtabYbPqG-J�L
REL_�eGIL5R�S�MN�qG�HeLNYZrsGs^zYZ^wdePeYZ²QdqGIabab]!�eGIM_GILNO�YbPqGs�;u

�5R	«¼«�G�MNdeLNPÉREdeL�J�MNM_GIPQMNYZREPÇM_R�MN�qG0^_MNL_REPec"rsREL_Giu �"G��eGILNYbg=Gs�ÈYbPÆ[GsrIMNYZREP ��J�rsREPq�WYbMNYZREPÉMN�KJ�M
GIPKJ�¤eaZGs^#M_R\�eGsrIYZ�eG�MN�qG!PqREPqGIO�HeM�]QPqGs^_^�R�S5MN�qG�^NMNL_REPec"rsREL_G�S¦REL#J�PQ] �qREdq^NYbPec�O�J�LN°=GIM�YbP´H¯REab]QPqREO�Y£J�a
MNYbO#Gio¯¤edeM6�qGIL_G9«�G9ciYbg=G�J�P�J�abM_GILNPKJ�MNYbg=G�r¢�KJ�L¢JErIM_GILNYb³	J�MNYZREP�S¦REL6O�J�LN°=GIM_^�«wYbMN��^NMNLNYZrIM�HeL_G¶S¦GIL_GIPqrsGs^�dq^NYbPec
MN�qG��qREdq^_G¶©�MV]H¨G¥�WYbciL¢J�He�Du

�M������&�f'±
2 � �ËD M ���bEÅ��Ejv�àj�ËD � reD�µ%�ËDev�rq´\DyÒ�v�� �6��v��ËC�´�����EjC�
 D EÅ��r,C5à£Ñ0³�³�r,C3D�µ'�£´�¶jC�
.��C)�ËE@Derq¶jC
¶ �
GH

É
�Fr � ���

SC(M) 6= ∅ KMD�µ'��C D r,� � I�G ��v�reEjC:É
�Fr�r �

SC(M) 6= ∅ r ��EjC�
%¶jC)G ��r � SC(M\E(D)) 6= ∅ EjC�
 D r_� � I�G ��v�rqEjC�É
tÜv�¶6¶ �

(i)
 DGIM§dq^�^NdeHeH¯Ri^_GzMN�KJ�M�SXREL�J�^_MNL_REPec9rsREL_G6J�abaZRQr-J�MNYZREP

x
J�P!J�c=GIPmM

a ∈ E(D)
G¶µYZ^NM_^§^Ndqr¢��MN�KJ�M

x(a) /∈ V (D)
u�p+�eYZ^�O#G-J�Pq^�MN�KJ�M

a
�WYZ�\PqREM�L_GsrsGIYbg=G�YbP

x
�eYZ^5O#Ri^_M6HeL_G¶SXGILNL_Gs���qREdq^_Giu�ÙqdeLNMN�qGIL-oD^NYbPqrsG

D
YZ^�PqREPQMNLNYbgQY£J�a�o�MN�qGIL_G�G¶µYZ^_M_^¥J0rI]WrIaZG

K
YbP
D
o¡rsREPQM¢J�YbPeYbPec�J�L_r

e(a)
u  DGIM¥dq^±JE^_^NYbciPM_R0G-JEr_�ÈJ�c=GIPmM

b
JE^_^_RrIY£J�M_Gs�\«wYbMN��J�P"J�L_r

e(b) ∈ K MN�qG±�qREdq^¢G±M�]QH¯G9rsRELNL_Gs^NH¨REPq�WYbPec�M_R!MN�qG�GIPq�Wg=GILNM_G¶µ�R�S
e(b)

u�TVM6YZ^

Â)g
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G-JE^N]�M_R¥^¢GsGtMN�KJ�M
E(K)

YZ^§J�«§G-J�°Qab]�¤eaZRQr¢°QYbPec9rsR=J�abYbMNYZREP �#J�rsREPmMNL¢JE�WYZrIMNYZREP�«wYbMN�
x
¤¯GIYbPec9J¥^NMNL_REPec±rsREL_G

J�abaZRr-J�MNYZREPDu��6R-« «�G�dq^_G�MN�qG�^¢J�O#G¥J�LNcideO#GIPQM6JE^wYbPAMN�qG�HeL_RQR�SUR�S  ¡GIO�O�J�Ø
(ii)

u
(ii)

T�S
x ∈ SC(M)

MN�qGIP¥rIaZG-J�LNab]�YbM_^DL_Gs^_MNLNYZrIMNYZREP�¤¨GIaZREPec=^¡M_R
SC(M\E(D))

JE^�J�Pm]�«�G-J�°ab]�¤eaZRQr¢°QYbPec
^_GIM�YbP M\E(D)

YZ^9«�G-J�°ab]¹¤eaZRQr¢°QYbPec�YbP M M_RReu ` REPQg=GIL_^_GIab]=o�YªS
x′ ∈ SC(M\E(D))

o�«�G�G¶µWM_GIPq�
J�abaZRr-J�MNYZREP

x′
M_RAJ�P¹J�abaZRQr-J�MNYZREP

x
R�S M YbP ^Ndqr_�´J�«§J-]�MN�KJ�M±J�PJ�c=GIPQM

a
rsRELNL_Gs^NH¨REPq�WYbPec\M_R�MN�qG�J�L_r

e(a) = (hi, hj) ∈ E(D)
«wYbabaUc=GIM

x(a) = hj
o¨SXREL�REMN�qGIL¥J�c=GIPmM_^

x(a) = x′(a)
u9[QdeHeH¯Ri^_G�PqR-« MN�KJ�M

xYZ^�«§G-J�°Qab]�¤eaZRr_°=Gs�"¤Q]"J�^_GIM
Z
«wYbMN�J�abaZRQr-J�MNYZREP

y
u�p+�qGIP"PqGIYbMN�qGIL

Z ⊆ E\E(D)
PqREL

Z ⊆ E(D)
YZ^

H¯Ri^_^NYb¤eaZG � MN�qG�SXRELNO#GILt¤¯Gsr-J�dq^_G
x′
YZ^zJ#^NMNL_REPec�rsREL_G¥J�abaZRr-J�MNYZREP0SXRELwMN�qG�^Nde¤eO�J�LN°=GIM-oKMN�qG�a£J�MNM_GILt¤¯Gsr-J�dq^_G

PqR±J�c=GIPQM�S¦L_REO
E(D)

r-J�P�^NMNLNYZrIMNab]�YbO�HeL_R-g=G�	¶oW¤edeM�MN�qGIP�PqGsrsGs^_^·J�LNYbab]
Z
rsREPQM¢J�YbPq^wJ�P!J�c=GIPmM

a
o=SXREL�«w�qREO

ω(a) ∈ V (D)
J�Pq�

y(a) /∈ V (D)
oe�qGIPqrsG

a
YZ^w«§REL_^_G�R�®�YbP¸J�abaZRQr-J�MNYZREP

y
oqJ�rsREPQMNL¢JE�WYZrIMNYZREPDu

2

�6R-«ÈYbMUYZ^UG-JE^N]±M_R�^_GsG§MN�KJ�MUMN�qG§S¦REabaZR	«wYbPec±JE^_^_GILNMNYZREP��qREaZ�e^ J�aZ^¢R6S¦REL�O�J�LN°=GIM_^U«wYbMN�#�WdeHeabYZr-J�M_Gw�qREdq^¢Gs^-¬

½���/>���e��&5/194f�f32 B µ�¶@I.��r,C�æ�bE@v�àj�\D � reD�µ¿��Dev�re´6D"Ò�v�� �\��v���C�´����%E 
j�£reD��£E%�ËDev�¶@C�æ$´�¶@v��%EjG�G ¶!´�E@Derq¶jCdr �£E@C�
¶jC)G ��r �ár�D E 
j�£r�D���EjC���´�¶@C�¶j�£re´�� �ËI�r�G r ��v�r�I��YÉ

� Í Á¯Å_Ä Î �Ü���5" �tÃ¡
 " ÐtÁ ���0��

Ù�YbL_^NM!«�G��eGILNYbg=G�J ^NYbO�HeaZG�rsREPq�WYbMNYZREPËSXREL�MN�qG\PqREPqGIO�HeMV]PqGs^_^�R�S¥MN�qG\^NMNL_REPecÈrsREL_GAS¦REL�J�Pm]Æ�qREdq^NYbPec
O�J�LN°=GIM_^�«wYbMN�#MNLNYZr_�qREM_REO#REdq^§HeL_G¶SXGIL_GIPqrsGs^-u  DGIM

GT (M) = (A,ET )
«w�qGIL_G

(i, j) ∈ ET
YªS
ω(j) �i ω(i)

o
Y�u Giu§YªS

ω(j) ∈ H ′(i) uw�5P¸J�abaZRr-J�MNYZREP x YbP M rsRELNL_Gs^NH¯REPq�e^5M_R�J�rsREabaZGsrIMNYZREP�R�SUg=GILNM_G¶µQ©V�WYZ^¦fNREYbPmM6MNL¢JE�WYbPec
rI]WrIaZGs^6J�Pq�\^_REO#G¥^_YbPeciaZG�g=GILNMNYZrsGs^6YbP

GT (M)
uzT�MtYZ^6G-JE^N]�M_R�^¢GsG�MN�KJ�M�J�abaZRQr-J�MNYZREP

x
JE�WO�YbM_^zPqR�«�G-J�°ab]

¤eaZRr_°YbPec�^_GIM-oWYªSUG-JEr_�\J�c=GIPQMzrsREPmM¢J�YbPqGs�¸YbPAJ�rI]WrIaZG�YbP
GT (M)

YZ^wMNL¢JE�WYbPec#YbP
x
uUp+�eYZ^wYbO�HeabYZGs^

�  "�.��/1��� f'|72 ��C3EÅµ'¶jI.��r,C�æ%�bE@v�àj�\D M � reD�µ$Dev�rq´�µ�¶@DF¶@�b¶@I.��Ò�v�� �6��v���C�´�����K SC(M) 6= ∅ r �OEjC�
¶@C)GÐ�r �O��E�´�µC�¶jC�Dev�r�·6rqEjG:Ñ0³�³�¶��
GT (M)

E 
j�£reD��=E%´Ë��´ËG �£´�¶j·>�Ëv\É
T�PAJ�^N�KJ�LNHArsREPQMNL¢JE^NMz«wYbMN�0MN�qG�J�¤¯R-g=G�L_Gs^NdeabMtYZ^wMN�qG�SXREabaZR-«wYbPec!JE^_^_GILNMNYZREPDu

�  "�.��/1��� f'�
2 ��C;E$µ�¶@I.��r,C�æl��Ejv�àj�ËD � r�D�µ3Dev�re´�µ'¶@DF¶j��¶jI��áÒ�v�� �\�Ëv���C�´����ÅreD�r,�OÊºt ��´�¶j��Ò�G �ËDQ��DF¶ 
.��´\r�
.�
� µ'�ËD�µ5��vOEjC���´�¶jC�¶j�£re´�� �\I�r�GÐr ��v�r,I��Õ� �jr,��D��\É
t»v�¶6¶�� T�P¥MN�qG�H¨REab]PqREO�Y£J�aL_Gs�WdqrIMNYZREP9«§G�^_�KJ�abaQdq^_G�MN�qG�HeL_RE¤eaZGIO3� 8 	�"  8!"N:��#�
	3	�" � <W: oQ^_GsG6Ô � o � L_RE¤eaZGIO
 � � k ÕVu+y6GIL_G¥J�º+RREaZG-J�P0SXRELNO¥dea£J

B
YbPArsREPEfndePqrIMNYbg=G±PqRELNO�J�aDSXRELNO «wYbMN�AgiJ�LNY£J�¤eaZGs^

v1, v2, . . . , vn
J�Pq�

rIa£J�dq^_Gs^
C1, C2, . . . , Cm

YZ^�ciYbg=GIPDu ��JEr_��rIa£J�dq^¢GwrsREPmM¢J�YbPq^�G¶µqJErIMNab]¥MN�eL_GsGtabYbM_GIL¢J�aZ^-oiPqR�giJ�LNY£J�¤eaZG+YZ^�PqGIcmJ�M_Gs�
YbP
B
J�Pq��MN�qG#²QdqGs^NMNYZREPYZ^�«w�qGIMN�qGIL±MN�qGIL_G�G¶µYZ^NM_^9J�MNLNdeMN�JE^_^_YbciPeO#GIPmM

f
^Ndqr_�"MN�KJ�M±MN�qGIL_G#YZ^�G¶µqJErIMNab]

REPqG�MNLNdqG�abYbM_GIL¢J�a¡YbP0G-JEr_�¸rIa£J�dq^¢Giu
 DGIM§dq^�rsREPq^_MNLNdqrIM+J�O�J�LN°=GIM M(B)

SXREL�G-JEr_��S¦RELNO±dea£J
B
u�p+�qG5^¢GIM�R�S¡J�c=GIPmM_^+rsREPmM¢J�YbPq^+REPqG�J�c=GIPmM

ciSXREL�G-JEr_�!rIa£J�dq^_G
Ci

J�Pq�#S¦REL§G-JEr_�!gEJ�LNY£J�¤eaZG
vj
MN�qGIL_G�J�L_G5J�c=GIPQM_^

φ1
j , φ

2
j , . . . φ

nj
j

«w�qGIL_G
nj
YZ^�MN�qGtPQdeO¥¤¯GIL

R�SzRrsrIdeL_GIPqrsGs^±R�StgiJ�LNY£J�¤eaZG
vj
YbP
B
u�p+�qG�^¢GIM±R�St�qREdq^_Gs^±YZ^ {C1, . . . , Cm, v1, . . . , vn}

� J�abMN�qREdeci�´MN�qG
^¢J�O#G9^N]O¥¤¯REaZ^�J�L_G±dq^_Gs�AS¦REL6MN�qG�GIaZGIO#GIPmM_^�R�S�MN�qG¥SXRELNO¥dea£J�JE^6«�GIaba JE^tSXREL6MN�qG±�qREdq^¢Gs^5YbP\MN�qG±O�J�LN°=GIM-o
PqR#rsREPWS¦dq^NYZREP0^N�qREdeaZ�AJ�LNYZ^¢G�	wJ�Pq��MN�qG�GIPq�eR-«wO#GIPQM_^�J�L_G��eG¶ÊqPqGs��¤m]

ω(ci) = Ci
SXRELtG-JEr_�

i
o

ω(φkj ) = vj
SXRELtG-JEr_�

j, k.

ÙedeLNMN�qGIL-o
H ′(ci) = {vj1 , vj2 , vj3}

«w�qGIL_G
vj1 , vj2 , vj3

J�L_G!MN�qG!abYbM_GIL¢J�aZ^�HeL_Gs^_GIPmM�YbP
Ci

J�Pq�
H ′(φkj )

YZ^
Gs²QdKJ�aDM_R�MN�qG�^_GIMtR�S J�aba;�qREdq^_Gs^

Ci
^Ndqr¢�0MN�KJ�MtgiJ�LNY£J�¤eaZG

vj
RrsrIdeL_^wYbP0rIa£J�dq^_G

Ci
u

Â�È
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�5R	«É^NdeHeH¯Ri^_G+MN�KJ�M MN�qG+MNLNdeMN��JE^_^_YbciPeO#GIPmM
f
«wYbMN�#MN�qG+L_Gs²QdeYbL_Gs��HeL_REH¯GILNMNYZGs^�G¶µWYZ^NM_^-u �"Gt^N�KJ�abaq�eG¶ÊqPqG

MN�qG�HKJ�YbL
(x, p)

YbP�MN�qG�SXREabaZR-«wYbPec�«§Js]¯¬

p(Ci) = 1
SXRELtG-JEr_�

i

p(vj) =

{
1

YªS
f(vj) =

MNLNdqG¥J�Pq�
0

REMN�qGILN«wYZ^_Giu

ÙqdeLNMN�qGIL-oeSXRELtG-JEr_�¸rIa£J�dq^¢G�J�c=GIPmMz«§G�^_GIM
x(ci) = vj

YªS�MN�qG�REPeab]!MNLNdqG�abYbM_GIL¢J�aDYbP
Ci

YZ^wgiJ�LNY£J�¤eaZG
vj
J�Pq�

x(φkj ) =

{
Ci

YªS
φkj

rsRELNL_Gs^_H¨REPq�e^zM_R�J9MNLNdqG�abYbM_GIL¢J�aDYbP0rIa£J�dq^_G
Ci

J�Pq�
vj

REMN�qGILN«wYZ^_Giu

T�MwYZ^tG-JE^N]!M_R#^_GsG�MN�KJ�M
(x, p)

YZ^zJ�P0GsrsREPqREO�YZr¥Gs²QdeYbabYb¤eLNYbdeO¼SXREL M(B)
u

` REPmg=GIL_^_GIab]=o�aZGIM
(x, p)

¤¯G�J�P´GsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO�S¦REL M(B)
u�Ù�YbL_^NM9aZGIM�dq^9L_G-J�abYb³-G�MN�KJ�M#J�PQ]

MNL¢JE�WYbPec"rI]WrIaZG!YbP
x
rsREPQM¢J�YbPq^�J�abM_GILNPKJ�M_GIab]Hea£J-]=GIL_^

ci
J�Pq�

φkj
oU^¢RAYªS6J�aba+MN�qG

φ
©�J�c=GIPmM_^�GIPq�eR-«§Gs�È«wYbMN�

MN�qG\^¢J�O#GA�qREdq^_G
vj

J�L_GAMNL¢JE�WYbPecqotMN�qGIPÆMN�qGI]Èdq^_GAdeHËJ�aba5MN�qGA�qREdq^_Gs^
Ci

rsRELNL_Gs^NH¯REPq�WYbPecM_R¹rIa£J�dq^_Gs^
rsREPQM¢J�YbPeYbPec0giJ�LNY£J�¤eaZG

vj
u�p+�eYZ^�YbO�HeabYZGs^�MN�KJ�M�YªS§^_REO#G�J�c=GIPQM

ci
YZ^6PqREM�MNL¢JE�WYbPecqo;MN�qGIP�MN�qGIL_G�G¶µYZ^NM_^�J�aZ^_R

^¢REO#G9J�c=GIPQM
φkj

«wYbMN�AgiJ�LNY£J�¤eaZG
vj
rsREPQM¢J�YbPqGs�¸YbP\rIa£J�dq^_G

Ci
«w�qR�J�aZ^_R�YZ^zPqREM5MNL¢JE�WYbPecquzp+�eYZ^5YZ^z�qR	«�GIg=GIL

YbO�H¯Ri^_^NYb¤eaZGio^NYbPqrsGzYªS
p(Ci) ≥ p(vj)

MN�qGIP
x
�eRGs^�PqREM+JE^_^NYbciP#M_R9J�c=GIPmM

ci
MN�qGt¤¯Gs^NM �qREdq^_Gz�qGzr-J�P�J(®¯REL_� �

J�Pq�YªS
p(Ci) < p(vj)

MN�qGIP¹J�c=GIPQM
φkj

YZ^¥PqREM9JE^_^NYbciPqGs� MN�qG#¤¯Gs^NM¥�qREdq^¢G#YbP �eYZ^¥¤edq�Wc=GIM9^¢GIM �¸¤¯REMN� YZ^
YbP�J#rsREPQMNL¢JE�WYZrIMNYZREP�«wYbMN�¸MN�qG9�eG¶ÊqPeYbMNYZREP�R�S�J�P\GsrsREPqREO�YZr�Gs²QdeYbabYb¤eLNYbdeO0u5ÙqdeLNMN�qGIL-oÑYªS�J�PQ]AR�S MN�qG�J�c=GIPmM_^
φkj
o
k = 1, 2, . . . , nj

YZ^±MNL¢JE�WYbPecqoUMN�qGIP¹^¢R¸J�L_G�J�aba�R�StMN�qGIO0u\ÙqREL�JArsREPmMNL¢JE�WYZrIMNYZREPÉ^NdeHeH¯Ri^_G�MN�KJ�M9Giu cqu
x(φ1

j ) = Ci
J�Pq�

x(φ2
j ) = vj

u?p+�qGIP
p(Ci) = p(vj)

J�Pq��J�c=GIPQM
φ2
j

r-J�P�J(®;REL_�9�qREdq^_G
Ci
oE¤edeM�YZ^ JE^_^NYbciPqGs�

J6«§REL_^_Gw�qREdq^_G �9J�cmJ�YbP�J�rsREPQMNL¢JE�WYZrIMNYZREPDu§[R�«§Gw^_GIM
vj
M_R�¤¨G+MNLNdqG+YªS;J�abaeMN�qGzJ�c=GIPmM_^

φkj
o
k = 1, 2, . . . , njJ�L_G�MNL¢JE�WYbPec�YbP

x
J�Pq��^_GIM

vj
M_R9¤¨G6S�J�aZ^_G6YªS?PqREPqG�R�S�MN�qGIO¼YZ^+MNL¢JE�WYbPecqu p+�eYZ^w«wYbaba;¤¯G�J�rsREPq^_YZ^NM_GIPmMwMNLNdeMN�

JE^¢^NYbciPeO#GIPmM5YbP�«w�eYZr_�¸G-JEr¢�¸rIa£J�dq^_G�rsREPQM¢J�YbPq^5G¶µqJErIMNab]�REPqG�MNLNdqG�abYbM_GIL¢J�a�u
2

� �����9Ä?Ï¢ÃO
ÑÅ����
T�P MN�eYZ^±HKJ�H¯GIL¥«�G!^NMNdq�WYZGs� �qREdq^NYbPec¸O�J�LN°=GIM_^±«wYbMN�´�WdeHeabYZr-J�M_G��qREdq^_Gs^	u �"G�G¶µWM_GIPq�eGs� ^_GIg=GIL¢J�a§L_Gs^NdeabM_^
°PqR-«wP¹SXREL¥MN�qG!rIa£JE^_^NYZr-J�a+r-JE^_G�J�Pq�PKJ�LNL_R-«§Gs�È�eR-«wP´MN�qG�¤¨REL_�eGIL9abYbPqG�¤¯GIMV«§GsGIPÈG-JE^N] J�Pq� �KJ�L_�¹r-JE^_Gs^
YbP\MN�qG��qREdq^_YbPec�O�J�LN°=GIM_^5«wYbMN�\�WdeHeabYZr-J�M_G±�qREdq^_Gs^-¬§MN�qG9G¶µYZ^_M_GIPqrsG¥R�S�J�P¸GsrsREPqREO�YZr9Gs²QdeYbabYb¤eLNYbdeO r-J�P¸¤¨G
�eGsrIYZ�eGs��YbP�H¯REab]PqREO�Y£J�a�MNYbO#G�YªS�MN�qG±HeL_G¶SXGIL_GIPqrsGs^�R�SwJ�abaUJ�c=GIPQM_^¥J�L_G�^NMNLNYZrIM � YbP�rsREPmMNL¢JE^NM�«wYbMN�ÈÔ	�(Õ 	¶o¯¤edeM
YbM�L_GIO�J�YbPq^ ����©VrsREO�HeaZGIM_G�YªS+J�abaUMN�qG#JErsrsGIHeM¢J�¤eaZG��qREdq^¢G¶©�MV]H¨Gs^¥J�L_G�MNYZGs��YbP�MN�qG�HeL_G¶SXGIL_GIPqrsG�abYZ^NM�R�SwG-JEr_�
J�c=GIPQM-u

� � �\��Á:�	�±Ä0�	

Ôbv¶Õ±F�u��5¤eL¢J��KJ�O0o���u ` Gsr¢�ea 1�L_R-g�1Wo6F�u+��J�PeaZR-g=G"J�Pq� ��u+�¸GI�eab�qRELNPDo t�Ejv��ËDF¶�¶�Ò:Der,��EjG r�De�Wr�C8µ�¶jI��\�

EjG�G ¶6´�E@Dere¶@CpÒ�v�¶ ��Gs�Ë�O� o
 DGsrIdeL_G��6REM_Gs^DYbP ` REO�HDuE[rIY�u!���)}yfÑo��zabc=RELNYbMN�eO#^�J�Pq� ` REO�HedeM¢J�MNYZREPDoiTN[�5� `
jilil�k oqy6REPec �zREPecqoKF�GsrsGIO±¤¨GIL jilil�k o � �e^-u �±ueÙ?aZGIYZ^¢r_�qGIL-o � uep¡LNYbHeH¨GIPDo �(©¢v � � jilil�k 	¶u

Ô j Õ±F�u§�5¤eL¢J��KJ�O0o6�±u+º§abdeO0o�p�uw[WJ�Pq�W�qREabO0o ³0G ��Ejv�r,C�æ�EjG æ�¶jv�r�D�µ��O� �Ë¶@v ��E@v�DQ��vd� �.´�µ�EjC�æ�����Ejv�àj�ËD�� �
� C�E �ËGÐr�C�æYC�E@Derq¶jC � r 
.��à1r�
jC:���%� ��´Ëµ�EjC�æ.��� o � ` � l Øo idePqG�viv �Ñv �Wo jilil ØoÑ[WJ�PAF6YZGIc=Reo ` J�abYªSXRELNPeY£JWu

Ô��(Õ%��u ` Gsr¢�ea 1�L_R-g�1¼J�Pq� Ku!y�J(fN�Wde°=R-g�1Wo ³	¶j��Ò�I'DFE@Dere¶@C�EjG$´�¶j��Ò�G � �jreDe� ¶��8��DFE �ËGs��Ò'E@v�DereDere¶@C5� � r�D�µ
B−Ò�v�� �6��v���C�´���� oKT�PmM-u qu � J�O#G�p+�qGsRELN] �Wv � jililij 	 �Wo � �
��� � ��k u

Â ×
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Ô k Õ%��u ` Gsr_�ea 1�L_R	g�1�J�Pq�!�±u �zREO#GIL_R9�¸Gs�WYbPKJWo Ñ�DFE ��r,G reDe�Or�C$´�¶6EjG reDere¶jC��Ë¶@v���E@Derq¶jC�æ�Ej�Y��� oT�PmM_GILNPKJ�MNYZREPKJ�a
=REdeLNPKJ�a�R�S � J�O#G�p+�qGsRELN] j ×Wo jilil vio k�6 Ø	© k × k u

Ô	�(Õ�[¨uWÙqGI°=GIM_Gioq�¹uq[Q°QdeM_GIaba£JWo � u �"RGIciYbPec=GIL-o �yµ'��´�¶j��Ò�G � �jreDe�%¶�����´�¶jC�¶j�£rq´¡� �\I�r�GÐr ��v�reE �\¶jvpµ�¶jI��\�OEjG�G ¶ �
´�E�Dere¶jC���Ejv�àj�ËD�� oqTVPWSXRELNO0u �UL_RrsGs^_^-u  DGIMNM-u 676 x � � jilil � 	¶o j v-×�� jij �Wu

Ô � Õ±�¹u �¥u � J�L_GI]�J�Pq��F�u [¨u =RE�ePq^_REPDo ³	¶j��Ò�I�DQ�Ëv��»E@C�
���C�Dev�E�´\DFE ��r�G r�De� o�ÙeL_GsGIO�J�PDo=[WJ�P¥ÙeL¢J�PqrIYZ^_rsR � v-×=ØE× 	¶u
Ô Ø	Õ±F�u � dq^nÊKGIaZ�ÆJ�Pq� �¥u ��uUTVLNgYbPecqo �yµ5��Ñ�DFE ��Gs�âªEjv�v�reE6æ��Åt»v�¶ ��G ��� � Ñ�Dev�I'´\DeI�v��lE@C�
ªB�G æ�¶jv�reD�µ.�¡� o

ÙqREdePq�qJ�MNYZREPq^6R�S ` REO�HedeMNYbPecqoK�\T�p �UL_Gs^¢^-o ` J�O¥¤eLNYZ�Wc=G � v-× 6 × 	¶u
Ô 6 Õ qu �zu�y6REH¯rIL_R�S MUJ�Pq� �±u �u ��J�LNHDo B�C

n5/2 EjG æ�¶jv�reD�µ.� �Ë¶@v ��E �jr��£I��Ó��E@DF´�µ�r,C�æj�»r�C ��r Ò'EjvËDer�DQ�Mæjv�E�Ò�µ��
[Th�5� =REdeLNPKJ�a¡R�S ` REO�HedeMNYbPec�|D¬ jij ��� j �Wvio � v-×=Ø�� 	¶u

Ô ×(Õ%��uDT�«§J�O�JWo�F�uD��J�PeaZR-g=GioU[¨uD�¸Yb]mJ�³	J�°QY+J�Pq� ��u¡�¸RELNYbM¢JWo Ñ�DFE ��G �Y��Ejv�v�rqE6æ.� � r�D�µ�r�C�´�¶j��Ò�G �ËDQ�ÅG r_�ËD��EjC 
�DerF��� o��UL_RrsGsGs�WYbPec=^zR�S?T ` �� � � ×i× � qu��ËYZGs�eGILNO�J�PePDo��?u ��J�P �UO#�eG�º+R=JE^-oe�¹u��zYZGIaZ^¢GIP ���e^-u 	¶o
 DGsrIMNdeL_G �5REM_Gs^tYbP ` REO�HedeM_GIL�[rIYZGIPqrsG � REa v ��kik o kik ��� k � j � v-×i×i× 	¶u

Ôbv l Õ±�9u �9u ��J�LN³	J�PqR	g¨o � C%4MC�
jr�C�æ���E �@r,�£I�����¶ � �=r,CªC��ËD � ¶@v�à � reD�µ%�QÒ5��´ËrqEjGy��Dev�I'´\DeI�v��bEjC�
��Ë¶j�Y�¡E�Ò��Ò�G rq´�E@Derq¶jC5� � �zdq^_^NY£J�P 	¶oE�\J�M_GIO�J�MNYZr¢�qGs^N°Y fnG � REHeL_Ri^N] �zHeL¢J-gQaZGIPeY f_J �UL_REYb³sg=R�e^NMNgiJ�ÂD¬ 6 v �× k � �¸Ri^_rsR	«
� v-×=Ø�� 	¶u

Ôbviv¶Õ±º�u�zRELNM_Gio qu �U]Qc=GIPDo ³	¶j� ��r�C�E@DF¶jv�rqEjG � Ò�Der��£rsJ!E@Dere¶@C � �yµ5��¶jv��E@C�
�B�G æ.¶jv�reD�µ.�¡� o;[QHeLNYbPec=GIL-o;º+GILNabYbP
� jilil76 	¶u

Ôbv j Õ±p�u �5deYbPQM+J�Pq� qu
� J�°=Reo � C%µ�¶@I.�6��� � E�Ò.Ò�r,C�æ>K�D�µ5�º��Dev�re´\D�´�¶jv���K��\�Fæj�Y��C�DFE@Derq¶jC$EjC�
OG r,C:��Ejv�Ò�v�¶�æjv�Ej� ��£r�C�æ oe��J�MN�Du � H¨GIL-u �5Gs^_G-J�L_r_��|)A � k 	¶¬ 6 � v � 6 ØiØ � jilil�k 	¶u
Ôbv��(Õ±�9u �tu��zREMN�0J�Pq���±u �?Ri^_MNaZGI«§J�YbM_Gio �b��E>àb·>�Ëv���I.����Dev�¶jC�æ 
�¶j�£r�C�E@Derq¶jC¿r�ClEb��Ejv�àj�ËD � r�D�µ%r,C�
@r,·6r,��r ��G �æ�¶!¶#
>� o quq��J�MN�Du�� rsREPDu�}?¬bv��Wv �Ñv��=Ø � v-×=ØiØ
	¶u
Ôbv k Õ   u¨[Q�KJ�HeaZGI]�J�Pq�Ay±uK[r-J�LnSNo � C�´�¶@v����£EjC�
År,C 
jr,·!r_��r ��r�G r�De� o quq��J�MN�Du � rsREPDuzf¨¬ j ��� �=Ø � v-×=Ø k 	¶u
Ôbv �(Õ qu�� J�°=Reo BíC�¶�DQ��¶jCìD�µ'����Dev�¶jC�æ�´�¶jv���¶���E;��Ejv�à@�ËD � reD�µ�r,C�
@r,·6r,��r ��G �æ�¶6¶ 
>� o qu+��J�MN�Du ��rsREPDuf'�D¬bv 6 ×��Ñv-× k � v-× 6�k 	¶u

Â)A
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� <W:i< ��� 8¯< � 	�� �¡>�� � � �'� ∗
TVPq^_MNYbMNdeM_G�R�S���J�MN�qGIO�J�MNYZrs^-oÑÙKJErIdeabMV]�R�S

[rIYZGIPqrsGs^-o
��u qu��WJ(S�1�LNYb°��5PeYbg=GIL_^NYbM�]

mGs^_GIPeP31 �Wo l�k v � k �5R��NYZrsGioÑ[QaZR	gEJ�°Y£J
 e~��e~E�K� �W~ � ��� �	�e�m~E�e� 	e~=�i| � �e ��N   

��< * � ��
 > 	� 8 	�� †
F�GIHKJ�LNMNO#GIPmM�R�S ` REO�HedeM_GIL�[rIYZGIPqrsG¥J�Pq�

TVPWSXRELNO�J�MNYZREPAp+�qGsRELN]
º§dq�qJ�H¯Gs^NM!�5PeYbg=GIL_^NYbMV]�R�SUp¡Gsr¢�ePqREaZREci]AJ�Pq�

� rsREPqREO�YZrs^
��J�ci]mJ�LtMNdq� �i^_RE°!°	�EL��eM¦fNJ j uboKº�dq�qJ�H¯Gs^NM-o

y5dePecmJ�LN]
����W�0� �E�W� �= ���{=���U�V�m|

*Å-"`\�6/>&5?@�@�+TVP�MN�qGt«�GIabaª©�°PqR-«wP�^NM¢J�¤eaZGzL_RQREO�O�J�M_Gs^�HeL_RE¤eaZGIO�«�G5�KJsg=GtciYbg=GIP�J�ciL¢J�He�!«wYbMN�
HeL_G¶SXGIL_GIPqrsGs^6REP\MN�qG¥^_M¢J�L_^6J�Pq�¸«�G�J�L_G¥aZRRE°YbPec�SXREL6J#O�J�M_r_�eYbPec�MN�KJ�M6YZ^zPqREM5¤eaZRQr¢°=Gs�¸¤Q]AJ
PqREPeO�J�M_r_�eYbPec\Gs�Wc=Giu�p+�qGIL_G#J�L_G�«�GIabaª©�°PqR-«wP¹J�abc=RELNYbMN�eO#^¥M_R�ÊqPq��^Ndqr_�J�O�J�M_r¢�eYbPec¸REL�M_R
rsREPqrIabdq�eG§MN�KJ�M?PqR6^Ndqr¢�9O�J�M_r¢�eYbPec�G¶µYZ^_M_^-u¡y6GIL_G�«§G�rsREPq^_YZ�eGILUJzL_GIa£J(µeGs�¥HeL_RE¤eaZGIO�O#REMNYbgiJ�M_Gs�
¤m] °QYZ�WPqGI] G¶µer_�KJ�Pec=Gs^	oU«w�qGIL_G�PqREM�J�abawGs�Wc=Gs^�R�StMN�qG�ciL¢J�He�Èr-J�P¹¤eaZRQr¢°J0O�J�M_r¢�eYbPecqu��"G
^N�qR	« MN�KJ�M�MN�eYZ^�HeL_RE¤eaZGIO YZ^ � ��©VrsREO�HeaZGIM_G!J�Pq�J�HeHeab]\MN�qG#L_Gs^NdeabM�M_R�ciYbg=G�J�P¹J�abM_GILNPKJ�MNYbg=G
HeL_RR�S�R�S J�P ���U©VrsREO�HeaZGIM_GIPqGs^_^zL_Gs^_deabMzR�S �5REPePDu

½�.9zaO��/>70`@��`\�6&5-0�����d&5/1/j(�&5+���`i¾5`\�6&5-0���=/>�z������&'�6��`»�0/>��-��,���È¾5Æ<���?������������6���"�.`!`i¾
�¥���_9y�"����(�&)�¥/>�.7�xy?@�!(����

¿ À �º�ÑÁ���Â9Ã±Äy�ÑÅ��º�
T�P!MN�qG6^_M¢J�¤eaZG5O�J�LNLNY£J�c=G�HeL_RE¤eaZGIO¼R�S � J�aZG�J�Pq�0[Q�KJ�HeaZGI]\Ô k ÕVoQMN�qGIL_G�J�L_G

n
O#GIP�J�Pq�

n
«§REO#GIPAJ�Pq��G-JEr_�

H¯GIL_^_REP´L¢J�Pe°W^�MN�qG�O#GIO¥¤¯GIL_^�R�S5MN�qG�REHeH¨Ri^_YbM_G�c=GIPq�eGIL�¤m]¹J�PÉJ�LN¤eYbMNL¢J�LN]=o§^NMNLNYZrIM�HeL_G¶S¦GIL_GIPqrsG�REL_�eGIL-u�
��Ejv�v�reE6æ��Y�Ë´�µ'�Ë��� YbP MN�eYZ^�O#R�eGIa�YZ^¥JA^_GIM¥R�S+O�J�LNLNY£J�c=Gs^±¤¯GIMV«§GsGIP�WYª®;GIL_GIPmM9O#GIP¹J�Pq��«§REO#GIPDuA[Qdqr_�
J�^_r¢�qGIO#G±YZ^ I�C5��DFE �ËGs� YªS�MN�qGIL_G±G¶µWYZ^NM_^�J ��Gs¶6´�à1r,C�æ£Ò'Ejr�v oÑMN�KJ�M�YZ^-o¯J�O�J�P

m
J�Pq��J#«§REO�J�P

w
YbP�^Ndqr¢��J

«+Js]�MN�KJ�M
m
YZ^±GIYbMN�qGIL¥dePeO�J�LNLNYZGs�REL

m
HeL_G¶SXGIL_^

w
M_R0�eYZ^�«wYªSXGio?J�Pq�J�M¥MN�qG#^¢J�O#G�MNYbO#Gio

w
YZ^±GIYbMN�qGIL

dePeO�J�LNLNYZGs��REL6HeL_G¶S¦GIL_^
m
M_R��qGIL5HKJ�LNMNPqGIL-u5��O�J�LNLNY£J�c=G�^_r_�qGIO#G±YZ^ �ËDFE ��G � YªS YbM6YZ^tPqREM6dePq^NM¢J�¤eaZGio;J�Pq�\J

PKJ�MNdeL¢J�a?HeL_RE¤eaZGIO YZ^+ÊqPq�WYbPec�J�^NM¢J�¤eaZG�O�J�LNLNY£J�c=G�^_r¢�qGIO#G�YªS�YbMtG¶µYZ^_M_^zJ�MzJ�aba�u
�5R	«§JE�qJ-]^-oWYbM§YZ^wJ�abL_G-JE�W]#SXREab°QaZREL_G6MN�KJ�M§SXREL+J�PQ]�HeL_G¶SXGIL_GIPqrsG5L¢J�Pe°YbPec=^wR�S¡MN�qG

n
O#GIP0J�Pq�

n
«§REO#GIPDo

J¥^NM¢J�¤eaZGwO�J�LNLNY£J�c=G6^_r_�qGIO#G5G¶µYZ^_M_^-u?p+�eYZ^�MN�qGsREL_GIO «+JE^ HeL_R	g=Gs�#ÊqL_^NM�¤m] � J�aZG5J�Pq�![Q�KJ�HeaZGI]�YbPAÔ k ÕVu�p+�qGI]
rsREPq^_MNLNdqrIM_Gs�J�^NH¯GsrIY£J�a�^NM¢J�¤eaZG�O�J�LNLNY£J�c=G�^_r_�qGIO#G�«wYbMN� MN�qG��qGIabH"R�SwJ�ÊqPeYbM_G�HeL_RQrsGs�WdeL_Gio¡MN�qG#^_R�©Vr-J�abaZGs�
�eG¶SXGILNL_Gs�´JErsrsGIHeM¢J�PqrsG�J�abc=RELNYbMN�eO0uATVM�J�aZ^_R0MNdeLNPqGs�REdeM±MN�KJ�M¥S¦REL±MN�qG�G¶µWYZ^NM_GIPqrsG�R�S5JA^NM¢J�¤eaZG�^_r¢�qGIO#G�YbM
YZ^6PqREM�PqGsrsGs^_^¢J�LN]AMN�KJ�M6MN�qG±PmdeO±¤¨GIL�R�S�O#GIP\YZ^6MN�qG9^¢J�O#G�JE^6MN�qG¥PQdeO¥¤¯GIL�R�S�«�REO#GIP"REL6MN�KJ�M6S¦REL�G-JEr_�
H¯GIL_^_REPDoKJ�aba;O#GIO±¤¨GIL_^6R�S�MN�qG�REHeH¨Ri^NYbM_G�ciL_REdeH¸J�L_G¥JErsrsGIHeM¢J�¤eaZGiu

p+�qGzPqREMNYZREP0R�S�J¥^NM¢J�¤eaZG5O�J�LNLNY£J�c=G�^_r¢�qGIO#G5L_GIabYZGs^wREP!MN�qG6MV«§R�©V^NYZ�eGs�WPqGs^_^tR�S¡MN�qG!�VO�J�LNLNY£J�c=G�O�J�LN°=GIM �¢u
º§deM§YbP#S�JErIM�MN�qGIL_G5YZ^�PqR¥O�J�MN�qGIO�J�MNYZr-J�a¯L_G-JE^_REP�M_R¥L_Gs^NMNLNYZrIM+REdeL_^_GIabg=Gs^�M_R9J�O#R�eGIaÑ«w�qGIL_G6rsGILNM¢J�YbP�J�c=GIPmM_^
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r-J�PePqREM �VO�J�LNLN] ��REPqG�J�PqREMN�qGIL-u�p+�qG�^NM¢J�¤eaZG�L_RREO�O�J�M_Gs^¥HeL_RE¤eaZGIO YZ^�MN�qG�c=GIPqGIL¢J�abYb³	J�MNYZREP´J�aZREPec¸MN�qGs^_G
abYbPqGs^-u  ¡GIM

G = (V,E)
¤¯G�J0ciL¢J�He�´J�Pq�"S¦REL�G-JEr_�¹g=GILNM_G¶µ

v
R�S
G
aZGIM

<v
¤¨G!J0abYbPqG-J�L�REL_�eGIL9REPMN�qG

^_GIM
E(v)

R�S�Gs�Wc=Gs^6YbPqrIYZ�eGIPmM�«wYbMN�
v
u�TVS O := {<v: v ∈ V }

�eGIPqREM_Gs^�MN�qG9^_GIM6R�S�MN�qGs^_G¥MN�qGIP
(G,O)

YZ^
r-J�abaZGs�J Ò�v�� �6��v���C�´������>��DQ�Ë� u�T�S+YbPJ�HeL_G¶SXGIL_GIPqrsG�^N]W^NM_GIO

(G,O)
o
e <v f

�qREaZ�e^�S¦REL±^_REO#G�Gs�Wc=Gs^
e, fJ�Pq��g=GILNM_G¶µ

v
MN�qGIP"«§G#^¢Js]\MN�KJ�M

v
Ò�v�� �\��v��

e
M_R
f
J�Pq�

e

�¶j�£r,C�E@DQ���

f
u�� ��E@DF´�µ�r,C�æ R�StJ!ciL¢J�He�

GYZ^�J#^_GIM�R�S��WYZ^¦fNREYbPmM�Gs�Wc=Gs^5R�S
G
u5T�S

(G,O)
YZ^6J�HeL_G¶S¦GIL_GIPqrsG9^N]W^NM_GIO»J�Pq�

M
YZ^6J�O�J�M_r_�eYbPec�R�S

G
MN�qGIP

M
YZ^ �ËDFE ��G � YªS�GIg=GILN]0Gs�Wc=G±R�S

E \M YZ^6�eREO�YbPKJ�M_Gs�A¤Q]A^_REO#G±REMN�qGIL6Gs�Wc=G±R�S
M
utTVS

M
YZ^5J�O�J�M_r¢�eYbPec

J�Pq�"Gs�Wc=G
e 6∈ M YZ^�PqREM��eREO�YbPKJ�M_Gs�¤m]

M
MN�qGIP�«§G�^¢J-]¸MN�KJ�M

e
��Gs¶6´�à6�

M
u#p+�qG ��DFE ��G �Yv�¶!¶j�£�bE�DQ���

Ò�v�¶ ��G ��� YZ^tÊqPq�WYbPec�J#^_M¢J�¤eaZG¥O�J�M_r¢�eYbPec!YbP�J�ciYbg=GIP\HeL_G¶S¦GIL_GIPqrsG9^N]W^NM_GIO
(G,O)

uzT�MzYZ^6G-JE^N]�M_R�^_GsG�MN�KJ�M
YbP�J�HeL_G¶SXGIL_GIPqrsG5^N]W^NM_GIO

(G,O)
oqJ¥^NM¢J�¤eaZGzO�J�M_r¢�eYbPec�O�Ybci�mM+PqREM§G¶µWYZ^NM-u�p+�qGzÊqL_^NM�G���rIYZGIPQMwJ�abc=RELNYbMN�eO3M_R

^_REabg=G�MN�qG�^_M¢J�¤eaZG�L_RQREO�O�J�M_Gs^zHeL_RE¤eaZGIO YZ^t�WdqG�M_R�TVLNgYbPec0Ô � ÕVu
T�PÆMN�qG\^NM¢J�¤eaZG\L_RREO�O�J�M_Gs^�HeL_RE¤eaZGIO0o6REL_�WYbPKJ�LN]ÆGs�Wc=Gs^!¤¯GIMV«§GsGIP MV«�RÈJ�c=GIPQM_^��KJsg=G�MV«§R´�WYª®¯GIL_GIPQM

SXG-J�MNdeL_Gs^-¬5REP�REPqG9�KJ�Pq�;o¡J�P�Gs�Wc=G�r-J�P��eREO�YbPKJ�M_G#REMN�qGIL�Gs�Wc=Gs^�¤m]A¤¯GIYbPec�HeL_Gs^_GIPmM�YbP"J�O�J�M_r_�eYbPecqo�J�Pq�
REP0MN�qG�REMN�qGILz�KJ�Pq�0YbMwO�Js]�¤eaZRr_°�J�O�J�M_r¢�eYbPecqu��%H¯Ri^_^NYb¤eaZG�«§J-]�M_R�c=GIPqGIL¢J�abYb³-G¥MN�qG¥^NM¢J�¤eaZG�L_RREO�O�J�M_Gs^
HeL_RE¤eaZGIO�YZ^ M_R±J�abaZR	«ËGs�Wc=Gs^�M_R��KJ-g=G5REPeab]#REPqG5R�S¯MN�qGs^¢GtHeL_REH¯GILNMNYZGs^-u�p+�KJ�M�YZ^-om«�G5r-J�aba¨J�P�Gs�Wc=G �Ë¶@v ��r 
 
.�ËC
YªS?YbM+O�J-]�¤eaZRr_°�J¥O�J�M_r¢�eYbPecqoe¤edeM+YbMtr-J�PePqREMw¤¨G5HeL_Gs^_GIPQMwYbP�MN�qG6^_M¢J�¤eaZG5O�J�M_r¢�eYbPec#MN�KJ�Mw«�G�aZRRE°�SXREL-u�[R
MN�qG�HeL_Gs^¢GIPqrsG±R�S�J�S¦RELN¤eYZ�e�eGIP�Gs�Wc=G¥�eGsrIL_G-JE^_Gs^6MN�qG±r_�KJ�PqrsG9M_R�ÊqPq��J#^NM¢J�¤eaZG¥O�J�M_r_�eYbPecqu5� ��v���� Gs�Wc=G±YZ^
MN�qG�REHeH¯Ri^NYbM_Gi¬�«�G�O�J-]�dq^¢G5YbMwYbPAJ9^NM¢J�¤eaZG�O�J�M_r¢�eYbPecqoq¤edeMwYbM+PqGIg=GILt¤eaZRr_°W^-u ` aZG-J�LNab]=oeMN�qG�HeL_Gs^_GIPqrsG�R�SUJ
S¦L_GsG�Gs�Wc=G�YbO�HeL_R-g=Gs^6REdeLzr_�KJ�PqrsG�M_R�ÊqPq�AJ�^NM¢J�¤eaZG�O�J�M_r¢�eYbPecqu

T�M�MNdeLNPqGs�!REdeM�MN�KJ�M§MN�qGz^_M¢J�¤eaZGzL_RREO�O�J�M_Gs^§HeL_RE¤eaZGIO�«wYbMN��SXRELN¤eYZ�e�eGIP!Gs�Wc=Gs^�YZ^�MNL¢JErIM¢J�¤eaZG�J�Pq��MN�qGIL_G
G¶µWYZ^NM�G���rIYZGIPQM�J�abc=RELNYbMN�eO#^!M_R ÊqPq�ËJ ^NM¢J�¤eaZG¸O�J�M_r_�eYbPec´YbPËJ HeL_G¶S¦GIL_GIPqrsG\^N]W^NM_GIO YªS¥^¢REO#GAGs�Wc=Gs^�J�L_G
SXRELN¤eYZ�e�eGIPDu"p+�qG�ÊqL_^NM�^Ndqr_�´L_Gs^NdeabM�YZ^��WdqG!M_R¸F6Y£JE^�GIM�J�a�u¡SXREL9MN�qG�¤eYbHKJ�LNMNYbM_G�r-JE^¢G\Ô j ÕVu�Ù�aZGIYbPqGIL�GIM#J�a�u
G¶µWM_GIPq�eGs�#MN�eYZ^�L_Gs^NdeabM M_R�PqREPQ¤eYbHKJ�LNMNYbM_G6HeL_G¶S¦GIL_GIPqrsG5^N]^_M_GIO#^-o=«w�qGIL_G5REPqGtO�Js]#J�abaZR	«ÆYbPq�WYª®;GIL_GIPqrsGs^�YbP�MN�qG
HeL_G¶SXGIL_GIPqrsGs^¥Ô��(ÕVu

� deL�O�J�YbP�L_Gs^NdeabM�rsREPqrsGILNPq^�MN�qG�HeL_Gs^¢GIPqrsG§R�SKS L_GsG§Gs�Wc=Gs^-u �"G§^_�KJ�aba^N�qR	«´MN�KJ�M�MN�qG§^NM¢J�¤eaZG§L_RREO�O�J�M_Gs^
HeL_RE¤eaZGIO «wYbMN�"S¦L_GsG#Gs�Wc=Gs^¥YZ^ ���U©VrsREO�HeaZGIM_Giu �"G�J�HeHeab]"REdeL±L_Gs^NdeabM¥M_R�ciYbg=G!J�P¹J�abM_GILNPKJ�MNYbg=G�HeL_RQR�SwSXREL
J�PqREMN�qGIL!� ��©VrsREO�HeaZGIM_GIPqGs^_^5L_Gs^NdeabMt¤Q]��5REPeP Ô Ø	ÕVu

p+�qG�O#REMNYbgEJ�MNYZREP#R�SqMN�qG�HeL_Gs^_GIPQM�«§RELN°¥YZ^?°QYZ�WPqGI]±G¶µWr¢�KJ�Pec=Gs^-omJzL_GsrsGIPmM�O#GIMN�qRQ�±M_R5¤¨RRi^NM¡MN�qG§PQdeO¥¤¯GIL
R�SU°QYZ�WPqGI]�MNL¢J�Pq^NHea£J�PQM¢J�MNYZREPq^6MN�KJ�Mz¤¯Gsr-J�O#G�H¨REHedea£J�L5YbPA^_REO#G�rsREdePQMNLNYZGs^ � ^_GsG�Giu cquDÔ 6 Õ 	¶u�TVP¸REPqG�H¯Ri^_^NYb¤eaZG
O#R�eGIa¡R�S�°YZ�WPqGI]�G¶µWr¢�KJ�Pec=Gs^-oeg=GILNMNYZrsGs^zR�S�MN�qG�dePq�eGILNab]YbPec#ciL¢J�He�¸J�L_G�MN�qG�YbPqrsREO�HKJ�MNYb¤eaZG±HKJ�MNYZGIPmMn©V�eREPqREL
HKJ�YbL_^zJ�Pq��MN�qGIL_G�YZ^tJ�P0Gs�Wc=G�¤¯GIMV«§GsGIP0HKJ�YbL_^

A
J�Pq�

B
YªS?MN�qG�rIL_Ri^_^N©�MNL¢J�Pq^NHea£J�PmM¢J�MNYZREP¸YZ^+H¨Ri^_^_Yb¤eaZGiuUp+�qGIL_G

YZ^�J#PKJ�MNdeL¢J�a�HeL_G¶SXGIL_GIPqrsG�REP¸MN�qG�Gs�Wc=Gs^-¬tHKJ�YbL
A
HeL_G¶SXGIL_^�Gs�Wc=G

AB
M_R
AC

YªS�MN�qG±°YZ�WPqGI]AR�S�MN�qG��eREPqREL
R�S+HKJ�YbL

B
YZ^�O#REL_G�^NdeYbM¢J�¤eaZG#M_R�MN�qG�HKJ�MNYZGIPmM±R�S§HKJ�YbL

A
MN�KJ�P MN�qG�°QYZ�WPqGI]�R�S�MN�qG#�eREPqREL�R�S+HKJ�YbL

C
u��

SXG-JE^NYb¤eaZG�°QYZ�WPqGI]�G¶µer_�KJ�Pec=G�^¢r_�qGIO#G�YZ^5J9O�J�M_r_�eYbPec�R�S�MN�eYZ^tciL¢J�He�Du
� P"rsREPq�WYbMNYZREP�MN�KJ�M�GIg=GILN]¤¨R�W]A�KJE^6S¦deaba�YbPWS¦RELNO�J�MNYZREP¹J�Pq��JE^¢^NdeO�YbPec�MN�KJ�M¥J�HKJ�MNYZGIPmM-o¡^·Js]¸� O�Js]

L_G¶S¦dq^_G#J�HeL_REH¯Ri^_Gs��°YZ�WPqGI]¸YªS+�qG�MN�eYbPe°W^�MN�KJ�M±J�PqREMN�qGIL±�eREPqREL-o�^¢J-]\º�o¯YZ^�O#REL_G�^NdeYbM¢J�¤eaZG�SXREL��eYbO J�Pq�
^NYbO±deabM¢J�PqGsREdq^Nab]#MN�qGtYbPQM_GIPq�eGs��L_GsrIYbHeYZGIPQMwR�S;�eREPqREL§ºÈYZ^ «wYbababYbPec±M_R±JErsrsGIHeM�MN�qGt°YZ�WPqGI]#R�S;�eREPqREL+�9oiMN�qGIP
J�Hea£J�dq^_Yb¤eaZG�G¶µer_�KJ�Pec=G!^_r_�qGIO#G�O�Ybci�mM9¤¨G�REPqG�JErsrsREL_�WYbPec\M_R¸J0^_M¢J�¤eaZG#O�J�M_r_�eYbPecquAy5R	«�GIg=GIL-o�HKJ�MNYZGIPmM_^
J�Pq��MN�qGIYbL§�eREPqREL_^ dq^NdKJ�abab]��eR�PqREM �KJ-g=GzGIPqREdeci��YbPWS¦RELNO�J�MNYZREP�MN�qGIP�^Ndqr¢��J�^NMNL¢J�M_GIciYZrw¤¯GI�KJsgYZREdeL�YZ^�O#REL_G
abYb°=GIab]�M_R�RQrsrIdeL§J�MUMN�qGwaZGIg=GIaKR�S¯MNL¢J�Pq^NHea£J�PmM§rsGIPmMNL_Gs^-u�[R�J�P�JErsrsGIHeM¢J�¤eaZGz°QYZ�WPqGI]�G¶µer_�KJ�Pec=Gz^¢r_�qGIO#GwO�Ybci�QM
¤¯G±J�O�J�M_r_�eYbPec�R�S MN�qG¥dePq�eGILNab]YbPec�HKJ�MNYZGIPmMn©V�eREPqREL�ciL¢J�He��^Ndqr_�\MN�KJ�M�Gs�Wc=Gs^5rsRELNL_Gs^_H¨REPq�WYbPec�M_R�g=GILNMNYZrsGs^
«wYbMN�eYbP¸REPqG¥HKJ�LNMNYbMNYZREP\^¢GIM � JErsrsREL_�WYbPec�M_R�MNL¢J�Pq^NHea£J�PmM_rsGIPQM_GIL_^�MN�KJ�MzMNL_G-J�M5YbPq�WYbgQYZ�WdKJ�a�HKJ�MNYZGIPmM_^�	zJ�L_G�S¦L_GsGiu
� 
IM_GIL!º§YbL �ËÔbv¶Õ�JE^N°=Gs�ÇMN�qGArsREO�HeaZG¶µWYbMV]ÇR�S�MN�qGAHeL_RE¤eaZGIO «w�qGIL_GAS L_GsG¸Gs�Wc=Gs^!J�L_GA¤¨GIM�«�GsGIPÖMNL¢J�Pq^NHea£J�PQM
rsGIPmM_GIL_Gs^5J�Pq���5RE¤�TVLNgYbPec!Ô	�(Õ;HeL_REH¯Ri^_Gs�!MN�qG!��rsREO�HeaZGIO#GIPmM¢J�LN] ��R�S�MN�eYZ^-o«w�qGIL_G5S L_GsG�Gs�Wc=Gs^tJ�L_G6MN�qG�REPqGs^
MN�KJ�MtMN�qG�HKJ�LNMNYbMNYZREP¸^_GIM_^t^NHKJ�PDu

gzf
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Ì � ÐtÅ��&Á��	
ÑÃ±Ï��
º§]�MN�qG!�eG¶ÊqPeYbMNYZREPDoUYªSt«�G!�eGsrIa£J�L_G�J�PREL_�WYbPKJ�LN] Gs�Wc=G�S¦L_GsG�MN�qGIPÈJ�aba�^NM¢J�¤eaZG�O�J�M_r_�eYbPec=^�L_GIO�J�YbP´^NM¢J�¤eaZG
J�Pq��^_REO#GwPqGI«Ë^NM¢J�¤eaZGwO�J�M_r_�eYbPec=^§O�J-]�GIO#GILNc=GioQ�qGIPqrsGt«§Gt�KJ-g=GtO#REL_Gzr¢�KJ�PqrsGzM_R�ÊqPq�#REPqGiuUÙqRELN¤eYZ�e�WYbPec
J�P¸REL_�WYbPKJ�LN]�Gs�Wc=G�O�Js]�°QYbaba?^_REO#G�^NM¢J�¤eaZG�O�J�M_r¢�eYbPec=^z¤edeMtPqGIg=GIL5rIL_G-J�M_Gs^5J�PqGI« REPqGioK^_R�YbMwL_Gs�WdqrsGs^zREdeL
r¢�KJ�PqrsG�M_R#ÊqPq��REPqGiu�ÙqREL�MN�qG9�eGsrIYZ^NYZREP�HeL_RE¤eaZGIO MN�qG9REHeH¯Ri^NYbM_G9�qREaZ�e^-¬wYbM6YZ^6°QPqR	«wP�MN�KJ�M6MN�qG9HeL_RE¤eaZGIO
«wYbMN�#S¦RELN¤eYZ�e�eGIP�Gs�Wc=Gs^�YZ^�MNL¢JErIM¢J�¤eaZG5J�Pq��«§Gt^N�KJ�abaq^N�qR	«ÉMN�KJ�M MN�qG+HeL_Gs^_GIPqrsGtR�S¨S¦L_GsGwGs�Wc=Gs^UO�J�°=Gs^ YbMU�KJ�L_�;u
�  y����/>��� f32 °^¶jvÜE Ò�v�� �\�Ëv���C�´��Ü���>��DQ���

(G,O)
EjC�
���I����6�ËD

F ⊆ E(G)
¶ � ��v�������
6æ.���»reD�r_��Ê�t ��´�¶j��Ò�Gs�\DQ�

DF¶�
.��´Ër�
��£D�µ'�b� �jr,��DQ�ËC�´��b¶���EY�ËDFE ��G �O�bE�DF´�µ.r�C�æ.ÉY�yµ5�ÜÒ�v�¶ �ËGs��� r,�ºÊ�t ��´�¶j��Ò�Gs�\DQ��EjG v���E 
j�%r,C���E�´�µ�¶��=D�µ'�
�\¶jG�G ¶ � r,C�æ3´�E>�\���6É �  �

F
´�¶jC5��r_�ËD��%¶�� 
@r_���Ë¶jr�C�D���
6æ.���6É � � �

F
r,�ÅD�µ'�Y�\�\D=¶��YD�µ�¶>�6�¿��
6æ�����D�µ'E@Dá´�¶jC)C���´\D


@r ����v���C�D
Vi
� ��EjC 
�� � �

F
r,�»D�µ'�Ü�\�ËD"¶��»D�µ'¶>�\�p��
6æ.����D�µ'E@Dzr,�M�FÒ5EjC)C���
 �����\¶j�Y�

Vi
K � µ'�Ëv�� V1∪V2∪. . .∪Vkr,��E=Ò'EjvËDer�Derq¶jC3¶��=D�µ'��·>��vËDere´����¡¶��

G
É

tÜv�¶6¶ � Ô [Q°=GIM_r¢�¸R�SUMN�qG�HeL_RR�Snu Õ �"G�^N�qR	«%J#H¨REab]PqREO�Y£J�aDL_Gs�WdqrIMNYZREP�R�S�MN�qG
3
©h[�Up HeL_RE¤eaZGIO M_R�MN�qG�MN�qG

^_M¢J�¤eaZG�L_RREO�O�J�M_Gs^tHeL_RE¤eaZGIO «wYbMN�AS L_GsG¥Gs�Wc=Gs^-u�ÙqRELzMN�eYZ^tL_G-JE^_REPDoK«�G��KJ-g=G�M_R#rsREPq^NMNLNdqrIM5YbP0H¯REab]QPqREO�Y£J�a
MNYbO#G�S¦REL�G-JEr_�

3
© ` �6ÙË¤¨RREaZG-J�P�SXRELNO¥dea£J

Φ
J!HeL_G¶SXGIL_GIPqrsG�^N]W^NM_GIO

(G,O)
J�Pq��^_GIM�R�S�S¦L_GsG�Gs�Wc=Gs^�^Ndqr_�

MN�KJ�M
Φ
YZ^+^¢J�MNYZ^nÊÑJ�¤eaZG�YªSUJ�Pq��REPeab]�YªS¡MN�qGIL_G�YZ^tJ±O�J�M_r¢�eYbPec#YbP

(G,O)
MN�KJ�Mtr-J�P!¤¯G6¤eaZRQr¢°=Gs��REPeab]�¤Q]�S¦L_GsG

Gs�Wc=Gs^	u
ÙqREL�G-JEr_�ÖgiJ�LNY£J�¤eaZG

x
R�S

Φ
owaZGIM�dq^��eG¶©

ÊqPqG�g=GILNMNYZrsGs^
ax, bx, cx, x

J�Pq�
x̄
oÉGs�Wc=Gs^

axbx, bxcx, cxax
S L_GsG\Gs�Wc=Gs^

axx
J�Pq�

axx̄
u

p+�qGs^¢GAa£J�MNM_GIL!Gs�Wc=Gs^�J�L_G0ÊqL_^NM�r¢�qREYZrsGs^�R�S
xJ�Pq�

x̄
L_Gs^_H¨GsrIMNYbg=GIab]=omMN�qG�HeL_G¶SXGIL_GIPqrsGtREL_�eGIL R�S

ax
YZ^
axx, axx̄, axbx, axcx

o
bx
HeL_G¶S¦GIL_^

bxcxM_R
bxax

J�Pq�
cx
HeL_G¶SXGIL_^

cxax
M_R
cxbx

u�ÙqREL
G-JEr¢��rIa£J�dq^_G

C
«§Gz�KJ-g=G5g=GILNMNYZrsGs^

Ci
J�Pq�

CjiSXREL
i = 1, 2, 3

o
j = 1, 2

J�Pq�
Cl
o�SXREL9G-JEr¢�

abYbM_GIL¢J�a
l
YbP
C
u ` REPq^NMNLNdqrIM�S¦L_GsG�Gs�Wc=Gs^

ClCiMN�KJ�M�J�L_G±MN�qG
i
MN��r_�qREYZrsGs^�R�S

Cl
SXREL

i = 1, 2J�Pq�
ClC3

YZ^�MN�qG§g=GILN]9a£JE^NMUr_�qREYZrsGtR�S
Cl
u�ÙqREL

G-JEr¢�
Ci
o=MN�qG5Gs�Wc=Gs^

CiCl
J�L_GzMN�qGwÊqL_^NM�MN�eL_GsG

r¢�qREYZrsGs^zYbPAJ�P\J�LN¤eYbMNL¢J�LN]�REL_�eGIL-u

ay az

x̄ y ȳ z z̄

1
1 1

ax

Cy

1

1 2

3

2

1 2

3

2

1 2

3

2
czcy

bz

1 1

by
cx

bx

4 44

1 1 1

21212

1
x

Cx̄ Cz∞ ∞∞ ∞1 1 1
2

3
2221

3 1

4
1

5

2
4

C3

12
5
C24

1
5
12

C1
3

C1
2C2

1 C2
2 C1

3 C2
3

211 221

2 2

C1
1

C = x̄ ∨ y ∨ z

ÙqREL
i = 1, 2, 3

oDJE�e��J�aba?Gs�Wc=Gs^6¤¯GIMV«§GsGIP
Ci, C

1
i

J�Pq�
C2
i

^_dqr_�\MN�KJ�M5MN�qGs^_G±Gs�Wc=Gs^�J�L_G¥REL_�WYbPKJ�LN]¸J�Pq�
HeL_G¶SXGIL_GIPqrsGs^�J�aZREPec�MN�qGs^_G¥MNLNY£J�PeciaZGs^�J�L_G¥rI]WrIabYZriuwp¡R�ÊqPeYZ^_�AMN�qG¥rsREPq^_MNLNdqrIMNYZREP\R�S

G
oqS¦REL6G-JEr_�\abYbM_GIL¢J�a

l
YbP

^¢REO#G±rIa£J�dq^_G
C
o¨rsREPePqGsrIM5g=GILNM_G¶µ

l
«wYbMN�

Cl
ut�5aba?PqREPq^_H¨GsrIYªÊKGs�¸HeL_G¶S¦GIL_GIPqrsGs^�J�L_G9J�LN¤eYbMNL¢J�LN]=u�p+�qG�ÊqcideL_G

^_�qR-«t^+MN�qG6HKJ�LNMtR�S
G
rsRELNL_Gs^NH¯REPq�WYbPec�M_R±rIa£J�dq^_G

C = x̄∨ y ∨ z J�Pq��giJ�LNY£J�¤eaZGs^ x, y J�Pq� z uUT�M§YZ^§G-JE^_]�M_R^¢GsG�MN�KJ�MzYªSUMN�qGIL_G¥YZ^5J�MNLNdeMN��JE^_^NYbciO#GIPQM5M_R
Φ
MN�qGIPAMN�qGIL_G¥YZ^5J�O�J�M_r¢�eYbPec�YbP

G
MN�KJ�M5YZ^tPqREM5¤eaZRQr¢°=Gs�A¤Q]

REL_�WYbPKJ�LN]!Gs�Wc=Gs^-uUÙqREL+MN�eYZ^-oQ«�G�r_�qRRi^_G6Gs�Wc=Gs^
xax

SXREL§G-JEr¢�!MNLNdqG5giJ�LNY£J�¤eaZG�J�Pq��Gs�Wc=Gs^
x̄ax

SXREL§G-JEr¢�!SXJ�aZ^_G
REPqGioqJ�aba¯Gs�Wc=Gs^

bxcx
J�Pq�

C1
i C

2
i

uUT�M�YZ^+^NMNL¢J�Ybci�QMnS¦RELN«+J�L_��M_R±rsREO�HeaZGIM_G�MN�eYZ^+O�J�M_r¢�eYbPec�YbM�M_R�REPqG6«�G6PqGsGs�;¬
SXRELtG-JEr_�\rIa£J�dq^_G

C = l1 ∧ l2 ∧ l3
M¢J�°=G�J�MNLNdqG�abYbM_GIL¢J�a � ^¢J-]

l2
	§R�S

C
oqJE�e��Gs�Wc=G

Cl2C3
M_R�MN�qG�O�J�MN�qrIYbPec

J�Pq�!JE�e�#M�«�R±O#REL_GtO�J�M_r_�eYbPec�Gs�Wc=Gs^US¦L_REO
C1

J�Pq�
C2

M_R�MN�qG5REMN�qGIL�MV«§R �VabYbM_GIL¢J�a¨g=GILNMNYZrsGs^ �
Cl1

J�Pq�
Cl3

u
T�S�MN�qGIL_G�YZ^�J�O�J�M_r¢�eYbPec

M
MN�KJ�M�YZ^6PqREM�¤eaZRr_°=Gs��¤m]�J�P�REL_�WYbPKJ�LN]\Gs�Wc=G�MN�qGIP�SXREL�G-JEr_��giJ�LNY£J�¤eaZG

x
o

G¶µqJErIMNab]�REPqG#R�S
axx

J�Pq�
axx̄

YZ^�HeL_Gs^_GIPQM¥YbP
M
o?JE^�REMN�qGILN«wYZ^_G

M
«§REdeaZ� rsREPmM¢J�YbP´J�^NM¢J�¤eaZG�O�J�M_r¢�eYbPec

R�S�MNLNY£J�PeciaZG
axbxcx

MN�KJ�M��eRGs^zPqREM�G¶µWYZ^NM-u6[QYbO�Yba£J�LNab]=o;G-JEr¢�\g=GILNM_G¶µ
Ci

YZ^5rsR	g=GIL_Gs��¤m]¸J�S L_GsG9Gs�Wc=G9R�S
MJE^6REMN�qGILN«wYZ^_G

M
«§REdeaZ�¸rsREPQM¢J�YbP�J�^NM¢J�¤eaZG�O�J�M_r_�eYbPec�R�SUMNLNY£J�PeciaZG

CiC
1
i C

2
i

oq«w�eYZr_�\YZ^tYbO�H¯Ri^_^NYb¤eaZGiu+p+�eYZ^
O#G-J�Pq^zMN�KJ�M

M
rsREPQM¢J�YbPq^zPqR�Gs�Wc=G

lCl
u

g�|
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TVS
axx ∈ M

MN�qGIP �eGsrIa£J�L_G
x
MNLNdqGio¡REMN�qGILN«wYZ^¢G � «w�qGIP

axx̄ ∈ M
	6aZGIM

x
¤¨G9S�J�aZ^_Giu��"G�HeL_R	g=G#MN�KJ�M

MN�eYZ^tYZ^6J�MNLNdeMN��JE^_^NYbciO#GIPmM6R�S
Φ
oeMN�KJ�MzYZ^-oÑG-JEr_�\rIa£J�dq^_G��KJE^6J�MNLNdqG�abYbM_GIL¢J�a�uwTVS

C
YZ^5J#rIa£J�dq^_G�MN�qGIP¸MN�qGIL_G

YZ^�J�P¸Gs�Wc=G
C3Cl

R�S
M
ut�6^

lCl
r-J�PePqREM6¤eaZRQr¢°�MN�eYZ^zO#G-J�Pq^5MN�KJ�M

l
YZ^6rsR-g=GIL_Gs�\¤m]AJ�S L_GsG±Gs�Wc=GioK�qGIPqrsG

lYZ^zJ9MNLNdqG�abYbM_GIL¢J�a¡YbP
C
uUp+�eYZ^+SXREabaZR-«t^zMN�KJ�M

Φ
�KJE^zJ9MNLNdeMN�¸JE^¢^NYbciPeO#GIPmM-u

 DGIM
V (Φ)

J�Pq�
C(Φ)

�eGIPqREM_G�MN�qG�^_GIMtR�S�gEJ�LNY£J�¤eaZGs^5J�Pq�0rIa£J�dq^_Gs^tR�S
Φ
uUF�G¶ÊqPqG

Va := {ax, x, x̄ : x ∈ V (Φ)} o Vb := {bx : x ∈ V (Φ)} o Vc := {cx : x ∈ V (Φ)} o
V0 := {Cl, Ci : C ∈ C(Φ), i = 1, 2, 3

J�Pq�
l
YZ^5J�abYbM_GIL¢J�a¡R�S

C} o
V1 := {C1

i : C ∈ C(Φ), i = 1, 2, 3} J�Pq� V2 := {C2
i : C ∈ C(Φ), i = 1, 2, 3} oÑO#REL_GsR-g=GIL5aZGIM

V (1) := {ax, bx, cx : x ∈ V (Φ)} o V (2) := {x, x̄, Cx, Cx̄ : x ∈ V (Φ)} J�Pq�
V (3) := {C1, C

1
1 , C

2
1 : C ∈ C(Φ)} u� ¤q^_GILNg=G+MN�KJ�M

V (G) = (Va∪V1)∪(Vb∪V0)∪(Vc∪V2) = (V (1)∪V (3))∪V (2)
J�L_G+MV«�R�HKJ�LNMNYbMNYZREPq^

R�S?MN�qG�g=GILNMNYZrsGs^zR�S
G
YbPmM_R

3
J�Pq�

2
HKJ�LNM_^w^_dqr_��MN�KJ�Mz^_GIM

F
R�S�S L_GsG�Gs�Wc=Gs^w�KJ-g=G�MN�qG�HeL_REH¯GILNMV]��eGs^_rILNYb¤¨Gs�

YbP � � 	6J�Pq� � j 	¶o¯L_Gs^_H¨GsrIMNYbg=GIab]=u±p+�eYZ^�HeL_R-g=Gs^ � j 	6J�Pq� � � 	¶u �6REM_G±MN�KJ�M�YªS§«�G�r-J�P�HKJ�LNMNYbM_REP�MN�qG9g=GILNMNYZrsGs^
YbPmM_R

2
HKJ�LNM_^w^_dqr_�0MN�KJ�MwPqR9S¦L_GsG�Gs�Wc=G�rsREPePqGsrIMtMN�qG�HKJ�LNM_^+MN�qGIP0MN�qGIL_G�J�ab«+Js]W^zG¶µWYZ^NM_^tJ9^NM¢J�¤eaZG�O�J�M_r_�eYbPec

J�Pq��MN�qG��eG¶SXGILNL_Gs�¸JErsrsGIHeM¢J�PqrsG9J�abc=RELNYbMN�eO R�S � J�aZG¥J�Pq�¸[Q�KJ�HeaZGI]!ÊqPq�e^wYbM-u
p?R6^_�qR-«´MN�qG+p+�qGsREL_GIO YbP9r-JE^_G � v�	¶oi«§G§rsREPq^_MNLNdqrIM?SXREL�G-JEr_��^NM¢J�¤eaZG

L_RREO�O�J�M_Gs^ HeL_RE¤eaZGIO «wYbMN��S¦L_GsGwGs�Wc=Gs^�J�P#Gs²QdeYbgEJ�aZGIPQM HeL_RE¤eaZGIO «w�qGIL_G
S¦L_GsG�Gs�Wc=Gs^5J�L_G��WYZ^¦fNREYbPmM-u

ji v

u
i j

1 1
3 3

2

2 4

4

u

v

veue

p?R¸JEr_�eYZGIg=G�MN�eYZ^-o?YbM�YZ^¥GIPqREdeci�M_RA^Nde¤q^_MNYbMNdeM_G�G-JEr_� S L_GsG�Gs�Wc=G#«wYbMN�¹J�abYbMNMNaZG#ciL¢J�He�^_�qR-«wPREPMN�qG
ÊqcideL_Giuwp+�KJ�MzYZ^	oe«�G9�eGIaZGIM_G¥G-JEr¢�AS¦L_GsG�Gs�Wc=G

e = uv
oK«�G9JE�e�0PqGI« g=GILNMNYZrsGs^

ue
J�Pq�

ve
oKGs�Wc=Gs^

uue, vve
o

J�Pq�#M�«�R9HKJ�L¢J�abaZGIa¯rsREHeYZGs^�R�S
ueve

J�Pq��J�P�G¶µWMNL¢J�S L_GsG5Gs�Wc=G
ueve

MN�KJ�M�YZ^ ÊqL_^_M�r_�qREYZrsGzSXREL�¤¯REMN�
ue
J�Pq�

ve
u

�UL_G¶SXGIL_GIPqrsGs^tJ�aZREPec
u
J�Pq�

v
YZ^�dePqr¢�KJ�Pec=Gs�;oW«w�qGIL_G6Gs�Wc=G

e
YZ^�^_de¤q^NMNYbMNdqGs��¤Q]

uue
J�Pq�

vve
oQL_Gs^NH¯GsrIMNYbg=GIab]=u

p+�qG�ÊqL_^_M5r_�qREYZrsG9R�S
ue

YZ^tMN�qG�S L_GsG±Gs�Wc=GioKMN�qG±^_GsrsREPq�0YZ^�J�HKJ�L¢J�abaZGIa�rsREHm]AR�S
ueve

MN�KJ�M6«wYbaba¡¤¯G�MN�qG¥a£JE^NM
r_�qREYZrsGzR�S

ve
u�p+�qGwMN�eYbL_��r¢�qREYZrsGwYZ^

ueu
J�Pq��MN�qG+a£JE^NM REPqG+YZ^UMN�qGw^¢GsrsREPq��r_�qREYZrsGtR�S

ve
u��tS¦M_GILUMN�qGwr_�KJ�Pec=Gs^

«�G¥c=GIM5J�PqGI« HeL_G¶S¦GIL_GIPqrsG±^N]^_M_GIO¼«w�qGIL_G±J�aba;S¦L_GsG�Gs�Wc=Gs^�J�L_G��WYZ^¦fNREYbPmM-u§�¸REL_GsR	g=GIL-oKMN�qGIL_G¥YZ^zJ�O�J�M_r_�eYbPec
MN�KJ�M+YZ^+PqREM+¤eaZRQr¢°=Gs��¤m]�REL_�WYbPKJ�LN]!Gs�Wc=Gs^+YbP

(G,O)
YªS�J�Pq��REPeab]�YªS?MN�qGIL_G6YZ^wREPqG�J(S M_GIL+MN�qG�rsREPq^NMNLNdqrIMNYZREPDu

2

T�P�¤¨REMN��MN�qG#^_M¢J�¤eaZG�O�J�LNLNY£J�c=G�J�Pq��MN�qG�^NM¢J�¤eaZG�L_RREO�O�J�M_Gs^�HeL_RE¤eaZGIO#^-o?^NMNLNYZrIM � abYbPqG-J�L�	6HeL_G¶SXGIL_GIPqrsGs^
R�S+MN�qG�HKJ�LNMNYZrIYbHKJ�MNYbPec\J�c=GIPQM_^¥Hea£J-]�J�rILNdqrIY£J�a�L_REaZGiu#y5R	«�GIg=GIL-o�YbP�O�J�Pm]�HeL¢JErIMNYZr-J�a�^NYbMNdKJ�MNYZREPq^-o�REPqG��KJE^
M_R��eG-J�aU«wYbMN�"YbPq�WYª®;GIL_GIPqrsGs^�YbP�MN�qG�HeL_G¶SXGIL_GIPqrsG�REL_�eGIL_^-u�� PKJ�MNdeL¢J�a�O#RQ�eGIa�SXREL�MN�eYZ^�YZ^�MN�KJ�M�HeL_G¶SXGIL_GIPqrsG
REL_�eGIL_^wJ�L_GtHKJ�LNMNY£J�a � L¢J�MN�qGIL§MN�KJ�P�abYbPqG-J�L�	�REL_�eGIL_^-u � PqG6r-J�P�G¶µWM_GIPq��MN�qG5PqREMNYZREP!R�S?J¥^NM¢J�¤eaZG5O�J�M_r_�eYbPec�M_R
MN�eYZ^tO#R�eGIa;YbP¸J�MtaZG-JE^_MtMN�eL_GsG��WYª®;GIL_GIPmMz«+Js]W^-u � PqG�H¨Ri^_^_Yb¤eYbabYbMV]!YZ^tMN�KJ�M5J9O�J�M_r¢�eYbPec�YZ^ � ��E>à!G �Y�ËDFE ��G � YªS
PqR9HKJ�YbLwR�S�J�c=GIPmM_^

a, b
G¶µWYZ^NM_^+^Ndqr_��MN�KJ�M+MN�qGI]�O±deMNdKJ�abab]!^_MNLNYZrIMNab]�HeL_G¶SXGIL+REPqG�J�PqREMN�qGIL+M_R9MN�qGIYbLtGIg=GIPmMNdKJ�a

HKJ�LNMNPqGIL-u �zREPeP�HeL_R-g=Gs��MN�KJ�M��eGsrIYZ�WYbPecAMN�qG9G¶µWYZ^NM_GIPqrsG�R�SwJ�«§G-J�°Qab]�^NM¢J�¤eaZG�O�J�M_r¢�eYbPec0YZ^ ���U©VrsREO�HeaZGIM_G
Ô Ø	ÕVu ºwJE^_Gs��REPAp+�qGsREL_GIO vioeMN�qGIL_G�YZ^zJ�PAJ�abM_GILNPKJ�MNYbg=G¥HeL_RQR�SNu

�  "�.��/1��� | � ^_GsG �zREPeP0Ô Ø	Õ 	 2 ��D^r,�MÊ�t ��´�¶j��Ò�Gs�\DQ�pDF¶ 
���´Ër 
.��D�µ'��� �jr,��DQ��C�´���¶��ºE � ��E>à!G �=�ËDFE ��G ����E@DF´Ëµ.r,C�ær�C�D�µ'���DFE ��G �¿v�¶6¶@�¡��E@DQ����Ò�v�¶ ��G ��� � µ'��v��l��E.´�µÇ·>��vËDQ� �3µ'E>�E � ��E>à3G r,C���EjvOÒ�v�� �\��v���C�´���¶jv 
���v$¶jCcD�µ5�r�C�´Ër 
.��C�DÜ��
6æ.��� � r�D�µ¿E@D¥��¶>�ËDMD � ¶��
6æ�����r�ClDerF�6É
t»v�¶6¶�� Ô [Q°=GIM_r¢� R�S+MN�qG�HeL_RQR�SNu Õ0�5^_^_deO#G�ciL¢J�He�

G
L_GIHeL_Gs^_GIPmM_^9J�^NM¢J�¤eaZG�O�J�M_r_�eYbPec¸HeL_RE¤eaZGIO «wYbMN��S¦L_GsG

Gs�Wc=Gs^-u ` REPq^NMNLNdqrIM�ciL¢J�He�
G′

MN�qGwSXREabaZR-«wYbPec±«§J-]=u�[Qde¤q^NMNYbMNdeM_GzG-JEr¢�#S¦L_GsGtGs�Wc=GzR�S
G
«wYbMN�!J�HKJ�MN��R�S;MN�eL_GsG

Gs�Wc=Gs^§«wYbMN��MN�eL_GsG5HKJ�L¢J�abaZGIa¯rsREHeYZGs^§R�SDMN�qG5O�YZ�e�WaZG6Gs�Wc=Giu ��GsGIH�MN�qG5HeL_G¶S¦GIL_GIPqrsGs^+R�SDMN�qG6RELNYbciYbPKJ�a¯g=GILNMNYZrsGs^-u
�+M�MN�qG�PqGI« g=GILNMNYZrsGs^¥MN�qG�dePeYZ²mdqG9ÊqL_^NM�r¢�qREYZrsGs^¥YZ^�REPqG�R�S+MN�qG�HKJ�L¢J�abaZGIa�rsREHeYZGs^	o;MN�qG#REMN�qGIL�GIPq�e^�R�S+MN�qG
ÊqL_^NM6r_�qREYZrsGs^�J�L_G±a£JE^NM5r¢�qREYZrsGs^�J�Pq�¸MN�qG±L_GIO�J�YbPeYbPec!M�«�R�Gs�Wc=Gs^�J�L_G¥MNYZGs��J�Pq�¸^¢GsrsREPq�Ar_�qREYZrsGs^	u � [GsG±MN�qG

g��



��k � <W:i< ��� 8¯< � 	�� �D>�� � � �'����� ��� �+��� � �¯��� �¯�

ÊqcideL_Giu 	
T�M�YZ^�G-JE^N]¸M_R�r_�qGsr_°\MN�KJ�M�MN�qGIL_G�MN�qGIL_G�YZ^�J!O�J�M_r¢�eYbPecAR�S

G
PqREM

¤eaZRr_°=Gs��¤m]#J�PQ]#REL_�WYbPKJ�LN]#Gs�Wc=GtYªS¡J�Pq��REPeab]�YªS;MN�qGIL_GtYZ^§J�«�G-J�°ab]
^_M¢J�¤eaZG�O�J�M_r_�eYbPec#YbP

(G′,O′) oW«w�qGIL_G�HeL_G¶SXGIL_GIPqrsGs^zR�S O′ J�L_G�MN�qG^·J�O#G�JE^§R�S O J�M+g=GILNMNYZrsGs^tR�S
G
J�Pq�!ciYbg=GIP�¤m]!MN�qGzÊqcideL_G�J�M+MN�qG

PqGI« g=GILNMNYZrsGs^-u

i j

u v

2
1 3

13

2 2 j2i

u v

y5GIPqrsG6SXRELtG-JEr_�AYbPq^NM¢J�PqrsG�R�S�MN�qG�^_M¢J�¤eaZG�L_RQREO�O�J�M_Gs^tHeL_RE¤eaZGIO «wYbMN��S¦L_GsG�Gs�Wc=Gs^-oeREPqG�r-J�PArsREPq^NMNLNdqrIM
YbP¹H¯REab]QPqREO�Y£J�a§MNYbO#G!J�P¹Gs²mdeYbgiJ�aZGIPmM�YbPq^NM¢J�PqrsG!R�StMN�qG�HeL_RE¤eaZGIO �eGs^_rILNYb¤¯Gs�YbPp+�qGsREL_GIO j o�MN�KJ�M±YZ^±«�G
�KJ-g=G\J"H¨REab]PqREO�Y£J�azL_Gs�WdqrIMNYZREPÖR�S�MN�qG�SXRELNO#GIL�HeL_RE¤eaZGIO M_R"MN�qG0a£J�MNM_GIL-u �6^#MN�qG0S¦RELNO#GIL�HeL_RE¤eaZGIO YZ^
� ��©VrsREO�HeaZGIM_G±¤m]�p+�qGsREL_GIO vioWMN�qG�a£J�MNM_GIL5REPqG��KJE^wMN�eYZ^wHeL_REH¯GILNMV]0JE^w«§GIaba�u

2

� � �\��Á:�	�±Ä0�	

Ôbv¶Õ � � @� �3� o ��GIL_^_REPKJ�a?rsREO�O±dePeYZr-J�MNYZREPDu
Ô j Õ�� � $ � 
�� -/ £< � � � � - � � < 
 � 8 � 	��Ñ<�� � � $ � & � � 	 
  ��B 	� �
	 ��� �5<?8 � + �	� � �¨C �5< � ���� :
	�� o

p+�qG�^NM¢J�¤eaZG�O�J�LNLNY£J�c=G�HeL_RE¤eaZGIO «wYbMN� L_Gs^NMNLNYZrIM_Gs��HKJ�YbL_^-u �yµ'��¶@v��ËDQÉ�³	¶@�ºÒ�I�DQÉ¥Ñ�´ËrFÉ o � jilil � 	á��±�g ��f��
� �	o��i×Wv � kml �

Ô��(Õ � ��
 > 	� 8 	�� � � � � � � ���  8 � �¥<�8 � - � 
�� $<?8D> � � 	 o � ��rIYZGIPmM0J�abc=RELNYbMN�eO#^�SXREL�c=GIPqGIL¢J�abYb³-Gs�
^NM¢J�¤eaZGwO�J�LNLNY£J�c=G�J�Pq�#L_RREO�O�J�M_Gs^�HeL_RE¤eaZGIO#^	u �yµ'��¶jv��ËDQÉ¥³	¶@�ºÒ�I�DQÉ�Ñ:´ËrqÉ � jilil Ø
	M� × f ��f���� �	oÑv �ij �Ñv	Ø �

Ô k Õ - � � <?> 	"<?8 � � � � � � �;< 
 > 	�� o ` REabaZGIc=G±JE�WO�YZ^¢^NYZREPq^6J�Pq�¸^NM¢J�¤eYbabYbMV]0R�S O�J�LNLNY£J�c=Giu B��Y��v6É"âªE�D�µ'É
âª¶jC�D�µ�GÐ� � v-× �ij 	�g�A���f �	oK×��Ñv �

Ô	�(Õ�� � � � � ���  8 � o ��GIL_^_REPKJ�a?rsREO�O±dePeYZr-J�MNYZREPDu
Ô � Õ�� � � � � ���� 8 � o!�zPG���rIYZGIPmM9J�abc=RELNYbMN�eO�S¦REL¥MN�qG ��^NM¢J�¤eaZG�L_RREO�O�J�M_Gs^ ��HeL_RE¤eaZGIO0u ç'É	B�G æ.¶jv�reD�µ.�¡�

� v-× 6 � 	�g ��} �	o �=ØiØ � �i× �
Ô Ø	Õ/� � ��� 8D8 o�����©VrsREO�HeaZGIM_G±^NM¢J�¤eaZG�O�J�M_r¢�eYbPec�HeL_RE¤eaZGIO#^-u ç'É^B�G æ�¶jv�r�D�µ.�¡� � v-×i× l 	áf�f ��| �	o j76 ��� � l�k
Ô 6 Õ 79> �  8 � ��� � :�� ����<����WBD8 ����8 *�	qC �¯<?8 � $ � ( : � B��±8 � 	�� o ��J�YbLN«wYZ^_G�°QYZ�WPqGI]!G¶µWr¢�KJ�Pec=Giu ç'É

� ´�¶jC�¶j�YÉ��yµ'��¶jv�� o � jilil � 	pf'|�Â ��| �	oDv �Wv �Ñv 676

g)}
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+&,��.-0/21435-76.-08�,�9.,
:<;>=2?A@CBCD ;>EFB<GAH�I�=J=JKMLN;PORQS?ABCTU;>D�?ABCLNVPW<?AEUO

XYTFZ[WCLNVPW
\ @]?^O[_2?AB`;bacV`TUGcG^K.GAHYdeE[HfG^@CD�?ABCLNVPWhgJi<ZjG^B`G

k�EJLMlj;>@`WCLMBmZ
i<ZjG^B`G�npopnrqmsptpo[upgwvF?A=2?AE

x[ypzF{F|J}j~cyr�c���`�'��zF�J}^xJ}J�h{���yJ�.�m�j�

���'�P�h�r�J�j�p� I*ER_JEUO[LM@`;PV>B`;POR�p@]?A=JT
G = (V,E)

LNW�Vh?AKMKN;PO
Z3
qeVPG^EJEU;PV>B`;PO�L�H.HfG^@�?AKMK

b : V →
Z3 � LMBCT ∑v∈V b(v) = 0

g�?AE�G^@CLN;>E�B]?ABCLNG^E
D = (V,A)

GAH
G
T2?^W�?

Z3
q�lp?AKM_U;PObEUG � TU;>@`;�q��h;>@`G� G � f : A→ Z3 − {0}

WC_UV]T�BCT2?AB ∑
e∈δ+(v) f(e)−∑e∈δ−(v) f(e) = b(v)

HfG^@�?AKMK
v ∈ V ��$;�WCTUG � BCT2?AB�?AKMK 4 qe;PO[�j;�qeVPG^EJEU;PV>B`;POR����:�qfH @`;P;��p@]?A=JTUW�?A@`; Z3

qeVPG^EJEU;PV>B`;PO ��¡ TJLNW5;�¢cB`;>EUOJWBCTU;�@`;PWC_JKMB*O[_U;<B`G £0?AL�¤f¥popopoj¦�g � TJLNV`T§=J@`Ghlj;PW�BCTU;�Hf?^V>B5HfG^@�V`TUG^@`OU?AK.�p@]?A=JTUW �
¨�©jª�«b¬ �r'�p� © '® ©p¯ � ¬w°'°0© �p�²±´³0±µ� ªU¶

Z3
¯ � ¬·°.°.© �p�²±´³0±´� ª2¶�°.¬c«�¸0© � ©j¯]¹j© � ¬4º�¬�«R¶�»�»�¼½¯

¾ � ©�© ®w�r�J¿ ¸

À Á[Â�Ã2Ä�Å�ÆbÇÉÈ7Ã·Ê`Å�Â
£7;>B

D = (V,A) Ë ;�?�O[LM�p@]?A=JT � LMBCT�lj;>@CB`;�¢�W`;>B V ?AEUO�?A@`V�W`;>B A ��Ì G^@�?Élj;>@CB`;�¢ v ∈ V g δ+(v)
¤ @`;PWC= � g

δ−(v)
¦�OJ;>EUG^B`;PW�BCTU;ÍW`;>B�GAH5?A@`VPW<KN;h?hl�LMEJ��¤ @`;PWC= � g0;>EFB`;>@CLMEJ��¦ v � £7;>B b : V → A g � TU;>@`; A OJ;>EUG^B`;PWb?AE? Ë ;>KMLµ?AE½�p@`G^_J= � LMBCTÎLNOJ;>EFBCLMBmZ½o � �ÏTU;>E ∑v∈V b(v) = 0

g
b
LNW5Vh?AKMKN;POÎ?�Ð²Ñ>ÒÔÓ^ÕeÖØ×cÙÛÚØ×cÜwÝPÞàßfÓ^Ü �YÌ G^@5?b�h;>@`GAqWC_JDáHà_JEUV>BCLNG^E

b
g�?§ÜwÓ^â�ã[Ñ>ÒCÑ�ÕfÐ²Ñ�ÒCÓ

(A, b) Õåä�Ó^âæLNW�OJ;�çUEU;PO$?^W�?�H _JEUV>BCLNG^E f : A → A− {0} WC_UV`TBCT2?AB∑
e∈δ+(v) f(e) −∑e∈δ−(v) f(e) = b(v)

HàG^@�?AKMK
v ∈ V �Éè G^BCLNVP;�BCT2?AB�BCTU;Í;�¢[LNWCB`;>EUVP;ÍGAH5EUG � TU;>@`;�q��h;>@`G

(A, b) q � G � W�G^EJKMZOJ;>=·;>EUOJWbG^E b ?AEUO�BCTU;Í_JEUOJ;>@CKMZ�LMEJ�S_JEUO[LM@`;PV>B`;PO$�p@]?A=JT G = (V,E)
GAH
D Ë ;PVh?A_UW`;@`;>lj;>@`WCLMEJ�½BCTU;éO[LM@`;PV>BCLNG^ESGAH&?AES?A@`V

e ∈ A Vh?AE Ë ;éVh?AEUVP;>KMKN;PO Ë ZR@`;>lj;>@`WCLMEJ��BCTU;bWCLM�pE�GAH f(e) � ��;>EUVP;�LMEBCTJLNW�=2?A=�;>@hg � ;éO[LNW`V>_UW`W�EUG � TU;>@`;�q��h;>@`G (A, b) q � G � W*HfG^@�_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW�@]?ABCTU;>@*BCT2?AERHàG^@�O[LM�p@]?A=JTUW �I�E�_JEUO[LM@`;PV>B`;POÎ�p@]?A=JT
G
LNW&Vh?AKMKN;PO A Õ�Ý`ÓpÜUÜ·ÑCÝPÞeÑ`ê � TU;>EÎLMB&T2?^W�?éEUG � TU;>@`;�q��h;>@`G (A, b) q � G � HfG^@�;h?^V]T�h;>@`GAqeWC_JDëH _JEUV>BCLNG^E

b : V → A � £7;>B Z3
OJ;>EUG^B`;�BCTU;*V>Z[V>KMLNV��p@`G^_J=�GAH�G^@`OJ;>@

3 ��¡ TJLNW�=2?A=�;>@�LNWìVPG^EUVP;>@CEU;PO
� LMBCT�BCTU;<HfG^KMKNG � LMEJ��VPG^E^íÔ;PV>BC_J@`;bO[_U;<B`G vF?^;>�j;>@*;>B�?AK �0î ¥rï �
ð ¬w°Jñ>© �p�²ò.� ©�ó"¤ î ¥Aï ¦Øô�õ�öAÑ>ÒØ÷Rø^ÕÔÑ`êhùFÑ�ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞeÑCê�×�Üwêpß´Ò`ÑCÝPÞeÑCê�ù^ÒÔú�û2ã�ßµÖ Z3

ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞeÑCêFü
¡ TJLNW�VPG^E^íC;PV>BC_J@`;ÉLNW�V>KNGpW];>KMZ�@`;>Kµ?AB`;POSB`G½BCTU;Éýrq � G � VPG^E^íÔ;PV>BC_J@`;ÍO[_U;ÉB`G ¡ _JBCB`; îÿþ ïeg � TJLNV`TLNW�?�KNG^EJ�^qWCB]?AEUO[LMEJ��G^=�;>E =J@`G Ë KN;>D LME �p@]?A=JTBCTU;PG^@CZ � I EUG � TU;>@`;�q��h;>@`G 3

q � G � LNW � EUG � EB`G Ë ;�;���_JLMl^?AKN;>E�B�B`GR?
(A, b) q � G � � TU;>E |A| = 3

?AEUO
b(v) = 0

HàG^@b?AKMK
v ∈ V �R¡ TU;½ýrq � G � VPG^E^íÔ;PV>BC_J@`;½Vh?AE Ë ;�WCB]?AB`;PO ?^WHfG^KMKNG � W �

ð ¬w°Jñ>© �p�²ò.� ©��æ¤ îÿþ ï ¦Øô�õ�öAÑ>ÒØ÷��JÕÔÑ`êhùFÑ�ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞeÑCê�×�Üwêpß´Ò`ÑCÝPÞeÑCê�ù^ÒÔú�û2ãRãcúAÖéú�ÜwÓ^â�ã[Ñ�Ò`Ñ�ÕfÐ²Ñ�ÒCÓ	�pÕ ä5Ó^â&ü

��



npn ���������
	���������������

C2 W4 H1

H2 H3 H4 H5

Ì LM�p_J@`;�u�� Z3
qeVPG^EJEU;PV>B`;PO��p@]?A=JTUW*_UW`;PO½HfG^@�=J@`GhlcLMEJ� ¡ TU;PG^@`;>D(ý

i*GcV`TUG^K î � ïwT2?^W�WCTUG � E½BCT2?AB�L�H0;>lj;>@CZ�trqe;PO[�j;�qeVPG^EJEU;PV>B`;POÎ_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW�T2?^W5?�EUG � TU;>@`;�q��h;>@`G ýrq� G � gFBCTU;>E½;>lj;>@CZ � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO�_JEUO[LM@`;PV>B`;PO��p@]?A=JTUWìOJGc;PW ��¡ TJLNW�D ;h?AEUWìBCT2?AB���G^E^íÔ;PV>BC_J@`;bu�LMDÍ=JKMLN;PWBCTU;býrq � G � VPG^E^íC;PV>BC_J@`; ��� ;�Hà;>@�B`G î uho[gUs^ï�HàG^@�D G^@`;�LME[HfG^@CD�?ABCLNG^E§G^ERBCTU; 3
q � G � VPG^E^íC;PV>BC_J@`; �Q§G^BCLMlp?AB`;PO Ë Z���G^E^íÔ;PV>BC_J@`;4upgÉBCTU;>@`;æ?A@`; W];>lj;>@]?AK � G^@ � W LME�lj;PWCBCLM�F?ABCLMEJ� � TJLNV]T �p@]?A=JTUW$?A@`; Z3

q
VPG^EJEU;PV>B`;PO î n[g��²ï �ëÌ G^@�;�¢J?ADÍ=JKN;pg�£0?AL î trï�T2?^WRWCTUG � EÏBCT2?AB � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO V`TUG^@`OU?AK��p@]?A=JTUW�?A@`;
Z3
qeVPG^EJEU;PV>B`;PO � I W`LMDÍ=JKN;é=J@`GcGAHYHàG^@�TJLNW�@`;PWC_JKMB � LMKMK Ë ;�=J@`;PW`;>E�B`;PO LME ac;PV>BCLNG^E$¥ �� _J@<D�?ALME VPG^EFBC@CL Ë _[qBCLNG^E�LME�BCTJLNW�=2?A=�;>@�LNW�B`GÍWCTUG � BCTU; Z3

qeVPG^EJEU;PV>BCLMlcLMBeZ�GAHY����:�qfH @`;P;<�p@]?A=JTUW �
� ¸0©�¬ � ©�����ô�õ�öAÑ>ÒØ÷ �JÕÔÑCê²ùFÑ�Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCê ����!�ÕåÚ�Ò`Ñ`Ñ<ù^ÒCúØû2ã�ß´Ö

Z3
ÕÔÝ`Ó^ÜUÜ�ÑCÝPÞeÑCêFü

����:�qfH @`;P;��p@]?A=JTUW²g � TJLNV`T � LMKMK Ë ;ÍOJ;�çUEU;POLME ac;PV>BCLNG^E"¥[g7HàG^@CD%?ÎW`_J=·;>@ÔqeV>Kµ?^W`WéGAH5V]TUG^@`OU?AKì�p@]?A=JTUW �¡ T�_UW ¡ TU;PG^@`;>D ýÉLNW*?AE�;�¢[B`;>EUWCLNG^E�GAH�BCTU;<@`;PWC_JKMB*O[_U;�B`GÍ£0?AL î trï �
Ì G^@�=J@`GhlcLMEJ� A qeVPG^EJEU;PV>BCLMl�LMBmZ�GAH7�p@]?A=JTUW�LMEÎ?�Hf?ADÍLMKMZ�V>KNGpW`;PO�_JEUOJ;>@5VPG^EFBC@]?^V>BCLNG^E7g[LMB5WC_#"�VP;PW&B`GbW`TUG �BCT2?AB�;h?^V`T��p@]?A=JT�LMERBCTU;<Hf?ADÍLMKMZ½T2?^W A qeVPG^EJEU;PV>B`;PO�WC_ Ë �p@]?A=JTUW Ë Z½BCTU;<HàG^KMKNG � LMEJ��BCTU;PG^@`;>D �

� ¸0©�¬ � ©�� $ ¤ î trï ¦Øô&%.Ñ>Þ H ' Ñ ú^Ü A Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCê ÖØ× ' ù^ÒCúØû2ã4ÓÔÚ�ú^ÜÏ×�Üwêpß´Ò`ÑCÝPÞeÑCê�ù^ÒÔú�û2ã G ü)(´Ú G\H ßµÖ
A Õ�Ý`ÓpÜUÜ·ÑCÝPÞeÑ`ê+*5Þ ãJÑ�Ü G ß´Öéú-,åÖPÓ A Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCêFü
I�V>BC_2?AKMKMZ�D GpWCB<GAHìBCTU;É=J@`;>lcLNG^_UW � G^@ � W�G^E A qeVPG^EJEU;PV>BCLMlcLMBeZ?A@`; Ë ?^W`;PO G^E§BCTJLNW�G Ë W`;>@Clp?ABCLNG^E ��¡ TJLNW=2?A=�;>@b?AKNW`G�B]? � ;PW�BCTU;ÍW]?AD ;�?A=J=J@`Gj?^V]T � LMBCT�BCTU;>D � �$;�=J@`Ghlj;�BCTU;ÍBCTU;PG^@`;>D Ë ZWCTUG � LMEJ��BCT2?ABÉ;>lj;>@CZEUG^E[q�BC@CLMlcLµ?AK � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO ����:�qfH @`;P;É�p@]?A=JT$VPG^E�B]?ALMEUWb?ÎWC_ Ë �p@]?A=JTLNW`G^D G^@C=JTJLNV B`GRG^EU;ÍGAH&�p@]?A=JTUWLME Ì LM�p_J@`;�u � I*KMBCTUG^_J�pT � ;�G^DÍLMB�BCTU;<=J@`GcGAHCgUI*KMK��p@]?A=JTUW�LME Ì LM�p_J@`; u�?A@`; Z3

qeVPG^EJEU;PV>B`;PO �
� ¸0©�¬ � ©�� � ô/.5ÒCúØû2ãjÖ

C2
*
W4
*
H1
*�ü²ürü0*

H5
úpÒCÑ

Z3
Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCêFü

15ÒÔÓhÓCÚ ¡ TU;é=J@`GcGAH�HfG^@ C2
?AEUO

W4
Vh?AE Ë ;�HfG^_JEUO�LME î trï �*¡ TU; Z3

qeVPG^EJEU;PV>BCLMlcLMBeZSGAH�BCTU;bG^BCTU;>@��p@]?A=JTUW
Vh?AE Ë ;Élj;>@CL�ç2;PO Ë Z§;>E�_JD ;>@]?ABCLMEJ�§?AKMK f : A → Z3 − {0}

HàG^@�?AE?A@ Ë LMBC@]?A@CZSG^@CLN;>E�B]?ABCLNG^E�GAHìBCTU;É�p@]?A=JT7g
� TJLNV]T�LNW�;h?^W`Z � LMBCT�TU;>KM=§GAH�VPG^DÍ=J_JB`;>@`W � 2
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TUG^_UW`; OJG^DÍLMEUG

Ì LM�p_J@`;b¥#��TUG^_UW`;é?AEUO�OJG^DÍLMEUG

� � Ä����`Ê�� Ê]Â
	�Ä�Ê���� Å�Â� Ä�	������

Ì G^@*?AE�_JEUO[LM@`;PV>B`;PO��p@]?A=JT G g V (G)
OJ;>EUG^B`;PW*BCTU;<lj;>@CB`;�¢ÎW];>B�GAH

G
?AEUO

E(G)
OJ;>EUG^B`;PW�BCTU;�;PO[�j;�W`;>B�GAH

G � �ÏTU;>E E(G) = {e} g V (G)
D�?PZ Ë ;�@`;>=J@`;PW`;>E�B`;PO Ë Z V (e) �YÌ G^@ u, v ∈ V (G)

g
uv
OJ;>EUG^B`;PW�BCTU;�;PO[�j;

LME
E(G)

íCG^LMEJLMEJ�½lj;>@CBCLNVP;PW
u
?AEUO

v ��Ì G^@ U ⊆ V (G)
g
G[U ]

OJ;>EUG^B`;PW�BCTU;�WC_ Ë �p@]?A=JTGAH G LMEUO[_UVP;PO Ë Z
U �YÌ G^@�?�lj;>@CB`;�¢ v g N(v)

OJ;>EUG^B`;PW�BCTU;�W];>B�GAH'EU;>LM�pT Ë G^@`W�GAH v ��$;�KN;>B
Ck
WCB]?AEUO�HfG^@5BCTU;�V>Z[V>KN;<G^E

k
lj;>@CBCLNVP;PW²gU?AEUO

Pk
WCB]?AEUO�HàG^@5BCTU;�=2?ABCT�G Ë B]?ALMEU;PO Ë Z�@`;>D GhlcLMEJ�G^EU;Î;PO[�j;�H @`G^D

Ck � I =2?ABCT Pk � LMBCT V (Pk) = {v1, . . . , vk}
?AEUO

E(Pk) = {v1v2, . . . , vk−1vk}
LNW

@`;>=J@`;PW`;>E�B`;PO Ë Z v1
q · · · q vk � �$;�KN;>B Wk

OJ;>EUG^B`;<?��p@]?A=JT½G Ë B]?ALMEU;PO Ë Z�?^OJO[LMEJ�ÉG^EU;�lj;>@CB`;�¢�B`G Ck � LMBCT;PO[�j;PWYíCG^LMEJLMEJ� BCTU;élj;>@CB`;�¢�?AEUO�;h?^V`T�lj;>@CB`;�¢RLME
V (Ck) �&¡ TU;�êjÓpÙÉß ÜwÓ�W`B]?AEUOJW5HàG^@*BCTU;��p@]?A=JT§VPG^EUWCLNW`BCLMEJ�GAHYWCL�¢½lj;>@CBCLNVP;PW�?AEUO�W`;>lj;>E�;PO[�j;PW � TU;>@`;�B � G C4 �
W�WCT2?A@`;éG^EU;�;PO[�j;�¤�ac;P; Ì LM�p_J@`;é¥j¦ ��¡ TU;ÍãcÓ^×�ÖPÑ�W`B]?AEUOJWHfG^@*BCTU;b�p@]?A=JT VPG^EUW`LNWCBCLMEJ�½GAHYçUlj;blj;>@CBCLNVP;PW�?AEUOSWCL�¢�;PO[�j;PW � TU;>@`;É? C4

?AEUO ?
C3
WCT2?A@`;bG^EU;É;PO[�j;Î¤àW`;P;

Ì LM�p_J@`;é¥j¦ �I �p@]?A=JT LNWéVh?AKMKN;PO4Ý�ãcÓ^ÒCêjú-,0L�H�?AEFZ
Ck � LMBCT k ≥ 4

T2?^W�?ABéKN;h?^W`BbG^EU;�V]TUG^@`O�gYL � ; � g'LMBbVPG^E�B]?ALMEUWbEUGLMEUO[_UVP;PO WC_ Ë �p@]?A=JT LNW`G^D G^@C=JTJLNVÎB`G Ck � LMBCT k ≥ 4 � I lj;>@CB`;�¢ v LNWÉVh?AKMKN;POÏÖØß Ù�û , ßfÝ>ßfú-,�L�H G[N(v)]
LNW

VPG^DÍ=JKN;>B`; � dmEG^BCTU;>@ � G^@`OJWhg�LMB<LNW<OJ;�çUEU;PO$?^W�?�lj;>@CB`;�¢ � TJLNV]TLNW<EUG^B�?�DÍLNO[=�G^LMEFB�GAH�?AE�Z§LMEUO[_UVP;PO P3 ��&TUG^@`OU?AK0�p@]?A=JTUW*Vh?AE Ë ;�V]T2?A@]?^V>B`;>@CLM�h;PO Ë ZÎBCTU;�;�¢cLNWCB`;>EUVP;éGAH�WCLMDÍ=JKMLNV>Lµ?AK0lj;>@CBCLNVP;PW�?^W5HfG^KMKNG � W �
� ¸.©F¬ � © � 
 ¤ î uPï ¦Øô�õ�öAÑ�Ò�÷½Ý�ã[Ó^ÒÔêFú-,·ù^ÒCúØû2ãRã[úAÖéúÍÖ�ß´Ù�û , ßàÝPßàú-,�ö^Ñ�Ò�ÞeÑ��Fü
�$;§Vh?AE G Ë W`;>@Clj;�BCT2?AB�BCTJLNW½V`T2?A@]?^V>B`;>@CLM�²?ABCLNG^EÛ=J@`;PW`;>E�B`W½?�WCLMDÍ=JKN;�=J@`GcGAH�GAH<BCTU;�BCTU;PG^@`;>D O[_U;�B`G

£0?AL î trï �
� ¸.©F¬ � © ��� ¤ î t^ï ¦Øô�õ�öAÑ�Ò�÷ �JÕCÑCêhùFÑ>Õ�Ý`Ó^Ü2Ü·ÑCÝPÞeÑCê Ý�ã[Ó^ÒÔêFú-,·ù^ÒCúØû2ãRß´Ö Z3

Õ�Ý`Ó^Ü2Ü·ÑCÝPÞeÑCê�ü
1�ÒCÓhÓÔÚ £7;>B

G Ë ;R? VPG^_JEFB`;>@Ôqe;�¢U?ADÍ=JKN;"¤ L � ; � g G LNW ? � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO V`TUG^@`OU?AK*�p@]?A=JTæBCT2?AB�LNW�EUG^B
Z3
qeVPG^EJEU;PV>B`;PO2¦�DÍLMEJLMDÍLM�PLMEJ� |V (G)| + |E(G)| � £7;>B e, f ∈ E(G) Ë ;�=2?A@]?AKMKN;>K�;PO[�j;PW �5¡ TU;>E�BCTU;>Z½HàG^@CD?
Z3
qeVPG^EJEU;PV>B`;PO WC_ Ë �p@]?A=JT C2

gY?AEUO�TU;>EUVP;½VPG^EFBC@]?^V>BCLMEJ� BCTU;>D �pLMlj;PWÍ?�WCD�?AKMKN;>@�VPG^_JEFB`;>@Ôqe;�¢U?ADÍ=JKN; Ë Z
¡ TU;PG^@`;>D �U�Y¡ TJLNW�VPG^EFBC@]?^O[LNV>B`W�BCTU;�OJ;�çUEJLMBCLNG^E§GAH G ��¡ TF_UW G LNW�WCLMDÍ=JKN; �£7;>B

v∗ Ë ;É? WCLMDÍ=JKMLNV>Lµ?AK.lj;>@CB`;�¢�LME G g � TUGpW`;b;�¢[LNWCB`;>EUVP;éLNW��p_2?A@]?AEFB`;P;PO Ë Z ¡ TU;PG^@`;>D n � a�LMEUVP; G LNWWCLMDÍ=JKN;<?AEUO � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO�g |N(v∗)| ≥ 4 � Q§G^@`;PG²lj;>@hg Ë ;PVh?A_UW`;�BCTU;�WC_ Ë �p@]?A=JT�LMEUO[_UVP;PO Ë Z N(v∗)
LNW

VPG^DÍ=JKN;>B`; Ë Z�BCTU;�OJ;�çUEJLMBCLNG^E�GAH v∗ gcLMB�VPG^EFB]?ALMEUW�? C4 � ��;>EUVP;�BCTU;�WC_ Ë �p@]?A=JTRLMEUO[_UVP;PO Ë Z N(v∗) ∪ {v∗}VPG^EFB]?ALMEUW
W4 ��� ;PVh?A_UW];�VPG^EFBC@]?^V>BCLMEJ� W4

�pLMlj;PW�?ÉWCD�?AKMKN;>@�VPG^_JEFB`;>@Ôqe;�¢U?ADÍ=JKN;pg � ;<T2?Plj;�?ÉVPG^EFBC@]?^O[LNV>BCLNG^E �
2 I �p@]?A=JT LNWYVh?AKMKN;PO � ��!�ÕåÚ�ÒCÑ`Ñ�L�H�?AE�Z

Ck � LMBCT k ≥ 5
T2?^Wì?ABYKN;h?^W`BYB � GbV`TUG^@`OJW ��¡ TJLNWYLNWì;��F_JLMlp?AKN;>EFB�B`GVPG^EFB]?ALMEJLMEJ��EUGÍLMEUO[_UVP;PO�W`_ Ë �p@]?A=JT�LNW`G^D G^@C=JTJLNV�B`GÍTUG^_UW];pgUOJG^DÍLMEUGJg2?AEUO Ck � LMBCT k ≥ 5 � a�LMDÍLMKµ?A@CKMZÎHfG^@V`TUG^@`OU?AK0�p@]?A=JTUWhgU����:�qfHà@`;P;��p@]?A=JTUW�Vh?AE Ë ;�V]T2?A@]?^V>B`;>@CLM�h;PO Ë Z½;�¢[LNWCB`;>EUVP;�GAHYWC=·;PV>Lµ?AK�lj;>@CBCLNVP;PW � I�lj;>@CB`;�¢

v
LNW�Vh?AKMKN;PO$ÖPÑ�Ù�ß Õ�Ö�ß´Ù�û , ßàÝPßàú-,�L�H

v
LNW5EUG^B�?�DÍLNO[=�G^LMEFB�GAHY?AE�Z½LMEUO[_UVP;PO

P4 �

 �
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� ¸0©�¬ � ©���� ¤ î ýrï ¦Øô�õ�ö^Ñ�ÒØ÷ ��� !�Õ ÚØÒ`Ñ`Ñ<ù^ÒCúØû2ãÎãcúAÖbú ÖPÑ>ÙÉß Õ�Ö�ß´Ù�û , ßfÝ>ßàú�,�öAÑ�Ò>ÞeÑ �Fü
deE�BCTU;�EU;�¢cB�W`;PV>BCLNG^E7g � ;*W];P;�BCT2?ABìBCTJLNW&V`T2?A@]?^V>B`;>@CLM�²?ABCLNG^ERLNW�_UW];�H _JKJHfG^@�=J@`G²l�LMEJ�ÉBCTU; Z3

qeVPG^EJEU;PV>BCLMlcLMBeZ
GAH

4
qe;PO[�j;�qeVPG^EJEU;PV>B`;PO ����:�qfH @`;P;<�p@]?A=JTUW �

� � Ä�Å�Å��§Å���� �
�YÅ�Ä�� � �

£0;>B
G Ë ;? � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO ����:*qfHà@`;P;S�p@]?A=JT � deH G LNWRV]TUG^@`OU?AK�g<BCTU;>E

G
LNW

Z3
qeVPG^EJEU;PV>B`;PO Ë Z

¡ TU;PG^@`;>D � � ��;>EUVP; � ; ?^W`WC_JD ;ÉBCT2?AB G LNW<EUG^B�V`TUG^@`OU?AK � deE BCTU;bHfG^KMKNG � LMEJ�Ug � ;ÍWCTUG � BCT2?AB G ?AK � ?PZ[WVPG^E�B]?ALMEUW�?
Z3
qeVPG^EJEU;PV>B`;PO§WC_ Ë �p@]?A=JT ��$;�Vh?AEæ?^W`WC_JD ; � LMBCTUG^_JB�KNGpW`WbGAH��j;>EU;>@]?AKMLMBmZ�BCT2?AB G LNWÉWCLMDÍ=JKN;½WCLMEUVP;½G^BCTU;>@ � LNW`;�LMB�VPG^EFB]?ALMEUW C2

g
� TJLNV]T�LNW*?É@`;���_JLM@`;PO�WC_ Ë �p@]?A=JT �£7;>B

v∗ Ë ;<?ÉW`;>DÍL�qeWCLMDÍ=JKMLNV>Lµ?AK�lj;>@CB`;�¢½LME G g � TUGpW`;<;�¢[LNWCB`;>EUVP;�LNW��p_2?A@]?AEFB`;P;PO Ë Z ¡ TU;PG^@`;>D	s � £7;>B5_UWVPG^EUW`LNOJ;>@�BCTU;ÍVh?^W`; � TU;>@`; N(v∗) ∪ {v∗} = V (G) � a�LMEUVP; G LNW<EUG^B�V`TUG^@`OU?AK�g.LMB�VPG^EFB]?ALMEUWb?AELMEUO[_UVP;POW`_ Ë �p@]?A=JT H LNW`G^D G^@C=JTJLNV�B`G
C4 � ¡ TU;�W`_ Ë �p@]?A=JT H OJG�;PW�EUG^B�VPG^EFB]?ALME

v∗ Ë ;PVh?A_UW`;S?AKMK�lj;>@CBCLNVP;PW�LME
V (G) − {v∗} ?A@`;S?^OAíC?^VP;>E�B�B`G v∗ �4¡ TJLNW�D ;h?AEUW�BCT2?AB G[V (H) ∪ {v∗}] VPG^EFB]?ALMEUWR? W4

g � TJLNV]T LNW
Z3
qeVPG^EJEU;PV>B`;PO �deESBCTU;É@`;>D�?ALMEUOJ;>@éGAHìBCTJLNW�W`;PV>BCLNG^E7g � ;ÍWC_J=J=�GpW`;éBCT2?AB N(v∗) ∪ {v∗} 6= V (G) ��¡ T2?AB�LNW�B`GÎW]?PZjg GVPG^E�B]?ALMEUW�?�lj;>@CB`;�¢bEUG^B.LME

N(v∗)∪{v∗} � �$;ìKN;>B O OJ;>EUG^B`;�BCTU;&W`;>B'GAHUlj;>@CBCLNVP;PW�LME V (G)−(N(v∗)∪{v∗})BCT2?AB�?A@`;�?^OAíC?^VP;>E�B�B`G W`G^D ;<lj;>@CB`;�¢ÎLME
N(v∗) � � Z�BCTU; � qe;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ�GAH G g[BCTU;>@`;�;�¢[LNWCB*?AB�KN;h?^WCBHfG^_J@�;PO[�j;�qeO[LNWàíCG^LMEFB�=2?ABCTUW Ë ;>B � ;P;>E v∗ ?AEUO O � �$;<Vh?AKMK7?bW];>B5GAH�;PO[�j;�qeO[LNWàíCG^LMEFB�=2?ABCTUW P Ù�ß´Ü2ß´Ù ú-,pL�H.HàG^@;h?^V]T

P ∈ P g G OJG�;PW�EUG^B5VPG^EFB]?ALMEUW*?AEUG^BCTU;>@5=2?ABCT P ′ Ë ;>B � ;P;>E v∗ ?AEUO O WC_UV`TÎBCT2?AB V (P ′)∩N(v∗) ⊂
V (P ) ∩N(v∗)

?AEUO�?AEUO
P ′
LNW�;PO[�j;�qeO[LNWàíCG^LMEFB*H @`G^D	?AKMK0=2?ABCTUW�LME P − {P} ��&TUG�GpW];�?RDÍLMEJLMD�?AK5W`;>B P = {Px, Py, Pz, Pw}

GAH�HfG^_J@b;PO[�j;�qeO[LNWàíCG^LMEFBÉ=2?ABCTUW Ë ;>B � ;P;>E v∗ ?AEUO O g
� TU;>@`; x g y g z ?AEUO w OJ;>EUG^B`; BCTU; lj;>@CB`;�¢$EU;�¢[BéB`G v∗ LME Px g Py g Pz ?AEUO Pw g.@`;PWC=�;PV>BCLMlj;>KMZ �Rè G^BCLNVP;BCT2?AB

x
g
y
g
z
?AEUO

w
?A@`;R?AKMK5O[L	��;>@`;>E�BÍlj;>@CBCLNVP;PW Ë ;PVh?A_UW]; G LNWÍWCLMDÍ=JKN; �$Ì G^@Í?AKMK v ∈ {x, y, z, w} g�KN;>B

ev
OJ;>EUG^B`;�BCTU;�;PO[�j;�LME

E(Pv)
íCG^LMEJLMEJ�S?Rlj;>@CB`;�¢$LME

N(v∗)
?AEUO�BCTU;�G^EU;�LME

O � TJLMKN; O(ev)
OJ;>EUG^B`;PW

O ∩ V (ev)
?AEUO

N(ev)
OJ;>EUG^B`;PW

N(v∗) ∩ V (ev) � QSG^@`;PGhlj;>@hg O(P) = {O(ev) | v ∈ {x, y, z, w}}
?AEUO

N(P) = {N(ev) | v ∈ {x, y, z, w}} �� TU;>E BCTU;>@`;§?A@`;�W];>lj;>@]?AK*V`TUG^LNVP;PWÎGAH P g � ;�V]TUG�GpW`;§G^EU;RBCT2?AB�DÍLMEJLMDÍLM�h;PW |O(P)| � d�H<BCTU;>@`;§?A@`;B � GSDÍLMEJLMD�?AK5W`;>B`W P ′ = {P ′x′ , P ′y′ , P ′z′ , P ′w′}
?AEUO P ′′ = {P ′′x′′ , P ′′y′′ , P ′′z′′ , P ′′w′′}

WC_UV`T BCT2?AB |O(P ′)| =
|O(P ′′)| = 2

g
O(P ′x′) = O(P ′y′) = O(P ′z′) 6= O(P ′w′)

?AEUO
O(P ′′x′′) = O(P ′′y′′) 6= O(P ′′z′′) = O(P ′′w′′)

g
BCTU;>E � ;��pLMlj; P ′ =J@CLNG^@CLMBmZ�Ghlj;>@ P ′′ �

� Z�BCTU;�DÍLMEJLMD�?AKMLMBmZ�GAH P gJBCTU;<HfG^KMKNG � LMEJ��G Ë W`;>@Cl^?ABCLNG^E§TUG^KNOJW �
ð�
 �U± ��7ô

N(P) ⊆ {x, y, z, w} ü
15ÒÔÓhÓCÚ a�_J=J=·GpW];ÎBCT2?AB

N(ex) 6∈ {x, y, z, w} � £0;>B P ′ OJ;>EUG^B`;RBCTU;R=2?ABCT v∗ q N(ex)
q
O(ex) �æ¡ TU;>E

V (P ′) ⊂ V (Px)
?AEUO

P ′
LNW�;PO[�j;�qeO[LNWàíCG^LMEFB�H @`G^D

Py
g
Pz
gU?AEUO

Pw �Y¡ TJLNW�VPG^EFBC@]?^O[LNV>B`W*BCTU;<DÍLMEJLMD�?AKMLMBeZRGAH
P � 2

deERBCTU;�HfG^KMKNG � LMEJ�Ug � ;�V>Kµ?^W]WCL�H ZÎVh?^W`;PW*?^VPVPG^@`O[LMEJ��B`G P �
������� |O(P)| = 4
£0;>B

x ∈ N(P)
¤ L � ; � g ex LNW.LMEUV>LNOJ;>EFB � LMBCT x ¦�g^?AEUO v Ë ;&?�lj;>@CB`;�¢bLME N(v∗)−{x} �Y¡ TU;>E v∗ LNW�?�DÍLNO[=�G^LMEFBGAH

v
q
v∗
q
x
q
O(ex) �5è G^BCLNVP;�BCT2?AB O(ex)

LNW�EUG^B�?^OAí`?^VP;>EFB�B`G
v∗
WCLMEUVP;

O(ex) 6∈ N(v∗)
gw?AEUO�B`G

v
WCLMEUVP;


 �



��� �����
	��������������� n þ

v∗ x

y

z

w

N(v∗)

Ì LM�p_J@`;bý#��� TU;>E |O(P)| = 4
?AEUO

N(P) = {x}

v∗ x

y

z

w

N(v∗)

O(ex) = O(ey)

Ì LM�p_J@`; � ��� TU;>E |O(P)| = 3
?AEUO

O(ex) = O(ey)

G^BCTU;>@ � LNW`;�G^EU;�=2?ABCT�LME P Vh?AE Ë ;<@`;>=JKµ?^VP;PO Ë ZÎ?AEUG^BCTU;>@�=2?ABCT v∗ q v q O(ex)
g � TJLNV`T§OJ;PV>@`;h?^W];PW |O(P)| ���;>EUVP;

E(G)
Db_UWCB*VPG^EFB]?ALME ?AE�;PO[�j;

xv
HàG^@5HfG^@ Ë LNOJO[LMEJ��BCTU; P4

H @`G^D Ë ;>LMEJ��?AE�LMEUO[_UVP;PO�W`_ Ë �p@]?A=JT �
¡ TJLNW7Hf?^V>B�LMDÍ=JKMLN;PW0BCT2?AB�L�H |N(P)| ≥ 2

g²BCTU;>E
G[{x, y, z, w}] VPG^EFB]?ALMEUW.? C4

gr?AEUO�TU;>EUVP;
G[{v∗, x, y, z, w}]VPG^EFB]?ALMEUW�?

W4 �Yè G � KN;>B5_UW5VPG^EUWCLNOJ;>@�BCTU;<Vh?^W`; � TU;>@`; � ;�Vh?AEJEUG^B�B]? � ;<WC_UV]T P � � LMBCTUG^_JB�KNGpW`W5GAH'�j;>E[q;>@]?AKMLMBeZjg
N(P) = {x} ¤àW`;P; Ì LM�p_J@`;�ýj¦<?AEUO x LNWé?ÎV>_JBÔq�lj;>@CB`;�¢ ¤ L � ; � g0EUGR;PO[�j;�;�¢cLNW`B`W Ë ;>B � ;P;>E lj;>@CBCLNVP;PWLME

N(v∗) − {x} ?AEUO§BCTUGpW`;ÉLME O ¦ �<¡ TU;>E G[N(v∗) ∪ {v∗}] LNW<? 4
qe;PO[�j;�qeVPG^EJEU;PV>B`;PO�����:�qfHà@`;P;é�p@]?A=JT

� TJLNV`T§T2?^W*?ÍW`;>DÍL�qeW`LMDÍ=JKMLNV>Lµ?AK0lj;>@CB`;�¢�?^OAíC?^VP;>E�B*B`G�?AKMK0BCTU;�G^BCTU;>@�lj;>@CBCLNVP;PW � �$;�T2?Plj;É?AKM@`;h?^O[ZÎW];P;>E�BCT2?ABWC_UV]T§?É�p@]?A=JT�LNW
Z3
qeVPG^EJEU;PV>B`;PO �

� � ��� |O(P)| = 3
I�W`WC_JD ;

O(ex) = O(ey) � LMBCTUG^_JB KNGpW`WÍGAH<�j;>EU;>@]?AKMLMBeZ � a�LMEUVP; G LNWÍWCLMDÍ=JKN;pg
N(ex) 6= N(ey)

TUG^KNOJW²g
?AEUO�TU;>EUVP;

N(ex) = x
?AEUO

N(ey) = y � £7;>B u ∈ {x, y} ?AEUO v ∈ {z, w} � ¡ TU;>@`; ;�¢cLNW`B`W§?
P4 v

q
v∗
q
u
q
O(eu) � deH�?AE ;PO[�j; vO(eu)

;�¢cLNWCB`W²gìBCTU;>E @`;>=JKµ?^V>LMEJ�æ?S=2?ABCT LME P � LMBCTÏ?AEUG^BCTU;>@�=2?ABCT
v∗
q
v
q
O(eu)

OJ;PV>@`;h?^W`;
O(P)

g·?�VPG^EFBC@]?^O[LNV>BCLNG^E �5¡ TF_UW�HàG^@�HàG^@ Ë LNOJO[LMEJ��BCTU; P4
Hà@`G^D Ë ;>LMEJ��?AE�LMEUO[_UVP;POWC_ Ë �p@]?A=JT7g&BCTU;>@`;ÎDé_UWCB Ë ;R?AEæ;PO[�j; uv � I*=J=JKMZcLMEJ� BCTJLNW�?A@C�p_JD ;>EFB�B`G ?AKMK�=2?ALM@`WÍGAH u ∈ {x, y} ?AEUO

v ∈ {z, w} g � ;éVh?AE�W`;P;<BCT2?AB G[{x, y, z, w, v∗}] VPG^EFB]?ALMEUW�? W4
¤àW`;P; Ì LM�p_J@`; � ¦ �

� � ��� |O(P)| = 2 � ��� O(ex) = O(ey) 6= O(ez) = O(ew)
�$;ÉOJ;>EUG^B`;

O(ex) = O(ey) Ë Z o1
g�?AEUO

O(ez) = O(ew) Ë Z o2 � a�LMEUVP; G LNW�W`LMDÍ=JKN;pg N(ex) 6= N(ey)?AEUO
N(ez) 6= N(ew) � £7;>B u ∈ {N(ex), N(ey)}

?AEUO
v ∈ {N(ez), N(ew)} �*è G^BCLNVP;�BCT2?AB u = v

D�?hZ
TUG^KNO�¤àW`;P;�?AE§;�¢J?ADÍ=JKN;�LME Ì LM�p_J@`;étj¦ �deHìBCTU;>@`;�;�¢cLNW`B`W<?AE;PO[�j;

uo2
¤ @`;PWC= � g vo1

¦�g�BCTU;>E @`;>=JKµ?^V>LMEJ�R=2?ABCT
Pu
¤ @`;PWC= � g Pv ¦ Ë Z ?AEUG^BCTU;>@�=2?ABCT

v∗
q
u
q
o2
�pLMlj;PW�?AEUG^BCTU;>@�W`;>B P ′ = {P ′x′ , P ′y′ , P ′z′ , P ′w′}

GAH7HfG^_J@5;PO[�j;�qeO[LNWàíÔG^LME�B5=2?ABCTUW Ë ;>B � ;P;>E v∗ ?AEUO OWC_UV]T�BCT2?AB |O(P ′)| = 2
?AEUO

O(ex′) = O(ey′) = O(ez′) 6= O(ew′) �Y¡ TJLNW5VPG^E�BC@]?^O[LNV>B`W5BCTU;�OJ;�çUEJLMBCLNG^E�GAH

 �
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v∗

N(v∗)

x

y

z

w

o1o2

Ì LM�p_J@`;�t#�YI�ER;�¢J?ADÍ=JKN; � LMBCT |O(P)| = 2
g
O(ex) = O(ey) 6= O(ez) = O(ew)

?AEUO
N(ex) = N(ew) 6=

N(ey) = N(ez)

P � ��;>EUVP;�EUG�;PO[�j;�íÔG^LMEUW u ?AEUO o2
¤ @`;PWC= � g v ?AEUO o1

¦ � � TU;>E u 6= v
gcHàG^@&HfG^@ Ë LNOJO[LMEJ��? P4 u

q
v∗
q
v
q
o2¤ @`;PW`= � g v q v∗ q u q o1

¦&Hà@`G^D Ë ;>LMEJ��?AE�LMEUO[_UVP;PO§WC_ Ë �p@]?A=JT7gUBCTU;>@`;éDé_UWCB Ë ;�?AES;PO[�j; uv �&¡ TJLNW*B`;>KMKNW�BCT2?AB
G[{v∗, x, y, z, w}] VPG^E�B]?ALMEUW W4 �
������� |O(P)| = 2 � � � O(ex) 6= O(ey) = O(ez) = O(ew)

�$;éOJ;>EUG^B`;
O(ex) Ë Z o1

?AEUO
O(ey) = O(ez) = O(ew) Ë Z o2 �YÌ LM@`WCBhg[KN;>B�_UW�VPG^EUW`LNOJ;>@�BCTU;�Vh?^W`; � TU;>@`;

|N(P)| = 4 ��¡ TU;>E ex = xo1
g
ey = yo2

g
ez = zo2

?AEUO
ew = wo2 � � Z�BCTU;ÎV`TUG^LNVP;�GAH P gì;PO[�j;

xo2
OJG�;PW�EUG^B�;�¢[LNWCB�WCLMEUVP;§G^BCTU;>@ � LNW`;pg5@`;>=JKµ?^V>LMEJ� Px Ë Z ?AEUG^BCTU;>@�=2?ABCT v∗ q x q o2

OJ;PV>@`;h?^W`;PW |O(P)| �
Ì G^@�HfG^@ Ë LNOJO[LMEJ��=2?ABCTUW x q v∗ q y q o2

g
x
q
v∗
q
z
q
o2
?AEUO

x
q
v∗
q
w
q
o2
H @`G^D Ë ;>LMEJ��LMEUO[_UVP;PO"WC_ Ë �p@]?A=JTUWhg

G
Dé_UWCB*VPG^E�B]?ALME§;PO[�j;PW

xy
g
xz
?AEUO

xw
¤�ac;P; Ì LM�p_J@`;énJ¤f?j¦C¦ �a�LMEUVP;�;h?^V`T lj;>@CB`;�¢§T2?^W�?AB<KN;h?^WCB�HàG^_J@�EU;>LM�pT Ë G^@`Whg y T2?^W�?AEUG^BCTU;>@<EU;>LM�pT Ë G^@�BCT2?AE v∗ g x ?AEUO o2 � deHBCTU;½EU;>LM�pT Ë G^@ÍLNW z G^@ w gYBCTU;>E G[{v∗, x, y, z, w, o2}]

VPG^E�B]?ALMEUW�?�W`_ Ë �p@]?A=JTæLNW`G^D G^@C=JTJLNV½B`G H1
¤�ac;P;

Ì LM�p_J@`;ÉnJ¤ Ë ¦C¦ � ��;>EUVP;�KN;>B�BCTU;�EU;>LM�pT Ë G^@ Ë ;b?AEUG^BCTU;>@*lj;>@CB`;�¢�gUVh?AKMK s � d�H s ∈ N(v∗)
gJL � ; � g G VPG^EFB]?ALMEUW�?AE;PO[�j;

v∗s
g·BCTU;>E EUG½;PO[�j;�íCG^LMEUW

s
?AEUO

o2
WCLMEUVP;�G^BCTU;>@ � LNW`;É@`;>=JKµ?^V>LMEJ� Px � LMBCT$?AEUG^BCTU;>@<=2?ABCT v∗ q s q o2OJ;PV>@`;h?^W];PW |O(P)| � deE BCTJLNW�Vh?^W`;pg�HfG^@ HfG^@ Ë LNOJO[LMEJ� =2?ABCTUW s q v∗ q z q o2

?AEUO
s
q
v∗
q
w
q
o2
H @`G^D Ë ;>LMEJ�LMEUO[_UVP;POæW`_ Ë �p@]?A=JTUWhgYBCTU;>@`;ÎDé_UW`B Ë ;½;PO[�j;PW zs ?AEUO ws ¤�ac;P; Ì LM�p_J@`;RnJ¤àV²¦C¦ � � E BCTU;½G^BCTU;>@�T2?AEUO�gYL�H

s ∈ O gFBCTU;>E�HfG^@�HfG^@ Ë LNOJO[LMEJ�é=2?ABCTUW z q v∗ q y q s ?AEUO w q v∗ q y q s Hà@`G^D Ë ;>LMEJ�éLMEUO[_UVP;PO½WC_ Ë �p@]?A=JTUWhg�BCTU;>@`;Db_UWCB Ë ;�;PO[�j;PW zs ?AEUO ws ¤�ac;P; Ì LM�p_J@`;RnJ¤àO2¦C¦ � ¡ TU;>@`;�HàG^@`; G[{v∗, x, y, z, w, o2 , s}]
VPG^EFB]?ALMEUW

H2
LME

Ë G^BCT�Vh?^W`;PW �
è ;�¢[Bhg�KN;>B�_UW�VPG^EUW`LNOJ;>@�BCTU;ÍVh?^W`; � TU;>@`; |N(P)| = 3 � �ÏLMBCTUG^_JB�KNGpW`W�GAH5�j;>EU;>@]?AKMLMBeZjg.KN;>B ex = xo1

g
ey = yo2

g
ez = zo2

?AEUO
ew = xo2 � a�LMEUVP; G OJGc;PW�EUG^B<VPG^E�B]?ALME$;PO[�j; wo2 Ë Z�BCTU;ÉDÍLMEJLMD�?AKMLMBeZ GAH P gHfG^@<HfG^@ Ë LNOJO[LMEJ��=2?ABCTUW w q v∗ q x q o2

g
w
q
v∗
q
y
q
o2
?AEUO

w
q
v∗
q
z
q
o2
Hà@`G^D Ë ;>LMEJ��LMEUO[_UVP;PO$WC_ Ë �p@]?A=JTUWhg

G
Db_UWCBÍVPG^EFB]?ALME ;PO[�j;PW

xw
g
yw

?AEUO
zw � d�H*BCTU;>@`;½LNW�;>LMBCTU;>@ xy G^@ xz g�BCTU;>E G[{v∗, x, y, z, w, o2}]VPG^E�B]?ALMEUW

H1
¤àW`;P; Ì LM�p_J@`; �[¤f?j¦C¦ � a�_J=J=�GpW`;�G^BCTU;>@ � LNW`; � L � ; � g G OJG�;PW5EUG^B�VPG^E�B]?ALME xy EUG^@ xz �Y¡ TU;>E7g[HfG^@HfG^@ Ë LNOJO[LMEJ�É=2?ABCTUW y q v∗ q x q o1

?AEUO
z
q
v∗
q
x
q
o1
H @`G^D Ë ;>LMEJ�bLMEUO[_UVP;PO =2?ABCTUWhgFBCTU;>@`;�Dé_UW`B Ë ;�;PO[�j;PW yo1?AEUO

zo1 � deERBCTJLNW�Vh?^W`;pg G[{v∗, x, y, z, w, o1, o2}]
VPG^E�B]?ALMEUW

H2
¤àW];P; Ì LM�p_J@`; �[¤ Ë ¦C¦ �

������� |O(P)| = 1

�$;½OJ;>EUG^B`;½BCTU;�lj;>@CB`;�¢"LME
O(P) Ë Z o � deE"BCTJLNWÉVh?^W];pg�?AKMK�GAH N(ex)

g
N(ey)

g
N(ez)

?AEUO
N(ew)

?A@`;
O[L	��;>@`;>EFBÍlj;>@CBCLNVP;PW Ë ;PVh?A_UW`; G LNW�WCLMDÍ=JKN; � ¡ T�_UW Ë Z �&Kµ?ALMD þ g Px = v∗

q
x
q
o
g
Py = v∗

q
y
q
o
g
Pz =

v∗
q
z
q
o
?AEUO

Pw = v∗
q
w
q
o
TUG^KNO � a�LMEUVP; G LNWÉWCLMDÍ=JKN;�?AEUO � qe;PO[�j;�qeVPG^EJEU;PV>B`;PO�g x T2?^W�?ABéKN;h?^WCBbB � GEU;>LM�pT Ë G^@`W�G^BCTU;>@�BCT2?AE v∗ ?AEUO o � �5?AKMK7B � G GAH'BCTU;>D s

?AEUO
t �

���
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¤f?j¦ ¤ Ë ¦

¤àV²¦ ¤àO2¦
Ì LM�p_J@`;én#�Y�ÏTU;>E |O(P)| = 2

g
O(ex) 6= O(ey) = O(ez) = O(ew)

?AEUO |N(P)| = 4

v∗v∗

N(v∗)N(v∗)

xx

yy

zz

ww

s
o1o1

o2o2

¤f?j¦ ¤ Ë ¦

Ì LM�p_J@`; � �Y�ÏTU;>E |O(P)| = 2
g
O(ex) 6= O(ey) = O(ez) = O(ew)

?AEUO |N(P)| = 3

v∗

N(v∗)

x

y

z

w

s o

t

Ì LM�p_J@`;és#��� TU;>E |O(P)| = 1
g
s, t ∈ {y, z, w}
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t¤f?j¦ ¤ Ë ¦ ¤àV²¦

Ì LM�p_J@`; þ ��� TU;>E |O(P)| = 1
g
s = y

?AEUO
t 6∈ {y, z, w}

Ì LM@`WCBhgwVPG^EUW`LNOJ;>@�BCTU;ÉVh?^W`; � TU;>@`; � ;�Vh?AESV]TUG�GpW]; Ë G^BCT s ?AEUO t Hà@`G^D {y, z, w} ¤àW`;P; Ì LM�p_J@`;Ísj¦ � deEBCTJLNW�Vh?^W`;pg
G[{v∗, x, y, w, o}] VPG^EFB]?ALMEUW W4 �

è ;�¢[Bhg�VPG^EUWCLNOJ;>@ÉBCTU;�Vh?^W`; � TU;>@`; s ∈ {y, z, w} ¤àWØ?PZ s = y
¦�?AEUO

t 6∈ {y, z, w} � è G^BCLNVP;�BCT2?AB GOJGc;PWÉEUG^BÉVPG^E�B]?ALMEæ;PO[�j;PW
xz
?AEUO

xw
WCLMEUVP;½G^BCTU;>@ � LNW`;pgYBCTJLNWÉVh?^W`;½Vh?AE Ë ; @`;PO[_UVP;PO B`G§BCTU;�Vh?^W`; � LMBCT

s, t ∈ {y, z, w} � d�H t ∈ O g�BCTU;>E G VPG^E�B]?ALMEUW�;PO[�j;PW tz ?AEUO tw HàG^@�HfG^@ Ë LNOJO[LMEJ�R=2?ABCTUW z q v∗ q x q t ?AEUO
w
q
v∗
q
x
q
t
H @`G^D Ë ;>LMEJ�$LMEUO[_UVP;POÏWC_ Ë �p@]?A=JTUW �4¡ TU;>E G[{v∗, x, y, z, w, t, o}] VPG^EFB]?ALMEUW H3

¤àW`;P; Ì LM�^q_J@`; þ ¤f?j¦C¦ � ��;>EUVP;�WC_J=J=·GpW];�G^BCTU;>@ � LNW`; � L � ; � g t ∈ N(v∗) � d�H G VPG^E�B]?ALMEUW�;PO[�j; to g�BCTU;>E G[{v∗, x, y, t, o}]VPG^E�B]?ALMEUW�?
W4

¤àW`;P; Ì LM�p_J@`; þ ¤ Ë ¦C¦ � d�H G OJGc;PW&EUG^B&VPG^EFB]?ALMER;PO[�j; to gFBCTU;>E G Dé_UWCB5VPG^EFB]?ALMEÎ;PO[�j;PW ty g tz?AEUO
tw
HàG^@�HàG^@ Ë LNOJO[LMEJ�b=2?ABCTUW t q v∗ q y q o g t q v∗ q z q o ?AEUO t q v∗ q w q o Hà@`G^D Ë ;>LMEJ��LMEUO[_UVP;PO�WC_ Ë �p@]?A=JTUW �

¡ TU;>E G[{v∗, x, y, z, w, t, o}] VPG^EFB]?ALMEUW H3
¤àW`;P; Ì LM�p_J@`; þ ¤àV²¦C¦ �

è ;�¢[Bhg�VPG^EUWCLNOJ;>@�BCTU;�Vh?^W`; � TU;>@`; s, t 6∈ {y, z, w} ��è G^BCLNVP;ÉBCT2?AB�LME BCTJLNW�Vh?^W`;pg G OJG�;PW<EUG^B�VPG^E�B]?ALME;PO[�j;PW
xy
g
xz
?AEUO

xw
WCLMEUVP;�G^BCTU;>@ � LNW`;pg�BCTJLNWbVh?^W];�Vh?AE Ë ;�@`;PO[_UVP;PO�B`G�BCTU;½? Ë Ghlj;�Vh?^W`;PW � I�W�LME"BCTU;=J@`;>lcLNG^_UW*Vh?^W];pg � ;�Vh?AE�G Ë W];>@Clj;�BCTU;<HfG^KMKNG � LMEJ� H�?^V>B`W �

• d�H v ∈ {s, t} LNW�LME O gcBCTU;>E G VPG^EFB]?ALMEUW�;PO[�j;PW vy g vz ?AEUO vw HfG^@5HàG^@ Ë LNOJO[LMEJ�Í=2?ABCTUW y q v∗ q x q v g
z
q
v∗
q
x
q
v
g
w
q
v∗
q
x
q
v
H @`G^D Ë ;>LMEJ� LMEUO[_UVP;PO�WC_ Ë �p@]?A=JTUWÉ¤ BeZc=·;�u²¦ �

• d�H v ∈ {s, t} LNW�LME N(v∗)
gcBCTU;>E

G
VPG^E�B]?ALMEUW�;>LMBCTU;>@�;PO[�j;

vo
¤ BeZc=·;<¥j¦�g[G^@5?AKMK�GAH.;PO[�j;PW

vy
g
vz
?AEUO

vw
¤ BeZc=·;�ýj¦ �

d�H Ë G^BCT s ?AEUO t ?A@`; BeZc=·;Rupg0BCTU;>E G[{v∗, x, y, z, w, s, t, o}] VPG^E�B]?ALMEUW H4
¤àW`;P; Ì LM�p_J@`;�uhoJ¤f?j¦C¦ � deH

s
LNW�BeZc=�;�u�?AEUO

t
LNW*BmZ�=�;É¥[gwBCTU;>E

G[{v∗, x, y, z, w, s, t, o}] VPG^EFB]?ALMEUW H5
¤àW`;P; Ì LM�p_J@`;½uhoJ¤ Ë ¦C¦ � d�H s LNWBmZ�=�;�u*?AEUO

t
LNWYBmZ�=�;*ý[gFBCTU;>E

G[{v∗, x, y, z, w, s, t, o}] VPG^E�B]?ALMEUW H4
¤àW];P; Ì LM�p_J@`;buhoJ¤àV²¦C¦ � d�H Ë G^BCT s ?AEUO

t
?A@`;�BeZc=�;�¥[g[BCTU;>E

G[{v∗, x, s, t, o}] VPG^E�B]?ALMEUW�? W4
¤àW];P; Ì LM�p_J@`;ÍuhoJ¤àO2¦C¦ � d�H s LNW�BmZ�=�;�¥Í?AEUO t LNW�BeZc=·;ý[g2BCTU;>E

G[{v∗, x, y, z, w, s, t, o}] VPG^EFB]?ALMEUW H5
¤àW`;P; Ì LM�p_J@`;�uhoJ¤à;²¦C¦ � deH Ë G^BCT s ?AEUO t ?A@`;�BeZc=�;éý[gJBCTU;>E

G[{v∗, x, y, z, w, s, t, o}] VPG^EFB]?ALMEUW H4
¤àW`;P; Ì LM�p_J@`;RuhoJ¤´H�¦C¦ � �$;ÉVh?AE$W];P;éBCT2?AB G VPG^EFB]?ALMEUWb?�@`;���_JLM@`;POW`_ Ë �p@]?A=JT�LME�?AKMK0Vh?^W`;PW �

� � Å�ÂÉÈ �]Ç
�wÊ`Å�Â
�$;�T2?Plj;�=J@`G²lj;>E�BCTU;

Z3
qeVPG^EJEU;PV>BCLMlcLMBeZ�GAH

4
qe;PO[�j;�qeVPG^EJEU;PV>B`;POS����:*qfHà@`;P;<�p@]?A=JTUW � dmB�T2?^W Ë ;P;>E�OJG^EU; Ë Z=J@`;PW];>EFBCLMEJ��?�KMLNW`B.GAH

Z3
qeVPG^EJEU;PV>B`;PO�WC_ Ë �p@]?A=JTUW�?AB.KN;h?^WCB'G^EU;&GAH � TJLNV]TbLNW'VPG^EFB]?ALMEU;PO Ë Z 4

qe;PO[�j;�qeVPG^EJEU;PV>B`;PO
����:*qfHà@`;P;<�p@]?A=JTUW �

� �
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Ì LM�p_J@`; uho#�Y�ÏTU;>E |O(P)| = 1
?AEUO

s, t 6∈ {y, z, w}

� È���ÂbÅ�� ���YÆ�� � � �YÂ*Ã

¡ TJLNW�@`;PW`;h?A@`V`T LNW<WC_J=J=�G^@CB`;PO Ë Z�BCTU;ÍacV>LN;>EFBCL�ç2V \ @]?AE�BÔq�LME[qeI*LNOSHà@`G^DáQ§LMEJLNWCBC@CZ�GAH��ìO[_UVh?ABCLNG^E7g �&_JKMBC_J@`;pga�=�G^@CB`Whg2acV>LN;>EUVP;b?AEUO ¡ ;PV`TJEUG^KNG^�pZ�GAHYvF?A=2?AE �
	 � � ��Ä��YÂÉÈ ���

î u�ï \ � :�LM@]?^Vpg�
5ÜÎÒØßMù^ßfêÍÝ>ß ÒÔÝ>×cßàÞ7ù^ÒÔú�û2ãjÖ�g[I Ë T2?AEUO[KM_JEJ�j;>E½Q ?ABCTU;>D�?ABCLNW`V]TU;>E�ac;>DÍLME2?A@5k�EJLMlj;>@`WCLMBCB&�<?AD�q
Ë _J@C�Ug2¥pt�¤Ôu þ n[u²¦�gJ=J= � �cu�#�^n �

î ¥rï Ì5� vF?^;>�j;>@hg èb� £�LMEJLµ?AK�g � � X�?PZF?AE7g�?AEUORQ �U¡ ?A@`WCL�g�.5ÒCÓ^×²û�Ý]Ó^ÜUÜ·ÑCÝhÞàß´öhßàÞà÷RÓÔÚ*ù^ÒCúØû2ãjÖéÕ�ú�ÜwÓ^ÜUãcÓ^Ù ÓØûJÑ�ÕÜ·Ñ`Ó^×FÖ�ú^Üwú-,MÓ`ù^×UÑÍÓÔÚ�Ü·Ó^â�ã[Ñ�Ò`Ñ�ÕàÐrÑ�ÒCÓ<ä5Ópâ$ûwÒCÓØûJÑ>Ò�Þàß�ÑØÖ�g·vjG^_J@CE2?AK�GAH���G^D Ë LME2?AB`G^@CLµ?AK ¡ TU;PG^@CZ§ac;>@CLN;PW � gtpn�¤Ôu þpþ ¥j¦�gU=J= � uhnpt��wuhsp¥ �
î ýrï �<� vF?ADÍLNW]G^E�?AEUO�a ��� Kµ?A@CLM_7g�
5Ü½Þ ã[Ñ*ÖhÑ�Ù�ß´ÕNûJÑ�Ò ÚPÑ`ÝPÞìÑ0, ß´Ù�ß ÜwúpÞàßfÓ^Ü2gpI�O[lp?AEUVP;PW�LME�I�=J=JKMLN;PO Q ?ABCTU;>D�?ABÔqLNVPWhg þ ¤Ôu þ spsj¦�gJ=J= � ýpn � �cý �^n �
î � ïbQ � i*GcV`TUG^K�g���ÜÛÑ��>×cß´örú�,MÑ�ÜwÞéöAÑ>Ò]Ö�ßàÓ^ÜÛÓÔÚ	�pÕ ä5Ó^â Ý`Ó^Ü��hÑCÝPÞà×cÒ`Ñ>g�vjG^_J@CE2?AK�GAH ��G^D Ë LME2?AB`G^@CLµ?AK ¡ TU;PG^@CZac;>@CLN;PW � gUspý�¤f¥popo[u²¦�gJ=J= � ¥ptps��c¥pn[u �
î trïb� � qev � £.?AL�g .5ÒCÓ^×²ûÎÝ`Ó^ÜUÜ�ÑCÝPÞàß öhß Þà÷�ÓÔÚ �pÕÔÑ`êhùFÑ�ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞeÑCêÍÝ�ãcÓpÒÔêjú�,^ù^ÒCúØû2ãFÖ�g \ @]?A=JTUW.?AEUO&��G^D Ë LME2?AB`G^@CLNVPWhguhn�¤f¥popopoj¦�gU=J= � uhnpt��wu �^n �
î nrïb� � qev � £0?AL�g���Ó^â�ãJÑ�ÒCÑ>ÕàÐ²Ñ>ÒÔÓ �pÕåä�Ó^â�Ö�ß Ü ,�Ó²Ý`ú-, , ÷$Ý`Ó^Ü2Ü·ÑCÝPÞeÑCêSù^ÒCúØû2ãjÖ>gYvjG^_J@CE2?AK�GAH \ @]?A=JT ¡ TU;PG^@CZjg � ¥¤f¥popopýj¦�gJ=J= � ¥[upu�c¥[u þ[�
î �²ïb� � qev � £0?AL�g�£ � Q�Lµ?^GJgb?AEUO�� � a�T2?^GJg�õ�öAÑ�Ò�÷ , ß´Ü�Ñ§ùpÒÔúØûwã ÓÔÚ�ú �JÕÔÑCê²ùFÑ�Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCê4ù^ÒÔú�û2ã�ßµÖ Z3

Õ
Ý`ÓpÜUÜ·ÑCÝPÞeÑ`êpg���_J@`G^=·;h?AESvjG^_J@CE2?AK0GAH ��G^D Ë LME2?AB`G^@CLNVPWhgwB`G�?A=J=�;h?A@é¤f¥popopsj¦ �

�#�
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î srïbX � : � ac;>Z�D G^_J@hg ��Ópâ�ã[Ñ�Ò`Ñ�ÕàÐrÑ�ÒÔÓ ä�Ó^â�Ö�g§LME	�<?AEUO Ë GcG � GAH ��G^D Ë LME2?AB`G^@CLNVPWhg �é� £ � \ @]?AT2?AD�gQ � \ @ � B`W`V`TU;>K�g2?AEUO�£ � £7G²l��^WC�jg2;POJW � g�u þpþ t[gJ=J= � ¥ps þ �c¥ þpþ[�
îÿþ ïé� �2¡��2¡ _JBCB`;pg 
5Ü$Þ ã[Ñ�ú-, ùFÑ ' ÒÔú^ßfÝ Þ ãJÑCÓ^Ò�÷RÓCÚ�ù^ÒCúØû2ãSÝ`Ó�,�Ó^Ò�ß Ü�ùAÖ�g·vjG^_J@CE2?AK�GAH���G^D Ë LME2?AB`G^@CLµ?AK ¡ TU;PG^@CZjgu ¤Ôu þ npnj¦�gJ=J= � uht��ctpo �
î uhorï/� � q�� ��� T2?AEJ�UgUdmEFB`;>�j;>@ Ì KNG � W�?AEUO �&Z[V>KN; ��Ghlj;>@`W�GAH \ @]?A=JTUWhgJQS?A@`VP;>K.:�; � � ;>@hgUdmEUV � g�u þpþ � �

� $
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��� ��#�� �ì#!�� � � � �

"$#&%'#)(*,+*-,/.1032U/ ∗
:<;>=2?A@CBCD ;>E�B�GAHYQS?ABCTU;>D�?ABCLNVh?AKYacV>LN;>EUVP;PW

k�EJLMlj;>@`WCLMBeZRGAHYQ§;>DÍ=JTJLNW
Q§;>DÍ=JTJLNW ¡�è ýps[uhtp¥[g2k<acI

4$#+576+8'/3, †
I�K�Hà@:9PO � 9>E�Z�L7dmEUWCBCLMBC_JB`;�GAHYQS?ABCTU;>D�?ABCLNVPW��_JEJ�F?A@CLµ?AE§I�Vh?^OJ;>DéZRGAHìacV>LN;>EUVP;PW

� _UOU?A=�;PWCBhgJ�*_JEJ�F?A@CZ

;'#=<�#+>@?BA�2C*-D ‡
:�;>=2?A@CBCD ;>E�B�GAHYQS?ABCTU;>D�?ABCLNVh?AKYacV>LN;>EUVP;PW

k�EJLMlj;>@`WCLMBeZRGAHYQ§;>DÍ=JTJLNW
QS;>DÍ=JTJLNW ¡�è ýps[uhtp¥[gUk<acI

���'�P�h�r�J�j�p� I �p@]?A=JT
G
LNW.WCBC@`G^EJ�pKMZ�W`;>B.VPG^KNG^@]? Ë KN;ìL�H V (G)∪E(G)

Vh?AE Ë ;ì?^W`W`LM�pEU;PO�O[LNWCBCLMEUV>BEUG^EU;>DÍ=JBmZ�WC_ Ë W`;>B`W&GAH0?�W`;>BìGAH7G^@`OJ;>@ n g � TU;>@`; |V (G)|+ |E(G)| = 2n−1
gFWC_UV]T�BCT2?AB�;h?^V`T

;PO[�j;ÎLNW ?^W]WCLM�pEU;PO BCTU;RWCZ�DÍD ;>BC@CLNVRO[L	��;>@`;>EUVP;RGAH�LMB`WÍ;>EUO lj;>@CBCLNVP;PW ��¡ TU;Î=J@CLMEUV>LM=2?AK�@`;PWC_JKMBLNWÉBCT2?ABÉBCTU;½=2?ABCT
P2n−1

LNWÉW`BC@`G^EJ�pKMZ�W`;>B�VPG^KNG^@]? Ë KN;�HfG^@ n ≥ 5
gìO[LNWC=J@`GhlcLMEJ�$?�VPG^E^íC;PV>BC_J@`;

GAH�a � Q � ��;>�jOJ; � �$;Í?AKNW`G½=J@`Ghlj; ?AEUG^BCTU;>@�VPG^E^íC;PV>BC_J@`;ÉGAH5��;>�jOJ;�G^E$?�@`;>Kµ?AB`;PO BeZc=·;�GAH&W`;>BVPG^KNG^@CLMEJ�½GAH�VPG^DÍ=JKN;>B`; Ë LM=2?A@CBCLMB`;��p@]?A=JTUW �
À Á[Â�Ã2Ä�Å�ÆbÇÉÈ7Ã·Ê`Å�Â
dmE�?*@`;PVP;>EFB�?A@CBCLNV>KN; Ë ZÉ��;PO[�j; î u�ïeg^TU;&VPG^EUW`LNOJ;>@`;POÍVPG^KNG^@CLMEJ�<VP;>@CB]?ALME��p@]?A=JTUW G g � TU;>@`; |V (G)|+|E(G)| =
2n − 1

HàG^@�W`G^D ;�LME�B`;>�j;>@
n
g Ë ZSEUG^EU;>DÍ=JBeZ WC_ Ë W`;>B`W�GAH�?AE n qe;>KN;>D ;>E�BéW`;>B � � EU;�=J@CLMD�?A@CZ ?^W]WCLM�pEJD ;>EFBVPG^EUWCLNOJ;>@`;PO � ?^WYB`G�?^W`WCLM�pE O[LNWCBCLMEUV>B�W`_ Ë W`;>B`W�B`G<BCTU;5lj;>@CBCLNVP;PWì?AEUOÍ;PO[�j;PW�WC_UV]TÍBCT2?AB�;h?^V`T�;PO[�j;5LNW�?^W]WCLM�pEU;POBCTU;�WCZcDÍD ;>BC@CLNV�O[L	��;>@`;>EUVP;�GAH<LMB`W ;>EUOælj;>@CBCLNVP;PW � a�LMEUVP; |V (G)| + |E(G)| = 2n − 1

BCTJLNWÍD ;h?AEUW½?AKMK
EUG^EU;>DÍ=JBeZ WC_ Ë W`;>B`WÍ?A@`;�_UW`;PO LME"BCTU;R?^W`W`LM�pEJD ;>EFB � �ÏTU;>E W`_UV`Tæ?AEæ?^W]WCLM�pEJD ;>EFBÍ;�¢[LNWCB`WÉLMBbLNW�Vh?AKMKN;POæ?Ö�ÞàÒCÓ^Ü�ù ÖPÑPÞ&Ý`Ó-,MÓ^Ò�ß´ÜcùÎGAH.BCTU;<�p@]?A=JT ��¡ TJLNW*?^W]WCLM�pEJD ;>EFB�LNW�W`LMDÍLMKµ?A@�B`GÍG^EU;PW5H @`;���_U;>EFBCKMZÎWCBC_UO[LN;POÎLME�VPGcO[LMEJ�BCTU;PG^@CZ �
� EU;�LMEFB`;>@`;PW`BCLMEJ� VPG^E^íÔ;PV>BC_J@`;�D�?^OJ;�LME�BCTJLNW�?A@CBCLNV>KN; � ?^W&BCT2?AB5=2?ABCTUW5GAH.G^@`OJ;>@ 2n−1 � TU;>@`; n > 2

?A@`;
EUG^B*WCBC@`G^EJ�pKMZ�W];>B�VPG^KNG^@]? Ë KN; ��¡ TU;é=J@CLMD�?A@CZR=J_J@C=·GpW];�GAH'BCTJLNW�?A@CBCLNV>KN;�LNW*B`G O[LNWC=J@`Ghlj;éBCTJLNW*VPG^E^íC;PV>BC_J@`;�HfG^@
n ≥ 5 � �$;<=J@`Ghlj;éBCTU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D �
� ¸.©F¬ � © � ówôFE0ã[Ñ�û[újÞ ãjÖ

P4
úpÜwê

P8
ú^Ò`Ñ�ÜwÓpÞ0Ö�ÞàÒCÓ^Ü�ù�, ÷bÖPÑ>Þ�Ý]Ó-,�ÓpÒÔú ' ,MÑ�â�ãFß ,NÑ<ú-, ,wÓpÞ ã[Ñ>Ò�û[újÞ ãjÖ�ÓÔÚ�Þ ã[Ñ.Ú>ÓpÒØÙ

P2n−1

ú^Ò`Ñ�Ö�ÞàÒCÓ^Ü�ù-, ÷ ÖhÑ>Þ�Ý]Ó-,�ÓpÒÔú ' ,MÑhü
I�E�;���_JLMl^?AKN;>E�B�HfG^@CDé_JKµ?ABCLNG^E§HàG^@*?��p@]?A=JT§B`G Ë ;�WCBC@`G^EJ�pKMZRW`;>B*VPG^KNG^@]? Ë KN;É?AEUO�G^EU;�_UW`;PO�BCTJ@`G^_J�pTUG^_JBBCTJLNW�?A@CBCLNV>KN;*LNW�BCTU;*HàG^KMKNG � LMEJ�ÍG^EU; � £7;>B G Ë ;�?bVPG^EJEU;PV>B`;PO½�p@]?A=JTÎW`_UV`T½BCT2?AB |V (G)|+ |E(G)| = 2n− 1

∗ GIHKJLHNM:OQPSRUT3MVJIWXM:OLYQZ[MV\]\_^
JL`aWbWdcVOLYQHKeUfg^ih�jakml)OnMpogY)q3qBksr/tvuvwpxvyzwpx|{
† }~cVOQ��WbMpOLYQZ[MV\]\_^ e|cvoaH+T�RbZ]\]H�YQRbH)JLHKPKcvobe
Mp`aYQRbcpO3T3MpJI�1Z]JLZ_YQZ]ob��YQRaH��+oaZ]�zH�OQJLZ_Y/^�cp���
HK��WaRbZ]JK{�G)H�JLHNMpOQPnRUTBMVJ�WXM:OLYQZ�Mp\]\]^

JL`bWaWdcVOLYQHNeifg^iYQRaH������scV��W|OQcp�/HKP�Y+k��Lj|��tvtv�VtvtV�|�dfg^�YQRbH	���B�	��WaOQc:��HKPSY+�vxvxzwp�|{
‡ }~cVOQ�iWXM:OLYQZ�Mp\]\]^�eacvoaH�T�RbZ]\]H�YQRbH�YQRbZ_One Mp`aYQRbcpOI�|Z]JLZ_YQHNe GIHKog^|Z-��obJ�YQZ_YQ`aYQHV�XGIHKJLHNMpOQPnR
TBMVJ+WbMpOLYQZ[MV\]\_^ JL`aWbWdcpOLYQHNe
fg^UYQRaH

�����scV��W|OQcp�/HKP�Y+k��Lj|��tvtv�VtvtV�|{

� �



�^n "7#&%'#)(�,)*-,/.1032U/��������	��
�����I;'#=<�#+>@?BA�2C*-D

HfG^@�W`G^D ;
n � �$;ÉWØ?PZ�BCT2?AB G LNWbÖ�ÞàÒCÓ^Ü�ù-, ÷ÎÖPÑPÞ*Ý`Ó-,MÓ^ÒCú ' ,NÑ<L�HìBCTU;>@`;�LNW�? Ë L íÔ;PV>BCLNG^E f H @`G^D V (G) ∪ E(G)B`G BCTU; W`;>BRGAHÉEUG^EJ�h;>@`G lj;PV>B`G^@`WRLME

Fn2
g � TU;>@`; F2

LNW½BCTU;Sç2;>KNO � LMBCT4B � G ;>KN;>D ;>EFB`W²g�W`_UV`T4BCT2?ABÎHàG^@;>lj;>@CZ ;PO[�j;
xy ∈ E(G)

g
f(xy) + f(x) + f(y) = 0 � �$;�@`;>�F?A@`O lj;PV>B`G^@`W�LME Fn2

?^W orq]uRW];��F_U;>EUVP;PW
GAH�KN;>EJ�pBCT

n
g5?^OJO[LMBCLNG^E LME

Fn2
VPG^@C@`;PW`=·G^EUO[LMEJ�"B`G$VPG^DÍ=·G^EU;>E�B � LNW`;?^OJO[LMBCLNG^E D G�O[_JKNG�¥ �Ï¡ TU;Rlj;PV>B`G^@

v
BCTU;>E VPG^@C@`;PWC=·G^EUOJW B`G§BCTU;RW`_ Ë W`;>B Sv ⊆ {1, 2, . . . , n} g � TU;>@`; Sv VPG^EUWCLNWCB`WÍGAH�?AKMK i W`_UV`TæBCT2?ABÍBCTU;

i
BCT VPGcG^@`O[LME2?AB`;ÎGAH

v
LNWÎu � dmE BCTJLNWbKµ?AEJ�p_2?A�j;ÎBCTU;Î��;PO[�j;ÎVPG^E^íÔ;PV>BC_J@`;RW]?hZcWÉBCTU;>@`;ÎLNWÉEUGS=·;>@CDb_JB]?ABCLNG^E

v1, v2, v3, . . . , v2n−1
GAH5BCTU;

n
qeO[LMD ;>EUW`LNG^E2?AK&EUG^EJ�h;>@`G�lj;PV>B`G^@`WbGAH

Fn2
WC_UV`T"BCT2?AB

vi + vi+1 + vi+2 = 0HfG^@
i = 1, 3, 5, . . . , 2n − 3 � ��;>@`; vi @`;>=J@`;PW];>EFB`W BCTU;RW];>B VPG^KNG^@CLMEJ��GAH�?Slj;>@CB`;�¢ � TU;>E i LNWÍGcOJO ?AEUOGAH�?AE ;PO[�j; � TU;>E i LNW ;>lj;>E � ¡ TU;PW`;RVPG^EUO[LMBCLNG^EUW � LMKMK Ë ;Î@`;�Hà;>@C@`;PO B`G�?^WRÖØ×cÙ�Ý`Ó^Üwê^ßàÞàßfÓ^ÜJÖ � �ÏTU;>E ?=�;>@CDé_JB]?ABCLNG^E$WØ?ABCLNWÔH ZcLMEJ�½BCTU;bWC_JD VPG^EUO[LMBCLNG^EUW�;�¢[LNWCB`W � ; � LMKMK'@`;�Hf;>@�B`G�LMB�?^WÉÒCÑeû·ÒCÑØÖhÑ�Ü2Þàß Ü�ùRö^ÑCÝPÞ�Ó^ÒØÖÍß´Ü�úùFÓhÓhêéûJÑ�Ò�Ù�×cÞ�újÞàßàÓ^ÜG^@�D G^@`; Ë @CLN; � Z�?^W*?�ùjÓhÓhê�ûJÑ�Ò�Ù�×cÞ�újÞàßàÓ^Ü �deE ac;PV>BCLNG^E ý � ;R?AKNW`G Ë @CLN; � Z O[LNW`V>_UW`WÍW`G^D ;ÎG^BCTU;>@ÍBC@`;P;PW � TJLNV]T ?A@`;RWCBC@`G^EJ�pKMZ"W`;>BÍVPG^KNG^@]? Ë KN;�?AEUO�pLMlj;b?É@`;>Kµ?AB`;PO�VPG^EUO[LMBCLNG^E � TJLNV`T�LNW�GAH'LME�B`;>@`;PWCB�LMERLMB`W�G � E�@CLM�pTFB �ìÌ LME2?AKMKMZjgJLME§ac;PV>BCLNG^E � g � ;�VPG^EUWCLNOJ;>@�?@`;>Kµ?AB`;PO½VPG^EUVP;>=JB5GAH�=J@`G^=�;>@&W];>B&VPG^KNG^@CLMEJ�jWhg[?AEUO =J@`G²lj;�?<@`;PW`_JKMB�? Ë G^_JBì=J@`G^=�;>@&W`;>B�VPG^KNG^@CLMEJ�jW&GAH7VPG^DÍ=JKN;>B`;

Ë LM=2?A@CBCLMB`;é�p@]?A=JTUW �
� 	 ���2Ç��ÔÃ �ÛÅ�Â �JÃ2Ä�Å�Â � � �'Ã�È.Å �`Å�Ä�Ê`Â�� �
�ì©�� � � ��ô E0ã[Ñ�ûJúpÞ ãjÖ

P4
ú^Üwê

P8
ÓCÚéÓ^ÒÔê�Ñ�Ò]Ö

4
úpÜwê

8
ú^Ò`Ñ�Ü·ÓpÞYÖ>ÞàÒÔÓ^Ücù-, ÷�ÖPÑ>Þ5Ý`Ó-,MÓ^ÒCú ' ,NÑhü

15ÒÔÓhÓCÚ Ì LM@`WCB�VPG^EUW`LNOJ;>@�BCTU;b=2?ABCT P4
?AEUOSWC_J=J=�GpW`;�BCTU;>@`;bLNW<? �jGcG�O�=·;>@CDb_JB]?ABCLNG^EGAHìLMB`W*@`;>=J@`;PW];>EFBCLMEJ�

lj;PV>B`G^@`W
v1, . . . , v7 � a�LMEUVP;�HfG^@�?AKMK n > 1

BCTU;<WC_JD GAH�?AKMK�BCTU;�EUG^E[q��h;>@`G�lj;PV>B`G^@`W�LME
Fn2
LNW5�h;>@`GJg

v1 + v2 +
v3 + v4 + v5 + v6 + v7 = 0 ��� Z�BCTU;�W`_JD VPG^EUO[LMBCLNG^E Ë G^BCT v1 + v2 + v3 = 0

?AEUO
v5 + v6 + v7 = 0

gJW`G
� ;�T2?hlj; v4 = 0

gU?ÍVPG^EFBC@]?^O[LNV>BCLNG^E ��¡ TU;>@`;�HàG^@`; P4
LNW�EUG^B*WCBC@`G^EJ�pKMZÎW`;>B�VPG^KNG^@]? Ë KN; �

è ;�¢[B�VPG^EUWCLNOJ;>@½BCTU;�=2?ABCT P8 � a�_J=J=·GpW`;�BCT2?AB�BCTU;>@`;�LNW½?$�jG�GcO =�;>@CDé_JB]?ABCLNG^E v1, . . . , v15
GAH�BCTU;

@`;>=J@`;PW];>EFBCLMEJ�½lj;PV>B`G^@`W*W]?ABCLNWÔHàZcLMEJ�ÉBCTU;éWC_JD VPG^EUO[LMBCLNG^EUW �ìÌ LM@`WCB�EUG^BCLNVP;�BCT2?AB

v4 + v8 + v12 =

15∑

i=1

vi − (v1+v2+v3)− (v5+v6+v7)− (v9+v10+v11)− (v13+v14+v15)

= 0− 0− 0− 0 = 0.

ð�
 �U± � � ¡ TU;ìlj;PV>B`G^@`W v5, v6, v7, v9, v10, v11, v13, v14, v15
Vh?AE Ë ; � @CLMBCB`;>EÉLMEÉBCTU;�HfG^@CD vi+v4j � TU;>@`;

i, j = 1, 2, 3 � �$;�Vh?AKMK7BCTU;�HàG^@CD W�GAH�BCTU;PW`; þ lj;PV>B`G^@`W*Vh?AEUG^EJLNVh?AK �15ÒÔÓhÓCÚ î XY@`GcGAH7GAH �&Kµ?ALMD � ï Ì LM@`WCB � ;�WCTUG � BCT2?ABìBCTU; þ lj;PV>B`G^@`W vi+v4j � TU;>@`; i, j = 1, 2, 3
?A@`;�O[L	��;>@`;>EFB

Hà@`G^D
v1, v2, v3, v4, v8, v12 � a�_J=J=�GpW`;5BCT2?AB vi1 = vi2 +v4j2 �'¡ TU;>E�?^OJO[LMEJ� vi2 B`G<BCTJLNWYlj;PV>B`G^@hg � ;�G Ë B]?ALMEBCT2?AB�;>LMBCTU;>@

v4j2 = 0
L�H
i1 = i2

G^@
v4j2

LNWìBCTU;�BCTJLM@`O�lj;PV>B`G^@�G^_JB5GAH
v1, v2, v3

L�H
i1 6= i2

g[?éVPG^E�BC@]?^O[LNV>BCLNG^E
LME Ë G^BCT Vh?^W`;PW � £�L � ; � LNW]; v4i1 6= vi2 +v4j2

gjG^BCTU;>@ � LNW`; vi2 = 0
G^@YBCTU;�BCTJLM@`O�lj;PV>B`G^@ìGAH

v4, v8, v12 ��¡ TU;>E7gË Zé=JLM�j;PG^EJTUG^KN;�=J@CLMEUV>LM=JKN;pgpLMB'LNW�WC_#"�V>LN;>EFB�B`G�=J@`Ghlj;5BCT2?AB'BCTU;PW`; þ lj;PV>B`G^@`W�?A@`;&=2?ALM@ � LNW`;5O[LNWCBCLMEUV>B � a�_J=J=·GpW`;BCT2?AB
vi1 + v4j1 = vi2 + v4j2 � deH i1 = i2

g
j1 6= j2

g2BCTU;>E§LMB�HfG^KMKNG � W�BCT2?AB v4j1 = v4j2

gw? VPG^E�BC@]?^O[LNV>BCLNG^E �deH
i1 6= i2

BCTU;>ERKN;>B
i3 Ë ;�BCTU;<BCTJLM@`OÎLMEUOJ;�¢½G^_JB�GAH 1, 2, 3 �ì¡ TU;>E vi3 = vi1 + vi2 = v4j1 + v4j2

g � TJLNV`TRLNW;>LMBCTU;>@
0
L�H
j1 = j2

G^@�BCTU;<BCTJLM@`OÎlj;PV>B`G^@�G^_JB�GAH
v4, v8, v12

L�H
j1 6= j2

gU?ÉVPG^E�BC@]?^O[LNV>BCLNG^E7g2VPG^DÍ=JKN;>BCLMEJ� BCTU;
=J@`GcGAHYGAH'BCTJLNW�V>Kµ?ALMD � 2:<;�çUEU;�BCTU;�W`;>B`W

B1 = {v5, v6, v7}, B2 = {v9, v10, v11}, B3 = {v13, v14, v15}
?^W ' ,MÓhÝ��hÖ �ð�
 �U± � � Ì G^@�;h?^V]T Ë KNG�V � gjBCTU;5lj;PV>B`G^@`W v1, v2, v3, v4, v8, v12

?A=J=·;h?A@�;�¢U?^V>BCKMZÉG^EUVP;5LME Vh?AEUG^EJLNVh?AK2HàG^@CD
GAH�BCTU;�lj;PV>B`G^@`W*LMERBCTU; Ë KNG�V � �

� 
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Ì LM�p_J@`;�u�� ��¢U?ADÍ=JKN;bW`;>B�VPG^KNG^@CLMEJ�jW�GAHY=2?ABCT P2n−1

HàG^@
n = 5

?AEUO
n = 6

gwW`;>B`W*�pLMlj;>ES?^W�orq]uéW`;���_U;>EUVP;PW
HfG^@�;h?^V`T§;PO[�j;�?AEUO�lj;>@CB`;�¢ �
1�ÒCÓhÓÔÚ î XY@`GcGAH�GAH��&Kµ?ALMD � ïR£7;>B w1, w2, w3 Ë ;ÉBCTU;�lj;PV>B`G^@`W�LME BCTU; Ë KNGcV � g0?AEUOWC_J=J=�GpW`;ÉBCT2?ABhg7W]?PZjg vi1?A=J=�;h?A@`WbLME BCTU;½Vh?AEUG^EJLNVh?AK5HàG^@CD GAH

w1
?AEUO

w2
g�L � ; � g w1 = vi1 + v4j1

?AEUO
w2 = vi1 + v4j2 � TU;>@`;

j1 6= j2
WCLMEUVP;

w1 6= w2 �Y¡ TU;>E w3 = w1 +w2 = v4j1 + v4j2 = v4j3 � TU;>@`; v4j3

LNW�BCTU;�BCTJLM@`OÎlj;PV>B`G^@�LME
{v4, v8, v12}

g2?�VPG^E�BC@]?^O[LNV>BCLNG^E �&¡ TU;éVh?^W`; � TU;>E v4j1

?A=J=·;h?A@`W*B � LNVP;�Vh?AE Ë ;�W`;>BCBCKN;PO�W`LMDÍLMKµ?A@CKMZ � 2�<?PlcLMEJ��;PWCB]? Ë KMLNWCTU;PO�BCTU;é? Ë G²lj;�V>Kµ?ALMD W � ;�VPG^DÍ=JKN;>B`;�BCTU;�=J@`GcGAHYGAH'BCTU;�BCTU;PG^@`;>D �
��Ë W`;>@Clj;�BCT2?AB v5 = v3 + v4 Ë Z�BCTU;�WC_JD VPG^EUO[LMBCLNG^E � deH7BCTU;�Vh?AEUG^EJLNVh?AK�HfG^@CD GAH v7

VPG^EFB]?ALMEUW
v8
BCTU;>E

BCTU; WC_JD VPG^EUO[LMBCLNG^E�LMDÍ=JKMLN;PW�BCT2?AB
v9
LNW�?AE�;>KN;>D ;>E�BbGAH

v1, v2, v3
g0?ÎVPG^EFBC@]?^O[LNV>BCLNG^E � acG v7

T2?^W
v12

LME
LMB`W5Vh?AEUG^EJLNVh?AK�HfG^@CD�g[?AEUOÎWCLMEUVP; � ;�T2?hlj;�WCZcDÍD ;>BC@CZ�LME v1

?AEUO
v2
g � ;<D�?PZÎ?^W`WC_JD ;�BCT2?AB v7 = v1 + v12¤f?AEUO W`G

v6 = v2 + v8
¦ ��¡ TU;>E v9 = v1 + v4 Ë ZBCTU;�WC_JD VPG^EUO[LMBCLNG^E � I�W�? Ë G²lj;pg v11

Vh?AEJEUG^BbT2?hlj;
v12

LME$LMB`W�Vh?AEUG^EJLNVh?AK&HàG^@CD�g'?AEUO$GAH�VPG^_J@`W`;pg.Vh?AEJEUG^B Ë ; v6 = v2 + v8 ��¡ T�_UW v11 = v3 + v8
g0WCLMEUVP;ÍL�H

v11 = v1 + v8
BCTU;>E

v12 + v11 = v1 + v4 = v9 = v13
g2?ÍVPG^EFBC@]?^O[LNV>BCLNG^E ��¡ TU;>E Ë ZRBCTU;�WC_JD(VPG^EUO[LMBCLNG^E7g

v13 = v3 + v4 = v5
gU?bçUE2?AK0VPG^EFBC@]?^O[LNV>BCLNG^E7g·VPG^DÍ=JKN;>BCLMEJ��BCTU;�=J@`GcGAHYGAH'BCTU;�BCTU;PG^@`;>D � 2

��© � � � ��ô'E0ã[Ñ�û[úpÞ ã
P2n−1

ÓÔÚéÓ^ÒCêFÑ�Ò
2n−1 ß´Ö<Ö�ÞàÒCÓ^Ü�ù-, ÷ÍÖhÑ>Þ�Ý]Ó-,�ÓpÒÔú ' ,MÑ�ÚPÓ^Ò n = 2

úpÜwê
n ≥ 5

ü
1�ÒCÓhÓÔÚ ¡ TU;�@`;PWC_JKMB�LNW�V>KN;h?A@�HfG^@ n = 2

W`G � ;b?^W`WC_JD ; n ≥ 5 �
¡ TU;<=J@`GcGAH'LNW5LMEUO[_UV>BCLMlj;b?A=J=JKMZ�LMEJ� BCTU;<LMEUO[_UV>BCLNG^E§W`;>=2?A@]?AB`;>KMZ�HfG^@ n G�OJOR?AEUO½HfG^@ n ;>lj;>E �ì¡ TU;<LNOJ;h?GAH&BCTU;É=J@`GcGAHìLNW<B`G½B]? � ;bHàG^_J@�VPG^=JLN;PW�GAH5?�=2?ABCT

P � TJLNV`TT2?^W Ë ;P;>EWCBC@`G^EJ�pKMZ§W`;>B�VPG^KNG^@`;PO$?AEUO ;�¢[B`;>EUOBCTJLNW�çJ¢J;POÍVPG^KNG^@CLMEJ�éB`G�?�=2?ABCT�GAH�G^@`OJ;>@
4|P | �Y¡ TJLNWYLMEFljG^KMlj;PWìBCTJ@`;P; Ë ?^WCLNV�G^=�;>@]?ABCLNG^EUW �YÌ LM@`WCBhgj;h?^V]T�GAH·BCTU;orq]u�lj;PV>B`G^@`W�GAHYBCTU;�çJ¢J;POR=2?ABCT�_UW`LMEJ�
n
VPGcG^@`O[LME2?AB`;PW*LNW*LMEUV>@`;h?^W`;PO�B`G�G^EU;�_UWCLMEJ�

n+ 2
VPGcG^@`O[LME2?AB`;PW Ë Z?^OJO[LMEJ�éB � GbEU; � orq]u*VPGcG^@`O[LME2?AB`;PWìW`_UV`T�BCT2?AB&BCTU;�@`;PWC_JKMBCLMEJ�blj;PV>B`G^@ìLNWìO[LNW`BCLMEJ�p_JLNWCTU;PO LME�;h?^V]T�GAH�BCTU;5HfG^_J@VPG^=JLN;PW�GAH�BCTJLNW<=2?ABCT � ac;PVPG^EUO[KMZjg0BCTU;ÉHàG^_J@�VPG^=JLN;PWé?A@`;�Kµ?ALNO;>EUOSB`GR;>EUO � LMBCTBCTU;ÍG^@`OJ;>@�GAH�BCTU;ÍW`;PVPG^EUO?AEUO½HfG^_J@CBCT�VPG^=JLN;PW�@`;>lj;>@`W`;POÎHà@`G^D BCTU;�çU@`WCB*?AEUOÎBCTJLM@`O � £0?^W`BCKMZjg[BCTJ@`;P;�EU; � lj;PV>B`G^@`W�;h?^V`T � LMBCTR�h;>@`GpW�LMEBCTU;éçU@`WCB

n− 1
VPGcG^@`O[LME2?AB`;PW�?AEUO§O[L	��;>@CLMEJ�ÎG^EJKMZ�LME ?AB�KN;h?^WCB<G^EU;bGAH�BCTU;bKµ?^WCB�B � G�orq]uÉVPGcG^@`O[LME2?AB`;PW<?A@`;LMEUW`;>@CB`;PO Ë ;>B � ;P;>E�BCTU;�çU@`WCB*=2?ABCT§?AEUOÎBCTU;�W`;PVPG^EUO�gJBCTU;�W];PVPG^EUO�?AEUORBCTU;<BCTJLM@`O�g2?AEUORBCTU;<BCTJLM@`O§?AEUORBCTU;HfG^_J@CBCT �dmEÍG^@`OJ;>@YB`G<?^VPVPG^DÍ=JKMLNW`T � T2?AB�T2?^W·í�_UWCB Ë ;P;>EÍOJ;PW`V>@CL Ë ;PO�LME ?�=J@`;PV>LNW`;�HfG^@CD�?AK � ?hZ � ;�çU@`WCB�LMEFBC@`GcO[_UVP;W`G^D ;ÉEUG^B]?ABCLNG^E � d�H v LNW�?AE n qeO[LMD ;>EUWCLNG^E2?AK�lj;PV>B`G^@�¤forq]uÍW`;���_U;>EUVP;²¦�BCTU;>E v0 ?AEUO v1 ?A@`;�BCTU; (n + 1)

q
O[LMD ;>EUWCLNG^E2?AK�lj;PV>B`G^@`W G Ë B]?ALMEU;PO Hà@`G^D v Ë Z ;�¢cB`;>EUO[LMEJ�LMB � LMBCT ?SVPGcG^@`O[LME2?AB`;�oS?AEUOÛupg�@`;PWC=·;PV>BCLMlj;>KMZ �a�LMDÍLMKµ?A@CKMZjg0WØ?PZjg

v11
LNW<BCTU;

(n + 2)
qeO[LMD ;>EUW`LNG^E2?AKìlj;PV>B`G^@éG Ë B]?ALMEU;PO Hà@`G^D v Ë Z ;�¢[B`;>EUO[LMEJ��LMB � LMBCTB � GVPGcG^@`O[LME2?AB`;PWéu ��¡ G�?PljG^LNO�VPG^E[Hà_UWCLNG^E7gJBCTU; n qeO[LMD ;>EUW`LNG^E2?AK7�h;>@`GÍlj;PV>B`G^@ � LMKMK Ë ;�OJ;>EUG^B`;PO Ë Z 0n �Ì LM�p_J@`;�uÍW`TUG � W�BCT2?ABbBCTU;>@`;�?A@`;Í�jGcG�O$=·;>@CDb_JB]?ABCLNG^EUW�HfG^@ Ë G^BCT n = 5

?AEUO
n = 6 � dmB�LNW�;h?^W`Z§B`Glj;>@CL�HàZÍBCTU;*VPG^@C@`;PV>BCEU;PW`W�GAH�BCTU;PW`;*;�¢U?ADÍ=JKN;PW �Y¡ TU;PW`;�;�¢J?ADÍ=JKN;PW � LMKMK·?AEUV]TUG^@�BCTU;*LMEUO[_UV>BCLMlj;*=J@`GcGAH�BCT2?AB � ;�pLMlj;�W`;>=2?A@]?AB`;>KMZ½HfG^@

n
G�OJO�?AEUOÎHfG^@

n
;>lj;>E �

¡ G�çUEJLNWCT BCTU;�=J@`G�GAH*GAH�BCTU;�BCTU;PG^@`;>D�g � ;�=J@`Ghlj;�HfG^@bBCT2?ABÉL�H P2n−1

LNWÉWCBC@`G^EJ�pKMZ$W`;>B�VPG^KNG^@]? Ë KN;�HfG^@
n ≥ 5

BCTU;>E
P2n+1

LNW�WCBC@`G^EJ�pKMZÎW`;>B�VPG^KNG^@]? Ë KN; �
� �
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¡ TF_UW'?^W`WC_JD ;YBCT2?AB v1, v2, . . . , v2n−1
LNW0?�OJ;PWCLM@`;POé�jG�GcO<=�;>@CDé_JB]?ABCLNG^E�GAHcBCTU;

n
qeO[LMD ;>EUW`LNG^E2?AKFEUG^EJ�h;>@`G

orq]u�lj;PV>B`G^@`W � ¡ TU;>E LMB LNW�?W`G^D ; � T2?AB�B`;PO[LNG^_UWhg Ë _JB�WCBC@]?ALM�pT�BÔHàG^@ � ?A@`O B`Glj;>@CL�HàZ BCT2?AB BCTU;ÎHfG^KMKNG � LMEJ�W];��F_U;>EUVP;<LNW�?ÉOJ;PWCLM@`;POÎ=�;>@CDé_JB]?ABCLNG^E�GAH'BCTU;
(n+ 2)

qeO[LMD ;>EUWCLNG^E2?AK7EUG^EJ�h;>@`GÍlj;PV>B`G^@`W�W]?ABCLNWCH ZcLMEJ��BCTU;�WC_JD
VPG^EUO[LMBCLNG^EUW � ¤ ¡ TU;�;�¢cB`;>EUW`LNG^E LNW � q�=�;>@CLNGcO[LNV�LME BCTU; Ë KNG�V � W�GAH 2n − 1

lj;PV>B`G^@`W Ë _JB @`;��F_JLM@`;PW½VP;>@CB]?ALMELME�B`;>@`V`T2?AEJ�j;PW�GAH�BCTU;�çU@`W`BìG^@ìKµ?^WCBìB � Gblj;PV>B`G^@`W&B`G�Hà_JK�çUKMKUBCTU;*WC_JD VPG^EUO[LMBCLNG^EUWØ¦ � �$;�=J@`G²l�LNOJ;�BCTU;�KN;>EJ�pBCT�ZW];��F_U;>EUVP;§B`G$V>Kµ?A@CL�HàZæBCTU;�OJ;PWCLM@`;PO @`;PWC_JKMBCLMEJ���jGcGcO =�;>@CDé_JB]?ABCLNG^E � ¤���;PV>B`G^@`W � @CLMBCB`;>EÏlj;>@CBCLNVh?AKMKMZjg Ë G^KNO;>E�BC@CLN;PW*LMEUO[LNVh?AB`;é;>EFBC@CLN;PW�BCT2?AB�OJGÍEUG^B�çUB�LMEFB`G�BCTU; � q�=·;>@CLNGcO[LNV�=2?ABCB`;>@CE � ¦
v1

0
0

v2

0
0

v3

0
0

v4

0
0

v5

0
0

v6

0
0

v7

0
0

. . .
v2n−8

0
0

v2n−7

0
0

v2n−6

0
0

v2n−5

0
0

v2n−4

0
0

v2n−3

0
0

v2n−2

0
0

v2n−1

0
0

0n

1

1

v2n−1

1
1

v2n−2

0
1

v2n−3

1
0

v2n−4

0
1

v2n−5

1
1

v2n−6

0
1

v2n−7

1
0

. . .
v8

0
1

v7

1
1

v6

0
1

v5

1
0

v4

0
1

v3

1
1

v1

1

0

v2

0

1

0n

1

0

v2

1

1

v1

0

1

v3

1
0

v4

1
1

v5

0
1

v6

1
1

v7

1
0

. . .
v2n−8

1
1

v2n−7

0
1

v2n−6

1
1

v2n−5

1
0

v2n−4

1
1

v2n−3

0
1

v2n−1
1

0

v2n−2
1

1

0n

0

1

v2n−2
1

0

v2n−1
0

1

v2n−3

1
1

v2n−4

1
0

v2n−5

0
1

v2n−6

1
0

v2n−7

1
1

. . .
v8

1
0

v7

0
1

v6

1
0

v5

1
1

v4

1
0

v3

0
1

v2

1
0

v1

1
1

¡ TJLNW�VPG^DÍ=JKN;>B`;PW�BCTU;�LMEUO[_UV>BCLMlj;éWCB`;>=�?AEUORBCTU;�=J@`G�GAHYGAH'BCTU;<BCTU;PG^@`;>D � 2

¡ TU;½@`;h?^OJ;>@ WCTUG^_JKNO EUG^B`;�BCT2?ABÍBCTU;½LME�B`;>@`V`T2?AEJ�j;PW @`;���_JLM@`;PO LME BCTU;ÎVPG^EUWCBC@C_UV>B`;POæW`;���_U;>EUVP;�LME BCTU;=J@`GcGAHUíÔ_UWCB��pLMlj;>E½D�? � ;PW�BCTJLNW�VPG^EUW`BC@C_UV>BCLNG^E�H�?ALMK2HfG^@
n = 2

gcW`G�BCT2?AB
P2
W`BC@`G^EJ�pKMZ�W`;>B&VPG^KNG^@]? Ë KN;�OJGc;PWìEUG^BLMDÍ=JKMZ

P8
LNW�WCBC@`G^EJ�pKMZÎW`;>B*VPG^KNG^@]? Ë KN; �

¡ TU;é�j;>EU;>@]?AK�WCBC@]?AB`;>�pZ�_UW];PO�LME§BCTU;é=J@`GcGAH&GAH�BCTU;bKµ?^WCB*BCTU;PG^@`;>D Vh?AE Ë ;É?A=J=JKMLN;PO Ë ;>�pLMEJEJLMEJ� � LMBCT ?W`BC@`G^EJ�pKMZ�W`;>B�VPG^KNG^@]? Ë KN; Ë LM=2?A@CBCLMB`;b�p@]?A=JT§LMES=JKµ?^VP;éGAH&? =2?ABCT ��¡ TU;éLME�B`;>@`V`T2?AEJ�j;�LNOJ;h? LNW*EUG^B�EU;P;POJ;PO�LMEBCTJLNW�Vh?^W`; �
� ¸0©�¬ � ©�� $7ô %0ÑPÞ

G ' Ñ�úÍÖ>ÞàÒÔÓ^Ücù-, ÷�ÖPÑ>Þ5Ý`Ó-,MÓ^ÒCú ' ,NÑ ' ßåû[ú^Ò>Þàß ÞeÑ�ù^ÒCúØû2ãRâYßàÞ ãRÝ]Ó-,�ÓpÒÉÝ ,MúAÖ]ÖhÑØÖ X * Y ú^ÜwêÎÑCêhùFÑ
ÖhÑ>Þ

E
ü %.Ñ>Þ

G1
*
G2
*
G3
*
G4 ' Ñ�ÚPÓ^×cÒÉê^ß´Ö �PÓ^ß Ü2Þ&Ý`Ó�ûwßfÑ�ÖÉÓÔÚ G âYßàÞ ã�Ý]Ó-,�ÓpÒÉÝ ,MúAÖ]ÖhÑØÖ

X1
*
Y1
*
X2
*
Y2
*
X3
*

Y3
*
X4
*
Y4
ú^ÜwêSÑCêhùFÑÍÖPÑPÞ Ö

E1
*
E2
*
E3
*
E4
*�Ò`ÑØÖ�ûJÑ`ÝPÞàß´ö^Ñ0, ÷Fü %0Ñ>Þ

G0
ê�Ñ�ÜwÓpÞeÑ�Þ ã[Ñ�ùpÒÔúØûwãÓ ' Þ�ú^ß´Ü�ÑCê�Ú�ÒÔÓpÙÞ ãJÑÎê^ßµÖ �>Ópß´Ü2Þ�×�ÜUßfÓ^ÜæÓÔÚ�Þ ã[ÑÉù^ÒCúØû2ãFÖ

G1
*
G2
*
G3
*
G4 ' ÷Sújêjêpß´Ü�ùÑCê²ùFÑØÖ e1

*
e2
*
e3
âYßàÞ ã Þ ã[Ñ�ÚPÓ-, ,�ÓpâYß´Ü�ù

û·ÒÔÓØûUÑ�Ò�Þàß�ÑØÖ��
� ü�ÑCújÝ>ã

ei
�PÓ^ß´ÜUÖ�ÞàâìÓ½Ý`ÓØû·ßfÑØÖbÓCÚ�Þ ã[Ñ�Ö>ú^Ù�ÑéöAÑ�Ò>ÞeÑ ���

� üÉÓ^Ü·ÑbÓÔÚ�Þ ã[ÑìÚPÓ-, ,�Ó^âYß Ü�ù�Þ ãFÒ`Ñ`Ñ�û[ÓAÖØÖØß ' ß , ßàÞàßfÑØÖéÓhÝ]Ý>×�ÒØÖ��
	 ú�
æÞ ã[Ñ�ÑCêhù�ÑØÖ��PÓ^ß´Ü

X1
ú^Ü·ê

X2
*
X1

ú^Üwê
X3
*
X1

ú^Üwê
X4
*�Ò`ÑØÖ�ûJÑ`ÝPÞàß´ö^Ñ0, ÷���Ó^Ò

	 ' 
æÞ ã[Ñ�ÑCêhù�ÑØÖ��PÓ^ß´Ü X1
ú^Ü·ê

X2
*
X2

ú^Üwê
X3
*
Y3
úpÜwê

Y4
*�Ò`ÑØÖ�ûJÑ`ÝPÞàß´ö^Ñ0, ÷���Ó^Ò

	 Ý�
æÞ ã[Ñ�ÑCêhù�ÑØÖ��PÓ^ß´Ü
X1

ú^Ü·ê
X2
*
Y2
ú^Üwê

Y4
*
Y1
úpÜwê

Y3
*�Ò`ÑØÖ�ûJÑ`ÝPÞàß´ö^Ñ0, ÷Fü

E0ãJÑ�Ü
G0
ßµÖ�Ö�ÞàÒCÓ^Ü�ù-, ÷ ÖhÑ>Þ5Ý`Ó-,MÓ^ÒÔú ' ,MÑ²ü

15ÒÔÓhÓCÚ ��G^EUWCLNOJ;>@&BCTU;�W]?AD ;�lj;PV>B`G^@&VPG^KNG^@CLMEJ�bGAH
G1
g
G2
g
G3
?AEUO

G4 �'¡ TU;>E�;�¢cB`;>EUO�BCTU;�lj;PV>B`G^@`W�LME X1
g

Y1
gw?AEUO

E1 � LMBCT opo[gwBCTU;�lj;PV>B`G^@`W�LME X3
g
Y4
g·?AEUO

E2 � LMBCTo[upgwBCTU;élj;PV>B`G^@`W�LME X2
g
Y3
g�?AEUO

E4 � LMBCT
� �
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Ì LM�p_J@`;½¥#� ��G^KNG^@CLMEJ�GAH�BCTU; Ë LME2?A@CZBC@`;P; � I�KMK�orq]u�W`;���_U;>EUVP;PWbWCTUG^_JKNO Ë ;Í=2?^OJOJ;PO"G^E BCTU; KN;�HàB Ë ZBCTU;?A=J=J@`G^=J@CLµ?AB`;�E�_JD Ë ;>@�GAH��h;>@`GpW �
uho[gJBCTU;élj;PV>B`G^@`W�LME

X4
g
Y2
g2?AEUO

E3 � LMBCT"upu � deH � ;�VPG^KNG^@�BCTU;�;PO[�j;PW e1
g
e2
g
e3
?^VPVPG^@`O[LMEJ��B`GÍBCTU;éWC_JD

VPG^EUO[LMBCLNG^E7gcBCTU;>E�LMB&LNW&;h?^W`ZÍB`G�lj;>@CL�HàZÍBCT2?AB � ;�G Ë B]?ALMER?�OJ;PWCLM@`;PO�lj;PV>B`G^@5VPG^KNG^@CLMEJ��GAH G0
gcVPG^DÍ=JKN;>BCLMEJ��BCTU;

=J@`GcGAH � 2

a�ZcDÍD ;>BC@CLNVÍ=�GpW`WCL Ë LMKMLMBCLN;PW�GAH&BCTUGpW];bKMLNW`B`;PO LMESBCTU;ÉKµ?^WCB�BCTU;PG^@`;>D ?A@`;ÍV>KN;h?A@CKMZSWCBC@`G^EJ�pKMZ W`;>B�VPG^KNG^@]? Ë KN;?^W � ;>KMK � deB�LNWéEUG^B`;PO$LME î u�ïìBCT2?ABé�p@]?A=JTUW � TJLNV`T ?A@`;�WCBC@`G^EJ�pKMZW`;>BÉVPG^KNG^@]? Ë KN;�Vh?AEJEUG^BéT2?hlj;�BCTU;>LM@É;>lj;>EOJ;>�p@`;P;Ílj;>@CBCLNVP;PW�VPG²lj;>@`;PO Ë ZSB � G�;PO[�j;PW � ��G � ;>lj;>@bBCTJLNW�VPG^EUO[LMBCLNG^E$LNW<EUG^B�WC_#"�V>LN;>EFB�HàG^@��p@]?A=JTUW�B`G Ë ;WCBC@`G^EJ�pKMZW`;>BéVPG^KNG^@]? Ë KN; �ÎÌ G^@É;�¢J?ADÍ=JKN;pg P8
LNW�EUG^BÉWCBC@`G^EJ�pKMZW`;>BéVPG^KNG^@]? Ë KN; Ë _JBÉOJG�;PW�EUG^BéT2?Plj;�LMB`WéWCL�¢;>lj;>E"OJ;>�p@`;P;�lj;>@CBCLNVP;PWbVPG²lj;>@`;PO Ë ZB � G§;PO[�j;PW � dmBéW`;P;>D WéB`G Ë ; O[L "�V>_JKMBbB`G�;>lj;>E"V`T2?A@]?^V>B`;>@CLM�h; � TJLNV]TBC@`;P;PW*?A@`;�W`BC@`G^EJ�pKMZÎW];>B�VPG^KNG^@]? Ë KN; �

� ��Ã2Ä�Å�Â � � �'Ã È'Å��`Å�Ä�Ê`Â ����Å�� Å5Ã ����Ä�ÃwÄ������

¡ TU; Ë LME2?A@CZbBC@`;P;�T2?^W�?�=2?A@CBCLNV>_JKµ?A@CKMZÉEJLNVP;�W];>B�VPG^KNG^@CLMEJ� ��¡ G�;>EUWC_J@`;�BCT2?AB � ;�T2?Plj;�;�¢U?^V>BCKMZ 2n−1 lj;>@CBCLNVP;PWhg
� ;�?^OJOG^EU;�?^OJO[LMBCLNG^E2?AKìKN;h?rH5B`GÎBCTU;�@`G�G^B�GAH5BCTU;ÍBC@`;P; �Í¡ TU;ÍVPG^KNG^@CLMEJ�§LNW<BCTU;>E$�pLMlj;>E"?AB�;h?^V`T�KN;>lj;>K Ë Z?^W`WCLM�pEJLMEJ�Ílj;>@CBCLNVP;PW�BCTU; Ë LME2?A@CZ½EF_JD Ë ;>@`W�H @`G^D 2`+1 B`G 3.2` − 1

LMERBC_J@CE7gJW`;P; Ì LM�p_J@`;�¥ �ì¡ TU;�;PO[�j;PW�?A@`;VPG^KNG^@`;PO � LMBCT�BCTU;�EF_JD Ë ;>@`W 3.2`
B`G

2`+2 − 1
LMERBCTU;éG^@`OJ;>@*GAHY?É�p@`;>ZRVPGcOJ; �I�EUG^BCTU;>@*LME�B`;>@`;PWCBCLMEJ��=�GpW`WCL Ë KN;éVPG^EUWCBC@C_UV>BCLNG^E§LNW*B`GÍB]? � ;b?�WCBC@`G^EJ��W`;>B�VPG^KNG^@CLMEJ��GAH G ?AEUO�;�¢cB`;>EUO�LMBB`G�?<EU; � �p@]?A=JT G′ G Ë B]?ALMEU;PO H @`G^D G Ë ZÍ?^OJO[LMEJ� 2n

=·;>EUO[LMEJ�é;PO[�j;PW �'¡ TU;*VPG^KNG^@�GAH�;h?^V]T�GAH�BCTU;�G^@CLM�pLME2?AK;PO[�j;PW*?AEUOÎlj;>@CBCLNVP;PW�GAH
G
LNW�G Ë B]?ALMEU;PO Ë ZÎ?A=J=�;>EUO[LMEJ��oÉB`G�BCTU;�G^@CLM�pLME2?AK0VPG^KNG^@ �ìè ; � ;PO[�j;PW ei �j;>B*VPG^KNG^@u

pi
?AEUO EU; � lj;>@CBCLNVP;PW ui �j;>B�VPG^KNG^@ u qi � TU;>@`;�BCTU;�=·;>EUOJ;>E�B�;PO[�j; ei = uivi

LNW�íÔG^LMEU;POSB`G�?�lj;>@CB`;�¢
viGAH�VPG^KNG^@�o

vi � �$;ÉEU;P;PO vi = pi − qi
HfG^@<BCTJLNW<B`G��pLMlj;Í?½WCBC@`G^EJ�RVPG^KNG^@CLMEJ��GAH

G′
g7?AEUOSBCTU;�W`;>B�GAH�?AKMK

pi?AEUO
qi
EU;P;POJW�B`G�;�¢cT2?A_UWCB

Fn2 � è G^B`;ÍBCT2?ABéW]G^D ; GAH�BCTU; vi � W�D�?hZ Ë ;ÍBCTU;�W]?AD ;ÍWCLMEUVP; � ;�Vh?AE"?ABCB]?^V]TW`;>lj;>@]?AK�=�;>EUOJ;>EFB�;PO[�j;PW<B`G½BCTU;�W]?AD ;Élj;>@CB`;�¢ � �$;bEU;P;PO ∑ vi = 0
HàG^@�WC_UV]T

pi
?AEUO

qi
B`GÎ;�¢[LNWCBÍ¤àWCLMEUVP;

0 =
∑
pi +

∑
qi =

∑
vi
¦ � deB�?A=J=�;h?A@`W�BCT2?AB5BCTJLNW�LNW�WC_#"�V>LN;>EFBhg2W`G � ;<D�? � ;<BCTU;�HàG^KMKNG � LMEJ��VPG^E^íC;PV>BC_J@`; �

ð ¬w°Jñ>© �p�²ò.� © � ô .5ß öAÑ�Ü
2n−1 ÜwÓ^ÜUÕfÐ²Ñ�ÒCÓ 	 Ü·ÓpÞ7Ü·Ñ`Ý]ÑØÖ]ÖPú^Ò�ß , ÷�êpßµÖ>Þàß´ÜwÝhÞ 
<ö^ÑCÝPÞ�Ó^ÒØÖ

v1, . . . , v2n−1 ∈ Fn2
*
n ≥ 2

*
âYßàÞ ã ∑2n−1

i=1 vi = 0
*�Þ ã[Ñ�Ò`ÑRÑ �^ß´Ö�Þ Ö�ú û[ú^Ò>ÞàßàÞàßàÓ^Ü ÓÔÚ

Fn2
ß´ÜwÞ�ÓÍûJú^ß´ÒØÖ�ÓÔÚÍöAÑ`ÝPÞ�Ó^ÒØÖ {pi, qi} * i = 1, . . . , 2n−1ÖØ×JÝ�ã�Þ ãcúpÞwÚPÓ^Òéú-, ,

i
*
vi = pi − qi

ü

¡ TJLNW�VPG^E^íÔ;PV>BC_J@`;pg � TJLNV`TS?A=J=�;h?A@`W�B`G Ë ;�GAH�LMEFB`;>@`;PWCB�LME�LMB`W�G � E�@CLM�pTFBhg2LNW�BC@C_U;�HfG^@ n ≤ 5 � dmB�LNW*?AKNW`GBC@C_U;�L�H�?AB*KN;h?^W`B�T2?AK�H�GAH�?AKMK0BCTU;�lj;PV>B`G^@`W
vi
?A@`;�BCTU;bW]?AD ;é?AEUO§;h?^V`T�lj;PV>B`G^@�G�VPV>_J@`W�?AE�;>lj;>E�E�_JD Ë ;>@�GAHBCLMD ;PW �

� �
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� ¸0©�¬ � ©�� 
 ô .5ß öAÑ�Ü
2n−1 ÜwÓpÜUÕàÐrÑ�ÒÔÓ öAÑCÝPÞ�ÓpÒ]Ö v1, . . . , v2n−1 ∈ Fn2

*
n ≥ 2

*YâYßàÞ ã
v1 = v2 = · · · = v2n−2úpÜwê

v2i+1 = v2i+2
ÚPÓ^Ò*ú-, ,

i = 2n−3, . . . , 2n−2−1
*.Þ ã[Ñ�Ò`Ñ<Ñ �^ß´Ö�Þ Ö*ú5ûJú^Ò�ÞàßàÞàßfÓ^ÜÎÓCÚ

Fn2
ß´Ü2Þ�Ó5û[ú^ß Ò]Ö*ÓÔÚ5öAÑ`ÝPÞ�Ó^ÒØÖ

{pi, qi}
*
i = 1, . . . , 2n−1 Ö�×[Ý�ã�Þ ãcújÞ2ÚPÓ^Òéú-, , i * vi = pi − qi

ü
15ÒÔÓhÓCÚ �ÏLMBCTUG^_JB KNGpW`W�GAH��j;>EU;>@]?AKMLMBeZ ?^W`W`_JD ;

v1 = 00 . . . 01 ∈ Fn2 � a�_J=J=�GpW`; � ;�T2?Plj;SV`TUGpW];>E pj?AEUO
qj
HàG^@½W`G^D ;�=2?ALM@`W

j = 2i + 1, 2i + 2 � TU;>@`; vj 6= v1
W`G$BCT2?AB½BCTU;�lj;PV>B`G^@`W½BCT2?AB�T2?Plj; Ë ;P;>E_UW];PO�HfG^@CD ?§_JEJLNG^E GAH*=2?ALM@`W {u0, u1} g u ∈ S ⊆ Fn−1

2 � a�_J=J=�GpW`; v2i+1 = v2i+2 6= v1
LNW ?AEUG^BCTU;>@

=2?ALM@RGAH�lj;PV>B`G^@`W�HfG^@ � TJLNV]T pj ?AEUO qj T2?Plj;SEUG^B½Zj;>B Ë ;P;>E4?^W]WCLM�pEU;PO � �@CLMB`; v2i+1 = v2i+2 = va

� TU;>@`; v ∈ Fn−1
2

?AEUO
a ∈ {0, 1} � a�LMEUVP; � ;RT2?Plj;�V`TUGpW`;>E Hà; � ;>@ BCT2?AE T2?AK�H�GAH�?AKMK�BCTU; pj ?AEUO qj g

|S| < 2n−2 � ¡ TF_UW Ë Z BCTU;R=JLM�j;PG^EJTUG^KN;�=J@CLMEUV>LM=JKN;pg5BCTU;>@`;�;�¢[LNWCB`W�? =2?ALM@ p, q /∈ S � LMBCT p − q = v �
è G � V`TUGcGpW`; p2i+1 = pa

g
q2i+1 = q0

g
p2i+2 = pā

g�?AEUO
q2i+2 = q1

g � TU;>@`; ā = 1 − a �Û¡ TU;>E
v2i+1 = p2i+1 − q2i+1

?AEUO
v2i+2 = p2i+2 − q2i+2

g'?AEUOBCTU; V`TUGpW];>E$lj;PV>B`G^@`W�HfG^@CD ?Î_JEJLNG^E�GAH�=2?ALM@`W
{u0, u1} � LMBCT u ∈ S ′ = S ∪ {p, q} � � ;>=·;h?AB�BCTJLNW*=J@`G�VP;PW`W*_JEFBCLMK � ;�T2?hlj;b?^W`W`LM�pEU;PORlj;PV>B`G^@`W pj ?AEUO qjHfG^@�?AKMK

vj 6= v1 ��Ì LME2?AKMKMZ�?^W`WCLM�pE�HàG^@�;h?^V`T vj = v1
G^EU;ÉGAHYBCTU;�@`;>D�?ALMEJLMEJ�

p /∈ S ?AEUOSW`;>B pj = p1
?AEUO

qj = p0
W`G�BCT2?AB

vj = pj − qj
HfG^@�BCTU;PW`;�l^?AKM_U;PW*GAH

j
?^W � ;>KMK ��¡ TJLNW��pLMlj;PW�BCTU;<@`;���_JLM@`;POÎ=2?A@CBCLMBCLNG^E�GAH Fn2LME�B`G =2?ALM@`W � 2

� � Ä�Å � ��Ä � �'Ã È.Å �`Å�Ä�Ê`Â�� � Å��SÈ.Å � �����'Ã�����Ê � 	�ÄwÃwÊÔÃ � ��Ä�	 � �
�
dmE î u�ïeg2?ÉûwÒÔÓ�ûJÑ�Ò�ÖhÑ>Þ5Ý`Ó-,MÓ^ÒØß Ü�ùbGAHY?Í�p@]?A=JT G LNW�OJ;�çUEU;POS?^W�?AE§?^W`W`LM�pEJD ;>EFB*GAH�WC_ Ë W`;>B`W*GAHY?AE n qe;>KN;>D ;>E�BW];>B�B`G�BCTU;�lj;>@CBCLNVP;PW�?AEUO�;PO[�j;PW�GAH

G
W`G�BCT2?AB

u � ;h?^V`T§;PO[�j;�@`;PVP;>LMlj;PW�BCTU;�W`Z�DÍD ;>BC@CLNV�O[L	��;>@`;>EUVP;�GAH�BCTU;�W`;>B`W�?^W`W`LM�pEU;PORB`GÍLMB`W�;>EUOÎlj;>@CBCLNVP;PW �
¥ � O[LNWCBCLMEUV>B�lj;>@CBCLNVP;PW*@`;PVP;>LMlj;�O[LNWCBCLMEUV>B*W];>B`W �
ý � O[LNWCBCLMEUV>B*;PO[�j;PW�@`;PVP;>LMlj;éO[LNWCBCLMEUV>B�EUG^E[qe;>DÍ=JBmZ�W`;>B`W � ?AEUO
�U� ;>lj;>@CZ½EUG^E[qe;>DÍ=JBeZ�W`;>B*?A=J=�;h?A@`W*G^E�W`G^D ;é;PO[�j; �

è G^B`;�BCT2?AB�BCTU;<W]?AD ;<W`;>B�Vh?AERGcVPV>_J@�G^E Ë G^BCT�?AER;PO[�j;<?AEUOR?blj;>@CB`;�¢ � �&KN;h?A@CKMZjg[L�H'?b=J@`G^=·;>@�W`;>B�VPG^KNG^@CLMEJ�GAH
G
LNW�B`GÍ;�¢[LNWCB`W � ;�EU;P;PO |E(G)| = 2n − 1 �
¡ TU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D ?A=J=·;h?A@`W*?^W�?�VPG^E^íÔ;PV>BC_J@`;éLME î u>ï �

� ¸0©�¬ � ©�� �wô(´ÚbÞ ã[Ñ�Ý`Ó^Ù�û ,NÑ>ÞeÑ ' ßÿû[úpÒ�ÞàßàÞeÑ<ù^ÒCúØû2ã Ks,t
ãcúAÖÉú�ûwÒCÓØûJÑ�ÒbÖPÑPÞ5Ý]Ó-,�ÓpÒØß Ü�ùRÞ ã[Ñ>Ü"Ñ�ß Þ ãJÑ�Ò

s = 1
Ó^Ò

t = 1
ü
�@CLMBCLMEJ�

S1, . . . , Ss
?AEUO

T1, . . . , Tt
?^W�BCTU;�W`;>B`W�?^W`WCLM�pEU;PORB`GÍBCTU;�lj;>@CBCLNVP;PW*GAH

Ks,t
gUBCTJLNW�BCTU;PG^@`;>D	LNW

?AE�LMDÍD ;PO[Lµ?AB`;éVPG^EUW`;���_U;>EUVP;�GAH�BCTU;<HàG^KMKNG � LMEJ� �
� ¸0©�¬ � ©�� �7ô ��ÖØÖØ×cÙ�Ñ

S1, . . . , Ss
ú^Üwê

T1, . . . , Tt
ú^Ò`Ñ�ÖØ× ' ÖPÑ>Þ Ö ÓÔÚ {1, . . . , n} ú^Üwê Þ ã[Ñ�ÖØ÷^Ù�Ù�Ñ>ÞàÒ�ßàÝêpß ��Ñ�Ò`Ñ�ÜwÝØÑØÖ

Si ⊕ Tj
*
i = 1, . . . , s

*
j = 1, . . . , t

*Éú^Ò`Ñ�ÜwÓ^ÜUÕCÑ�Ù�û·Þà÷�ú^Üwê$ÒCÑeû·ÒCÑØÖhÑ�Ü2ÞÍÑ�öAÑ�Ò�÷�Ü·Ó^ÜUÕÔÑ>Ù*û�Þà÷
Ö�× ' ÖPÑ>Þ�ÓÔÚ {1, . . . , n} Ñ �júFÝPÞ , ÷RÓ^ÜwÝØÑ 	 Ö>Ó�ß ÜÍû[ú^Ò>ÞàßfÝ>×�,Mú^Ò

st = 2n − 1

jü�E0ã[Ñ�Ü$Ñ�ßàÞ ã[Ñ�Ò

s = 1
Ó^Ò
t = 1

ü
15ÒÔÓhÓCÚ ��G^EUWCLNOJ;>@�HàG^@�?AE�Z

X ⊆ {1, . . . , n} BCTU; �F_2?AE�BCLMBCLN;PW ŜX =
∑s

i=1(−1)|X∩Si|
?AEUO

T̂X =∑t
j=1(−1)|X∩Tj | � ¤ ¡ TU;PW`;�?A@`; Ì G^_J@CLN;>@ÍBC@]?AEUWÔHfG^@CD W�Ghlj;>@ Fn2

GAH*BCTU;½LMEUO[LNVh?AB`G^@�Hà_JEUV>BCLNG^EUW��pLMl�LMEJ� BCTU;
W];>B`W

Si
?AEUO

Tj
@`;PWC=�;PV>BCLMlj;>KMZ � ¦ è G �

ŜX T̂X =
∑

i,j

(−1)|X∩Si|+|X∩Tj | =
∑

Y 6=∅
(−1)|X∩Y |

� �
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WCLMEUVP; |X ∩Si|+ |X ∩Tj| ≡ |X∩ (Si⊕Tj)| mod 2
?AEUOÍBCTU;

Si⊕Tj
@]?AEJ�j;*Ghlj;>@�?AKMKUEUG^E[qe;>DÍ=JBeZ�W`_ Ë W`;>B`WGAH {1, . . . , n} ��è G � L�H X 6= ∅ gwBCTU;>E�BCTU;�E�_JD Ë ;>@�GAH�¤ =�GpW`WCL Ë KMZR;>DÍ=JBmZJ¦*WC_ Ë W`;>B`W Y ⊆ {1, . . . , n} � LMBCT

|X ∩ Y | LNW<;>lj;>E§LNW�BCTU;bWØ?AD ;É?^W�BCTU;éE�_JD Ë ;>@ � LMBCT |X ∩ Y | GcOJO � dmEUOJ;P;PO�g·L�H k ∈ X � ;bVh?AES=2?ALM@�_J=BCTU;<W`;>B`W
Y � LMBCT k /∈ Y � LMBCT Y ′ = Y ∪ {k} ?AEUOÎBCTU;>E |X ∩ Y | ?AEUO |X ∩ Y ′| T2?Plj;�O[L	��;>@`;>EFB�=2?A@CLMBCLN;PW �

¡ TF_UW
ŜX T̂X =

∑

Y 6=∅
(−1)|X∩Y | =

(∑

Y

(−1)|X∩Y |
)
− (−1)|X∩∅| = 0− 1 = −1.

� _JB ŜX , T̂X ∈ Z
gJW`G

ŜX , T̂X ∈ {−1, 1} HfG^@ X 6= ∅ �Yè G � VPG^EUWCLNOJ;>@
∑

X

Ŝ2
X = Ŝ2

∅ +
∑

X 6=∅
Ŝ2
X = s2 + (2n − 1).

�$;�Vh?AE�?AKNW`G � @CLMB`;�BCTJLNW*?^W
∑

X

Ŝ2
X =

∑

X

s∑

i,j=1

(−1)|X∩Si|(−1)|X∩Sj | =
s∑

i,j=1

∑

X

(−1)|X∩(Si⊕Sj)|.

� _JB�BCTU;�Kµ?^WCBéW`_JD Ghlj;>@ X LNW��h;>@`GR_JEJKN;PW`W
Si ⊕ Sj = ∅ g0L � ; � g0_JEJKN;PW`W Si = Sj � � _JB�L�H Si = Sj

BCTU;>E
Si ⊕ T1 = Sj ⊕ T1

gJW`G
i = j

WCLMEUVP;�BCTU;
Sk ⊕ Tl

?A@`;éO[LNWCBCLMEUV>B � ��;>EUVP;
∑

X

Ŝ2
X =

s∑

i=1

∑

X

(−1)|X∩∅| = 2ns.

¤ ¡ TJLNW�LNWwí�_UW`B�?�WC=�;PV>Lµ?AKJVh?^W`;&GAH�X'?A@`W];>l^?AK � W�BCTU;PG^@`;>D HfG^@ Ì G^_J@CLN;>@YBC@]?AEUWÔHàG^@CD W � ¦ ¡ T�_UW 2ns = s2+(2n−1)?AEUO�W`G
(s− 1)(s− (2n − 1)) = s2 − 2ns+ (2n − 1) = 0.��;>EUVP;�;>LMBCTU;>@

s = 1
gJG^@

s = 2n − 1 � � _JB�L�H s = 2n − 1
BCTU;>E

t = 1
WCLMEUVP;

st = 2n − 1 � 2
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K3 + K3

<~,´/w1).aA�,�<$, /·,), ∗
� ;PW];h?A@`V`T�dmEUWCBCLMBC_JB`;<HfG^@�QS?ABCTU;>D�?ABCLNVh?AKacV>LN;>EUVP;PWhg

i<ZjG^B`G k�EJLMlj;>@`WCLMBeZ
� �²|Jy[�A~jzF{�|2�P���'�ezF�[}px[}U�h{&�Ôy[�'�m�p�

���.�P�h�A�J�p�p� dmEæBCTJLNWÍB]?AK � g � ;�W � ;>B`V`TÏ? =J@`G�GAH�GAH<BCTU;ÎHàG^KMKNG � LMEJ�$@`;PWC_JKMB � ¡ TU;�Dé_JKMBCL � G �Hf;h?^WCL Ë LMKMLMBeZ�=J@`G Ë KN;>D W�HfG^@5OJ;>D�?AEUOÎ�p@]?A=JT H = K3 +K3
_JEUOJ;>@�BCTU; �Y_JKN;>@�VPG^EUO[LMBCLNG^ERT2?hlj;

?
1/12

q�LMEFB`;>�p@]?AK�W]G^KM_JBCLNG^ESG^@�EUG�W`G^KM_JBCLNG^E �*¡ TJLNW�W`G^KMlj;PW<? � ;h? � ;>@<lj;>@`WCLNG^ESGAHì?�VPG^E^íÔ;PV>BC_J@`;Ë Z$i�?A@C�²?AEUG²l·g&?AEUO ?AKNW`GSVPG^DÍ=JKN;>B`;PWÉBCTU;�V>Kµ?^W]WCL�ç2Vh?ABCLNG^EæGAH*OJ;>D�?AEUO��p@]?A=JTUWÉT2?PlcLMEJ�SçUEJLMB`;Hà@]?^V>BCLNG^E2?AKMLMBeZ �
¨R©Fª�«b¬ �A'�p� � ò 
´�²± � ¬ � �$¬ �±´� ª�º�¬c« � ¶��$© �h�A± �j� ¶ ¾ �A�J�p�²± ¬w° � 
à±´� ª

À Á[Â*ÃwÄ·Å�ÆÉÇbÈ0ÃwÊ`Å*Â
£0;>B

G Ë ;�?AER_JEUO[LM@`;PV>B`;PO��p@]?A=JT � LMBCT§?bEUG^EJEU;>�F?ABCLMlj;é;PO[�j;�Vh?A=2?^V>LMBeZ c : EG→ R+
gU?AEUOÎKN;>B

S ⊆ V G
Ë ;é?ÍW];>B�GAH�B`;>@CDÍLME2?AKNW � I =2?ABCT P LNW*Vh?AKMKN;PO§?AE S ÕMûJúpÞ ãÉL�H�LMB`W�;>EUO[=�G^LMEFB`W<?A@`;�O[LNWCBCLMEUV>B�lj;>@CBCLNVP;PW�LME S � IÙ�× , Þàß ä�Ó^â ¤ Dé_JKMBCLNVPG^DÍD GcO[LMBeZ � G � ¦�LNWé?ÎW`;>B P GAH S q�=2?ABCTUW�LME G B`G^�j;>BCTU;>@ � LMBCT�?½EUG^EJEU;>�F?ABCLMlj; � G � qlp?AKM_U;ÍHà_JEUV>BCLNG^E

λ : P → R+
W]?ABCLNWÔHàZ�LMEJ�RBCTU;�Vh?A=2?^V>LMBeZ�VPG^EUWCBC@]?ALME�B ∑

P∈P :e∈P λ(P ) ≤ c(e)
HfG^@é;h?^V`T

e ∈ EG �
� ò 
µ�²± º�¬c« ¾ © �J�r±´��± 
à±µ� ª ¿.� ¬ � 
 ©�� ô £7;>B

H Ë ; ?¤àW`LMDÍ=JKN;²¦��p@]?A=JT�G^E S(= V H)
g0Vh?AKMKN;PO�?êFÑ�Ù ú^Üwê

ùpÒÔúØûwã�g�?AEUO KN;>B
q : EH → R+ Ë ;�? OJ;>D�?AEUO Hà_JEUV>BCLNG^E �æ¡ TU; ÙÉ× ,�Þàß ä�Ó^â ÚhÑCúAÖ�ß ' ß , ß Þà÷½ûwÒCÓ ' ,NÑ�Ù � LMBCT@`;PW`=·;PV>B�B`G

(G, c;H, q)
LNW�HàG^@CDb_JKµ?AB`;PO§?^W5HfG^KMKNG � W �

¤Ôu � u²¦ Ì LMEUO�?ÉDé_JKMBCL � G � f
W]?ABCLNWÔHàZ�LMEJ�ÍBCTU;éOJ;>D�?AEUOR@`;��F_JLM@`;>D ;>E�B

∑
{λ(P ) | P ∈ P : P

LNW*?AE
(s, t)

q�=2?ABCT } = q(st) (st ∈ EH),

G^@*;PWCB]? Ë KMLNWCTRBCT2?AB*BCTU;>@`;�LNW�EUG WC_UV]T§?ÉDé_JKMBCL � G � �
Ì G^@É?�VPG^DÍD G�O[LMBmZ$�p@]?A=JT H g7BCTU;�Ú�ÒCújÝPÞàßfÓ^Üwú-, ß Þà÷ GAH H LNWéOJ;�çUEU;PO"B`GRBCTU;�KN;h?^WCB�=�GpWCLMBCLMlj; LME�B`;>�j;>@

k

� LMBCT½BCTU;�=J@`G^=�;>@CBeZ�BCT2?AB�¤Ôu � u²¦�T2?^W5? 1/k
q�LMEFB`;>�j;>@�W`G^KM_JBCLNG^EÎG^@ìEUGbW`G^KM_JBCLNG^E HfG^@�?AE�ZÍLMEFB`;>�j;>@ÔqeVh?A=2?^V>LMB]?AB`;PO

�p@]?A=JT
(G, c)

?AEUOR?AEFZ�LME�B`;>�j;>@*OJ;>D�?AEUO
q � d�H0EUGÉWC_UV]T�? k ;�¢cLNW`B`WhgFBCTU;>ERBCTU;�Hà@]?^V>BCLNG^E2?AKMLMBeZ½LNW5OJ;�çUEU;POÎB`G

Ë ;<LME[çUEJLMBeZ � i�?A@C�²?AEUGhl î uh¥Jg�uhýrï.@]?ALNW`;POÎBCTU;<HfG^KMKNG � LMEJ��=J@`G Ë KN;>D �
∗ �BRbZ]J OQH�JLHNMpOQPnR�Z[J JL`bWaWdcVOLYQHNe�fg^ M	l)OnMVogYLr Z[o|r��)Z[e��&cpOIj|P�Z[H�o1YQZ
	bPIGIHKJLHNM:OQPSR ��OQcv��YQRbH)�
Z]obZ]J�YLOL^�cp�s�Cea`aPNMpYQZ]cVo �aq@`b\_YQ`|OQHv�

j|WdcVOLYQJK�Xj|P�Z[H�obPKH	MpoXe
� HKPSRaobcV\[cV�V^
cV���zMpWXMpo {

���



� � � 	���� ��� � � � � spý

¤Ôu � ¥j¦ � ,MúAÖØÖØß ÚØ÷�êFÑ>ÙÍúpÜwê�ùpÒÔúØûwãjÖ
H
ãcú^öhß Ü�ù���ÜUßàÞeÑ�Ú�ÒCújÝPÞàßfÓ^Üwú-, ß Þà÷+*�úpÜwê§ê�Ñ>ÞeÑ�Ò�ÙÉß Ü·Ñ�Þ ã[Ñ�ß Ò

Ú�ÒCújÝPÞàßfÓ^Üwú-, ß Þà÷ÎÑ �jújÝPÞ , ÷Fü

¡ TU;�V>Kµ?^W`WCLNVh?AKUD�?r¢cq � G � DÍLME[qeV>_JBìBCTU;PG^@`;>D�gcO[_U;�B`G Ì G^@`Ocq Ì _JK � ;>@`W`G^E î ¥^ïegFW]?hZcWYBCT2?AB&L�H H LNW�G^EU;�;PO[�j;
K2

¤àG^@�?ÉWCB]?A@Ø¦�g
c
?AEUO

q
?A@`;<LMEFB`;>�p@]?AK�?AEUOÎL�H�?�W`G^KM_JBCLNG^E§;�¢cLNWCB`W²g�BCTU;>ES?AERLMEFB`;>�p@]?AK0W`G^KM_JBCLNG^ES?AKNW`GÍ;�¢cLNW`B`Whg

L � ; � g�BCTU;bHà@]?^V>BCLNG^E2?AKMLMBeZGAH K2
LNW�G^EU; � ��_ îÿþ ï�;�¢[B`;>EUOJ;PO BCTJLNW�@`;PWC_JKMB<B`GÎB � GAqeVPG^DÍD G�O[LMBmZ � G � Whg0W]?PZcLMEJ�BCT2?AB�L�H

H = K2 +K2
¤f?ÉD�?AB`V`TJLMEJ�ÎGAHYWCLM�h;é¥j¦�g

c
?AEUO

q
?A@`;�LME�B`;>�p@]?AK'?AEUORL�H�?ÍW`G^KM_JBCLNG^E�;�¢[LNWCB`Whg[BCTU;>ES?

T2?AK�H q�LMEFB`;>�p@]?AK.W]G^KM_JBCLNG^E§?AKNW`G ;�¢[LNWCB`WhgcL � ; � gJBCTU;<Hà@]?^V>BCLNG^E2?AKMLMBeZ�GAH K2 +K2
LNW�B � G �

� ERBCTU;�G^BCTU;>@�T2?AEUO�g2£7G^D G^EUGpW`Ghl î uhnAï��F?hlj;é?AERLME[çUEJLMB`;�W`;>@CLN;PW�GAH'BCTU;<Hf;h?^WCL Ë KN;<LMEFB`;>�j;>@ÔqeVh?A=2?^V>LMB]?AB`;POýrqeVPG^DÍD GcO[LMBeZ � G � =J@`G Ë KN;>D W � LMBCT�LMEFB`;>�j;>@�OJ;>D�?AEUO�LME � TJLNV]TÍBCTU;>@`;5LNW.EUG�LME�B`;>�j;>@ k WC_UV]TÍBCT2?AB�?AKMKcBCTU;PW];=J@`G Ë KN;>D W�T2?^W�? 1/k
q�LMEFB`;>�j;>@<W`G^KM_JBCLNG^E � W`;P; î uhsJg �&T2?A=JB`;>@ �^o[gU= � uh¥pýp¥rï ��¡ TU;>@`;�HàG^@`;éBCTU;<H @]?^V>BCLNG^E2?AKMLMBmZ�GAH

K2 +K2 +K2
¤ D�?AB`V]TJLMEJ��GAH7WCLM�h;�ýj¦'LNW�LME[çUEJLMBmZ � I�W�?�VPG^EUW`;���_U;>EUVP;pgFL�H�BCTU;�H @]?^V>BCLNG^E2?AKMLMBmZ GAH H LNW�çUEJLMB`;pg

BCTU;>E
H
T2?^W�EUGÍD�?AB`V`TJLMEJ�½GAH�W`LM�h;�ý � \ @]?A=JTUW � LMBCTUG^_JB�D�?AB`V`TJLMEJ��GAHYWCLM�h;�ý ?A@`;�V>Kµ?^W]WCL�ç2;PORLMEFB`G �¤ L´¦

K4
g
C5
gU?AEUORBCTU;<_JEJLNG^E�GAH�B � G�WCB]?A@`Whg¤ LML´¦

K5
?AEUORBCTU;�_JEJLNG^E�GAH�?�WCB]?A@*?AEUO�?ÉBC@CLµ?AEJ�pKN;

K3
gU?AEUO

¤ LMLML´¦
K3 +K3

g[L � ; � gw?Élj;>@CB`;�¢�qeO[LNWàíCG^LMEFB�_JEJLNG^E�GAH�B � G�BC@CLµ?AEJ�pKN;PW �
Ì G^@*V>Kµ?^W]Wé¤ L´¦�gJBCTU;�HfG^KMKNG � LMEJ��@`;PW`_JKMB�LNW5Hà_JEUOU?AD ;>EFB]?AK0LMERBCTU;�KMLMB`;>@]?ABC_J@`; � W`;P; î uhsJg �&T2?A=JB`;>@ �^¥rï �� ¸.©F¬ � © � ó4¤ î u �[g�u þ g�uhnrï ¦Øô	�2×²ûjû[Ó^ÖPÑ�Þ ãcúpÞ (G + H, c + q)

ß´Öbõ�×�,NÑ�Ò�ßàúpÜ *�ú^Üwê
H = K4

*
C5
*�Ó^Ò Þ ãJÑ

×cÜUßàÓpÜ ÓÔÚ�ÞàâìÓ Ö�Þ�úpÒ]Öhü~E0ãJÑ�ÜSÞ ãJÑ�ÚhÑCúAÖ�ß ' ß , ß Þà÷�ûwÒÔÓ ' ,MÑ>Ù ¤Ôu � u²¦�ãcúAÖéú^Ü ß Ü2ÞeÑfù^ÒCú-,�ÖPÓ-, ×[ÞàßfÓ^Ü ÓpÒ�ÜwÓ Ö>Ó-, ×cÞàßfÓ^Ü·ü
¡ TU;>@`;�HfG^@`;�BCTU;ÉH @]?^V>BCLNG^E2?AKMLMBmZSGAH5V>Kµ?^W`W ¤ L´¦*LNW<B � G �bÌ G^@�V>Kµ?^W]W ¤ LML´¦�g�i�?A@C�²?AEUGhl î upu>ï�WCTUG � ;PO BCT2?AB�BCTU;W]?AD ;<@`;PWC_JKMB*TUG^KNOJW �

� ¸.©F¬ � © � � ¤ î upu>ï ¦Øô
�2×hûFû[ÓAÖPÑéÞ ãcúpÞ (G+H; c+ q)
ß´Ö�õ�× ,MÑ>ÒØßfú^Ü *ìú^Üwê

H = K5
Ó^Ò�Þ ã[Ñ�×�ÜUßfÓ^Ü§ÓCÚ�úÍÖ�Þ�ú^Ò

ú^Üwê½ú½ÞàÒØßfú^Ü�ù�,MÑhüFE0ã[Ñ>ÜSÞ ã[ÑìÚhÑCúAÖ�ß ' ß , ß Þà÷<û·ÒÔÓ ' ,MÑ�Ù ¤Ôu � u²¦�ãcúAÖéú^Ü ß´ÜwÞeÑfù^ÒCú-,�Ö>Ó�, ×[ÞàßàÓpÜ Ó^ÒéÜwÓÍÖPÓ-, ×cÞàßfÓ^Ü·ü
è ?AD ;>KMZ BCTU;ÍHà@]?^V>BCLNG^E2?AKMLMBeZ�GAH�V>Kµ?^W`W½¤ LML´¦�LNWb?AKNW`G�B � G �RÌ G^@éBCTU;Í@`;>D�?ALMEJLMEJ� V>Kµ?^W`W�¤ LMLML´¦�g.LMBéLNW � EUG � EBCT2?AB�BCTU;<Hà@]?^V>BCLNG^E2?AKMLMBeZÎLNW��p@`;h?AB`;>@�BCT2?AE�G^@�;���_2?AK7B`GÉHàG^_J@ � W`;P; î uhs[gJ= � uh¥ �^trï �i�?A@C�²?AEUG²l î uhýrï'VPG^E^íC;PV>BC_J@`;POSBCT2?AB K3 +K3

T2?^W*çUEJLMB`;�Hà@]?^V>BCLNG^E2?AKMLMBeZjg7?AEUOS?AKNW`G�VPG^E^íC;PV>BC_J@`;PO�g·D G^@`;
WCBC@`G^EJ�pKMZjgpBCT2?ABY_JEUOJ;>@YBCTU; �Y_JKN;>@�VPG^EUO[LMBCLNG^E�BCTU;�;�¢[LNWCB`;>EUVP;5GAH�?*Hf;h?^WCL Ë KN;�Dé_JKMBCL � G � LMDÍ=JKMLN;PWYBCTU;5;�¢[LNWCB`;>EUVP;GAH5?�T2?AK�H q�LMEFB`;>�p@]?AKYHf;h?^WCL Ë KN;ÉDé_JKMBCL � G � g'?AEUOSLME =2?A@CBCLNV>_JKµ?A@�BCTU;bHà@]?^V>BCLNG^E2?AKMLMBeZGAH H = K3 +K3

;���_2?AKNW
BCTU;�KNG � ;>@ Ë G^_JEUO 4 ��� ;PVP;>E�BCKMZÎBCTJLNW�VPG^E^íÔ;PV>BC_J@`; � ?^W*=2?A@CBCLµ?AKMKMZÎW]G^KMlj;PO Ë ZÎBCTU;é?A_JBCTUG^@ î nrï �� ¸.©F¬ � © � ��ô��w×hûjûJÓAÖPÑ Þ ãcúpÞ

(G +H, c + q)
ß´Ö�õ5×�,NÑ�Ò�ßàú^Ü *�ú^Ü·ê

H = K3 +K3
ü�E0ã[Ñ>Ü$Þ ã[Ñ5ÚhÑCúAÖ�ß ' ß , ß Þà÷ûwÒCÓ ' ,NÑ�Ù ¤Ôu � u²¦<ãcú^Ö�ú 1/12

Õeß Ü2ÞeÑfù^ÒCú-,.Ö>Ó-, ×[ÞàßàÓ^ÜÓ^Ò�Ü·ÓÍÖPÓ-, ×[ÞàßfÓ^Ü·ü
acGÎBCTU;bHà@]?^V>BCLNG^E2?AKMLMBeZGAH

K3 + K3
LNW�G^EU;ÍGAH {4, 8, 12, 24} � �$;ÉTUG � ;>lj;>@bOJG½EUG^B � EUG � BCTU;�;�¢U?^V>Blp?AKM_U; � deERBCTJLNW�B]?AK � gcHfG^KMKNG � LMEJ� î nrïeg � ;�W � ;>B`V`T�BCTU;�=J@`GcGAH �

�
K3,3 �

� �'Ã2Ä�Ê`È
�
� �YÊ ����Ã �YÆ � 	��Ê�� Ç � � Ç
�CÃwÊ���Å � �ÉÄ·Å � ��� � �

Ì LM@`WCB � ;�WCTUG � BCT2?AB�BCTU;�Hà;h?^WCL Ë LMKMLMBmZ�=J@`G Ë KN;>D HfG^@ K3 +K3
LNW5@`;PO[_UVP;POÎB`G

K3,3
q�D ;>BC@CLNV�q � ;>LM�pT�B`;PO�D�?r¢cqLMDé_JD Dé_JKMBCL � G � =J@`G Ë KN;>D � £7;>B µ3,3 Ë ;ÉBCTU;ÍD ;>BC@CLNVÍG^E�?ÎW`L�¢�qeW`;>B S = {a1, a2, a3, b1, b2, b3}

OJ;�çUEU;PO
Ë Z

µ3,3(ai, aj) = µ3,3(bi, bj) = 4 (i 6= j),

µ3,3(ai, bj) = 2.

� �



s � � � � 	���� � � � � � �

p
a1

p
b1

p
a1b1

p
O

p
a2

p
a2b1

p
b2

p
b3

p
a3

Ì LM�p_J@`; u�� \ @]?A=JT Γ, HfG^@ A = {a1, a2, a3}
g
B = {b1, b2, b3}

è ?AD ;>KMZ µ3,3
LNW�B � LNVP;�GAH[BCTU;Y�p@]?A=JT�D ;>BC@CLNVìGAH[VPG^DÍ=JKN;>B`; Ë LM=2?A@CBCLMB`;��p@]?A=JT K3,3

GAH Ë LM=2?A@CBCLMBCLNG^E {a1, a2, a3}
g

{b1, b2, b3} � �$;ÉVPG^EUWCLNOJ;>@�BCTU;éHfG^KMKNG � LMEJ�ÎDé_JKMBCL � G � D�?r¢[LMDÍLM�²?ABCLNG^E =J@`G Ë KN;>DáHàG^@<?�Vh?A=2?^V>LMB]?AB`;POS�p@]?A=JT
(G, c)

T2?hl�LMEJ��B`;>@CDÍLME2?AK0W`;>B
S = {a1, a2, a3, b1, b2, b3}

�
Q ?r¢cLMDÍLM�h; ∑

P∈P
µ3,3(sP , tP )λ(P )

¤f¥ � u²¦
W`_ Ë íÔ;PV>B�B`G ?ÉDé_JKMBCL � G � f = (P, λ)

HfG^@
(G, c;S).

i�?A@C�²?AEUG²l î u � ïY=J@`;PW`;>EFB`;PO$?ÎVPG^D Ë LME2?AB`G^@CLµ?AKìO[_2?AKMLMBeZ @`;>Kµ?ABCLNG^E HfG^@�BCTJLNW<=J@`G Ë KN;>D � ��G^EUWCLNOJ;>@�BCTU;��p@]?A=JT
Γ,

G^ERlj;>@CB`;�¢RW];>B
pO, pai , pbj , paibj , pO (1 ≤ i, j ≤ 3).

� TUGpW];�;PO[�j;�W`;>B�LNW��pLMlj;>E Ë Z
paipaibj , pbipajbi , pOpaibj (1 ≤ i, j ≤ 3).

è ?AD ;>KMZ Γ, LNWÎG Ë B]?ALMEU;PO Ë ZÏWC_ Ë O[LMl�LNO[LMEJ� K3,3
GAH Ë LM=2?A@CBCLMBCLNG^E {pa1 , pa2 , pa3} g {pb1 , pb2 , pb3} ?AEUOíCG^LMEJLMEJ��;h?^V]T�WC_ Ë O[LMl�LNOJ;PO=�G^LMEFB paibj ?AEUO�?½EU; � =�G^LMEFB pO � ac;P; Ì LM�p_J@`;�u � ��G^EUWCLNOJ;>@�BCTU;ÉHfG^KMKNG � LMEJ�O[LNW]V>@`;>B`;�KNG�Vh?ABCLNG^E�=J@`G Ë KN;>D(G^E Γ, �

Q�LMEJLMDÍLM�h; ∑

xy∈EG
c(xy)distΓ,(ρ(x), ρ(y))

¤f¥ � ¥j¦
WC_ Ë íC;PV>B�B`G ρ : V G→ V Γ,,

ρ(s) = ps (s ∈ S).

� ¸0©�¬ � ©�� $ ¤ î u � ï ¦Øô�E0ã[Ñ�Ù ú �^ß Ù�×�Ù öAú-, ×UÑ�ÓÔÚé¤f¥ � u²¦�ßµÖbÑ��P×[ú-,'Þ�Ó½Þ ã[ÑéÙÉß ÜUß Ù�×�Ù örú�, ×UÑÉÓÔÚé¤f¥ � ¥j¦Pü
�$;�Vh?AKMK7?bD�?A=

ρ
Hà;h?^WCL Ë KN;�B`GÎ¤f¥ � ¥j¦�?�ûJÓpÞeÑ�Ü2Þàßfú-, �YÌ G^@�?é=�G^B`;>EFBCLµ?AK ρ g�BCTU;<G Ë íC;PV>BCLMlj;�l^?AKM_U;<GAH�¤f¥ � ¥j¦ìLNWW`LMDÍ=JKMZÎOJ;>EUG^B`;PO Ë Z 〈c, dρ〉 � I�KNW`G�BCTU;�G^=JBCLMD�?AK7lp?AKM_U;�GAH�¤f¥ � ¥j¦�LNW�OJ;>EUG^B`;PO Ë Z ν(G, c) �

� $



� � � 	���� ��� � � � � spt

� � © 'ò.�p�²± ¬w°S¬ ¾ � ówô ó�� ¾ ¬ �
K3+K3

� ¬ � ��ô ó��hô £7;>B
G Ë ;�?*�p@]?A=JT � LMBCT�Vh?A=2?^V>LMBmZ c � £7;>B H = (S,R)

Ë ;�BCTU;*OJ;>D�?AEUO��p@]?A=JT�OJ;�çUEU;PO Ë Z S = {s1, s2, s3, t1, t2, t3}
?AEUO

R = {sisj}1≤i<j≤3∪{titj}1≤i<j≤3
g

?AEUO
q : R→ R+

?ÍOJ;>D�?AEUO�H _JEUV>BCLNG^E � ��G^EUWCBC@C_UV>B<?�EU; � �p@]?A=JT (G′, c′)
Hà@`G^D

(G, c) Ë Z�?^OJO[LMEJ��EU; �B`;>@CDÍLME2?AKNW
S′ = {a1, a2, a3, b1, b2, b3} � LMBCT A = {a1, a2, a3}

g
B = {b1, b2, b3}

?AEUO VPG^EJEU;PV>BCLMEJ�
ai
?AEUO

si Ë ZR?AE�;PO[�j; � LMBCT�Vh?A=2?^V>LMBeZ q(sisj) + q(sisk)
?AEUO�VPG^EJEU;PV>BCLMEJ�

bi
?AEUO

ti Ë ZR?AE�;PO[�j; � LMBCT§Vh?A=2?^V>LMBeZ
q(titj) + q(titk) (i = 1, 2, 3; {i, j, k} = {1, 2, 3}) �É¡ TU;>E (G′, c′)

LNW�LMEJEU;>@ �Y_JKN;>@CLµ?AE � LMBCT@`;PWC=�;PV>B�B`G
S′
L�H

(G, c;H, q)
WØ?ABCLNWÔç2;PW�BCTU; �Y_JKN;>@�VPG^EUO[LMBCLNG^E � ��;>@`;�?��p@]?A=JT (G, c)

LNW�Vh?AKMKN;POß ÜUÜ·Ñ�Ò�õ5×�,NÑ�Ò�ßàú^Ü�L�H
c
LNW

LMEFB`;>�p@]?AK7?AEUO�BCTU;�OJ;>�p@`;P;<GAH0;h?^V]T½LMEJEU;>@�EUGcOJ;*LNW�;>lj;>E � ��G^EUWCLNOJ;>@�¤f¥ � ¥j¦�HfG^@ (G′, c′;S′, µA,B) � £0;>B ρ∗ Ë ;?É=�G^B`;>EFBCLµ?AK.OJ;�çUEU;PO Ë Z
ρ∗(x) =

{
px if x ∈ S′,
pO otherwise,

(x ∈ V G′). ¤f¥ � ýj¦

¡ TU;>E � ;�T2?Plj;éBCTU;�HàG^KMKNG � LMEJ� �
��© � � � � ô�E0ã[Ñ Ù�×�,�Þàß ä�Ó^â"ÚPÑCú^ÖØß ' ß , ßàÞà÷ÍûwÒCÓ ' ,NÑ�Ù (1.1)

Ú>ÓpÒ
(G, c;H, q)

ß´Ö�ÚhÑCúAÖ�ß ' ,NÑ�ß Ú�ú^ÜwêSÓ^Ü , ÷�ß Ú�ûJÓ^ÕÞeÑ�Ü2Þàßfú-,
ρ∗
êFÑ ��Ü·Ñ`ê ' ÷ (2.3)

ß´Ö�ÓØû·Þàß ÙÍú�,·Þ�Ó
(2.2)

Ú>ÓpÒ
(G′, c′;S′, µA,B)

ü�� Ó^ÒCÑ`Ó^öAÑ�Ò *ìß Ú.ÚhÑCúAÖ�ß ' ,NÑ *&Þ ãJÑ�Ü§Þ ã[ÑÒ`ÑØÖ�ÞàÒ�ßàÝhÞàßàÓ^Ü$ÓÔÚéúpÜU÷�ÓØû·Þàß Ù ú-,�Ù�×�,�Þàß ä5Ó^â
f∗
Þ�Ó

(G, c;S)
ß´Ö�ú*ÚhÑCúAÖØß ' ,NÑéÙÉ× ,�Þàß ä�Ó^â&ü

1�ÒCÓhÓÔÚ a�_J=J=·GpW];§BCT2?AB
(G, c;H, q)

LNW�Hà;h?^WCL Ë KN; �ëÌ @`G^D ?Hf;h?^WCL Ë KN;SDé_JKMBCL � G � f = (P, λ)
g � ; Vh?AEVPG^EUWCBC@C_UV>B�?AESG^=JBCLMD�?AK'Dé_JKMBCL � G � ?^W�HfG^KMKNG � W ��Ì G^@<;h?^V`T =2?ABCT P ∈ P g2L�H�BCTU;É;>EUOJW�GAH P ?A@`; si ?AEUO sj¤ @`;PWC= � ti ?AEUO tj ¦�gpBCTU;>E�;�¢[B`;>EUO P Ë ZÍ?^OJO[LMEJ�É;PO[�j;PW aisi ?AEUO sjaj ¤ @`;PWC= � biti ?AEUO tjbj ¦ � £7;>B f ′ Ë ;�BCTU;@`;PWC_JKMBCLMEJ��Db_JKMBCL � G � B`G (G′, c′;S′) ��¡ TU;5G Ë íC;PV>BCLMlj;5l^?AKM_U;5GAH f ′ LME�¤f¥ � u²¦.LNW 4∑1≤i<j≤3 q(sisj)+q(titj)

g
?AEUO BCTU;ÎG Ë íÔ;PV>BCLMlj;Îlp?AKM_U;ÎGAH ρ∗ LME�¤f¥ � ¥j¦bLNW 2

∑
1≤i≤3 c(siai) + c(tibi) �"¡ TU;>Z ?A@`;½BCTU;RW]?AD ;½lp?AKM_U; ���G^EFlj;>@`W];>KMZjg0WC_J=J=�GpW`;bBCT2?AB

ρ∗
LNW�G^=JBCLMD�?AK �é¡ ? � ; ?AE$G^=JBCLMD�?AKYDb_JKMBCL � G � f∗ � � Z§BCTU;ÉVPG^DÍ=JKN;>D ;>E�B]?A@CZWCKµ?^V � EU;PW`W�VPG^EUO[LMBCLNG^E7gJ;PO[�j;PW

siai
?AEUO

tibi
HàG^@

i = 1, 2, 3
?A@`;<W]?ABC_J@]?AB`;PO Ë Z f ∗ gU?AEUOÎ;h?^V]TR=2?ABCT½=2?^W]WCLMEJ�

siai
LNW5EU;PVP;PW]W]?A@CLMKMZ�?AE

(ai, {aj , ak})
q�=2?ABCT7gw?AEUOR;h?^V]T�=2?ABCT�=2?^W`W`LMEJ�

tibi
LNW5EU;PVP;PW]W]?A@CLMKMZ�?

(bi, {bj , bk})
q

=2?ABCT �R¡ TU;>E f∗ VPG^EUW`LNWCB`WéGAH (ai, aj)
q�=2?ABCTUWÉGAH�BCTU; B`G^B]?AK � G � q�l^?AKM_U; q(sisj) HfG^@ 1 ≤ i < j ≤ 3

?AEUO
(bi, bj)

q�=2?ABCTUW�GAH�BCTU;�B`G^B]?AK � G � q�l^?AKM_U; q(titj) HfG^@ 1 ≤ i < j ≤ 3 � � ;PWCBC@CLNV>BCLMEJ� f ∗ B`G (G, c;S)
g � ;G Ë B]?ALME§?ÉHf;h?^WCL Ë KN;<Db_JKMBCL � G � � 2

¡ TU;>@`;�HfG^@`; ¡ TU;PG^@`;>DáýbHfG^KMKNG � W�H @`G^D �
� ¸.©F¬ � © � 
 ô�E0ã[Ñ

K3,3
ÕeÙ�Ñ>ÞàÒ�ßàÝPÕeâ&Ñ�ßMùAã�ÞeÑCê"Ù ú �^ß Ù�×�Ù Ù�×�,�Þàß ä5Ó^â ûwÒCÓ ' ,NÑ�Ù�¤f¥ � u²¦�ã[úAÖ½ú 1/12

Õeß Ü2ÞeÑfù^ÒCú-,
ÓØû·Þàß Ù ú-,�Ö>Ó�, ×[ÞàßàÓpÜbÚPÓ^ÒbÑ�öAÑ>ÒØ÷½ß´Ü2Ü·Ñ�Ò�õ�× ,MÑ>ÒØßfú^Ü�ù^ÒCúØû2ã

(G, c)
âYßàÞ ã

S ⊆ V G ü
�Í¿0�²± � � 
à±´� ª �j�^±´� © �^± ¬w°ìô I � ;>Z B`G�BCTU;§=J@`GcGAHbGAH ¡ TU;PG^@`;>D�n$LNWR?AE4G^=JBCLMD�?AKMLMBeZ4V>@CLMB`;>@CLNG^EÛGAHéBCTU;
HfG^KMKNG � LMEJ��BmZ�=�;��deH

ρ
LNWìEUG^B�G^=JBCLMD�?AK�gcBCTU;>@`;�LNW�?AEUG^BCTU;>@�=�G^B`;>EFBCLµ?AK

ρ′
Ý ,MÓAÖPÑ�Þ�Ó

ρ
WC_UV]TÎBCT2?AB 〈c, dρ〉 > 〈c, dρ′〉 �

�$;�;>EUOJG � Γ � LMBCT"B � GSG^@CLN;>E�B]?ABCLNG^EUW ��¡ TU;éÚ>ÓpÒØâìú^ÒCêÓ^Ò�ßfÑ>Ü2Þ�úpÞàßfÓ^Ü§GAH Γ LNW�?AE"G^@CLN;>E�B]?ABCLNG^E W`_UV`T BCT2?AB
ps
?A@`;�WCLME � Wé?AEUO

pO
LNW�BCTU;Í_JEJL ��_U;�W`G^_J@`VP; �½¡ TU; ' újÝ��²âìú^ÒCê$Ó^Ò�ß�Ñ�Ü2Þ�úpÞàßfÓ^Ü�GAH Γ LNW�BCTU; @`;>lj;>@`W]; GAH�BCTU;HfG^@ � ?A@`OSG^@CLN;>EFB]?ABCLNG^E � ac;P; Ì LM�p_J@`;�¥ ��Ì G^@�?Í=�G^B`;>EFBCLµ?AK ρ g�?Í=�G^B`;>EFBCLµ?AK ρ′ LNW�Vh?AKMKN;POS?éÚPÓ^ÒØâìúpÒÔê½Ü·Ñ>ß�ùAã ' Ó^ÒB`G

ρ
L�HéHfG^@

x ∈ V G � LMBCT ρ(x) 6= ρ′(x)
g −−−−−−→
ρ(x)ρ′(x)

LNW�?AEÛ;PO[�j;$GAHÉBCTU;SHàG^@ � ?A@`O�G^@CLN;>EFB]?ABCLNG^E7g�G^@
(ρ(x), ρ′(x)) = (pO, ps)

HfG^@éW`G^D ;
s ∈ S � a�LMDÍLMKµ?A@CKMZjg�?R=·G^B`;>E�BCLµ?AK ρ′ LNW�Vh?AKMKN;PO"? ' újÝ��²âìú^ÒCê Ü·Ñ>ß�ùAã ' Ó^ÒB`G

ρ
L�H<HàG^@

x ∈ V G � LMBCT ρ(x) 6= ρ′(x)
g −−−−−−→
ρ(x)ρ′(x)

LNW½?AE ;PO[�j;§GAH<BCTU; Ë ?^V � � ?A@`O4G^@CLN;>EFB]?ABCLNG^E7g�G^@
(ρ(x), ρ′(x)) = (ps, pO)

HfG^@*W`G^D ;
s ∈ S � I =�G^B`;>EFBCLµ?AK ρ′ LNW�Vh?AKMKN;POS?½Ü·Ñ�ßMùAã ' ÓpÒ�B`G ρ L�H ρ′ LNW*?�HàG^@ � ?A@`OEU;>LM�pT Ë G^@*G^@*? Ë ?^V � � ?A@`O�EU;>LM�pT Ë G^@�B`G ρ � �$;<�pLMlj;�?AE�G^=JBCLMD�?AKMLMBeZRV>@CLMB`;>@CLNG^E�B`G�¤f¥ � ¥j¦&_UW`LMEJ�ÍBCTU;�EUG^BCLNG^EGAH�EU;>LM�pT Ë G^@`W�?^W5HfG^KMKNG � W �

� �



spn � � � 	���� � � � � � �

(a) forward (b) backward

Ì LM�p_J@`;é¥#�*¤f?j¦ìHfG^@ � ?A@`O§G^@CLN;>EFB]?ABCLNG^E ?AEUO�¤ Ë ¦ Ë ?^V � � ?A@`O§G^@CLN;>EFB]?ABCLNG^E

� � ¬ ¿ ¬ �²±´�²± ¬w° �wô �Ûû[ÓpÞeÑ>Ü2Þàßàú�,
ρ
ß´ÖéÓØû·Þàß Ù ú-,7Þ�Ó

(2.2)
ß Ú�úpÜwê�ÓpÜ , ÷�ß Ú

〈c, dρ〉 ≤ 〈c, dρ′〉
ã[Ó-,�ê^Ö�Ú>Ó^ÒbÑ>öAÑ�Ò�÷�Ü·Ñ>ß�ùAã ' Ó^Ò ρ′ Þ�Ó ρ ü

� � ���`ÊCÃUÃwÊ`Â �
�
Å���>Ä�	�È0ÃwÊ`Å�Â�	������

£0;>B
(G, c) Ë ;É?AE LMEFB`;>�j;>@ÔqeVh?A=2?^V>LMB]?AB`;PO�p@]?A=JT ¤f?AKMKNG � LMEJ�RDb_JKMBCLM=JKN;Í;PO[�j;PW�?AEUO�KNGcG^=UWØ¦ � �$; Ë ;>�pLME � LMBCTW]G^D ;�EUG^B]?ABCLNG^E ��Ì G^@�B � GVPG^EUW];PV>_JBCLMlj;R;PO[�j;PW e ?AEUO e′ LMEUV>LNOJ;>E�BÍB`G y g�?§BC@CLM=JKN; (e, y, e′)

LNW�Vh?AKMKN;PO ?
ÚPÓ^Ò � �ÛÌ G^@Î? HfG^@ � τ = (e, y, e′)

g5BCTU;$Ö�û , ßàÞfÞàß´Ü�ùpÕ�Ó �ëG^=�;>@]?ABCLNG^EÛ?AB
τ
LNW�B`G�OJ;PV>@`;h?^W`;�BCTU;�Vh?A=2?^V>LMBeZ GAH

;PO[�j;PW
e
g
e′ Ë Z§G^EU;pg·?AEUO ?^OJOS?�EU; � ;PO[�j; e∗ VPG^EJEU;PV>BCLMEJ�ÎBCTU;b;>EUOSGAH e ?AEUO e′ O[L	��;>@`;>EFB�Hà@`G^D y � LMBCT_JEJLMB<Vh?A=2?^V>LMBeZ � deH�BCTJLNW�G^=�;>@]?ABCLNG^E � ;P;>=UW�BCTU;bG^=JBCLMD�?AK'lp?AKM_U; ν(G, c) LME�l^?A@CLµ?AE�Bhg·BCTU;>E � ;bW]?hZRBCT2?AB τ LNWÖeû , ß ÞfÞ�ú ' ,MÑ � �&KN;h?A@CKMZjg^L�H2BCTU;&EU; � �p@]?A=JTbT2?^WY? 1/k

q�LME�B`;>�p@]?AKUG^=JBCLMD�?AKcDb_JKMBCL � G � gFBCTU;>EÉW`G�OJG�;PW'BCTU;�G^@CLM�pLME2?AK�p@]?A=JT � ��G^EUW];��F_U;>E�BCKMZjg2L�H � ;bVh?AE�WC_UVPVP;P;PO�BCTU;éWC=JKMLMBCBCLMEJ�^qeG ��G^=�;>@]?ABCLNG^EUW*_JE�BCLMK0BCTU;>@`;éLNW�EUG LMEJEU;>@�EUG�OJ;pgBCTU;>E§BCTU;�@`;PWC_JKMBCLMEJ���p@]?A=JT§V>KN;h?A@CKMZRT2?^W*?AE§LMEFB`;>�p@]?AK.G^=JBCLMD�?AK.Dé_JKMBCL � G � ¤ Ë ZÎD ;>BC@CLNV>LMBeZ�GAH µ3,3
¦�gw?AEUO�W`G

OJGc;PWYBCTU;�G^@CLM�pLME2?AKw�p@]?A=JT � deEÍ�j;>EU;>@]?AK�g�¤f¥ � ¥j¦'T2?^WYEUG<LME�B`;>�p@]?AKwG^=JBCLMD�?AK2Db_JKMBCL � G � W�;>lj;>E L�H (G, c) LNW�LMEJEU;>@��_JKN;>@CLµ?AE � B]? � ; G ?^W5?ÉWCB]?A@ � LMBCTÎ_JEJLMB�;PO[�j;<Vh?A=2?^V>LMBeZ½T2?PlcLMEJ� S ?^W�KN;h?rHàW � acG � ;�VPG^EUW`LNOJ;>@*?�Hà@]?^V>BCLNG^E2?AKlp?A@CLµ?AEFB<GAHYBCTU;�WC=JKMLMBCBCLMEJ�^qeG �"G^=�;>@]?ABCLNG^E �5Ì G^@�?�HàG^@ � τ = (e, y, e′) � LMBCT e = xy
?AEUO

e′ = yz
gwVPG^EUWCLNOJ;>@

BCTU;É�p@]?A=JT
(Gτ , c)

G Ë B]?ALMEU;PO§H @`G^D (G, c) Ë Z§?^OJO[LMEJ��?ÍEU; � EUGcOJ; yτ ?AEUOS?�EU; � ;PO[�j; eτ = yyτ
?AEUO

@`;PVPG^EJEU;PV>BCLMEJ�
e
?AEUO

e′
B`G
yτ ��¡ TU;éVh?A=2?^V>LMBmZ�GAH eτ LNW*OJ;�çUEU;PO Ë Z c(e) + c(e′) �

W];P; Ì LM�p_J@`;bý � �$;�Vh?AEE2?ABC_J@]?AKMKMZ½LNOJ;>EFBCL�HàZR?�Db_JKMBCL � G � HfG^@ (G, c) � LMBCT�?bDé_JKMBCL � G � HàG^@ (Gτ , c) � I�KNW`GéHàG^@�?é=·G^B`;>E�BCLµ?AK�gJL�H ρ Ë ;?AE§G^=JBCLMD�?AK7=·G^B`;>E�BCLµ?AK0B`G
(G, c)

gUBCTU;>E§?É=�G^B`;>EFBCLµ?AK'G Ë B]?ALMEU;PO Ë ZÎ;�¢cB`;>EUO[LMEJ� ρ ?^W ρ(yτ ) := ρ(y)
LNW*?AKNW]G

G^=JBCLMD�?AK.B`G
(Gτ , c) �&¡ TU;>@`;�HàG^@`; � ;�Vh?AE§?AKNW`G�LNOJ;>E�BCL�H Z�?�=�G^B`;>EFBCLµ?AK7HàG^@ G � LMBCT§?É=·G^B`;>E�BCLµ?AK7HfG^@ Gτ �Ì G^@�?§HfG^@ � τ ?AEUO ?SEUG^EJEU;>�F?ABCLMlj;�@`;h?AK α ≤ c(eτ )

g � ;�Vh?AKMK*BCTU;RG^=·;>@]?ABCLNG^E @`;>=JKµ?^V>LMEJ� (G, c) Ë Z
(Gτ , c − αχeτ )

BCTU;�Ú�ÒCújÝPÞàßfÓ^Üwú-,�Öeû , ßàÞfÞàß Ü�ù^Õ�Ó ��G^=·;>@]?ABCLNG^E ?AB
τ � �&KN;h?A@CKMZjg0L�H ν(G, c) = ν(Gτ , c − αχeτ )?AEUO

(Gτ , c − αχτ )
T2?^W�?

1/k
q�LMEFB`;>�j;>@ÉG^=JBCLMD�?AK�Dé_JKMBCL � G � g0BCTU;>E$W`GÎOJGc;PW (G, c) � QSG^BCLMl^?AB`;PO Ë Z§BCTJLNWH�?^V>Bhg � ;�OJ;�çUEU;�BCTU;�Öeû , ßàÞfÞàß Ü�ù�Ý]úØû[újÝ>ßàÞà÷ α(τ) = αG,c(τ)

?AB
τ Ë Z

α(τ) = max{0 ≤ α ≤ c(eτ ) | ν(Gτ , c− αχeτ ) = ν(G, c)}.

� 




� � � 	���� ��� � � � � s �

y
e

e′

y

e
e′

c(eτ ) = c(e) + c(e′)

yτ

(G, c) (Gτ , c)

eτ

Ì LM�p_J@`;éý#� ��G^EUW`BC@C_UV>BCLNG^E§GAH (Gτ , c)

�&KN;h?A@CKMZjg·HfG^@�? HàG^@ �
τ = (e, y, e′) � LMBCT c(e) = c(e′) = 1

g
τ
LNW<WC=JKMLMBCB]? Ë KN;bL�H�?AEUO§G^EJKMZ�L�H α(τ) = 2 � I� ;>Z½B`G G^_J@�=J@`G�GAHYGAH�D�?ALME�@`;PWC_JKMB�LNW�BCTU;�HàG^KMKNG � LMEJ�ÍHàG^@CDb_JKµ? GAH α(τ)

LME�B`;>@CD W*GAH'EU;>LM�pT Ë G^@`W �
� � ¬ ¿ ¬ �²±´�²± ¬w° �7ô%0Ñ>Þ

τ ' ÑÉú�ÚPÓ^Ò � ú^Üwê ρ ú^ÜÓØû·Þàß Ù ú-,cû[ÓpÞeÑ�ÜwÞàßàú-,NüFE0ã[Ñ�ÜSâ&Ñ�ãcú^öAÑÉÞ ã[Ñ�ÚPÓ-, ,MÓ^âYß Ü�ùFü

α(τ) = min

{
〈c, dρ′〉 − 〈c, dρ〉

dρ′(eτ )

∣∣∣ ρ′ �*Ü·Ñ�ßMùAã ' Ó^ÒbÞ�Ó ρ âYß Þ ã dρ′(eτ ) > 0

}
,

¤fý � u²¦
(ØÜ�û[ú^Ò>ÞàßàÝ>× ,Mú^Ò *&ß Ú

(G, c)
ß´Ö�ß´Ü2Ü·Ñ�Ò�õ�× ,MÑ>ÒØßfú^Ü *ìÞ ã[Ñ>ÜSâ&Ñ�ãcú^ö^Ñ

α(τ) ∈
{

0,
1

2
,
2

3
, 1,

4

3
,
3

2
, 2, . . .

}
=

1

2
Z+ ∪

2

3
Z+.

1�ÒCÓhÓÔÚ Ì G^@ 0 ≤ α ≤ c(eτ ) g � ;éT2?Plj;�BCTU;�HàG^KMKNG � LMEJ��;��F_JLMlp?AKN;>EUVP;��¤ L´¦
α ≤ α(τ)

gUL � ; � g ν(G, c) = ν(Gτ , c− αχeτ ) �¤ LML´¦
ρ
LNW�G^=JBCLMD�?AK0B`G

(Gτ , c− αχeτ )
¤ Ë ZÎ@`;>�F?A@`O[LMEJ� ρ ?^W V Gτ → V Γ

¦ �
¤ LMLML´¦ Ì G^@*;h?^V`T§EU;>LM�pT Ë G^@ ρ′ B`G ρ � LMBCT dρ′(eτ ) > 0

g � ;�T2?hlj;
〈c− αχeτ , dρ

′〉 ≥ 〈c− αχeτ , dρ〉 = 〈c, dρ〉.
¤ LMlJ¦ Ì G^@*;h?^V`T§EU;>LM�pT Ë G^@ ρ′ B`G ρ � LMBCT dρ′(eτ ) > 0

g � ;�T2?hlj;

α ≤ 〈c, d
ρ′〉 − 〈c, dρ〉
dρ′(eτ )

.

¡ TU;�;���_JLMl^?AKN;>EUVP; Ë ;>B � ;P;>E§¤ L´¦�?AEUO�¤ LML´¦0HfG^KMKNG � W�Hà@`G^D ν(G, c) = 〈c, dρ〉 = 〈c−αχeτ , dρ〉 Ë Z dρ(eτ ) = 0 �
¡ TU;�;���_JLMl^?AKN;>EUVP; Ë ;>B � ;P;>E ¤ LML´¦5?AEUO$¤ LMLML´¦ìHfG^KMKNG � W�H @`G^D XY@`G^=�GpWCLMBCLNG^E �bB`G^�j;>BCTU;>@ � LMBCTRBCTU;�Hf?^V>B�BCT2?AB�HfG^@;h?^V`TÍEU;>LM�pT Ë G^@ ρ′ B`G ρ � LMBCT dρ′(eτ ) = 0

gpBCTU;�LMEU;��F_2?AKMLMBmZbBC@CLMlcLµ?AKMKMZbTUG^KNOJW Ë Z 〈c−αχeτ , dρ′〉 = 〈c, dρ′〉 ≥
〈c, dρ〉 = 〈c−αχeτ , dρ〉 � ��;>EUVP; � ;&G Ë B]?ALMEÉBCTU;&OJ;PW`LM@`;PO�HfG^@CDé_JKµ? ��¡ TU;&Kµ?ABCB`;>@'=2?A@CB'LMDÍD ;PO[Lµ?AB`;>KMZ�HfG^KMKNG � WHà@`G^D

distΓ (p, q) ∈ {0, 1, 2, 3, 4} ?AEUORLMEJEU;>@���_JKN;>@CLµ?AEJEU;PW`W � 2I EU;>LM�pT Ë G^@ ρ′ BCT2?AB�?ABCB]?ALMEUWÉ¤fý � u²¦�LNW�Vh?AKMKN;PO�ÝPÒØßàÞàßàÝ]ú-, �
���



sps � � � 	���� � � � � � �

� �.�J�²± ��±  © ��� ° � ° ¬ ³ © �r³0± ©j« ¬ ¾ � ¸0© ¿'� ¬�¬ ¾ ¬ ¾ � ¸.©F¬ � © � 
 ô £7;>B
(G, c) Ë ;�?AEÉLMEJEU;>@ �Y_JKN;>@CLµ?AE�p@]?A=JT � �$;5D�?hZ ?^W`WC_JD ;5BCT2?AB&?AKMKJLMEJEU;>@�EUGcOJ;PWYT2?hlj;�OJ;>�p@`;P;5HfG^_J@ î ý[gp= � t[u�ï �'¡ TU;�=J@`;>l�LNG^_UWY=J@`G^=�GpWCLMBCLNG^E¤àX�@`G^=·GpWCLMBCLNG^E sj¦&LMDÍ=JKMLN;PW�BCT2?AB

Ö�û , ßàÞfÞàß´ÜcùÎûwÒCÓØûJÑ>Ò�Þàß�ÑØÖ§ÓÔÚ§ú�ÜwÓhê�Ñ
y
êFÑmûJÑ�ÜwêæÝ>Ò�×JÝ>ßàú�, , ÷ Ó^Ü4Þ ã[ÑÍû[ÓAÖ�ß ÞàßfÓ^Ü

ρ(y)
ß´Ü
Γ
ÚPÓ^Ò�ú^Ü

ÓØû·Þàß Ù ú-,cû[ÓpÞeÑ>Ü2Þàßàú�,
ρ
ü

QSG^BCLMlp?AB`;PO Ë Z BCTJLNW&Hf?^V>BhgFHàG^@5?AE½G^=JBCLMD�?AK·=�G^B`;>EFBCLµ?AK ρ g � ;�=2?A@CBCLMBCLNG^E V G LMEFB`GbBCTU;�HfG^KMKNG � LMEJ��BCTJ@`;P;�W`;>B`W �
Sρ = {x ∈ V G | ρ(x) = ps

HàG^@*W]G^D ;
s ∈ S}, ¤fý � ¥j¦

Mρ = {x ∈ V G | ρ(x) = paibj
HfG^@*W`G^D ;

i, j},
Cρ = {x ∈ V G | ρ(x) = pO}.

è GcOJ;PW�LME Sρ T2?hlj;é?�=2?A@CBCLNV>_JKµ?A@�EJLNVP;�=J@`G^=�;>@CBeZ �
� � ¬ ¿ ¬ �²±´�²± ¬w° ��ô ��ÜU÷Íß ÜUÜ·Ñ>Ò�ÜwÓhêFÑ

y
ß Ü
Sρ
ãcúAÖbú Ö�û , ßàÞfÞ�ú ' ,NÑ�ÚPÓ^Ò ��úpÞ y üa�LMEUVP;�BCTU;��p@]?A=JT½WCBC@C_UV>BC_J@`;*?A@`G^_JEUO

ps
LNW
K2,3

g � ;�Vh?AE�?A=J=JKMZÍi�?A@C�²?AEUGhl�qeQS?AEJEUG^_UW`WØ? � LNW � W�WC=JKMLMBCBCLMEJ�LNOJ;h? î uhtAï�HàG^@ K2,m
q � ;>LM�pTFB`;PO§D�?r¢cLMDb_JD Dé_JKMBCL � G � =J@`G Ë KN;>D W � I�W�?�VPG^@`G^KMKµ?A@CZjg � ;�T2?hlj;ð ¬ � ¬ 
 
´�J� ªÛó �7ô(´Ú
Mρ ∪ Cρ = ∅ *&Þ ã[Ñ�Ü Þ ã[Ñ�Ò`ÑÍÑ �^ß´Ö�Þ ÖbúpÜ§ß Ü2ÞeÑfù^ÒCú-,.Ó�û·Þàß´Ù ú-,�Ù�× , Þàß ä�Ó^â&üacG � ;RT2?hlj;ÎB`GVPG^EUWCLNOJ;>@ÍBCTU;RVh?^W`; � TU;>@`; Mρ ∪ Cρ

LNW�EUG^EU;>DÍ=JBmZ �æ¡ G$OJ;PW]V>@CL Ë ;ÎBCTU; Ë ?^WCLNVÎLNOJ;h?GAHÍG^_J@R=J@`GcGAHÔg � ;VPG^EUWCLNOJ;>@S?AEÛLMKMKM_UWCBC@]?ABCLMlj;WCLMBC_2?ABCLNG^E Ë ;>KNG � � ¡ ? � ; y ∈ Cρ
?AEUO�?"HfG^@ �

τ
?AB

y �
¡ ? � ;S?$V>@CLMBCLNVh?AK*EU;>LM�pT Ë G^@ ρ′ B`G ρ � LMBCT @`;PWC=·;PV>B�B`G τ � ¡ TU;>E ρ′ LNW�EU;PVP;PW`W]?A@CLMKMZ HàG^@ � ?A@`O � a�_J=J=·GpW`;
α(τ) = 3/2

¤àW]?hZJ¦ �R¡ TU;>E dρ′(eτ ) = 4
?AEUO�BCT�_UW

(ρ′(y), ρ′(yτ )) = (pa, pa
′
)
¤àG^@

(pb, pb
′
)
¦ � k�=·OU?AB`;

(G, c) ← (Gτ , c− α(τ)χeτ )
?AEUO

ρ← ρ′ �Y¡ TU;>E�Þ ã[ÑbÝ`ú^ÒCê^ß Üwú-, ß Þà÷ÎÓÔÚ Cρ Ö>ÞàÒØßfÝPÞ , ÷�êFÑCÝ>Ò`ÑCúAÖhÑØÖPü ¡ TU;>@`;�HàG^@`;pgL�H
Mρ ∪ Cρ = ∅ ¤ KM_UV � LMKMZU¦�g7BCTU;>E (G, 4c)

T2?^Wé?AELME�B`;>�p@]?AKìG^=JBCLMD�?AK�Dé_JKMBCL � G � gY?AEUO BCTF_UW�BCTU; G^@CLM�pLME2?AK�p@]?A=JT�T2?^Wì?
1/4
q�LMEFB`;>�p@]?AK�G^=JBCLMD�?AKUDé_JKMBCL � G � � a�_J=J=·GpW];�BCT2?AB�BCTU;>@`;�WCBCLMKMK2;�¢[LNWCB`W�?�EUGcOJ; x ∈ Cρ � I*�F?ALME7gB]? � ;b?�HfG^@ �

τ ′
?AB
x
gJ?AEUORVPG^EUWCLNOJ;>@

α(τ ′) � I*KMBCTUG^_J�pT (G, c)
LNW<Ü·ÓpÞYß ÜUÜ·Ñ�Ò�õ�× ,NÑ�ÒØßfú^Ü2g[BCTU;�HfG^KMKNG � LMEJ��WCBCLMKMKTUG^KNOJW �

α(τ ′) ∈ 1

2
Z+ ∪

2

3
Z+.

¤fý � ýj¦
dmEUOJ;P;PO�g.B]? � ;�?RV>@CLMBCLNVh?AK&EU;>LM�pT Ë G^@ ρ′ B`G ρ � LMBCT$@`;PWC=�;PV>B�B`G τ ′ g'?AEUO�VPG^DÍ=2?A@`; ρ′ � LMBCT ρ � a�LMEUVP; ρ′ LNWHfG^@ � ?A@`O�g (ρ(yτ ), ρ(y)) = (ρ′(yτ ), ρ′(y)) = (pa, pa

′
)
TUG^KNOJW ��¡ TU;>@`;�HfG^@`; c(eτ )dρ(eτ ) ?AEUO c(eτ )dρ′(eτ )Vh?AEUVP;>KUG^_JB�LME 〈c, dρ〉−〈c, dρ′ 〉 � a�LMEUVP;&BCTU;5OJ;>KN;>BCLNG^E GAH eτ D�? � ;PW (Gτ

′
, c)
LMEJEU;>@ �Y_JKN;>@CLµ?AE7g2Þ ãJÑ�ê^ß ��Ñ�Ò`Ñ�ÜwÝ]Ñ

〈c, dρ〉 − 〈c, dρ′〉 ßµÖéú^Ü$Ñ�öAÑ>ÜSß Ü2ÞeÑfù�Ñ�Ò *.?AEUO�BCTF_UWb¤fý � ýj¦5TUG^KNOJW ��¡ TJLNW*G Ë W];>@Cl^?ABCLNG^E�W`_J�p�j;PWCB`W*?�=�GpW`WCL Ë LMKMLMBmZB`G�@`;>=·;h?ABÉWC_UV`T ?R=J@`GcVP;PO[_J@`; _JE�BCLMK
Mρ ∪ Cρ = ∅ � LMBCT � ;P;>=JLMEJ� (G, kc)

LMEJEU;>@ �Y_JKN;>@CLµ?AE"HàG^@É?ÎçJ¢J;PO
LME�B`;>�j;>@

k � � _J@b=J@`G�GAH � LMKMK Ë ; Vh?A@C@CLN;PO G^_JBéLME"BCTJLNW � ?PZ � �$;½?AK � ?hZcW � ;P;>= ?��p@]?A=JT (G, c)
B`G^�j;>BCTU;>@

� LMBCTSLMB`W*G^=JBCLMD�?AK'=�G^B`;>EFBCLµ?AK ρ � � ;éOJ;>EUG^B`;bLMB Ë Z (G, c; ρ) � �$; � LMKMK0=JLNV � ?ÍEUGcOJ; x ∈ Mρ ∪ Cρ
gw?AEUO§?

HfG^@ �
τ
?AB
x � deH τ LNW�WC=JKMLMBCB]? Ë KN;pgcBCTU;>ER?A=J=JKMZÍBCTU;�WC=JKMLMBCBCLMEJ�^qeG � G^=·;>@]?ABCLNG^ER?AB τ g�_J=�OU?AB`; (G, c)

gU?AEUO � ;P;>=
ρ
g7BCT2?AB�LNWé?AKNW`GRG^=JBCLMD�?AKìB`GRBCTU;�EU; � �p@]?A=JT � a�_J=J=�GpW`;ÍBCT2?AB τ LNW�_JEUWC=JKMLMBCB]? Ë KN; ��¡ TU;>E$B]? � ;�?ÎV>@CLMBCLNVh?AKEU;>LM�pT Ë G^@ ρ′ g2?AEUOÎ_J=�OU?AB`;�BCTU;��p@]?A=JT�Þ�Ó`ù�Ñ>Þ ã[Ñ�ÒbâYß Þ ãRÞ ã[ÑÉÓØû·Þàß Ù ú-,cû[ÓpÞeÑ�ÜwÞàßàú-,U?^W

(G, c; ρ)← (Gτ , c− α(τ)χeτ ; ρ
′).�$;ÎVh?AKMK5BCTJLNWÍG^=�;>@]?ABCLNG^EæBCTU; � 1�� 1 	 �pû , ß ÞfÞàß Ü�ù^ÕÔÓ � âYß Þ ã 1�ÓpÞeÑ�Ü2Þàßfú-, Õ�� 1�êjúpÞeÑ 
R?AB

τ � LMBCT @`;PWC=�;PV>BÉB`G?V>@CLMBCLNVh?AK·EU;>LM�pT Ë G^@ ρ′ � dmE�=2?A@CBCLNV>_JKµ?A@hgcL�H ρ′ LNW�HàG^@ � ?A@`O�gFBCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ�ÍacX�k�X LNWìW]?ALNO B`G Ë ;YÚ>ÓpÒØâìú^ÒCê �dmE BCTU;§W`;���_U;>EFBCLµ?AK�HàG^@ � ?A@`O4acX�k�X G^=·;>@]?ABCLNG^EUW²g Cρ LNW EUG^EJLMEUV>@`;h?^W`LMEJ�Ug�?AEUO Mρ
LNW�EUG^EJLMEUV>@`;h?^WCLMEJ� L�H

Cρ = ∅ �
(G, c; ρ)

LNW�Vh?AKMKN;PO"õ�× ,NÑ�ÒØßfú^Ü§L�H
c
LNW�LME�B`;>�p@]?AK�?AEUO$;h?^V]T$EUGcOJ;ÍLME

Mρ ∪ Cρ
T2?^W�;>lj;>E�OJ;>�p@`;P; � I*E�ZHfG^@ � ?A@`O acX�k�X � ;P;>=UW α(·) T2?AK�H´q�G^@ 2/3

q�LME�B`;>�p@]?AK'=J@`G²l�LNOJ;PO
(G, c; ρ)

LNW �Y_JKN;>@CLµ?AE§?^W�HàG^KMKNG � W �
���



� � � 	���� ��� � � � � s þ

��© � � � ó2ówô �2×²ûjû[Ó^ÖPÑ�Þ ãcújÞ
(G, c; ρ)

ß´Ö<õ�× ,NÑ�ÒØßfú^Ü·ü��7Ó^Ò�ú�Ú>Ó^Ò �
τ
*�ß Ú�úRÝ>ÒØßàÞàßfÝ`ú-,'Ü·Ñ�ßMùAã ' Ó^Ò ρ′ Þ�Ó ρ âYßàÞ ãÒ`ÑØÖ�ûJÑ`ÝPÞ.Þ�Ó

τ
ßµÖ2ÚPÓ^Ò�âìú^ÒCê+*0Þ ã[Ñ�Ü�â&Ñ&ãcú^öAÑ 〈c, dρ′〉−〈c, dρ〉 ∈ 2Z+,

ú^Üwê�Þ ã�×FÖ
α(τ)

ß´Öìãcú�, Ú�Õ'Ó^Ò
2/3
Õeß Ü2ÞeÑfùpÒÔú-,Nü

�$; � LMKMK2BC@CZÍB`G�@`;>=�;h?ABìBCTU;�HàG^@ � ?A@`OÎacXìk�X G^=�;>@]?ABCLNG^EUWì_JE�BCLMK Mρ∪Cρ = ∅ � LMBCT � ;P;>=JLMEJ� (G, kc; ρ)�Y_JKN;>@CLµ?AEÉHfG^@.?�çJ¢J;PO�LME�B`;>�j;>@
k � d�H � ;�?A@C@CLMlj;5?AB.WC_UV]T�?*WCLMBC_2?ABCLNG^E7g^BCTU;>EéBCTU;�;�¢[LNWCB`;>EUVP;ìGAHw? 1/2k

q�LME�B`;>�p@]?AK
G^=JBCLMD�?AK7Db_JKMBCL � G � HàG^KMKNG � W�Hà@`G^D ��G^@`G^KMKµ?A@CZuho ���G^EUWCLNOJ;>@�acX�k�X ?AB

Mρ � è G�OJ;PWbLME Mρ
Vh?AE Ë ;½W � ;>=JBÍG^_JB � LMBCT � ;P;>=JLMEJ� (G, c; ρ)

�Y_JKN;>@CLµ?AE ?^W
HfG^KMKNG � W �
� � ¬ ¿ ¬ �²±´�²± ¬w° ó ��ô �2×²ûjû[Ó^ÖPÑ�Þ ãcúpÞ

(G, c; ρ)
ß´Ö õ5×�,NÑ�Ò�ßàú^Ü�ü��0Ó^Ò�úÜwÓ²êFÑ

y ∈ Mρ
ÓÔÚRêFÑfù^Ò`Ñ`ÑbÚPÓ^×�ÒÎâYßàÞ ã

ρ(y) = pab
*&úpÞ ,MÑCú^Ö�Þ5Ó^Ü·ÑbÓÔÚ�Þ ã[ÑìÚ>Ó�, ,MÓ^âYß Ü�ùÍã[Ó-,�ê^Ö��

¤foj¦ Þ ãJÑ�ÒCÑbß´ÖéúÍÖeû , ß ÞfÞ�ú ' ,MÑìÚPÓ^Ò ��úpÞ y ü
¤Ôu²¦ Þ ãJÑ�ÒCÑbß´Öéú^ÜÓØû·Þàß ÙÍú�,pÚ>Ó^Ò�âìú^ÒCê�Ü·Ñ�ßMùAã ' Ó^Ò ρ′ Þ�Ó ρ âYß Þ ã ρ′(y) ∈ {pa, pb} ü
¤f¥j¦ Þ ãJÑ�ÒCÑ§ß´Ö�ú ÚPÓ^Ò �

τ
úpÞ
y
Ö�×[Ý>ãæÞ ã[úpÞÉú Ý>Ò�ß ÞàßfÝ`ú-,*Ü·Ñ�ßMùAã ' Ó^Ò ρ′ Þ�Ó ρ âYß Þ ã Ò`ÑØÖ�ûJÑ`ÝPÞÍÞ�Ó τ ßµÖ�ÚPÓ^Ò�âìú^ÒÔêúpÜwê�Ö>úpÞàß´Ö �5ÑØÖ

α(τ) = 1
úpÜwê {ρ′(yτ ), ρ′(y)} = {pa, pb} *�ú^Ü·ê�Þ ã�×FÖ�Þ ã[Ñ�Ý`Ó^Ò�ÒCÑ�Ö�û[Ó^Ü·ê^ß´Ücù �#1�� 1 ßµÖÚPÓ^Ò�âìú^ÒCê½úpÜwê �pÑ`Ñeû2Ö

(G, c; ρ)
õ�× ,MÑ>ÒØßfú^Ü·ü

I�W*?�VPG^@`G^KMKµ?A@CZjg � ;�T2?Plj;��
ð ¬ � ¬ 
 
 �J� ª ó �7ô (´Ú

(G, c; ρ)
ßµÖ�õ�× ,MÑ�Ò�ßfú^Ü ú^Ü·ê

Cρ = ∅ *�Þ ãJÑ�Ü Þ ã[Ñ>ÒCÑ"Ñ �^ß´Ö�Þ Ö$ú ãcú-, ÚØÕmß´ÜwÞeÑfùFÑ�Ò�ÓØû�Þàß´Ù ú-,Ù�×�,�Þàß ä5Ó^â&ü
è ;�¢cB<VPG^EUWCLNOJ;>@�acX�k�X�W�?AB Cρ � I�HàB`;>@<acXìk�X�?AB y ∈ Cρ g�?AB�KN;h?^WCB�G^EU;�GAH y ?AEUO yτ KN;h?hlj;PW Cρ � dmE?�HfG^@ � ?A@`OacX�k�X.g Cρ LNW�EUG^EJLMEUV>@`;h?^WCLMEJ� � I�HàB`;>@*BCTU;É?AKMK�acX�k�X�W�B`G�?AKMK'OJ;>�p@`;P;�HfG^_J@*EUGcOJ;PW*LME Cρ g2;h?^V]TEUGcOJ;<LME

Cρ
T2?^W�?AB�D GpWCB*B � G EU;>LM�pT Ë G^@*LME Cρ g[L � ; � g (G, c; ρ) WØ?ABCLNWÔç2;PW�BCTU;<HfG^KMKNG � LMEJ�½VPG^EUO[LMBCLNG^E �

¤fý � � ¦ ¡ TU;ÉVPG^EJEU;PV>B`;POSVPG^DÍ=·G^EU;>E�B`W�GAH�BCTU;bWC_ Ë �p@]?A=JT GAH G LMEUO[_UVP;PO Ë Z Cρ VPG^EUW`LNWCB�GAH=2?ABCTUW�?AEUO�V>ZcV>KN;PW �
�$;�Vh?AKMK�LMB�BCTU; ÒØß Ü�ù½Ý`Ó^Üwê^ßàÞàßfÓ^Ü �
� � ¬ ¿ ¬ �²±´�²± ¬w°(ó�$0ô&(´Ú

(G, c; ρ)
ßµÖ½õ�× ,NÑ�ÒØßfú^Ü�ú^Üwê�ÖPúpÞàßµÖ ��ÑØÖ�Þ ã[Ñ�Ò�ß´Ü�ù Ý`ÓpÜwê^ßàÞàßàÓ^Ü *�Þ ã[Ñ>Ü4Þ ãJÑ�ÒCÑÑ��^ßµÖ>Þ Ö§ú

ãcú-, Ú�Õeß Ü2ÞeÑfù^ÒCú-,'Ó�û·Þàß´Ù ú-,�Ù�× , Þàß ä�Ó^â&ü
k�E[HàG^@CBC_JE2?AB`;>KMZjg � ;ÍVPG^_JKNO EUG^B � ;P;>= (G, c; ρ)

�Y_JKN;>@CLµ?AE"O[_J@CLMEJ�§acX�k�X G^=·;>@]?ABCLNG^EUWé?AB
Cρ
g Ë _JB � ;Vh?AE�WCTUG � BCTU;�HfG^KMKNG � LMEJ� �

� � ¬ ¿ ¬ �²±´�²± ¬w°"ó � ô���Ñ�Ý`ú^ÜRúØûjû , ÷ �#1�� 1&Ö�Þ�Óbú-, ,UêFÑfù^Ò`Ñ`Ñ.ÚPÓ^×cÒ�ÜwÓhêFÑØÖ�ß Ü
Cρ

�pÑ`Ñeûwß Ü�ù
(G, c; 6ρ)

õ�× ,NÑ�ÒØßfú^Ü·ü
XY@`G^=�GpWCLMBCLNG^EUWbu � ?AEUOuhtÍVPG^DÍ=JKN;>B`;�BCTU;<=J@`GcGAHYGAH ¡ TU;PG^@`;>D n �

� � Å*ÂbÈ �`ÇÉÆbÊ`Â � Ä�� � 	�Ä�� �

¡ TU; Ë G^_JEUOJ;PObHà@]?^V>BCLNG^E2?AKMLMBeZ�VPG^E^íÔ;PV>BC_J@`;&HfG^@ K3+K3
LNWY?*lj;>@CZéWC=�;PV>Lµ?AK[Vh?^W];&GAH2BCTU;&HfG^KMKNG � LMEJ��VPG^E^íC;PV>BC_J@`;VPG^EUVP;>@CEJLMEJ��Db_JKMBCL � G � D�?r¢cLMDÍLM�²?ABCLNG^EUW �

ð ¬w°Jñ>© �p�²ò.� ©�ó 
 ¤ î t^ï ¦Øô��7ÓpÒ�ú�ÞeÑ�Ò�Ù�ß´Üwú�,2â&Ñ�ßMùAã�Þ µ ÓpÜ S *'Þ ã[Ñ.ÚPÓ-, ,�ÓpâYß´Ü�ù�ÞàâìÓ�Ý`ÓpÜwê^ßàÞàßàÓ^ÜUÖ�ú^Ò`Ñ�Ñ��>×cß´öAú-,MÑ>Ü2Þeü
���



þ o � � � 	���� � � � � � �

¤ L´¦ E0ã[Ñ�Ò`Ñ�Ñ �^ß´Ö�Þ Öéú�û[ÓAÖØßàÞàß öAÑéß´Ü2ÞeÑ�ùFÑ�Ò
k
Ö�×[Ý>ãRÞ ã[úpÞìÞ ã[Ñ

µ
Õeâ&Ñ>ß�ùAãcÞeÑCê½Ù ú �^ß ÙÉ×cÙ Ù�× , Þàß ä5ÓpâûwÒCÓ ' ,NÑ�Ù ã[úAÖú

1/k
Õmß´Ü2ÞeÑ�ùFÑ�ÒÍÓØû·Þàß ÙÍú�,�Ö>Ó-, ×cÞàßfÓ^ÜÉÚ>ÓpÒbÑ�öAÑ�Ò�÷�ß Ü2ÞeÑfù�Ñ�ÒØÕÔÝ`úØû[úFÝ>ß Þ�újÞeÑCê�ù^ÒCúØû2ã

(G, c)
âYß Þ ã

S ⊆ V G ü
¤ LML´¦ E0ã[ÑbÝ`Ó^Ù ' ß ÜwúpÞ�Ó^Ò�ßfú-,.ê^ß Ù�Ñ�ÜJÖØßfÓ^Ü ÓÔÚ µ ß´Ö�újÞìÙ ÓAÖ>Þ 2 ü
��;>@`;ìBCTU;&VPG^D Ë LME2?AB`G^@CLµ?AKUO[LMD ;>EUWCLNG^E�GAH µ LNW0BCTU;ìKµ?A@C�j;PWCB�O[LMD ;>EUWCLNG^EÉGAH Ë G^_JEUOJ;POéHf?^VP;PW'GAHU_JE Ë G^_JEUOJ;PO=�G^KMZcTU;PO[@`G^E

Pµ = {p ∈ RS
+ | p(s) + p(t) ≥ µ(s, t) (s, t ∈ S)}.

dmEÏ=2?A@CBCLNV>_JKµ?A@hg
µ3,3

T2?^W½VPG^D Ë LME2?AB`G^@CLµ?AKéO[LMD ;>EUWCLNG^E�¥ � ¡ TU;§_JEJLNG^E Tµ
GAH Ë G^_JEUOJ;PO H�?^VP;PWÎGAH Pµ LNWVh?AKMKN;PO�BCTU; Þàß�ù^ã�ÞYÖeû[ú^Ü�GAH

µ
g � TJLNV`T � ?^W�LME�BC@`G�O[_UVP;PO Ë ZR:�@`;PW]W î u�ï.?AEUO�d�W Ë ;>KMK î uhoAï�HfG^@�D ;>BC@CLNVPW�?AEUO � ?^W@`;PVP;>E�BCKMZ�VPG^EUWCLNOJ;>@`;PO Ë ZÍBCTU;�?A_JBCTUG^@ î � ïUHfG^@ì�j;>EU;>@]?AKwEUG^EJD ;>BC@CLNV � ;>LM�pTFB`W �ì¡ TU;�EUG^BCLNG^EÎGAH�VPG^D Ë LME2?AB`G^@CLµ?AKO[LMD ;>EUW`LNG^E$LNW<O[_U;�B`G½:�@`;PW`W î u�ï �b¡ TU;�O[LM@`;PV>BCLNG^E ¤ L´¦ ⇒ ¤ LML´¦ � ?^W�=J@`Ghlj;PO Ë Z î tAïeg � TJLNV]T_JEJL�ç2;PW�@`;PWC_JKMB`WGAH5i�?A@C�²?AEUGhl î uh¥Jg'u � ï.HfG^@�orq]u � ;>LM�pTFBbVh?^W`;Í?AEUO§D ;>BC@CLNV�q � ;>LM�pTFBÉVh?^W`; � I�KNW`G ��G^E^íC;PV>BC_J@`;Ruhn½;�¢cB`;>EUOJW�?VPG^E^íC;PV>BC_J@`;�GAH�i�?A@C�²?AEUGhl î uhýAïìVPG^EUVP;>@CEJLMEJ� ?ÎV>Kµ?^W`W�GAH�VPG^DÍD G�O[LMBmZ �p@]?A=JTUW�T2?PlcLMEJ�RçUEJLMB`;�Hà@]?^V>BCLNG^E2?AKMLMBeZLMESDé_JKMBCL � G � D�?r¢cLMDÍLM�²?ABCLNG^E =J@`G Ë KN;>D W � I Kµ?A@C�j;>@�=2?A@CB�GAHìG^_J@<?A=J=J@`Gj?^V]TSLNW�?A=J=JKMLNVh? Ë KN;ÉB`G µ q � ;>LM�pT�B`;POD�?r¢[LMDé_JD Db_JKMBCL � G � =J@`G Ë KN;>D W�HàG^@ � ;>LM�pT�B µ T2?PlcLMEJ��VPG^D Ë LME2?AB`G^@CLµ?AK&O[LMD ;>EUWCLNG^E$?AB�D GpW`B�¥ � ac;P;bBCTU;W`_ Ë W`;��F_U;>E�B�=2?A=�;>@`W î �cgUsAï�HfG^@�BCTJLNW�@`;PW`;h?A@`V]T§O[LM@`;PV>BCLNG^E �
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qeWCB]? Ë KN; � �$;�Vh?AE§WCB]?AB`;�?��j;>EU;>@]?AK7@`;>D�?A@ � �

�½©�� �J�� ��ô (´Ú
H
ß´Ö � �FÑCê+*&Þ ãJÑ�Ü

S(k) ≥ k + |V (H)| ü
� � ¬ ¿ ¬ �²±´�²± ¬w° �7ô 	 ú�
 (´Ú

H = P3
*ìÞ ã[Ñ>Ü

S(k) = k + |V (H)| = k + 3
ü

	 ' 
 (´Ú H ß´Ö�Þ ã[Ñ*ù^ÒÔú�û2ãÎÓ^Ü �RöAÑ�Ò>ÞàßàÝØÑØÖ�âYß Þ ã�ÞàâìÓÍÜwÓ^Üwújê��>újÝØÑ�Ü2Þ&ÑCê²ùFÑØÖ *ìÞ ãJÑ�Ü
S(k) = k+ |V (H)| = k+4

ü
1�ÒCÓhÓÔÚ dmB�LNW�;>EUG^_J�pT§B`GÍWCTUG � ? k qeWCB]? Ë KN;��p@]?A=JT � LMBCT k + |V (H)| ;PO[�j;PW�LME Ë G^BCT�Vh?^W`;PW �
¤f?j¦ÎIÛWCB]?A@�G^E

k+3
lj;>@CBCLNVP;PW � LMBCT k+2

;PO[�j;PW&LNW
k
qeW`B]? Ë KN;pg[?^W5?AEFZ�B � G�GAH7LMB`W5;PO[�j;PW5?A@`;�?^OAí`?^VP;>EFB�?AEUOBCT�_UW�HfG^@CD(?

P3 �ìÌ G^@ k = 1
gJBCTU;�BC@CLµ?AEJ�pKN;½¤

C3
¦�LNW*?AKNW]G

1
qeW`B]? Ë KN; � dmB�LNW*;h?^WCZ½B`GÍW`;P;�BCT2?AB�BCTU;>@`;b?A@`;EUG½G^BCTU;>@�VPG^EJEU;PV>B`;PO �p@]?A=JTUW � TJLNV]TST2?hlj;ÉBCTU;é=J@`G^=�;>@CBeZ�BCT2?AB�?AE�Z�B � G½GAH�LMB`W<;PO[�j;PW�?A@`;�?^OAíC?^VP;>E�B �GAHYVPG^_J@`W`;pgUG^EU;�Vh?AE�?^OJO�LNW`G^Kµ?AB`;PORlj;>@CBCLNVP;PW �

¤ Ë ¦Î£7;>B G Ë ;�BCTU;Éu�q�@`;>�p_JKµ?A@��p@]?A=JTÎG^E 2(k+ 2)
lj;>@CBCLNVP;PW�¤ BCT2?AB�LNW²g�;h?^V]TÎGAH

G �
W5VPG^DÍ=·G^EU;>E�B`W�VPG^EFB]?ALME�?

WCLMEJ�pKN;b;PO[�j;²¦ � ��G^E�BC@]?A@CZ�B`G BCTU;é�p@]?A=JT Ë ;�HàG^@`;pgwBCTJLNW��p@]?A=JT�T2?^W�BCTU;é=J@`G^=�;>@CBeZ�BCT2?AB<?AEFZ�B � G½GAH�LMB`W;PO[�j;PW�?A@`;�EUG^E2?^OAíC?^VP;>E�Bhg � TJLNV`T½?A�F?ALME½WCTUG � WìBCT2?AB�?AE�ZÍ¥�;PO[�j;PWYHfG^@CD ?<�p@]?A=JT�LNW]G^D G^@C=JTJLNV � LMBCT H �dmB*LNW�?AKNW`G�;h?^WCZRB`G�W`;P;�BCT2?AB�BCTJLNW*LNW�BCTU;éG^EJKMZRDÍLMEJLMD�?AK
k
qeWCB]? Ë KN;é�p@]?A=JT � LMBCTSBCTJLNW*=J@`G^=�;>@CBeZ�¤f?A=2?A@CBHà@`G^D LNW`G^Kµ?AB`;PORlj;>@CBCLNVP;PWØ¦ �

2I �j;>EU;>@]?AK7_J=J=�;>@ Ë G^_JEUORHàG^@�BCTU;�lp?AKM_U;�GAH S(k)
TUG^KNOJW�B`GcG �

� � ¬ ¿ ¬ �²±´�²± ¬w° $0ô �7Ó^ÒéúpÜU÷ � �FÑ`ê
H
*
S(k) ≤ (|V (H)|+ 3)k

ß Ú
k
ß´Ö ,Mú^ÒfùFÑÍÑ�ÜwÓp×^ùAãJü

1�ÒCÓhÓÔÚ £0;>B
n0 Ë ;5BCTU;5_JEJL ��_U;�LMEFB`;>�j;>@YHfG^@ � TJLNV`T (n0−1

2

)
≤ k+1
|V (H)|−1 <

(n0

2

) ?AEUOÍKN;>B
n = n0(|V (H)|−

1) � �$; � LMKMK�WCTUG � BCT2?ABÎL�H k LNWÎKµ?A@C�j; ;>EUG^_J�pT7g�BCTU;>E4BCTU;S�p@]?A=JT Kn
LNW
k
qeWCB]? Ë KN;?AEUO |E(Kn)| ≤

(|V (H)|+ 3)k �I�EFZ½�p@]?A=JTRBCT2?AB�OJG�;PW5EUG^B�VPG^E�B]?ALME
H
OJGc;PW5EUG^B�VPG^EFB]?ALME

K|V (H)|
;>LMBCTU;>@ � deB5HfG^KMKNG � W�H @`G^D ¡ _J@ �AE � WBCTU;PG^@`;>D BCT2?AB�LMEG^@`OJ;>@<B`G��j;>Bé?��p@]?A=JTG^E

n
lj;>@CBCLNVP;PW<BCT2?AB�VPG^E�B]?ALMEUW�EUG

K|V (H)|
g�G^EU;�T2?^W�B`GÎOJ;>KN;>B`;

?AB5KN;h?^WCB
(|V (H)| − 1)

(n0−1
2

) lj;>@CBCLNVP;PW5Hà@`G^D
Kn
g � TJLNV]T7g[Hà@`G^D BCTU;�V]TUG^LNVP;�GAH n0

gcD ;h?AEUW�BCT2?AB
Kn

LNW�?AB
KN;h?^WCB

k
qeWCB]? Ë KN; �

è G �
|E(Kn)| =

(
n

2

)
=

(n0|V (H)|)(n0|V (H)| − 1)

2
,

� TJLMKN;
k(|V (H)|+ 3) ≤

(
n0

2

)
(|V (H)− 1)(|V (H)|+ 3).

��G^DÍ=2?A@CLMEJ�ÍBCTU;�B � GJg � ;<�j;>B�BCT2?AB n0 ≥ |V (H)|+ 3
LNW5WC_#"�V>LN;>E�B5HàG^@ |E(Kn)| ≤ (|V (H)|+ 3)k � I*EUOBCTJLNW�LMEUOJ;P;PO�TUG^KNOJW�L�H

k
LNW�Kµ?A@C�j;é;>EUG^_J�pT ¤à; � � � k > (|V (H)|+2)|V (H)|2

2

¦ � 2

� �
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¡ TU;�D�?ALME�D G^@]?AKN;bGAHYBCTU;PW`;�=J@`G^=�GpWCLMBCLNG^EUW�LNW*BCT2?AB�HfG^@�?AEFZRV]TUG^LNVP;bGAH H g S(k)
LNW*GAHì?�KMLMEU;h?A@�G^@`OJ;>@ �

� H�VPG^_J@`W`;pg[LNOJ;>E�BCL�H ZcLMEJ��BCTU;é;�¢J?^V>B S(k)
Hà_JEUV>BCLNG^EUW�LNW*?�VPG^DÍ=JKN;>B`;>KMZ�O[L	��;>@`;>EFB*D�?ABCB`;>@ �

Ì @`G^D EUG � G^E7g � ;�çJ¢ H = P4 �¡ TU; �F_U;PWCBCLNG^E�GAH P4 � ?^W�@]?ALNW`;PO½LME î u�ï�O[_J@CLMEJ�ÍBCTU;�;�¢U?ADÍLME2?ABCLNG^E�GAH.�<?ADÍLMKMB`G^EJLµ?AE�V]T2?ALMEUW�LMEÎTFZc=·;>@Ôq�p@]?A=JTUW ��¡ TU;�?A_JBCTUG^@`W�Vh?AKNV>_JKµ?AB`;POÎBCTU;<l^?AKM_U;<GAH S(k)
HfG^@

k ≤ 8
?AEUOÎ=�GpW`;POR?éVPG^E^íC;PV>BC_J@`;�HfG^@�Kµ?A@C�j;>@

k �
W

¤ î uPïeg ��G^E^íÔ;PV>BC_J@`;�uhýj¦ � deERBCTU;<=J@`;PW];>EFB*=2?A=�;>@ � ;�=J@`Ghlj;�BCTJLNW*VPG^E^íÔ;PV>BC_J@`; �
� � 	�Ê`Â Ä����wÇ
�ÔÃ

� _J@*D�?ALME�@`;PWC_JKMB�LNW�BCTU;�HfG^KMKNG � LMEJ� �
� ¸0©�¬ � ©�� � ô

S(1) = 4
*&ú^Ü·ê ß Ú

k ≥ 2
*&Þ ã[Ñ�Ü

S(k) = k +
⌈√

2k + 9
4 + 3

2

⌉ ü
I*KMBCTUG^_J�pT§LMB*LNW � @CLMBCB`;>E�LMES?AES;�¢c=JKMLNV>LMB*HàG^@CDá? Ë G²lj;pg2BCTU;�HàG^KMKNG � LMEJ�Î?AKMB`;>@CE2?ABCLMlj;ÉOJ;�çUEJLMBCLNG^E§D�?hZ Ë ;;h?^W`LN;>@�B`GÍ_JEUOJ;>@`WCB]?AEUO�?AEUOÍí�_UWCB*?^W�_UW`;�H _JK �

� � ¬ ¿ ¬ �²±´�²± ¬w° 
 ô$E0ã[Ñ�ú ' Ó^öAÑ.ÚPÓ^Ò�Ù�×�,Mú�ÚPÓ^Ò S(k)
ß´Ö�Ñ��>×cß´öAú-,MÑ>Ü2Þ'âYß Þ ã�Þ ã[Ñ�ÚPÓ-, ,�ÓpâYß´Ü�ù �

S(1) = 4, S(2) = 6
*

úpÜwê�ß Ú
k ≥ 3

*ìÞ ã[Ñ�Ü

S(k) =

{
S(k − 1) + 2

ß Ú
k =

( l
2

) ÚPÓ^Ò<Ö>Ó^Ù�Ñ
l

S(k − 1) + 1
ÓpÞ ãJÑ�ÒØâYß´ÖPÑ²ü

I*KMBCTUG^_J�pT�LMB�LNW �F_JLMB`;é;h?^WCZ�B`G�=J@`G²lj;�BCTU;�;���_JLMl^?AKN;>EUV>Zjg � ;�=J@`G²l�LNOJ;�BCTU;�=J@`G�GAH�LME§ac;PV>BCLNG^ESý �
è G � KN;>B�_UW�B]? � ;é?ÉKNGcG � ?AB�BCTU;<�p@]?A=JTUW*VPG^E�B]?ALMEJLMEJ��EUG P4 �

� � ¬ ¿ ¬ �²±´�²± ¬w° �wô (´Ú�Þ ãJÑÍù^ÒCúØû2ã
G
Ý]Ó^Ü2Þ�ú^ß ÜJÖ�Ü·Ó

P4
ú^ÖÎú§ÖØ× ' ù^ÒCúØû2ã *ÉÞ ã[Ñ�ÜÏú-, ,5ÓÔÚ½ß Þ Ö½Ý]Ó^Ù�û[Ó^Ü·Ñ�ÜwÞ ÖRú^Ò`ÑÞàÒ�ßfú^Ü�ù-,NÑØÖbú^Üwê Ö�Þ�úpÒ]Öhü

15ÒÔÓhÓCÚ deH0BCTU;>@`;�?A@`;�B � G�LMEUV>LNOJ;>E�B*;PO[�j;PW {v1, v2}
?AEUO {v2, v3}

LME�?bVPG^DÍ=·G^EU;>E�BhgJBCTU;>ER;>LMBCTU;>@ {v1, v3}LNW�?AEÎ;PO[�j;�?AEUO�BCTU;>@`;<?A@`;*EUGbD G^@`;<;PO[�j;PWìLME½BCTJLNW5VPG^DÍ=·G^EU;>E�Bhg � TJLNV`TÎD ;h?AEUW�BCT2?AB&BCTU;�VPG^DÍ=·G^EU;>E�B�LNW�?BC@CLµ?AEJ�pKN;pgwG^@*?AKMK�BCTU;�G^BCTU;>@*;PO[�j;PW�LMERBCTJLNW�VPG^DÍ=�G^EU;>EFB�Dé_UWCB*VPG^E�B]?ALME
v2
gU?AEUORBCTU;�VPG^DÍ=·G^EU;>E�B�LNW*?�WCB]?A@ �deH�?AEFZR;PO[�j;PW�O[L	��;>@`;>EFB�Hà@`G^D {v1, v3}

LNW�VPG^EJEU;PV>B`;PORB`G
v1
G^@
v3
g � ;��j;>B�? P4 � 2

� � ¬ ¿ ¬ �²±´�²± ¬w° �7ô�(´Ú
G
ãcú^Ö

e
ÑCêhùFÑØÖéÓ^Ü

n
öAÑ�Ò>ÞàßàÝ]Ñ�Ö *ìÞ ã[Ñ�Ü

G
ß´Ö
k
Õ�Ö>Þ�ú ' ,NÑ ⇐⇒ G

Ý`ú^Ü2ÜwÓpÞ ' ÑbÝ`Ó^ö^Ñ�ÒCÑ`ê ' ÷
k + n− e Ö>Þ�ú^Ò]Öéú^Ü·ê�ú^Ü2÷ ÜU×cÙ ' Ñ�ÒÉÓÔÚ�ÞàÒ�ßfú^Ü�ù-,NÑØÖPü
15ÒÔÓhÓCÚ �$;�=J@`G²lj;�BCT2?AB

G
LNWbEUG^B

k
qeWCB]? Ë KN; ⇐⇒ LMBÉVh?AE Ë ;�VPG²lj;>@`;PO Ë Z k + n − e WCB]?A@`W�?AEUO"?AE�ZE�_JD Ë ;>@�GAH�BC@CLµ?AEJ�pKN;PW �d�H

G
LNW�EUG^B

k
qeWCB]? Ë KN;ÍBCTU;>E � ; Vh?AE$OJ;>KN;>B`; k ;PO[�j;PWbWC_UV`TBCT2?AB�BCTU; @`;>D�?ALMEJLMEJ���p@]?A=JT�VPG^EFB]?ALMEUWbEUG

P4
g�W`G � ;½Vh?AE W`;>KN;PV>B e − k ;PO[�j;PWÉGAH G WC_UV]T"BCT2?ABÉBCTU;>Z$VPG^EFB]?ALMEæEUG

P4 ��¡ TU;>@`;�HfG^@`; � ;ÎVh?AE"W`;>KN;PV>B
e− k ;PO[�j;PW�GAH G WC_UV]TRBCT2?AB5BCTU;>ZÎ?A@`;<;PO[�j;PW�GAH.O[LNWfíÔG^LME�B�BC@CLµ?AEJ�pKN;PW*?AEUORWCB]?A@`Whg[W`G G Vh?AE Ë ;<VPG²lj;>@`;PO Ë Z
k + n− e WCB]?A@`W*?AEUO�?AE�Z�E�_JD Ë ;>@�GAH�BC@CLµ?AEJ�pKN;PW �
¡ T2?ABéKµ?^WCBbLMDÍ=JKMLNVh?ABCLNG^E"D�?hZ$EU;P;PO�W]G^D ;�;�¢[=JKµ?AE2?ABCLNG^E � deH�BCTU;>@`;Î?A@`; t WCB]?A@`WÉ?AEUO"?AEFZ�EF_JD Ë ;>@�GAHBC@CLµ?AEJ�pKN;PWÉG^E

n
lj;>@CBCLNVP;PWhg.BCTU;>E$BCTU;>Z$VPG^E�B]?ALME

n − t ;PO[�j;PWhg Ë ;PVh?A_UW`;�?ÎBC@CLµ?AEJ�pKN;�T2?^WbýÎlj;>@CBCLNVP;PWÉ?AEUO"ý;PO[�j;PW � TJLMKN;�?�WCB]?A@�T2?^W�?ÎEF_JD Ë ;>@�GAH*;PO[�j;PWéG^EU;�KN;PW`W�BCT2?AE"BCTU; E�_JD Ë ;>@ÉGAH�lj;>@CBCLNVP;PWhg�W`G � ;���KNGpW`;���u;PO[�j;�HàG^@�;>lj;>@CZRWCB]?A@ ��¡ TU;>E§WC_ Ë WCBCLMBC_JB`; t = k + n− e �a�LMEUVP;é?AKMK�LMDÍ=JKMLNVh?ABCLNG^EUW � ;>@`;�@`;>lj;>@`WCL Ë KN;pg � ;�Vh?AE§;h?^WCLMKMZ�=J@`G²lj;�BCTU;�@`;>lj;>@`W`;�LMDÍ=JKMLNVh?ABCLNG^E7gUB`GcG � 2

deE�G^@`OJ;>@*B`G�=J@`Ghlj; ¡ TU;PG^@`;>Dát[g � ;�_UW];<BCTU;<HàG^KMKNG � LMEJ� BCTU;PG^@`;>D �
� $
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� ¸.©F¬ � © ���7ô%0ÑPÞ
G ' Ñ úÍù^ÒÔú�û2ã�âYßàÞ ã e ≥ 5

ÑCêhùFÑØÖhü (´Ú
e ≥

(l−1
2

)
+ 1
*�Þ ã[Ñ�Ü$Þ ãJÑ�ÒCÑ ú^ÒCÑ

l − 1
ÑCê²ùFÑØÖ ÓÔÚ

Þ ã[Ñ�ù^ÒCúØû2ãRâ�ãFßfÝ�ã�Ý`Ó^Ü2Þ�úpß´ÜSÜwÓ
P4
úAÖbúÍÖ�× ' ù^ÒÔú�û2ã[ü�$; � LMKMK0=J@`Ghlj;�BCTJLNW�LME ac;PV>BCLNG^E§ý ��Ì G^@�EUG � gJKN;>B�_UW�W];P; � T2?AB � ;�Vh?AE�D�? � ;�GAH'LMB �1�ÒCÓhÓÔÚ ¤ ¡ TU;PG^@`;>D tj¦ è G^BCLNVP;�BCT2?AB�BCTU;>@`;�LNW*?AE�?^W]WC_JDÍ=JBCLNG^E e ≥ 5

LME ¡ TU;PG^@`;>D þ[� � HYVPG^_J@`W`;pgJ�p@]?A=JTUW
� LMBCTR?ABìD GpWCB � ;PO[�j;PW&D�?PZ Ë ;*G^EJKMZ�u�qeW`B]? Ë KN; � � E�BCTU;�G^BCTU;>@&T2?AEUO�g S(1) ≥ 4 � dmB�BC_J@CEUW5G^_JBìBCT2?AB C4

LNW
1
qeWCB]? Ë KN;�¤f?AEUO�LMB�LNW*;PW]W`;>EFBCLµ?AKMKMZRBCTU;bG^EJKMZ u�qeW`B]? Ë KN;��p@]?A=JT � LMBCT � ;PO[�j;PWØ¦�gwW`G S(1) = 4 �5Ì @`G^D	EUG � G^E7g
� ;�;�¢U?ADÍLMEU; k ≥ 2

g � TJLNV`TLMDÍ=JKMLN;PW S(k) ≥ 5
g�W`G�BCTU;Í?^W`WC_JDÍ=JBCLNG^E

e ≥ 5
GAH ¡ TU;PG^@`;>D þ � LMKMK�?AK � ?PZ[WTUG^KNO �£7;>B�_UW�B]? � ;�?S�p@]?A=JT � LMBCT e = k +

⌈√
2k + 9

4 + 3
2

⌉
− 1

;PO[�j;PW � � ; � LMKMK�WCTUG � BCT2?ABÍLMBÍLNW EUG^B
k
qeWCB]? Ë KN; � £7;>B l0 Ë ;�WC_UV`TRBCT2?AB (l0−2

2

)
≤ k ≤

(l0−1
2

)
− 1

¤
l0
LNW�_JEJL �F_U;<B`G

k
¦ � dmB�LNW�;h?^WCZ½B`GÍV`TU;PV � BCT2?AB

l0 − 5
2 <

√
2k + 9

4 ≤ l0 − 3
2

gJW`G ⌈√
2k + 9

4 + 3
2

⌉
= l0

g � TJLNV]T�LMDÍ=JKMLN;PW e− k = l0 − 1 �Y¡ TU;>E

e = k + l0 − 1 ≥
(
l0 − 2

2

)
+ l0 − 1 =

l20 − 5l0 + 6 + 2l0 − 2

2
=
l20 − 3l0 + 4

2
=

(
l0 − 1

2

)
+ 1,

W`G
l0
Vh?AE Ë ;�W`;>KN;PV>B`;PO ?^W l LME ¡ TU;PG^@`;>D þ g2?AEUO�BCTF_UW l0 − 1 = e− k ;PO[�j;PW�Vh?AE Ë ;éW`;>KN;PV>B`;PORHà@`G^D	BCTU;�p@]?A=JT�WC_UV]T�BCT2?AB�BCTU;>ZÎVPG^EFB]?ALME§EUG

P4 �
¡ TJLNW*D ;h?AEUW�BCT2?AB S(k) ≥ k +

⌈√
2k + 9

4 + 3
2

⌉ �
è G � � ;ÉT2?Plj;bB`G½WCTUG � BCTU;bG^BCTU;>@�LMEU;���_2?AKMLMBeZjg�W`G HàG^@<;>lj;>@CZ k � ;éT2?hlj;bB`G½WCTUG � ? k qeWCB]? Ë KN;É�p@]?A=JT

� LMBCT e = k +
⌈√

2k + 9
4 + 3

2

⌉ ;PO[�j;PW �£7;>B
l0 Ë ;�W`_UV`TÎBCT2?AB (l0−2

2

)
≤ k ≤

(l0−1
2

)
− 1 �

BCTU;>E
e = k+ l0 ≤

(l0−1
2

)
− 1 + l0 =

(l0
2

) � �$;*T2?hlj;B � G�Vh?^W`;PW �Y;>LMBCTU;>@ l0 LNW�O[LMlcLNWCL Ë KN; Ë ZRý�G^@*EUG^B ��Ì LM@`WCB � ;�VPG^EUW`LNOJ;>@�BCTU;�Vh?^W`; � TU;>E�LMB�LNW`E � B �£7;>BÍ_UWÉB]? � ;�?AE�Z��p@]?A=JT
G � LMBCT e ;PO[�j;PWÍG^E l0 lj;>@CBCLNVP;PW�¤ BCTJLNW�LNW ?AE �m?AKMD GpWCBÍVPG^DÍ=JKN;>B`;��Î�p@]?A=JT7gË ;PVh?A_UW`; e ≥ (l0−1

2

)
+ 1
g·W`G

G
Vh?AE Ë ;é@`;>�F?A@`OJ;POS?^W<?Í�p@]?A=JTS@`;PWC_JKMBCLMEJ��H @`G^D(BCTU;bOJ;>KN;>BCLNG^E GAH&?AB*D GpWCB

l0 − 2
;PO[�j;PW�H @`G^D

Kl0

¦ � �$; � LMKMKì=J@`G²lj; BCT2?AB G LNW k qeWCB]? Ë KN; � I�VPVPG^@`O[LMEJ�§B`G �&Kµ?ALMD s[g0LMBéLNW�;>EUG^_J�pTB`G�W`TUG � BCT2?AB G Vh?AEJEUG^B Ë ;�VPGhlj;>@`;PO Ë Z l0 + k − e = 0
WCB]?A@`W�?AEUOS?AEFZRE�_JD Ë ;>@<GAHYBC@CLµ?AEJ�pKN;PW �*¡ TJLNW*LNWV>KN;h?A@CKMZ BC@C_U;pg Ë ;PVh?A_UW]; G Vh?AEJEUG^B Ë ;*VPG²lj;>@`;POÎG^EJKMZ Ë ZÍBC@CLµ?AEJ�pKN;PWhgJ?^W 3|� l0 ��¡ TU;*�p@]?A=JTÎG^E½BCTU;�KN;�HàBÔq�T2?AEUOWCLNOJ;<LME�BCTU;�çU�p_J@`; Ë ;>KNG � WCTUG � W*?AE�;�¢U?ADÍ=JKN;<HàG^@ k = 4
¤ � TU;>@`; l0 = 5

?AEUO
e = 9

¦ �

¡ TU;ÉG^BCTU;>@�Vh?^W`;pg � TU;>E 3|l0
gwEU;P;POJW�?�O[L	��;>@`;>E�B�;�¢J?ADÍ=JKN; � �$;ÉVPG^EUWCBC@C_UV>B G Ë Z§?^OJO[LMEJ� e − (l0−1

2

)
lj;>@CBCLNVP;PW�?AEUOÎ;PO[�j;PW5B`G

Kl0−1
WC_UV`TÎBCT2?AB�;h?^V`TREU; � lj;>@CB`;�¢½LNW�VPG^EJEU;PV>B`;POÎB`G�O[LNWCBCLMEUV>B5lj;>@CBCLNVP;PW Ë Z½?bEU; �;PO[�j;�¤ BCTU;��p@]?A=JT�G^E�BCTU;�@CLM�pTFBÔq�T2?AEUO WCLNOJ;�LMEBCTU;�çU�p_J@`; ? Ë Ghlj; WCTUG � W�BCTU;Í;�¢U?ADÍ=JKN;�HfG^@ k = 7 �

BCTU;>E
e = 13

?AEUO
l0 = 6

¦ � dmB*LNW<;>EUG^_J�pTSB`G�W`TUG � BCT2?AB�BCTJLNW��p@]?A=JTVh?AEJEUG^B Ë ;ÉVPGhlj;>@`;PO Ë Z n + k − e WCB]?A@`W?AEUO ?AEFZEF_JD Ë ;>@ÍGAH�BC@CLµ?AEJ�pKN;PWhg � TU;>@`; n LNWbBCTU;�E�_JD Ë ;>@�GAH�lj;>@CBCLNVP;PW�GAH�BCTJLNWb�p@]?A=JT � e = k + l0
g�W`G

n+ k − e = n− l0 � � _JB�BCTU;>@`;é?A@`; n− (l0 − 1)
EU; � lj;>@CBCLNVP;PWhg � TJLNV]T�LNW�G^EU;�D G^@`;<BCT2?AE�BCTU;�EF_JD Ë ;>@GAH�W`B]?A@`W � ; ?A@`; ?AKMKNG � ;PO$B`GRVPG²lj;>@�BCTU;��p@]?A=JT7g.?AEUOV>KN;h?A@CKMZ ;h?^V`T"WC_UV`Tlj;>@CB`;�¢ � G^_JKNO$@`;��F_JLM@`;�LMB`W�G � EWCB]?A@�B`G VPG²lj;>@�LMB ��¡ T�_UW�LMB�Vh?AEJEUG^B Ë ;�VPGhlj;>@`;PO � 2

� �
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I O[LNWC=JKµ?hZÎGAH�BCTU;<lp?AKM_U;PW*GAH
S(k)

?AEUOÎBCTU;�DÍLMEJLMD�?AK
k
qeWCB]? Ë KN;��p@]?A=JTUW�HàG^@�WCD�?AKMKN;>@ k � W �¡ TU;<lp?AKM_U;PW*GAH k � TU;>@`; S(k)

í�_JDÍ=UW�¥ ?A@`;<D�?A@ � ;PO �
è G^B`;<BCT2?AB�BCTU;�;�¢U?ADÍ=JKN;PW�?A@`;�?AKMD GpW`BÔq Kn

�p@]?A=JTUW*;�¢JVP;>=JB � TU;>@`;�LMB � G^_JKNO Ë ; 3|n �
� � Ä�Å�Å�� �
15ÒÔÓhÓCÚ ¤àXY@`G^=·GpW`LMBCLNG^E�nj¦�d�H

k =
(
l
2

) g�BCTU;>E ⌈√
2(k − 1) + 9

4 + 3
2

⌉
=
⌈√

l2 + l − 2 + 9
4 + 3

2

⌉
= l + 2

� TJLMKN;
⌈√

2k + 9
4 + 3

2

⌉
=
⌈√

l2 + l + 9
4 + 3

2

⌉
= l+ 3

g Ë ;PVh?A_UW]; √l2 + l + 9
4 > l+ 1

2 � dmB�LNW�?AKNW`G�V>KN;h?A@BCT2?AB*L�H ( l
2

)
< k <

(l+1
2

) g[BCTU;>E ⌈√
2k + 9

4 + 3
2

⌉
= l + 2 ��¡ TJLNW�ZcLN;>KNOJW�;�¢U?^V>BCKMZ � T2?AB � ; � ?AE�B`;PO � 2

Ì @`G^D	EUG � G^E7gwBCTU;�=J@`GcGAHìGAH ¡ TU;PG^@`;>D þ LNW*=J@`;PW];>EFB`;PO§BCTJ@`G^_J�pTSW`;>lj;>@]?AK.KN;>DÍD�?^W � �$;éD�? � ;bW`G^D ;@`;>D�?A@ � W�çU@`W`B �
� 
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	 � ��576'-�*j, ��#���,�0�1.8�, þ �

�$;bD�?PZ�W`_J=J=·GpW`;éBCT2?AB
e ≤

(l
2

) g·G^BCTU;>@ � LNW`;ÉBCTU;�BCTU;PG^@`;>D Vh?AE Ë ;É?A=J=JKMLN;PO � LMBCT?ÍTJLM�pTU;>@ l � �ÏLMBCT(l−1
2

)
+ 1 ≤ e ≤

(l
2

) g
l
LNW�_JEJL ��_U;<B`G

e �
è G^BCLNVP;�BCT2?AB l LNW<BCTU;�KN;h?^WCB�=�GpW`WCL Ë KN;ÉE�_JD Ë ;>@éGAH&lj;>@CBCLNVP;PW�W`_UV`TBCT2?AB l lj;>@CBCLNVP;PW�Vh?AE$WC=2?AE e ;PO[�j;PW �L�H5BCTU;
G
�p@]?A=JT"T2?^W

l
lj;>@CBCLNVP;PWhg.BCTU;>E�LMB�LNWé?AE �m?AKMD GpWCBbVPG^DÍ=JKN;>B`;�� �p@]?A=JT7g � LMBCT"?AB�D GpWCB l − 2

;PO[�j;PW
DÍLNW`WCLMEJ��H @`G^D

Kl � deE�?�W];>EUW`;pg � ; � ?AEFB&B`G�=J@`Ghlj;�BCT2?AB�BCTU;*?AKMD GpWCBìVPG^DÍ=JKN;>B`; Kl
�p@]?A=JT�LNWYBCTU;�;�¢[BC@`;>D�?AK

�p@]?A=JT7gUW`G � ; � LMKMK0VPG^EUWCLNOJ;>@�?�=2?A@]?AD ;>B`;>@ Ë Z � TJLNV]T�LMB�LNW�;�¢[BC@`;>D�?AK �£7;>B
G Ë ;�?��p@]?A=JT G^E n lj;>@CBCLNVP;PWYGAH·WCLM�h; e ��¡ TU;>E7g^Hà@`G^D e ≤

( l
2

) g
l =

⌈
1+
√

1+8e
2

⌉ gj?AEUOÉKN;>B
s = n−l �

� HYVPG^_J@`W`;pg s ≥ 0 �dmB5LNW�?AKNW`G�V>KN;h?A@�BCT2?AB
l− 1

;PO[�j;PW�G^E
n = l+ s

lj;>@CBCLNVP;PW � LMBCTUG^_JB*? P4
HfG^@CD ?b�p@]?A=JT � TJLNV]T�T2?^W�?ABD GpWCB

s+ 1
WCB]?A@*VPG^DÍ=�G^EU;>EFB`W�?AEUO§?AE�ZREF_JD Ë ;>@<GAH�BC@CLµ?AEJ�pKN;ÉVPG^DÍ=�G^EU;>EFB`W � acG � ; � LMKMK�?^V>BC_2?AKMKMZR=J@`Ghlj;BCT2?AB�BCTU;�lj;>@CBCLNVP;PW5GAH7BCTU;��p@]?A=JTÎVh?AE Ë ;�VPG²lj;>@`;PO Ë Z�?AB&D GpW`B s+1

WCB]?A@`W5?AEUO�?AE�Z EF_JD Ë ;>@�GAH�BC@CLµ?AEJ�pKN;PW �
Ì LM@`WCB � ;�=J@`Ghlj;�HàG^@&VPG^EJEU;PV>B`;PO �p@]?A=JTUW � �$;�=J@`G²lj;*W`;>=2?A@]?AB`;>KMZÉHfG^@ s = 0

?AEUO
s = 1 � I*H B`;>@YBCT2?ABhg � ;

� LMKMK7WCTUG � BCT2?AB5HàG^@�VPG^EJEU;PV>B`;PO��p@]?A=JTUW � LMBCT s ≥ 2
gU?�W`G^D ; � T2?AB�WCBC@`G^EJ�j;>@�=J@`G^=·;>@CBmZÎLNW5BC@C_U;��YBCTU;>Z½Vh?AEË ;ìVPGhlj;>@`;PO Ë Z�_UWCLMEJ��G^EJKMZbWCB]?A@`W�¤f?AB'D GpWCB s+1

GAH2VPG^_J@`W`;²¦ ��Ì LME2?AKMKMZjg � ; � LMKMK�=J@`G²lj;ìLMB.HfG^@0EUG^E[qeVPG^EJEU;PV>B`;PO�p@]?A=JTUW �
��© � � � ó�� ¤ BCTU;

s = 0
Vh?^W];²¦Øô %0Ñ>Þ

G ' ÑÉúbù^ÒÔú�û2ãRâYß Þ ã n ≥ 5
öAÑ�Ò>ÞàßàÝØÑØÖÉú^Üwê

e
ÑCêhùFÑØÖ *�ú^Üwê

l
ú<ûJÓAÖØßàÞàß´ö^Ñ

ß Ü2ÞeÑfùFÑ�Ò�Ö�×[Ý>ãSÞ ãcúpÞ (l−1
2

)
+ 1 ≤ e ≤

( l
2

) ü (´Ú
G
ã[úAÖ

n = l
ö^Ñ�Ò�ÞàßfÝ]ÑØÖ *�Þ ã[Ñ�Ü

l − 1
Ñ`êhùFÑØÖ�Ý`ú^Ü ' ÑÍÖPÑ0,NÑCÝPÞeÑCêÖØ×JÝ�ã�Þ ãcúpÞ�Þ ã[Ñ�÷½Ý`Ó^Ü2Þ�ú^ß Ü ÜwÓ

P4
ü

1�ÒCÓhÓÔÚ �$; � LMKMKJW`;>KN;PV>BY;�¢J?^V>BCKMZ½u�W`B]?A@Y?AEUOÍ?AB�D GpWCBYG^EU;�BC@CLµ?AEJ�pKN; � deB'LNWY;>EUG^_J�pT�B`G<=J@`Ghlj;5BCTU;5WCB]?AB`;>D ;>E�BLME BCTU;ÍVh?^W`; � TU;>@`; e =
(
l−1
2

)
+ 1
g Ë ;PVh?A_UW`;�G^BCTU;>@ � LNW`; � ;�D�?hZSOJ;>KN;>B`;�W`G^D ;Í;PO[�j;PW�Hà@`G^D G

B`G½�j;>B�?
�p@]?A=JT � LMBCT (l−1

2

)
+ 1

;PO[�j;PWhg[Hà@`G^D � TJLNV`T � ;�Vh?AE�WCBCLMKMK7W];>KN;PV>Béu�WCB]?A@*?AEUO�W`G^D ;�BC@CLµ?AEJ�pKN;PW �acGJg�KN;>B<_UW�çJ¢ ?��p@]?A=JTG^E
n = l

lj;>@CBCLNVP;PW � LMBCT (l−1
2

)
+ 1 = 1

2(l2 − 3l + 4) � acG^D ;>BCLMD ;PW � ; � LMKMK@`;>�F?A@`O½BCTU;*E�_JD Ë ;>@�GAH.;PO[�j;PW�?^W l− 2
KN;PW`W&BCT2?AEÎBCT2?AB�GAH0BCTU;�VPG^DÍ=JKN;>B`;<�p@]?A=JT7g�HàG^@�LMB�LNW�;h?^W`LN;>@&B`GÉVPG^_JEFB

BCTU;�EUG^E[qe;PO[�j;PW �
¡ TU;bD�?r¢cLMDb_JDáOJ;>�p@`;P;bLNW�;>LMBCTU;>@ l − 1

G^@
l − 2

g Ë ;PVh?A_UW`;�BCTU;�?A@CLMBCTJD ;>BCLNVéD ;h?AE GAH�BCTU;éOJ;>�p@`;P;PW�LNW
2
l · 1

2(l2 − 3l + 4) > l − 3 � d�HYBCTU;bD�?r¢cLMDb_JDáOJ;>�p@`;P;bLNW l − 1
g2BCTU;>ESBCTJLNW*LNW*BCTU;bVP;>E�BC@`;bGAH&?�WCB]?A@*BCT2?AB

VPGhlj;>@`W�?AKMK7lj;>@CBCLNVP;PWhg2?AEUO � ;é?A@`;�OJG^EU; �deHìBCTU;ÉD�?r¢cLMDb_JD OJ;>�p@`;P;�LNW
l − 2

g�BCTU;>E KN;>B
A Ë ;�?�lj;>@CB`;�¢ � LMBCTWC_UV`T$?�OJ;>�p@`;P; � A LNW<VPG^EJEU;PV>B`;PO

� LMBCT�;>lj;>@CZ�lj;>@CB`;�¢Í;�¢[VP;>=JB B g � TUGpW`;*OJ;>�p@`;P;�LNW b � d�H�?AEFZ�B � G�lj;>@CBCLNVP;PW&?AD G^EJ�éBCTU;�EU;>LM�pT Ë G^_J@`WìGAH B ?A@`;VPG^EJEU;PV>B`;PO�gcBCTU;>E�BCTU;>Z�HfG^@CD ?�BC@CLµ?AEJ�pKN; � LMBCT B gF?AEUO�BCTJLNWìBC@CLµ?AEJ�pKN;�B`G^�j;>BCTU;>@ � LMBCT�BCTU;*WCB]?A@ � LMBCT�VP;>EFBC@`;
A
BCT2?AB�VPG^EFB]?ALMEUW<?AKMK�BCTU;�lj;>@CBCLNVP;PW*;�¢JVP;>=JB�BCTU;�G^EU;PW�LMERBCTU;�BC@CLµ?AEJ�pKN;�LNW5BCTU;�VPG^E[çU�p_J@]?ABCLNG^E � ;�EU;P;PO �deHwEUG^EU;�GAH�BCTU;�EU;>LM�pT Ë G^_J@`W&GAH B ?A@`;�VPG^EJEU;PV>B`;PO�g�BCTU;>EÍKN;>B�_UW�VPG^_JEFBìBCTU;�EUG^E[qe;PO[�j;PW�LME G �'¡ TU;>@`;�?A@`;

l − 1− b VPG^EFB]?ALMEJLMEJ� B g (b2) ?AD G^EJ��BCTU;�EU;>LM�pT Ë G^_J@`W�GAH B gU?AEUOR=�GpW`WCL Ë KMZÎW`G^D ;�G^BCTU;>@`Whg � TJLNV`T�D ;h?AEUWBCT2?AB
l − 1− b+

(b
2

)
≤ l − 2

g[Hà@`G^D � TJLNV`T � ;��j;>B b ≤ 2 �deH
b = 1

g2BCTU;>E ;>lj;>@CZ�EUG^E[qe;PO[�j;�VPG^EFB]?ALMEUW
B
gwW`G LMB`W�G^EJKMZ�EU;>LM�pT Ë G^_J@hg C g2LNW�VPG^EJEU;PV>B`;PO � LMBCT ;>lj;>@CZlj;>@CB`;�¢�g � TJLNV`T"VPG^EFBC@]?^O[LNV>B`WbBCTU;ÍD�?r¢cLMDb_JD OJ;>�p@`;P; Ë ;>LMEJ� l − 2 � d�H b = 2

g7BCTU;>E�LMB`W<B � G�EU;>LM�pT Ë G^_J@`Whg
C
?AEUO

D
?A@`;�EUG^BéVPG^EJEU;PV>B`;PO � l ≥ 5

g7W]GÎBCTU;>@`;ÍLNWé?AEUG^BCTU;>@�lj;>@CB`;�¢�g
E
g � TJLNV`T"LNW�VPG^EJEU;PV>B`;PO � LMBCT"?AKMKlj;>@CBCLNVP;PW�;�¢JVP;>=JB

B �'è G � BCTU;�BC@CLµ?AEJ�pKN; ADE ?AEUO�BCTU;5WCB]?A@ � LMBCT VP;>EFBC@`; C ¤àVPGhlj;>@CLMEJ�É?AKMKclj;>@CBCLNVP;PWì;�¢[VP;>=JB
A,D,E

¦5VPG^E�B]?ALME
l − 1

;PO[�j;PW�B`G^�j;>BCTU;>@ � 2

��© � � � ó2ó"¤ BCTU;
s = 1

Vh?^W`;²¦Øô(´Ú
G
ßµÖéú�ù^ÒCúØû2ãRâYßàÞ ã

s = 1
ú^Üwê

l ≥ 5
ö^Ñ�Ò�ÞàßfÝ]ÑØÖ *�Þ ã[Ñ�Ü Þ ã[Ñ�Ò`Ñ�ú^Ò`Ñ

l − 1ÑCêhù�ÑØÖ�ÖPÑ ,MÑCÝhÞeÑCê½ÖØ×JÝ�ã�Þ ãcúpÞ�Þ ã[Ñ�÷½Ý`Ó^Ü2Þ�ú^ß Ü ÜwÓ
P4
ü
���



þ s � ����� � � 	������
	 � �+576'-I*p, ��#��Í,s0�1'8�,

15ÒÔÓhÓCÚ I��F?ALME � ;�D�?PZ�WC_J=J=�GpW`;<BCT2?AB G T2?^W e =
(l−1

2

)
+ 1

;PO[�j;PW²gJLME�G^BCTU;>@ � G^@`OJWhg 2l − 2
;PO[�j;PW�?A@`;

DÍLNW]WCLMEJ��Hà@`G^D BCTU;
Kl+1

VPG^DÍ=JKN;>B`;��p@]?A=JT � �$;�T2?hlj;�B`G�VPG²lj;>@ Ë Z�¤f?AB�D GpWCBØ¦�B � GbWCB]?A@`Wì?AEUO�?AE�Z�EF_JD Ë ;>@GAH�BC@CLµ?AEJ�pKN;PW �£7;>B
D Ë ;�?Élj;>@CB`;�¢ÎGAH'BCTU;�TJLM�pTU;PWCB�OJ;>�p@`;P; � I�E�;h?^WCZ½Vh?AKNV>_JKµ?ABCLNG^E§WCTUG � W�BCT2?AB�BCTU;>@`;é?A@`;�?AB�D GpWCB*ýlj;>@CBCLNVP;PW � TJLNV]T ?A@`;éEUG^EJEU;>LM�pT Ë G^_J@`W<B`G D gw?^W*BCTU;É?Plj;>@]?A�j;ÉOJ;>�p@`;P; � d�HYBCTU;>@`;É?A@`;éG^EJKMZ�o G^@ÉuéGAHYBCTU;>D�gBCTU;>@`;�LNW*?�BC@CLMlcLµ?AK7VPGhlj;>@CLMEJ�ÎGAH'BCTU;<�p@]?A=JT ��¡ TU;>@`;bVh?AE Ë ;�;>LMBCTU;>@<¥�G^@*ý�EUG^EJEU;>LM�pT Ë G^_J@`W�GAH D �d�H'BCTU;>@`;é?A@`;é¥�GAH�BCTU;>D%¤àW]?hZ

A
?AEUO

B
¦�g[BCTU;>E�KN;>B�_UW�D�? � ;�W]G^D ;<@`;>D�?A@ � W �

• d�H&BCTU;�B � G�lj;>@CBCLNVP;PWb?A@`;ÍVPG^EJEU;PV>B`;PO�g7BCTU;>E � ; ?A@`;ÍOJG^EU;�¤f? Ë LM��WCB]?A@ � LMBCT$VP;>EFBC@`; D ?AEUO$?ÎWCB]?A@
VPG^EFB]?ALMEJLMEJ�

A
?AEUO

B
VPG²lj;>@`W�BCTU;��p@]?A=JTw¦ �

• d�HY?AEFZÎGAH A ?AEUO B LNW�VPG²lj;>@`;PO Ë ZR?ÉBC@CLµ?AEJ�pKN;pg � ;�?A@`;�OJG^EU;�¤ BCTU;<BC@CLµ?AEJ�pKN;�=JKM_UW�BCTU;�G^BCTU;>@�lj;>@CB`;�¢?^W*?�WCB]?A@�=JKM_UW*BCTU;�WCB]?A@*GAHYVP;>EFBC@`;
D
VPGhlj;>@`W�BCTU;<�p@]?A=JTw¦ �

• d�H7BCTU;�B � GÉlj;>@CBCLNVP;PW5T2?Plj;�?éVPG^DÍD G^EÎEU;>LM�pT Ë G^_J@hg[BCTU;>Z�?A@`;�VPGhlj;>@`;PO Ë Z�?bWCB]?A@hgJ?AEUO � ;<?A@`;�OJG^EU; �d�H�EUG^EU; GAH5BCTU;Í=J@`;>l�LNG^_UW�TUG^KNO�g7BCTU;>E$KN;>B�BCTU;�OJ;>�p@`;P;PW�GAH
A
?AEUO

B Ë ; a ?AEUO b @`;PWC=�;PV>BCLMlj;>KMZ � �$;VPG^_JE�B�BCTU;�EUG^E[qe;PO[�j;PW � � ;>B � ;P;>E A ?AEUO B BCTU;>@`;éLNW�G^EU;�EUG^E[qe;PO[�j;pg Ë ;>B � ;P;>E {A,B} ?AEUORBCTU;�@`;PWCB*?A@`;
l − 1 − a ?AEUO l − 1 − b EUG^E[qe;PO[�j;PW � Ë ;>B � ;P;>EæBCTU;�EU;>LM�pT Ë G^_J@`W�GAH A ?AEUO B BCTU;>@`;½?A@`; (a

2

) ?AEUO (b
2

)
EUG^E[qe;PO[�j;PW�@`;PWC=�;PV>BCLMlj;>KMZ ��¡ T2?AB�LNW*?ÉB`G^B]?AK.GAH 2l − 2

EUG^E[qe;PO[�j;PWhgwW`G

1 + (l − 1− a) +

(
a

2

)
+ (l − 1− b) +

(
b

2

)
≤ 2l − 2,

Hà@`G^D � TJLNV]T � ;éG Ë B]?ALME
(
a

2

)
− a+

(
b

2

)
− b ≤ −1.

¡ TU;<=·GpW]WCL Ë KN;<l^?AKM_U;PW�GAH (a2)− a ¤f?AEUO (b2)− b ¦0�
a 0 1 2 3 4(a

2

)
− a 0 −1 −1 0 2

d�H
a > 3

g[BCTU;>E (a
2

)
− a ≥ 2 ��Ì @`G^D BCTJLNW²g � ;<�j;>B5BCT2?AB�G^EU;�GAH (a2)− a ?AEUO (b2)− b LNW −1

g[BCTU;<G^BCTU;>@
LNW −1

G^@
0
g�W`G�BCTU;É=·GpW]WCL Ë LMKMLMBCLN;PW�HàG^@ {a, b} ?A@`; {1, 1}, {1, 2}, {2, 2}, {1, 3}, {2, 3} � dmESBCTU;éçU@`W`B�BCTJ@`;P;Vh?^W];PW (a

2

)
− a+

(b
2

)
− b = −2

g[W`GéBCTU;>@`;<LNW5G^EU;�D G^@`;�EUG^E[qe;PO[�j;pg � TJLMKN;�LME½BCTU;�Kµ?^WCB�B � GÍVh?^W`;PW�BCTU;>@`;�?A@`;EUG D G^@`;�EUG^E[qe;PO[�j;PW � �$;�D�?hZRWC_J=J=·GpW];<BCT2?AB a ≤ b � dmE�;h?^V`T§Vh?^W]; � ;�WCTUG � BCT2?AB*G^EU;�Vh?AE§V`TUGcGpW`;�G^EU;lj;>@CB`;�¢½Hà@`G^D
A �
W5EU;>LM�pT Ë G^_J@CTUGcG�O�?AEUOÎG^EU;�Hà@`G^D B �

W�W`_UV`TRBCT2?AB�BCTU;>Z½?A@`;<BCTU;�VP;>E�BC@`;PW�GAH.B � G VPG²lj;>@CLMEJ�W`B]?A@`W �
• {1, 1} � £7;>B C ?AEUO

E Ë ;RBCTU;�G^EJKMZ EU;>LM�pT Ë G^_J@`W�GAH A ?AEUO
B
@`;PWC=�;PV>BCLMlj;>KMZ � ¡ TU;�WCB]?A@`W � LMBCTVP;>EFBC@`;

C
?AEUO

E
VPGhlj;>@�?AKMK'lj;>@CBCLNVP;PWhg Ë ;PVh?A_UW`;bBCTU;>Z�VPGhlj;>@ A,B ?AEUO D ?AEUO§;>lj;>@CZ�G^BCTU;>@�lj;>@CB`;�¢

LNW�VPG^EJEU;PV>B`;PORB`G�;>LMBCTU;>@
C
G^@
E
?^W�BCTU;>@`;�LNW�G^EJKMZÎG^EU;�D G^@`;�EUG^E[qe;PO[�j; �

• {1, 2} � �$;bD�?PZSV`TUGcGpW`; A � W<G^EJKMZ�EU;>LM�pT Ë G^_J@�?AEUOSBCTU;bG^EU;ÉG^_JB�GAH B � W�EU;>LM�pT Ë G^_J@`W<BCT2?AB<LNW*EUG^B? ��;PV>B`;PO Ë Z½BCTU;�Kµ?^WCB�EUG^E[qe;PO[�j;éB`G��j;>B�?�WCLMDÍLMKµ?A@*W`G^KM_JBCLNG^E�B`GÍBCT2?AB*GAH�BCTU;<=J@`;>l�LNG^_UW�Vh?^W`; �
• {2, 2} �&Ì @`G^D Ë G^BCT�EU;>LM�pT Ë G^_J@CTUGcG�OJW*BCTU;>@`;�LNW*?�lj;>@CB`;�¢ÎEUG^B�? ��;PV>B`;PO Ë ZÎBCTU;<Kµ?^WCB�EUG^E[qe;PO[�j; �
• {1, 3} ?AEUO {2, 3} �&¡ TU;�G^EJKMZÎEU;>LM�pT Ë G^_J@*GAH A ?AEUO�?AE�Z½EU;>LM�pT Ë G^_J@�GAH B � LMKMK7OJG �

���



������� � � 	 �����
	 � ��576'-�*j, ��#���,�0�1.8�, þpþ

A B

D

deH
D
T2?^W�ýÉEUG^EJEU;>LM�pT Ë G^_J@`WhgUBCTU;>ERBCTU;�=J@`GcGAH.LNW �F_JLMB`;�O[L	��;>@`;>EFB � �$; � LMKMK.WCTUG � BCT2?AB�BCTU;�ýÉlj;>@CBCLNVP;PWVh?AE Ë ;�VPG²lj;>@`;PO Ë ZSG^EU;ÉW`B]?A@hg7?AEUO§BCTJLNW<LNW�;>EUG^_J�pT7g.?^W<?AKMKYBCTU;�G^BCTU;>@�lj;>@CBCLNVP;PW�Vh?AE Ë ;bVPG²lj;>@`;PO Ë Z§BCTU;WCB]?A@ � LMBCT$VP;>E�BC@`; D � £7;>B�BCTU; ý½EUG^EJEU;>LM�pT Ë G^_J@`W Ë ; A,B,C � a�_J=J=�GpW`;�LMEUO[LM@`;PV>BCKMZ§BCT2?ABéBCTU;>Z§Vh?AEJEUG^BË ;*VPGhlj;>@`;PO Ë Z�?éW`B]?A@hgFBCTU;>E½BCTU;>@`;*LNW�?AB&D GpWCB�u�;PO[�j; Ë ;>B � ;P;>EÎBCTU;>D�gJ?AEUO�BCTU;>Z�OJG^E � B�T2?Plj;�?éVPG^DÍD G^EEU;>LM�pT Ë G^_J@�Hà@`G^D BCTU;�@`;>D�?ALMEJLMEJ� l − 3

lj;>@CBCLNVP;PWhg0W`G½BCTU;ÍWC_JD GAH�BCTU;Í;PO[�j;PW��jG^LMEJ� Ë ;>B � ;P;>E {A,B,C}?AEUORBCTU;<@`;PWCB*LNW*?AB�D GpWCB
2l − 6

¤ =JLM�j;PG^EJTUG^KN;�=J@CLMEUV>LM=JKN;²¦ ��$;�VPG^_JE�B�BCTU;�WC_JD GAH�EUG^E[qeOJ;>�p@`;P;PWhg2BCT2?AB�LNWhg[BCTU;�E�_JD Ë ;>@�GAH�EUG^E[qe;PO[�j;PW�B`G ;h?^V]T�lj;>@CB`;�¢ �
• ¡ TU;�lj;>@CBCLNVP;PW�G^BCTU;>@5BCT2?AE A,B,C T2?Plj;�?éEUG^E[qeOJ;>�p@`;P;�?AB�KN;h?^W`B�ý[g � TJLNV`TR�pLMlj;PW�?AB�KN;h?^WCB 3l− 6

B`G
BCTU;éWC_JD GAH'BCTU;�EUG^E[qeOJ;>�p@`;P;PW �

• A,B ?AEUO C T2?^W*?AB�KN;h?^WCB*¥ÉEUG^E[qe;PO[�j;PW<?AD G^EJ� BCTU;>D W`;>KMlj;PW²gJBCT2?AB�LNW � LME�BCTU;<EUG^E[qeOJ;>�p@`;P;PW �
• � ;>B � ;P;>E {A,B,C} ?AEUO D gcBCTU;>@`;é?A@`;�ýÉEUG^E[qe;PO[�j;PWhgJBCT2?AB�LNW�ýéLMERBCTU;�EUG^E[qeOJ;>�p@`;P;PW*GAH A,B ?AEUO
C �

• � ;>B � ;P;>E {A,B,C} ?AEUORBCTU;�@`;PWCBhg[BCTU;>@`;é?A@`;�?AB*KN;h?^WCB 3(l − 3)− (2l − 6) = l − 3
;PO[�j;PW Ë Z½BCTU;=JLM�j;PG^EJTUG^KN;é=J@CLMEUV>LM=JKN; �

¡ TU;�B`G^B]?AK·W`_JDëLNW5?ABìKN;h?^WCB (3l− 6)+4+3+(l− 3) = 4l− 2
g � TJLNV`T½LNWìLMDÍ=�GpW`WCL Ë KN;pg Ë ;PVh?A_UW`;*BCTU;>@`;?A@`;ÉG^EJKMZ

2l − 2
EUG^E[qe;PO[�j;PW²g·W]G BCTU;ÉWC_JD(WCTUG^_JKNO Ë ; 4l − 4 ��¡ TJLNW*LNW<? VPG^E�BC@]?^O[LNV>BCLNG^E7g7W`G A,B ?AEUO CVh?AE Ë ;�VPGhlj;>@`;PO Ë ZR?ÍWCLMEJ�pKN;�WCB]?A@hg2?AEUOÎBCT�_UW�BCTU; � TUG^KN;��p@]?A=JT�Vh?AE Ë ;�VPGhlj;>@`;PO Ë Z�¥�WCB]?A@`W � 2

¼R©��Y° ±µ�²± ¬·°áó ��ô�E0ã[Ñ�Ù�ß´ÜUß Ù�×�Ù Ü2×�Ù ' Ñ�ÒÓÔÚÎÖ>Þ�ú^Ò]Ö§Ý]Ó^öAÑ�Ò�ß´Ücù ú ù^ÒÔú�û2ã G ß´Ö§Ý`ú-, ,NÑCê Þ ã[ÑOJG^DÍLME2?ABCLNG^E
EF_JD Ë ;>@ ÓÔÚ�Þ ãJÑ�ùpÒÔúØûwã�úpÜwê�ßµÖ�êFÑ�ÜwÓjÞeÑCê ' ÷ β(G)

ü
��© � � � ó � ¤ BCTU;

s ≥ 2
Vh?^W`;²¦Øô(´Ú

G
ßµÖ�ú�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCê ù^ÒCúØû2ãRâYßàÞ ã

s ≥ 2
*ìÞ ã[Ñ�Ü

G
Ý]ú^Ü ' Ñ�Ý`Ó^öAÑ�Ò`ÑCê ' ÷�úpÞÙ ÓAÖ�Þ

s+ 1
Ö�Þ�ú^ÒØÖPü

1�ÒCÓhÓÔÚ dmE î � ï7BCTU;é?A_JBCTUG^@*=J@`Ghlj;PW�BCT2?AB*L�H G LNW�? VPG^EJEU;PV>B`;PO��p@]?A=JT�G^E n lj;>@CBCLNVP;PW�?AEUO e ;PO[�j;PWhgJBCTU;>E

β(G) ≤
⌊

1 + 2n−
√

8e+ 1

2

⌋
,
L�H
e ≤ (n− 2)(n− 3)

2
.

¤�ac;P; î ýrï�HfG^@�?AE�;>EJ�pKMLNWCT�Kµ?AEJ�p_2?A�j;é=J@`G�GAH � ¦dmEéG^_J@0Vh?^W`;
e =

(
l−1
2

)
+1
¤f?AEUO

l =
⌈

1+
√

1+8e
2

⌉ ¦�?AEUO
n = l+s ≥ l+2

gAW`G (n−2)(n−3)
2 ≥ (l)(l−1)

2 > e
g

W`GÉBCTU;�=J@`;>l�LNG^_UW5LMEU;���_2?AKMLMBeZÎWCB]?AB`;PW
β(G) ≤

⌊
1+2(l+s)−

√
8e+1

2

⌋
=
⌊

1+2(l+s)−2(l− 1
2

)

2

⌋
= s+ 1

g � TJLNV`T�LNW;�¢U?^V>BCKMZ � T2?AB � ;�EU;P;PO � 2

�$;é?A@`;�OJG^EU; � LMBCT�VPG^EJEU;PV>B`;PO��p@]?A=JTUW �ìè G ��� ;�BC_J@CE�B`GÍO[LNW`VPG^EJEU;PV>B`;PO��p@]?A=JTUW �¼R©��Y° ±µ�²± ¬·° ó�$7ô %0Ñ>Þ
G1

úpÜwê
G2 ' ÑÍÞàâìÓ�ù^ÒÔú�û2ãjÖéÖ�×[Ý>ãSÞ ãcúpÞ V (G1) ∩ V (G2) = ∅ ü�E0ã[Ñ _JEJLNG^ESGAH G1?AEUO

G2
ß´Ö�Þ ãJÑYÚPÓ-, ,�Ó^âYß Ü�ù

G
ù^ÒCúØû2ã �

V (G) = V (G1)∪ V (G2)
*
E(G) = E(G1)∪E(G2)

üFE0ãcújÞYßµÖ *'â&Ñ
ÖØß Ù�û , ÷<ûw×[ÞìÞ ã[Ñ�ÙáÞ�Ó`ùFÑ>Þ ãJÑ�ÒÉú^Ü·ê�êjÓ�ÜwÓjÞ&Ý`Ó^Ü2Ü·ÑCÝPÞ�ú^ÜU÷�ÙÍÓpÒCÑéöAÑ�Ò>ÞàßfÝ]ÑØÖPü

���
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	 � �+576'-I*p, ��#��Í,s0�1'8�,

deB&LNW&V>KN;h?A@5BCT2?AB�?AEFZ �p@]?A=JTÎLNW&BCTU;�çUEJLMB`;�_JEJLNG^EÎGAH.VPG^EJEU;PV>B`;PO½�p@]?A=JTUW �Yè G �Ï� ; � LMKMKw=J@`G²lj;�BCT2?AB&BCTU;LMEU;���_2?AKMLMBeZRLNW�BC@C_U;<HàG^@�W`_UV`T�_JEJLNG^EUW�B`GcG �
�ì©�� � � ó � ô 	 ú 
 %0ÑPÞ

G1
ú^Üwê

G2 ' Ñ Ö�×[Ý�ã�ù^ÒCúØû2ãjÖ�ÚPÓ^ÒÍâ�ãFßfÝ�ã E0ã[ÑCÓ^Ò`Ñ�Ù � ãcÓ-,MêAÖhü E0ã[Ñ>Ü"ßàÞ5ãcÓ-,MêAÖ�ÚPÓ^Ò
G = G1 ∪G2

*ìÞ�ÓhÓFü
	 ' 
 (´Ú G2

ßµÖÉÖØ×JÝ�ã$ú�ù^ÒCúØû2ã$Þ ãcújÞ$E0ã[ÑCÓ^Ò`Ñ�Ù � ãcÓ-,MêAÖ ú^Üwê
G2

ãcú^ÖÍúpÞ�,MÑCú^Ö�Þ�ÓpÜ·Ñ�Ñ`êhùFÑ *<Þ ã[Ñ�Ü E0ãJÑCÓ^Ò`Ñ�Ù �

ãcÓ-,MêAÖ�Ú>ÓpÒ
G = C4 ∪G2

*ìÞ�Ó²ÓFü
15ÒÔÓhÓCÚ
¤f?j¦

n = n1 + n2
?AEUO

e = e1 + e2
V>KN;h?A@CKMZ§TUG^KNO�g � TU;>@`; n ?AEUO e ?A@`;�BCTU;b@`;PW`=·;PV>BCLMlj;�=2?A@]?AD ;>B`;>@`WbGAH

G � £7;>Bé_UWb?AKNW`GÎ_UW`; s ?^WéBCTU;Í=2?A@]?AD ;>B`;>@bGAH G � �$; T2?Plj; B`G�=J@`Ghlj; BCT2?AB G Vh?AE Ë ;ÍVPGhlj;>@`;PO Ë Z
s + 1

WCB]?A@`Wé?AEUO$?AEFZ E�_JD Ë ;>@bGAH5BC@CLµ?AEJ�pKN;PW ��¡ TU;PG^@`;>D þ TUG^KNOJW<HàG^@ G1
?AEUO

G2
g.W`GÎBCTU;>Z Vh?AE Ë ;VPGhlj;>@`;PO Ë Z s1 + 1

?AEUO
s2 + 1

WCB]?A@`W�?AEUO�?AEFZ�EF_JD Ë ;>@*GAH'BC@CLµ?AEJ�pKN;PW�@`;PWC=�;PV>BCLMlj;>KMZjgU?AEUO�BCT�_UW G Vh?AE
Ë ;�VPGhlj;>@`;PO Ë Z s1 + s2 +2

W`B]?A@`W�?AEUO½W`G^D ;�BC@CLµ?AEJ�pKN;PW � �$;�EU;P;PO s1 + s2 +2 ≤ s+1 �Y¡ TJLNW�LNW&BC@C_U;
Ë ;PVh?A_UW`; e1 ≤

(l1
2

) Hà@`G^D BCTU;�OJ;�çUEJLMBCLNG^E§GAH
l1
g
e2 ≤

(l2
2

) WCLMDÍLMKµ?A@CKMZ�?AEUO
l ≤ l1 + l2 − 1 Ë ;PVh?A_UW`;

e = e1 + e2 ≤
(
l1
2

)
+

(
l2
2

)
≤
(
l1 + l2 − 1

2

)
,

?^W
(l1 − 1)(l2 − 1) ≥ 0

LNW�;���_JLMlp?AKN;>EFB�B`GÍBCTU;<@CLM�pT�B*T2?AEUO�W`LNOJ;<LMEU;��F_2?AKMLMBmZ �
Ì @`G^D l ≤ l1 + l2 − 1 � ;��j;>B s ≥ s1 + s2 + 1

?AEUOÎçUE2?AKMKMZ
s1 + s2 + 2 ≤ s+ 1 �

¤ Ë ¦ l2 ≥ 2
g2?AEUO

l ≤ l2 + 2
g Ë ;PVh?A_UW`;

e = 4 + e2 ≤ 4 +

(
l2
2

)
≤
(
l2 + 2

2

)
,

� TJLNV`T�LNW*;��F_JLMlp?AKN;>EFB�B`G 4l2 ≥ 8 �
2

¡ TU;�@`;PWC_JKMB�GAH�BCTU;�=J@`;>l�LNG^_UW�£7;>DÍD�?��pLMlj;PW*_UW*BCT2?AB�HfG^@�?AEFZR�p@]?A=JT � LMBCT e ≥ 5
;PO[�j;PWhg ¡ TU;PG^@`;>D þTUG^KNOJW²g Ë ;PVh?A_UW`;b;>LMBCTU;>@�BCTU;>@`;�?A@`;bEUG C4

VPG^DÍ=�G^EU;>EFB`W²gwBCTU;>E � ;�Vh?AE§B]? � ;éBCTU;>LM@�_JEJLNG^E ¤f¥Í�p@]?A=JTUW�?AB<?BCLMD ;pg�W`G�=·GpW`W`L Ë KMZéBCTJLNW�T2?^W�B`G Ë ;�@`;>=�;h?AB`;POÍW`;>lj;>@]?AKJBCLMD ;PWØ¦�gF?AEUOÍO[_J@CLMEJ��;h?^V]T WCB`;>=7g ¡ TU;PG^@`;>D þ @`;>D�?ALMEUWLME�l^?A@CLµ? Ë KMZ�BC@C_U; � G^@�BCTU;>@`;éLNW�? C4
VPG^DÍ=·G^EU;>E�Bhg2BCTU;>E � ;bT2?Plj;éB`G B]? � ;�LMB`W*_JEJLNG^E � LMBCT ?AEUG^BCTU;>@��p@]?A=JT

� LMBCT?AB�KN;h?^WCB�G^EU;É;PO[�j;éB`G��j;>B<? �p@]?A=JT�HfG^@ � TJLNV]T ¡ TU;PG^@`;>D þ TUG^KNOJW�?AEUO§BCTU;>ESB]? � ;éBCTU;é_JEJLNG^E � LMBCTG^BCTU;>@`Wb¤ =·GpW`W`L Ë KMZ�D G^@`; C4 �
WØ¦�gU?AEUOÎBCTU;<£7;>DÍD�?��p_2?A@]?AE�B`;P;PW�_UW5BCT2?AB ¡ TU;PG^@`;>D þ @`;>D�?ALMEUW�BC@C_U;�O[_J@CLMEJ�BCTU; � TUG^KN;�=J@`G�VP;PW]W �

	 � � ��Ä��YÂbÈ ���

î u�ïF"7#.3�/·,'876)* � 5 #���#���,�0�1.8�,ìg ��¢cBC@`;>D�?AK k qe;PO[�j;�q�T2?ADÍLMKMB`G^EJLµ?AETFZc=·;>@C�p@]?A=JTUWhg�!�ßµÖPÝ>Ò`Ñ>ÞeÑ �SúpÞ ã[Ñ>ÕÙ úpÞàßàÝ>Ö ¤f¥popopsj¦�� ���0g[=J= � u � uht��wu � ¥ �
î ¥rï	� #+".,�1)* , ��� #�� #�� 1'879 � �F#���#�� 1'879&g�Q§LMEJLMDé_JD

k
qe�<?ADÍLMKMB`G^EJLµ?AES�p@]?A=JTUW � d`d � g �cü�.5ÒÔú�û2ãE0ã[ÑCÓ^Ò�÷(¤Ôu þ spnj¦�ó �7g[EUG � upgU=J= � � þ � þ t

ó � �



������� � � 	 �����
	 � ��576'-�*j, ��#���,�0�1.8�, uho[u

î ýrï	� #�;�,�-3032U8 �U,3?BA�g�IæKMLMEU;h?A@ ��LM�PLMEJ�^q�KML � ;5@`;>Kµ?ABCLNG^E Ë ;>B � ;P;>E BCTU;5WCLM�h;�?AEUOÉBCTU;5OJG^DÍLME2?ABCLNG^E E�_JD Ë ;>@GAH�?É�p@]?A=JT7g �[ü�.5ÒÔúØûwã�E0ãJÑCÓ^Ò�÷(¤Ôu þpþpþ ¦��7ówg[EUG � � g[=J= � ¥ þ ���cýpop¥
î � ï ��#+5 #���,�� , 879&g�I*E�;PW`BCLMD�?AB`;�GAH'BCTU;�;�¢[B`;>@CE2?AK0WCB]? Ë LMKMLMBmZÎEF_JD Ë ;>@*GAH�?É�p@]?A=JT7g !bÓ � ,Nü � �AújêFü �éú^× �� � � � ¤Ôu þ nptj¦ � ��g[=J= � �^¥ þ �#�^ý[u
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� ���$#��Y� � )U�	�|�'� �' ����� �a�1�	�'� �"���ì! �	� � � �$��� ����� ����#��a�'�$#

� 1+.|A�, 6�1 +'# �`6+2 �@2
:<;>=2?A@CBCD ;>EFB<GAHYQS?AE2?A�j;>D ;>E�B<acV>LN;>EUVP;

¡ G � ZjG k�EJLMlj;>@`WCLMBeZRGAHìacV>LN;>EUVP;
¡ G � ZjG�uhnp¥rqmspnpo[upgwvF?A=2?AE�[} � � �rz[}F~A� ����zJy��j{���x�{��'�Ôy[�'�m�p�

��6+,�A�,/.P, +ì,���-7/·,
:<;>=2?A@CBCD ;>EFB�GAH�Q ?ABCTU;>D�?ABCLNVPW

i�;>LNG k�EJLMlj;>@`WCLMBeZ
i�?AE2?A�F? � ?�¥p¥pýrqmsp¥ptpt[gwvF?A=2?AEypz2�c�hx[yA�c{�|[yj~^�Uypx � �ez �J�^}Y�Ôy[�'�m�p�

���.�P�h�A�J�p�p� I ��?ADÍLMKMB`G^EÉ=2?ABCT�B`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pE�LMEFljG^KMlcLMEJ�
n
B`;h?AD WY?AEUO

n/2
WCB]?^O[LM_JD Whg

LNW�?Î@`G^_JEUO @`G Ë LME�W]V`TU;PO[_JKN;�G^E n − 1
OU?hZcWéLME � TJLNV`T�;h?^V]T$B`;h?AD =JKµ?hZcW�LME";h?^V`T�WCB]?^O[LM_JD?AB�D GpWCB�B � LNVP;pg·?AEUO�BCTU;�W`;>B�GAHY�F?AD ;PW�=JKµ?hZj;PO�LME�;h?^V]T§WCB]?^O[LM_JD LMEUO[_UVP;É?���?ADÍLMKMB`G^E§=2?ABCTG^E

n
B`;h?AD W � XY@`;>lcLNG^_UWCKMZjg��<?ADÍLMKMB`G^E§=2?ABCTSB`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pEUW � ;>@`;�WCTUG � E§B`G½;�¢[LNWCB�HfG^@?AKMK.;>lj;>E

n
EUG^B<O[LMl�LNW`L Ë KN; Ë Z � g·n[g·G^@�uho � ��;>@`;pg � ;b�pLMlj;�?AE�LMEUO[_UV>BCLMlj;É=J@`GcVP;PO[_J@`;bHàG^@�BCTU;VPG^EUWCBC@C_UV>BCLNG^ESGAH'�<?ADÍLMKMB`G^E�=2?ABCT�B`G^_J@CE2?AD ;>E�B�OJ;PWCLM�pEUW�HàG^@

n = 2p ≥ 8
B`;h?AD W �

¨R©Fª�«b¬ �A'�p����� 
´� ° � ©  � ¬ ò0� ° � ��©�° �Í © �²± ® °ì¶�» � � ± 
´� ¬w° ¿.�[� ¸ì¶5ój¯ ¾ �J�p� ¬ �

À Á[Â*ÃwÄ·Å�ÆÉÇbÈ0ÃwÊ`Å*Â
a�BC_UO[LN;PWÎG^E D ;>BCTUG�OJWÎGAHéW`V]TU;PO[_JKMLMEJ� WC=�G^@CB`W�B`G^_J@CE2?AD ;>EFB`W�?A@`; ��_JLMB`;§EF_JD ;>@`G^_UW î upg&¥Jg�n[g��cg�srï � deE=2?A@CBCLNV>_JKµ?A@hgwBCTU;�=J@`G Ë KN;>DáGAH�V>@`;h?ABCLMEJ�½?Í@`G^_JEUO�@`G Ë LME�W`V]TU;PO[_JKN;éLME�ljG^KMl�LMEJ� n B`;h?AD W�?AEUO n/2 W`B]?^O[LM_JD W¤
n
�R;>lj;>Ew¦ÉLNW�? V>Kµ?^W`WCLNVh?AK�=J@`G Ë KN;>D LME BCTU;½ç2;>KNO GAH<VPG^D Ë LME2?AB`G^@CLµ?AK�OJ;PW`LM�pE � I ' ú-,�úpÜwÝ]ÑCê Þ�Ó^×cÒ�Üwú^Ù�Ñ�Ü2Þê�ÑØÖØßMù^ÜSHàG^@

n
B`;h?AD W�LNW�?�@`G^_JEUOR@`G Ë LME�W`V]TU;PO[_JKN;�G^E n− 1

OU?hZcW*LME � TJLNV`T
• n/2 �F?AD ;PWhgUG^EU;�LME�;h?^V]T§WCB]?^O[LM_JD(?A@`;<=JKµ?hZj;PO�G^E�;h?^V]T�OU?PZjg
• ;h?^V`T�B`;h?AD	_UW`;PW�;h?^V`T§WCB]?^O[LM_JD(?AB�D GpWCB�B � LNVP; �
� ?AKµ?AEUVP;PO�B`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pEUW � ;>@`;éLMEFBC@`GcO[_UVP;PO Ë Z \ ;>KMKMLMEJ�Î?AEUO � OJ;>T î ýrïeg·?AEUO�=J@`G²lj;PO�B`G�;�¢cLNWCBHfG^@�?AKMK7;>lj;>E

n ≥ 6 Ë Z�acV]TU;>KMKN;>E Ë ;>@C�Ug2lp?AE � ;P;PW�?AEUO �ì?AEUWCB`G^E îÿþ ï �
� ZÉLNOJ;>E�BCL�H ZcLMEJ�ÉB`;h?AD W � LMBCT�lj;>@CBCLNVP;PW�?AEUO��F?AD ;PW � LMBCTÎ;PO[�j;PWhg�?�@`G^_JEUO�@`G Ë LME½W`V`TU;PO[_JKN;*HfG^@ n B`;h?AD WD�?hZ Ë ;�@`;>�F?A@`OJ;POb?^W7BCTU;&OJ;PVPG^DÍ=·GpW`LMBCLNG^EbGAHJBCTU;�;PO[�j;PW'GAHcBCTU;&VPG^DÍ=JKN;>B`;��p@]?A=JT Kn

LME�B`G
(n−1)

u�qfHf?^V>B`G^@`W �I Ë ?AKµ?AEUVP;PO�B`G^_J@CE2?AD ;>EFB<OJ;PWCLM�pE�T2?^W�BCTU;b?^OJO[LMBCLNG^E2?AK.@`;���_JLM@`;>D ;>EFB�BCT2?AB�HfG^@*?AEFZÎ�pLMlj;>E§WCB]?^O[LM_JD�gw;h?^V`Tlj;>@CB`;�¢ T2?^W�OJ;>�p@`;P; ?AB�D GpWCB�B � G"LME BCTU;SWC_ Ë �p@]?A=JTÏVPG^EUWCLNWCBCLMEJ� GAH<BCTU;§;PO[�j;PW�VPG^@C@`;PW`=·G^EUO[LMEJ� B`G$BCTU;�F?AD ;PW�=JKµ?hZj;PO§LME§LMB � deHÔgUHàG^@�;>lj;>@CZ�WCB]?^O[LM_JD�gwBCTU;bWC_ Ë �p@]?A=JT OJ;�çUEU;PO ? Ë G²lj;bLNW�?��<?ADÍLMKMB`G^ES=2?ABCT7g2BCTU;>EBCTU;�W`V`TU;PO[_JKN;�LNW�Vh?AKMKN;PO�? �éú^Ù�ß ,�Þ�Ó^ÜRûJúpÞ ã$Þ�Ó^×�Ò�Üwú^Ù�Ñ�ÜwÞ�êFÑØÖ�ß�ùpÜ � �<?ADÍLMKMB`G^E$=2?ABCT$B`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pEUW
� ;>@`;�LME�BC@`G�O[_UVP;PO Ë Z��G^@CB`G^E î � ïeg � TUG�=J@`G²lj;PO�BCT2?ABbBCTU;>Z ;�¢[LNWCB�HfG^@b?AE�Z$;>lj;>E�EF_JD Ë ;>@�GAH�B`;h?AD W�EUG^BO[LMlcLNWCL Ë KN; Ë Z � gUn[gUG^@�uho î trï �deEÎBCTJLNW�=2?A=�;>@hg � ;<=J@`Ghlj; Ë ZÎVPG^EUW`BC@C_UV>BCLNG^E�BCT2?AB*�<?ADÍLMKMB`G^ER=2?ABCT�B`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pEUW�;�¢[LNWCB5HàG^@*?AKMK
n = 2p ≥ 8 � � _J@�=J@`GcGAH'_UW`;PW��p@]?A=JT�BCTU;PG^@`;>BCLNVéVPG^EUVP;>=JB`W �

∗ �BRbZ]J�OQHKJLHKMpOQPnR�Z]J�JL`bWaWdcVOLYQHNe�fg^mM$l)OnMVogYLr Z[o|r��)Z[e�cV�+YQRaH �
Z]oaZ[J�YLOL^�cp���Cea`bPKMpYQZ]cvo-�3q@`a\]YQ`|OQHv��j1WdcVOLYQJK�Bj|PKZ]HKoaPKH MpoXe
�sHKPnRbobcV\]cv�V^
cV���vMVWXMpo {

ó � �



� 	 ��� � � 	 �	� � ������� � ��6),/A�,/.P, +&,���-7/·, uhopý

� � Å*Â
�UÃ2Ä·ÇÉÈ0ÃwÊ`Å�Â

Ì LM@`WCBhg � ;éWCB]?AB`;�BCTU;é;�¢cLNWCB`;>EUVP;éGAH�? ��?ADÍLMKMB`G^E§=2?ABCT�B`G^_J@CE2?AD ;>EFB<OJ;PWCLM�pE�LME�B`;>@CD W*GAHY��?ADÍLMKMB`G^E§=2?ABCTUW?AEUO u�qfHf?^V>B`G^@`W ��Ì G^@�;>lj;>E n g2BCTU;ÉEU;�¢[B�=J@`G^=�;>@CBeZ A(n)
LNW�;���_JLMlp?AKN;>EFB<B`G½BCTU;b;�¢[LNWCB`;>EUVP;�GAH&?��<?ADÍLMKMB`G^E

=2?ABCT�B`G^_J@CE2?AD ;>E�B�OJ;PWCLM�pE �
� � ¬ ¿ © �²� ª

A(n) ¡ TU;>@`;�;�¢[LNWCB n/2 ��?ADÍLMKMB`G^E =2?ABCTUW P1
g
P2, . . . , Pn/2

?AEUO
(n − 1)

u�qfH�?^V>B`G^@`W
F1
g

F2, . . . , Fn−1
GAH
Kn

W]?ABCLNWÔHàZ�LMEJ�
� � ó �SBCTU;

n/2
��?ADÍLMKMB`G^E�=2?ABCTUW

P1, P2, . . . , Pn/2
HfG^@CD	?�=2?A@CBCLMBCLNG^E�GAH

E(Kn)
g

� � � �SBCTU;
(n− 1)

u�qfHf?^V>B`G^@`W
F1, F2, . . . , Fn−1

HfG^@CD	?�=2?A@CBCLMBCLNG^E�GAH
E(Kn)

g
� � � � |Pi ∩ Fj | = 1 (i = 1, . . . , n/2, j = 1, . . . , n− 1) �
�$; � LMKMK�=J@`Ghlj; BCT2?AB A(n)

LNW�BC@C_U;ÉHfG^@�?AKMK
n = 2p (p ≥ 3) Ë ZS?AE LMEUO[_UV>BCLMlj;Í=J@`GcVP;PO[_J@`;�LMEFljG^KMlcLMEJ�BCTU;�HfG^KMKNG � LMEJ�É=J@`G^=�;>@CBeZ B(n) � ��;>@`;pg 2Kn

OJ;>EUG^B`;PW&BCTU;*VPG^DÍ=JKN;>B`;��p@]?A=JT½G^E
n
lj;>@CBCLNVP;PWhg�LME � TJLNV`TÎ;h?^V`T;PO[�j;�LNW�OJG^_ Ë KN;PO ��� EU;é;PO[�j;éGAH�;h?^V]T�=2?ALM@*LNW�VPG^EUWCLNOJ;>@`;PO�B`G Ë ; Ë KM_U;pgUBCTU;éG^BCTU;>@�@`;PO �5¡ TF_UWhg2BCTU;éW`;>B*GAH

Ë KM_U;�;PO[�j;PW�LMEUO[_UVP;PW Kn
g[BCTU;�W]?AD ;<LNW�BC@C_U;�HàG^@�BCTU;�W];>B�GAH'@`;POR;PO[�j;PW �

� � ¬ ¿ © �²� ª
B(n) ¡ TU;>@`; ;�¢[LNWCB n ��?ADÍLMKMB`G^E =2?ABCTUW P1

g
P2, . . . , Pn

?AEUO
(n − 1)

¥rqfH�?^V>B`G^@`W
C1
g

C2, . . . , Cn−1
GAH

2Kn
W]?ABCLNWCH ZcLMEJ�

� � ó ��BCTU;
n/2

�<?ADÍLMKMB`G^E�=2?ABCTUW
P1, P2, . . . , Pn/2

HfG^@CD	?�=2?A@CBCLMBCLNG^ESGAH.BCTU; Ë KM_U;�;PO[�j;PW�GAH E(2Kn)
g

� � � ��BCTU;
n/2

��?ADÍLMKMB`G^EÉ=2?ABCTUW
Pn/2+1, Pn/2+2, . . . , Pn

HfG^@CD ?�=2?A@CBCLMBCLNG^E�GAHUBCTU;ì@`;POb;PO[�j;PW'GAH
E(2Kn)

g
� � � ��BCTU;

(n− 1)
¥rqfH�?^V>B`G^@`W

C1, C2, . . . , Cn−1
HfG^@CD	?É=2?A@CBCLMBCLNG^E§GAH

E(2Kn)
g

� � $ � |Pi ∩ Cj| = 1 (i = 1, . . . , n, j = 1, . . . , n− 1) �
� � � ��HfG^@�?AE�Z�VPG^EJEU;PV>B`;PO VPG^DÍ=·G^EU;>E�B

D
GAH&?AEFZ§G^EU;bGAH�BCTU;

(n− 1)
¥rqfHf?^V>B`G^@`W

C1, C2, . . . , Cn−1
gwBCTU;

E�_JD Ë ;>@�GAH Ë KM_U;5?AEUOb@`;POÉ;PO[�j;PWYVPG^EFB]?ALMEU;PO�LME D ?A@`;�;��F_2?AKU?AEUOÉ;>lj;>ER¤f?AEUOÉBCT�_UW.BCTU;�B`G^B]?AK[EF_JD Ë ;>@GAHY;PO[�j;PW�LNW�?ÉDé_JKMBCLM=JKN;éGAH'HfG^_J@Ø¦ �
I�E$;�¢J?ADÍ=JKN;ÉHfG^@

B(4)
LNW��pLMlj;>ELME Ì LM�p_J@`;PW�u ?AEUO$ý �É¡ TU;�KN;�HàB�WCLNOJ;ÍGAH Ì LM�p_J@`;�uÍWCTUG � W�BCTU; Ë KM_U;=2?ABCTUW

P1
¤àW`G^KMLNO$KMLMEU;PW�¦é?AEUO

P2
¤àOJG^BCB`;PO KMLMEU;PWØ¦�gY?AEUO�BCTU;�@CLM�pTFBÍWCLNOJ;pg'BCTU;�@`;PO�=2?ABCTUW

P3
¤àW`G^KMLNO"KMLMEU;PWØ¦

?AEUO
P4
¤àOJG^BCB`;PO KMLMEU;PW�¦ �b¡ TU;�E�_JD Ë ;>@`W Ë ;PW`LNOJ;É;h?^V]T�;PO[�j;�LME BCTU;�BCTJ@`;P; ¥rqfHf?^V>B`G^@`WéWCTUG � ELME Ì LM�p_J@`; ýLMEUO[LNVh?AB`;ÍBCTU;Í�<?ADÍLMKMB`G^E$=2?ABCT$LMB Ë ;>KNG^EJ�jW�B`G �/��Ë lcLNG^_UWCKMZjg7BCTU;���?ADÍLMKMB`G^E$=2?ABCTUWb?AEUO$¥rqfHf?^V>B`G^@`W�WØ?ABCLNWÔH Z¤ Ë u²¦�BCTJ@`G^_J�pT"¤ Ë tj¦ �

��© � � � ó2ô
B(n)

ß´Ù�û , ß�ÑØÖ
A(2n)

ü
¡ TU;�=J@`GcGAH�LNW Ë ZRVPG^EUWCBC@C_UV>BCLNG^E �&¡ GÍLMKMKM_UWCBC@]?AB`;éOJ;>B]?ALMKNWhg � ; � LMKMK7_UW`;<BCTU;�Vh?^W`; n = 4

?^W�?AE�;�¢J?ADÍ=JKN;
_UWCLMEJ� Ì LM�p_J@`;PW*¥ � gUtÍ?AEUO�n �
Ì G^@<;h?^V`TSlj;>@CB`;�¢ u GAH 2Kn

g � ;bV>@`;h?AB`;bB � G�VPG^=JLN;PW u′ ?AEUO u′′ gw?AEUOSVPG^EUWCLNOJ;>@�BCTU;éVPG^DÍ=JKN;>B`;É�p@]?A=JT
K2n

B`G�T2?Plj;bBCTU;élj;>@CB`;�¢�W];>B {1′, 2′, . . . , n′} ∪ {1′′, 2′′, . . . , n′′} � �ì?^V`T�<?ADÍLMKMB`G^E§=2?ABCT Pi GAH Kn � LMKMKË ;�;�¢cB`;>EUOJ;PO�LMEFB`GÎ?Í�<?ADÍLMKMB`G^E§=2?ABCT P ′i GAH K2n
gw?AEUO�;h?^V`T¥rqfH�?^V>B`G^@

Ci
GAH
Kn � LMKMK Ë ;�_UW`;PO�B`G�V>@`;h?AB`;B � G§u�qfH�?^V>B`G^@`W�GAH K2n � dmE�BCTU;é;�¢[B`;>EUWCLNG^E7g Ë KM_U;b;PO[�j;PW�GAH 2Kn � LMKMK.VPG^@C@`;PWC=·G^EUO§B`G ;PO[�j;PW Ë ;>B � ;P;>ESBCTU;B � G�W`;>B`W {1′, 2′, . . . , n′} ?AEUO {1′′, 2′′, . . . , n′′} gw?AEUOÎ@`;PO�;PO[�j;PW*GAH 2Kn

B`G ;PO[�j;PW*?AD G^EJ�½;h?^V`T�W`;>B �
ó�� �



uho � � 	 ��� � � 	 �	� � ������� � ��6),/A�,/.P, +&,���-7/·,

1

2

4

3

P1

P2 1

2

4

3

P4

P3

Ì LM�p_J@`; u��Y�<?ADÍLMKMB`G^E�=2?ABCTUW5HfG^@ B(4)

1

2

4

3

P1 P2

P4 P3

Ì LM�p_J@`; ¥#� I�_[¢cLMKMLµ?A@CZ
�p@]?A=JT

1

3

2

4

C1

2

3

4 1

C2

4 1

2 3

C3

Ì LM�p_J@`;éý#� ¡ TJ@`;P;é¥rqfH�?^V>B`G^@`W5HfG^@ B(4)

Ì LM@`WCB � ;�V>@`;h?AB`;�BCTU;���?ADÍLMKMB`G^E�=2?ABCTUW ��Ì G^@*;h?^V]T Ë KM_U;��<?ADÍLMKMB`G^E�=2?ABCT Pi g[KN;>B

P ′i = {(u′, v′′), (u′′, v′) | (u, v) ∈ Pi}.
a�LMDÍLMKµ?A@CKMZjgUHàG^@�;h?^V]T�@`;POR�<?ADÍLMKMB`G^E�=2?ABCT

Pi
g[KN;>B

P ′i = {(u′, v′), (u′′, v′′) | (u, v) ∈ Pi}.
�&?^V`T

P ′i
LNW�EUG^B*Zj;>B�?���?ADÍLMKMB`G^E�=2?ABCT�GAH

K2n
� ?AB�BCTJLNW�=·G^LME�B�LMB�LNW5BCTU;�O[LNWàíCG^LMEFB*_JEJLNG^E�GAH'B � G�=2?ABCTUW�GAHKN;>EJ�pBCT

(n− 1) � ��G � ;>lj;>@hg � ;�EUG^B`;<BCT2?AB*?AKMK7;PO[�j;PW�GAH K2n
;�¢JVP;>=JB�BCTU;�;PO[�j;PW

(1′, 1′′), . . . , (n′, n′′)
?A@`;

VPG^E�B]?ALMEU;PO�LME�;�¢U?^V>BCKMZRG^EU;�GAH
P ′1, . . . , P

′
n ��$;REUG � =J@`G�VP;P;PO B`G"?^OJOæB`G$;h?^V]T P ′i g5;�¢J?^V>BCKMZæG^EU;�;PO[�j;§GAH�BeZc=·; (u′, u′′)

W]GBCT2?AB LMB Ë ;PVPG^D ;PW�<?ADÍLMKMB`G^EJLµ?AE � ¡ G OJG�BCTJLNW � ; V>@`;h?AB`; ?AE4?A_[¢[LMKMLµ?A@CZ �p@]?A=JT4G^E {1, 2, . . . , n} ?^W�HfG^KMKNG � W � Ì G^@Î;h?^V`T�<?ADÍLMKMB`G^E�=2?ABCT
Pi
gJV>@`;h?AB`;é?AE�;PO[�j;5íCG^LMEJLMEJ� BCTU;<B � G�;>EUOJW*GAH Pi ?AEUORKµ? Ë ;>K�LMB � LMBCT Pi ¤àW`;P; Ì LM�p_J@`;�¥j¦ �è G^B`;ÎBCT2?AB�BCTU;>@`;ÎD�?PZ Ë ;ÎW`G^D ;½=2?A@]?AKMKN;>K�;PO[�j;PW � ��G � ;>lj;>@hg�WCLMEUVP; P1, . . . , Pn

VPG^EUW`BCLMBC_JB`;�?§VPG²lj;>@ GAH
2Kn

gFBCTU;*OJ;>�p@`;P;�GAH0?AEFZÍlj;>@CB`;�¢
u
LME�BCTJLNW��p@]?A=JT½LNW

2
g�TU;>EUVP;�LMB&LNW�BCTU;�O[LNWàíÔG^LME�B&_JEJLNG^E½GAH0?�W`;>B�GAH�V>Z[V>KN;PW �

è G � G^@CLN;>EFB�;h?^V`T§V>Z[V>KN;�LME§?AES?A@ Ë LMBC@]?A@CZ�O[LM@`;PV>BCLNG^E7gwW`G�BCT2?AB�;h?^V`T§lj;>@CB`;�¢ÎT2?^W�G^_JBÔqeOJ;>�p@`;P;éG^EU;pg·?AEUOÎHàG^@
u = 1, . . . , n

g�?^OJO ;PO[�j;
(u′, u′′)

B`GSBCTU;½=2?ABCT
P ′i � TJLNV]TæKµ? Ë ;>KNWÉBCTU;¤ _JEJL �F_U;²¦b;PO[�j;½KN;h?PlcLMEJ� u � �$;EUG � T2?Plj;�?bW`;>B�GAH n �<?ADÍLMKMB`G^ER=2?ABCTUW5VPGhlj;>@CLMEJ��?AKMK�;PO[�j;PW�GAH K2n �Y¡ TU;�@`;PWC_JKMBCLMEJ� �<?ADÍLMKMB`G^EÎ=2?ABCTUW�HàG^@

n = 4
?A@`;�W`TUG � E�LME Ì LM�p_J@`;PW � ?AEUO�t �è ;�¢[Bhg � ;*WCTUG � TUG � B`G�V>@`;h?AB`;*B � G½u�qfH�?^V>B`G^@`WìGAH K2n

Hà@`G^D ?�¥rqfH�?^V>B`G^@&GAH
Kn � £0;>B Cj Ë ;*?é¥rqfHf?^V>B`G^@GAH

Kn
gw?AEUO

D Ë ;é?ÍVPG^EJEU;PV>B`;PO§VPG^DÍ=·G^EU;>E�B�GAH Cj � � ZÎ?^W]WC_JDÍ=JBCLNG^E ¤ Ë tj¦�g D Db_UWCB Ë ;�?AE§;>lj;>E�V>Z[V>KN;pg
ó � $
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1′ 2′ 3′ 4′

1′′ 2′′ 3′′ 4′′

P ′

1

1′ 2′ 3′ 4′

1′′ 2′′ 3′′ 4′′

P ′

2

Ì LM�p_J@`; � � � KM_U;é��?ADÍLMKMB`G^E�=2?ABCTUW�HàG^@ B(4)⇒ A(8)

P ′

3 P ′

4

Ì LM�p_J@`;ét#� � ;POR�<?ADÍLMKMB`G^E�=2?ABCTUW5HfG^@ B(4)⇒ A(8)

?AEUO§TU;>EUVP;bVh?AE Ë ; � @CLMBCB`;>E ?^W D = {(u1, u2), (u2, u3), . . . , (u2k−1, u2k), (u2k, u1)} ����Ì @`G^D D
g � ;Ë _JLMKNO D′ Ë ZÎBCTU;<HàG^KMKNG � LMEJ� =J@`GcVP;PO[_J@`;�¤àW`;P; Ì LM�p_J@`;PW�ýÍ?AEUO§nj¦ �deH

(u2k, u1)
LNW Ë KM_U;pgFL � ; � (u2k, u1) ∈ ∪n/2i=1Pi

BCTU;>E½KN;>B
D′ = {(u′2k, u′′1)} gcG^BCTU;>@ � LNW`;�¤à;PO[�j; (u2k, u1)LNW�@`;PO2¦�KN;>B

D′ = {(u′2k, u′1)} ��¡ TU;>E7gUHàG^@ i = 1, 2, . . . , 2k − 1
g

� ó �§L�H
u′i
LNW�VPG²lj;>@`;PO Ë Z D′ ?AEUO (ui, ui+1)

LNW Ë KM_U;pgJBCTU;>ES?^OJO (u′′i , u
′
i+1)

B`G
D′
g

� � �§L�H
u′i
LNW�VPG²lj;>@`;PO Ë Z D′ ?AEUO (ui, ui+1)

LNW�@`;PO�g[BCTU;>E§?^OJO
(u′′i , u

′′
i+1)

B`G
D′
g

� � �§L�H
u′′i
LNW�VPG²lj;>@`;PO Ë Z D′ ?AEUO (ui, ui+1)

LNW Ë KM_U;pgJBCTU;>E§?^OJO (u′i, u
′′
i+1)

B`G
D′
g

� $ �§L�H
u′′i
LNW�VPG²lj;>@`;PO Ë Z D′ ?AEUO (ui, ui+1)

LNW�@`;PO�gJBCTU;>E§?^OJO
(u′i, u

′
i+1)

B`G
D′ �

a�LMEUVP; BCTU;�;PO[�j;PWbGAH
D′
?AEUO

D
VPG^@C@`;PWC=·G^EUO�LME"?RE2?ABC_J@]?AKìHf?^W`TJLNG^E7g � ; D�?PZ_UW]; BCTU; ;�¢[=J@`;PW`WCLNG^E��eBCTU;;PO[�j;ÉGAH

D′
VPG^@C@`;PW`=·G^EUO[LMEJ�ÎB`G

(ui, ui+1)
� � LMBCTUG^_JB<?AE�Z§VPG^E[Hà_UWCLNG^E � �$;ÉWCTUG � BCT2?AB D′ LNW<?ÍD�?AB`V`TJLMEJ�LME

K2n
VPG²lj;>@CLMEJ��?AKMK�lj;>@CBCLNVP;PW

u′1, u
′
2, . . . , u

′
2k, u

′′
1 , u
′′
2 , . . . , u

′′
2k ��� Z½VPG^EUWCBC@C_UV>BCLNG^E7gJBCTU;<G^EJKMZ�lj;>@CBCLNVP;PW � ;EU;P;POÎV`TU;PV � ?A@`;

u′2k
?AEUO

u′′2k � ��G � ;>lj;>@hg[LMB�LNW5;h?^WCLMKMZ�W`;P;>E�BCT2?AB�HfG^@ i = 1, 2, . . . , 2k− 1
gcL�H0BCTU;�EF_JD Ë ;>@GAHì@`;PO;PO[�j;PW�?AD G^EJ�

(u2k, u1), (u1, u2), . . . , (ui−1, ui)
LNW<;>lj;>Eæ¤àGcOJO2¦�g�BCTU;>EBCTU;�;PO[�j;�VPG^@C@`;PWC=·G^EUO[LMEJ�

B`G
(ui, ui+1) � LMKMK5?AK � ?PZ[WbVPG^E�B]?ALME u′i ¤ u′′i ¦ �R¡ ? � LMEJ�?^W`WC_JDÍ=JBCLNG^EÛ¤ Ë tj¦<LMEFB`G ?^VPVPG^_JEFBhg � ;�W];P;ÍBCT2?ABbL�H

(u2k−1, u2k)
LNW Ë KM_U;pg.BCTU;>EBCTU;ÍEF_JD Ë ;>@ÉGAH�@`;PO�;PO[�j;PWé?AD G^EJ� (u2k, u1), . . . , (u2k−2, u2k−1)

Db_UWCB Ë ;;>lj;>E7gw?AEUO�BCTU;�çUE2?AK0;PO[�j; � LMKMK Ë ; (u′2k−1, u
′′
2k) ��� E�BCTU;éG^BCTU;>@�T2?AEUO�gUL�H (u2k−1, u2k)

LNW*@`;PO�gUBCTU;>E§BCTU;
çUE2?AKY;PO[�j; � LMKMK Ë ; (u′′2k−1, u

′′
2k) � �YLMBCTU;>@ � ?hZjg�BCTU;�OJ;>�p@`;P;PW�GAH Ë G^BCT u′2k ?AEUO u′′2k LME D′ ?A@`;�G^EU;pg7?AEUO

D′
LNW*?ÉD�?AB`V]TJLMEJ� �
��Ì @`G^D D � ;ÍVPG^EUWCBC@C_UV>B�?AEUG^BCTU;>@�D�?AB`V`TJLMEJ� D′′ LME$?�WCLMDÍLMKµ?A@<Hf?^W`TJLNG^E7g � LMBCT BCTU;É@`G^KN;PW�GAH ′ ?AEUO ′′@`;>lj;>@`W`;PO�LME�BCTU;b? Ë Ghlj;é=J@`G�VP;PO[_J@`; �5Ì LME2?AKMKMZjg � ;éOJ;�çUEU;�BCTU;bW`;>B`W F ′j ?AEUO F ′′j ?^W�BCTU;�@`;PW`=·;PV>BCLMlj;é_JEJLNG^EUWGAH*?AKMKìW`;>B`W

D′
?AEUO

D′′
G²lj;>@É?AKMKìVPG^EJEU;PV>B`;PO VPG^DÍ=·G^EU;>E�B`W

D
GAH
Cj � � G^BCT F ′j ?AEUO F ′′j ?A@`; G Ë lcLNG^_UWCKMZu�qfH�?^V>B`G^@`W�GAH

K2n
gJD G^@`;PGhlj;>@hg |P ′i ∩ F ′j | = |P ′i ∩ F ′′j | = 1 (i = 1, 2, . . . , n) Ë ;PVh?A_UW`;�¤ Ë � ¦5TUG^KNOJW � deH � ;

ó�� �
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F ′

1

1′ 2′

4′

3′

F ′′

1

1′ 2′

4′

3′

F ′

2 1′2′

3′

4′

F ′′

2
1′2′

3′

4′

F ′
3

1′2′

3′

4′

F ′′
3

1′2′

3′

4′
F0

1′ 4′ 3′ 2′

Ì LM�p_J@`;én#�ìac;>lj;>E�u�qfH�?^V>B`G^@`W�HfG^@ B(4)⇒ A(8)

EUG � ?^OJO�BCTU;éu�qfH�?^V>B`G^@ F0 = {(1′, 1′′), . . . , (n′, n′′)} B`GéBCTU; (2n−2)
u�qfH�?^V>B`G^@`W

F ′1, F
′′
1 , . . . , F

′
n−1, F

′′
n−1� ;éVPG^EUWCBC@C_UV>B`;PO ? Ë Ghlj;pg � ;�T2?hlj;�BCTU;é@`;��F_JLM@`;PO§W`;>B*GAH (2n− 1)

u�qfH�?^V>B`G^@`W*VPG²lj;>@CLMEJ��BCTU;b;PO[�j;PW*GAH
K2n �¡ TU;bW`;>lj;>E"u�qfH�?^V>B`G^@`W�HfG^@ n = 4

?A@`;�WCTUG � E§LME Ì LM�p_J@`;Én[g � TU;>@`;éBCTU;�EF_JD Ë ;>@`W Ë ;PWCLNOJ;�;h?^V`TS;PO[�j;éWCTUG �BCTU;é��?ADÍLMKMB`G^E�=2?ABCT�LMB Ë ;>KNG^EJ�jW�B`G �
�½©�� �J� � ��ô��0Ó^Ò�Þ ãJÑìûw×cÒ�û[Ó^ÖPÑØÖ�ÓÔÚYûwÒCÓ^öhß Ü�ù

B(n)⇒ A(2n)
*YÞ ã[Ñ�Ò`Ñ��>×cß´Ò`Ñ�Ù�Ñ�Ü2Þ 	 ' ø 
éßµÖ*Ö , ß�ùAãcÞ , ÷bÖ�ÞàÒCÓ^Ü�ùFÑ�ÒÞ ã[ú^Ü�Ü·Ñ`Ý]ÑØÖ]ÖPú^Ò�÷jü�(�Þ�Ý]ú^Ü ' Ñ�â&ÑCú �pÑ�Ü·ÑCê½Þ�Ó�� Ú>Ó^Ò�ú^ÜU÷ Ý`ÓpÜUÜ·ÑCÝPÞeÑ`ê½Ý]Ó^Ù�û[Ó^Ü·Ñ�ÜwÞ D ÓCÚ<ú^Ü2÷ÍÓpÜ·Ñ�ÓÔÚ<Þ ã[Ñ

(n− 1)� ÕåÚPújÝPÞ�Ó^ÒØÖ
C1, C2, . . . , Cn−1

*
D
Ý`Ó^Ü2Þ�úpß´ÜJÖéúpÞ�,MÑCú^Ö�ÞUÚPÓ^×cÒbÑCêhùFÑ�Ö *�ú^Ü·ê Þ ã[Ñ�ÜU×cÙ ' Ñ�ÒbÓÔÚ ' , ×JÑÉú^Ü·êÍÒ`ÑCêRÑCêhùFÑØÖÝ]Ó^Ü2Þ�ú^ß Ü·ÑCê½ß Ü

D
ú^Ò`Ñ ' ÓpÞ ã§Ñ�öAÑ>Ü�� ü

�ì©�� � � ��ô
B(n)

ß Ù�û , ßfÑØÖ
B(2n)

ü
£7;>B*BCTU;b��?ADÍLMKMB`G^ES=2?ABCTUW

P ′1, . . . , P
′
n

?AEUO§BCTU;�u�qfH�?^V>B`G^@`W
F0, F

′
1, F

′′
1 , . . . , F

′
n−1, F

′′
n−1 Ë ;b?^W*LME�BCTU;=J@`GcGAH�GAH<£0;>DÍD�? u � �$; � LMKMK*VPG^EUWCLNOJ;>@�?AKMK�BCTU;�;PO[�j;PW LME BCTU;R=J@`;PW];>EFB K2n

¤f?AEUO TU;>EUVP;�BCTU;�? Ë Ghlj;W];>B`WØ¦�B`G Ë ;��p@`;P;>E �5è G � HfG^@*;h?^V]T��p@`;P;>E§;PO[�j; e GAH K2n
V>@`;h?AB`;É?ÍVPG^=FZ

e
gw?AEUO�KN;>B

P ′1, . . . , P
′
n

g
F0, F ′1

g
F ′′1 , . . . , F

′
n−1, F

′′
n−1 Ë ;�BCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ��VPG^=JLN;PW&GAH�BCTU;*�<?ADÍLMKMB`G^E�=2?ABCTUW5?AEUO�u�qfH�?^V>B`G^@`W ��¡ TU;*VPG^=JLN;PO;PO[�j;PW�?AEUO W`;>B`Wì?A@`;�VPG^EUW`LNOJ;>@`;PO B`G Ë ;5Zj;>KMKNG � ��Ì LME2?AKMKMZjgFVPG^EUW`BC@C_UV>B�BCTU;�W`;>B`W C0, C

′
1, C

′′
1 , . . . , C

′
n−1, C

′′
n−1Ë Z

C0 = F0 ∪ F ′1, C ′1 = F ′1 ∪ F ′′1 , C ′′1 = F ′′1 ∪ F0,

C ′j = F ′j ∪ F ′′j , C ′′j = F ′′j ∪ F ′j (j = 2, . . . , n− 1)

¡ TU;éW`;>lj;>E§¥rqfH�?^V>B`G^@`W�HfG^@ n = 4
?A@`;éWCTUG � E�LME Ì LM�p_J@`; �cg � LMBCT��p@`;P;>E�;PO[�j;PW*W`TUG � E Ë Z½W`G^KMLNO�KMLMEU;PWhgU?AEUOZj;>KMKNG � ;PO[�j;PW Ë ZÎOJG^BCB`;PO�KMLMEU;PW ��$; EUG � WCTUG � BCT2?AB P ′1, . . . , P ′n, P ′1, . . . , P ′n ?AEUO C0, C

′
1, C

′′
1 , . . . , C

′
n−1, C

′′
n−1

W]?ABCLNWCH Z ¤ Ë u²¦ �·¤ Ë tj¦�g
� LMBCT �e�p@`;P;>E �$WC_ Ë WCBCLMBC_JB`;PO4HfG^@ � Ë KM_U;��]g�?AEUO �eZj;>KMKNG � �HàG^@ �e@`;PO � � ��Ë lcLNG^_UWCKMZ ¤ Ë u²¦ �·¤ Ë � ¦ÎTUG^KNO�g�W`GæLMB

ó � 
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C0 C ′

1 C ′′

1

C ′

2 C ′′

2

C ′
3 C ′′

3

Ì LM�p_J@`; � �ìac;>lj;>E§¥rqfH�?^V>B`G^@`W�HfG^@ B(4)⇒ B(8)

LNW½WC_#"�V>LN;>EFBÎB`G"=J@`Ghlj;æ¤ Ë tj¦ � a�LMEUVP;S;h?^V`T�¥rqfH�?^V>B`G^@ C ′ LME BCTU; ? Ë G²lj;§VPG^EUW`BC@C_UV>BCLNG^EÏLNW�BCTU;§_JEJLNG^E4GAHB � G�;PO[�j;�qeO[LNWàíCG^LMEFB u�qfH�?^V>B`G^@`W�GAH K2n
¤àG^EU;��p@`;P;>E ?AEUO G^EU;RZj;>KMKNG � ¦�g�;h?^V]TÏVPG^EJEU;PV>B`;PO VPG^DÍ=·G^EU;>E�B½GAH

C ′
LNW�? V>Z[V>KN;�VPG^EFB]?ALMEJLMEJ� ?AE ;���_2?AK�EF_JD Ë ;>@�GAH<�p@`;P;>E ?AEUOæZj;>KMKNG � ;PO[�j;PW � £0;>B D̃ Ë ;�?AE ?A@ Ë LMBC@]?A@CZVPG^EJEU;PV>B`;POÏVPG^DÍ=·G^EU;>E�B½GAH

C ′ � d�H C ′ LNW C0
G^@

C ′′1
g&BCTU;>E

D̃
G Ë l�LNG^_UWCKMZ VPG^@C@`;PW`=·G^EUOJW�B`G$W`G^D ;§VPG^E[qEU;PV>B`;POÏVPG^DÍ=·G^EU;>E�B

D
GAH�BCTU; ¥rqfHf?^V>B`G^@

C1
GAH

2Kn
g�?AEUO BCTU;§KN;>EJ�pBCTÏGAH

D̃
LNW�B � LNVP;SBCTU;�KN;>EJ�pBCTÛGAH

D � è G � KN;>B C ′ Ë ; G^EU;SGAH C ′1, C ′2, C ′′2 , . . . , C ′′n−1

g�W]?PZ
C ′j � � Z VPG^EUWCBC@C_UV>BCLNG^E�GAH F ′j ?AEUO F ′′j g�?AKMK;PO[�j;PW�GAH

C ′j
?A=J=�;h?A@*LME�=2?ALM@`W�GAHYBeZc=·;b;>LMBCTU;>@ {(u′, v′′), (u′′, v′)} G^@ {(u′, v′), (u′′, v′′)} � �$; � LMKMK.WCTUG �BCT2?AB

D̃
T2?^WbBCTU;½W]?AD ; KN;>EJ�pBCTæ?^WbW]G^D ;�VPG^EJEU;PV>B`;PO VPG^DÍ=�G^EU;>EFB

D
GAH�BCTU;�¥rqfH�?^V>B`G^@

Cj
GAH

2Kn � £7;>B
D = {(u1, u2), (u2, u3), . . . , (u2k−1, u2k), (u2k, u1)} Ë ;b? VPG^EJEU;PV>B`;POSVPG^DÍ=·G^EU;>E�B�GAH Cj g2?AEUO§?A=J=JKMZHfG^KMKNG � LMEJ��=J@`GcVP;PO[_J@`;��deH

(u2k, u1)
LNW Ë KM_U; KN;>B D̃′ = {(u′2k, u′′1)} g<G^BCTU;>@ � LNW`; KN;>B D̃′ = {(u′2k, u′1)} � è ;�¢[Bhg�HfG^@ i =

1, 2, . . . , 2k − 1
g

� ó �§L�H'BCTU;�Kµ?^W`B�;PO[�j;é?^OJOJ;PORB`G
D̃′
VPG^E�B]?ALMEUW

u′i
?AEUO

(ui, ui+1)
LNW Ë KM_U;pgJBCTU;>E§?^OJO (u′i, u

′′
i+1)

B`G
D̃′
g

� � �§L�H'BCTU;�Kµ?^W`B�;PO[�j;é?^OJOJ;PORB`G
D̃′
VPG^E�B]?ALMEUW

u′i
?AEUO

(ui, ui+1)
LNW�@`;PO�gJBCTU;>E§?^OJO

(u′i, u
′
i+1)

B`G
D̃′
g

� � �§L�H'BCTU;�Kµ?^W`B�;PO[�j;é?^OJOJ;PORB`G
D̃′
VPG^E�B]?ALMEUW

u′′i
?AEUO

(ui, ui+1)
LNW Ë KM_U;pgJBCTU;>E�?^OJO (u′′i , u

′
i+1)

B`G
D̃′
g

� $ �§L�H'BCTU;�Kµ?^W`B�;PO[�j;é?^OJOJ;PORB`G
D̃′
VPG^E�B]?ALMEUW

u′′i
?AEUO

(ui, ui+1)
LNW�@`;PO�g[BCTU;>E§?^OJO

(u′′i , u
′′
i+1)

B`G
D̃′ �

� ;PVh?A_UW`; D VPG^E�B]?ALMEUWb?AE$;>lj;>EEF_JD Ë ;>@bGAH Ë KM_U;Í;PO[�j;PWhg D̃′ � LMKMK Ë ;Í?ÎV>Z[V>KN; � LMBCTBCTU;ÍW]?AD ;ÉKN;>EJ�pBCT"?^W
D � deH � ;�VPG^EUWCBC@C_UV>B D̃′′ LME�?ÍWCLMDÍLMKµ?A@�H�?^WCTJLNG^E7g � LMBCT�BCTU;�@`G^KN;PW�GAH ′ ?AEUO ′′ @`;>lj;>@`W`;PO�gJBCTU;>E D̃′ ∪ D̃′′ � LMKMKVPG^LMEUV>LNOJ; � LMBCT D′ ∪D′′ VPG^EUWCBC@C_UV>B`;PORLMEÎBCTU;�=J@`GcGAH'GAH.£7;>DÍD�?Îu �Y¡ T�_UWhg D̃ Db_UWCB Ë ;�LNOJ;>EFBCLNVh?AK0B`GÉW]G^D ;

ó����
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D̃′
G^@
D̃′′ � ��;>EUVP;�BCTU; EF_JD Ë ;>@bGAH�;PO[�j;PW�LME D̃ LNWé?AK � ?hZcWÉ?½Dé_JKMBCLM=JKN;�GAH�HfG^_J@ � a�LMEUVP;ÍBCTU;�EF_JD Ë ;>@ÉGAH�p@`;P;>ES;PO[�j;PW�LNW�;���_2?AK7B`G�BCTU;�E�_JD Ë ;>@�GAH�Zj;>KMKNG � ;PO[�j;PWhg Ë G^BCT�Db_UWCB Ë ;�;>lj;>E �¡ TU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D(LNW*?�O[LM@`;PV>B*VPG^EUW`;���_U;>EUVP;�GAHY£7;>DÍD�?^Wbu�?AEUO§ý �

� ¸0©�¬ � ©�� $7ô ��úpÙÉß ,�Þ�Ó^Ü ûJúpÞ ã�Þ�Ó^×�Ò�Üwú^Ù�Ñ�ÜwÞ&êFÑØÖ�ß�ùpÜJÖÉÑ �^ß´Ö�ÞwÚ>ÓpÒéú-, ,
n = 2p ≥ 8

ü

� � Å�ÂÉÈ �]ÇbÆÉÊ`Â � Ä�� � 	�Ä�� �
�$;éT2?Plj;é=J@`Ghlj;PO§BCTU;�;�¢cLNW`B`;>EUVP;éGAH���?ADÍLMKMB`G^E§=2?ABCT�B`G^_J@CE2?AD ;>EFB�OJ;PWCLM�pEUW�HàG^@

n = 2p ≥ 8
B`;h?AD W ��¡ TU;V>@C_UV>Lµ?AK*=J@`G^=·;>@CBmZ"LNW

B(n)
gì?AEUO ?AKMBCTUG^_J�pT

n
OJG�;PW�EUG^BÍEU;PVP;PW]W]?A@CLMKMZ"T2?hlj;ÎB`G Ë ;�?§=�G � ;>@�GAH�B � GJg�?ABV>_J@C@`;>E�B � ; � EUG � GAH�EUG�G^BCTU;>@�lp?AKM_U;�HfG^@ � TJLNV]TSLMB�TUG^KNOJW � QS;>BCTUG�OJW�GAHìVPG^EUWCBC@C_UV>BCLMEJ�Î��?ADÍLMKMB`G^E =2?ABCTUW?AEUO§¥rqfHf?^V>B`G^@`W�HàG^@�G^BCTU;>@�lp?AKM_U;PW�GAH

n
?A@`;�LMEFB`;>@`;PWCBCLMEJ��B`G^=JLNVPW5HfG^@5H _JBC_J@`;�@`;PW];h?A@`V`T �
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î u�ï	� #�
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I2 � 2U/�/·, �.+'#�4*6+, � ,.8�
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I2�A�g � EÏu�qfH�?^V>B`G^@CLM�²?ABCLNG^EUWÍGAH*BCTU;ÎVPG^DÍ=JKN;>B`;½�p@]?A=JT ?AEUO�BCTU;@`;>Kµ?ABCLNG^EUWCTJLM=�B`G @`G^_JEUOR@`G Ë LME�B`G^_J@CE2?AD ;>E�B`Whg�1�ÒÔÓ²Ý²ü�E0ãFß ÒÔê �SúpÜUß Þ�Ó ' ú �YÓ^ÜhÚhÑ�ÒCÑ>ÜwÝ]Ñ�Ó^Ü �<×cÙ�Ñ�Ò�ßàÝ`ú�,

�SúpÞ ã[ü * �Îß´Ü2ÜUßÿûUÑfù ¤Ôu þ �^ýj¦�¥[uhý��c¥p¥[u �
î � ï	��# � #�<É1./-0�1'8�g ¡ TU; VPG^EUWCBC@C_UV>BCLNG^EÛGAHbi*G^BC�PLM� H�?^V>B`G^@CLM�²?ABCLNG^EUWhg !�ßµÖPÝ>Ò`Ñ>ÞeÑ �SújÞ ã[ü<¤Ôu þ spýj¦ $ �u þpþ �c¥popn �
î trï	��# � #+<b1'/ 0�1'8�gì�<?ADÍLMKMB`G^E�=2?ABCT�B`G^_J@CE2?AD ;>E�B�OJ;PW`LM�pEUWhg���Ò]Ö �YÓ^Ù ' ß ÜwúpÞ�ÓpÒØßfúÍ¤Ôu þ s þ ¦ ���În þ �#� �U�
î nrï���#��`6+2 �@2",.8�
 ��#�+&,���-7/·,ág � ESBCTU;é;�¢[LNWCB`;>EUVP;ÉGAHìWC=�G^@CB`W�W`V]TU;PO[_JKN;PW � LMBCTSDb_JKMBCLM=JKN;Élj;>EF_U;PWhg!�ß´Ö>ÝPÒCÑ>ÞeÑ ��ûjû ,Nü �SúpÞ ã[ü ¤f¥popopsj¦<ó � 
 uhn þ+� �wu �cuho �
î �²ïF47#+;�#���,���6+2U8æ,.8 
 >+#���#���,.8�.10�1'8�2�g � ?AKµ?AEUVP;PO§B`G^_J@CE2?AD ;>EFB<OJ;PWCLM�pEUW�?AEUO�@`;>Kµ?AB`;PO�B`G^=JLNVPWhg!�ß´Ö>ÝPÒCÑ>ÞeÑ � úpÞ ã[ü7¤Ôu þ s þ ¦ � � uht þ �wu �^n �
î srïm5 #3%~2 �UA�,�-I.|2U/",.8�
 � #�+é/3,/?�6�gYacV`TU;PO[_JKMLMEJ�½?�D�?ríCG^@�VPG^KMKN;>�j; Ë ?^W � ;>B Ë ?AKMK�VPG^E[Hf;>@`;>EUVP;pg 
.ûJÑ�Òhü��ÑØÖhü0¤Ôu þpþ sj¦�$ 
 u�cs �
îÿþ ïF"7#���# >@?BA�2C*-*-228�� 22/29 �m5 # <'#���# �j,.8 ;$2�2�.,'8�
�>+#�� #���,.8�.|0�1'8�2�g ¡ TU;�;�¢cLNW`B`;>EUVP;�GAH
Ë ?AKµ?AEUVP;PORB`G^_J@CE2?AD ;>EFB<OJ;PWCLM�pE7g���ÒØÖ �YÓ^Ù ' ß ÜwúpÞ�Ó^Ò�ßàúÍ¤Ôu þ ���p¦���ýpopý��cý[u � �

ó � �



� � �'� �����	�b��� �ë������� � �'������)i�	�����|��� � � � � ����� ���<���	� � ��� ��#	� �ì#

+é1+.|AI, ��,).h, �:.|AI,Q,
:<;>=2?A@CBCD ;>EFB<GAH�dmE[HàG^@CD�?ABCLNG^ES?AEUO

Q ?AE2?A�j;>D ;>EFB<acV>LN;>EUVP;pg
� B]?A@C_�k�EJLMlj;>@`WCLMBmZÎGAH ��G^DÍD ;>@`VP;pg

� B]?A@C_§o � �²qmsptpo[upgwvF?A=2?AE� � � ���A~p| � ����}^xJy^|�{w�h{w�.�Ôy[�.���p�

�Í, �j-�A�,/.P, ��,'6), 871
\ @]?^O[_2?AB`;�acV`TUGcG^K0GAH�dmE[HfG^@CD�?ABCLNG^ESacV>LN;>EUVP;é?AEUO

¡ ;PV]TJEUG^KNG^�pZjgk*EJLMlj;>@`W`LMBeZÎGAH ¡ G � ZjGJg
¡ G � ZjG�upuhýrqmspnptpn[g2vF?A=2?AE�2y^z2���[}F~A�·� �rx��`�.�e{w�²x[}^z��[}���y[�'�m�j�

���'�P�h�r�J�j�p� \ LMlj;>E½?��p@]?A=JT
G = (V,E)

?AEUO�?�@`;���_JLM@`;>D ;>EFB&H _JEUV>BCLNG^E
r :W1×W2 → R+HfG^@éB � G�Hf?ADÍLMKMLN;PW W1

g W2 ⊆ 2V − {∅} g � ;�VPG^EUWCLNOJ;>@ÉBCTU;Í=J@`G Ë KN;>D ¤àVh?AKMKN;PO4ú^Ò`ÑCú^Õ�Þ�Ó^Õ�ú^Ò`ÑCú
Ñ`êhùFÑ�ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞàß´ö²ß Þà÷�ú^×pù^Ù�Ñ�Ü2Þ�újÞàßàÓ^Ü�ûwÒCÓ ' ,NÑ�Ùé¦�GAH*?A_J�pD ;>EFBCLMEJ� G Ë Z$?RW`D�?AKMKN;PWCB�EF_JD Ë ;>@ÉGAHEU; � ;PO[�j;PW�W`G�BCT2?AB�BCTU;<@`;PWC_JKMBCLMEJ���p@]?A=JT Ĝ W]?ABCLNWÔç2;PW δĜ(X) ≥ r(W1,W2)

HfG^@*?AKMK
X ⊆ V g

W1 ∈ W1
gw?AEUO

W2 ∈ W2 � LMBCT W1 ⊆ X ⊆ V −W2
g � TU;>@`; δG(X)

OJ;>EUG^B`;PW*BCTU;bOJ;>�p@`;P;
GAHì?Élj;>@CB`;�¢�W`;>B

X
LME
G �ì¡ TJLNW*=J@`G Ë KN;>D(Vh?AE Ë ;<@`;>�F?A@`OJ;PO§?^W�?�E2?ABC_J@]?AK0�j;>EU;>@]?AKMLM�²?ABCLNG^ESGAHBCTU;��pKNG Ë ?AK�gJKNG�Vh?AK�gw?AEUOREUG�OJ;�q�B`GAqm?A@`;h? ;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ§?A_J�pD ;>EFB]?ABCLNG^ES=J@`G Ë KN;>D W �deE�BCTJLNW§=2?A=�;>@hg � ;"WCTUG � BCT2?AB�BCTU;>@`; ;�¢cLNWCB`W§? VPG^EUWCB]?AE�B c WC_UV]T BCT2?AB§BCTU;$=J@`G Ë KN;>DLNW LME2?A=J=J@`GP¢[LMD�? Ë KN; � LMBCTJLME ?S@]?ABCLNGGAH c log α(W1,W2)

gì_JEJKN;PW`WÍX
= è X'g�;>lj;>Eæ@`;PWCBC@CLNV>B`;POB`G BCTU;O[LM@`;PV>B`;PO4�pKNG Ë ?AK<EUGcOJ;�q�B`GAqm?A@`;h?æ;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ�?A_J�pD ;>EFB]?ABCLNG^E G^@Î_JEUO[LM@`;PV>B`;POKNGcVh?AK�EUGcOJ;�q�B`GAqm?A@`;h?æ;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ ?A_J�pD ;>EFB]?ABCLNG^E7g � TU;>@`; α(W1,W2)

OJ;>EUG^B`;PW�BCTU;
E�_JD Ë ;>@½GAH<=2?ALM@`W W1 ∈ W1

?AEUO
W2 ∈ W2 � LMBCT r(W1,W2) > 0 � �$;�?AKNW]G=J@`GhlcLNOJ;?AE

O(log α(W1,W2))
qm?A=J=J@`GP¢[LMD�?ABCLNG^EÎ?AKM�jG^@CLMBCTJDëHàG^@YBCTU;�?A@`;h?rq�B`GAqm?A@`;h?é;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ

?A_J�pD ;>E�B]?ABCLNG^ER=J@`G Ë KN;>D ��¡ TJLNW&B`G^�j;>BCTU;>@ � LMBCT½BCTU;�EU;>�F?ABCLMlj;�@`;PWC_JKMB�LMDÍ=JKMLN;PWìBCT2?AB�BCTU;�=J@`G Ë qKN;>D LNW
Θ(log α(W1,W2))

qm?A=J=J@`GP¢[LMD�? Ë KN;pg5_JEJKN;PW`WÍX = è X.g � TJLNV]T W`G^KMlj;PW G^=�;>E =J@`G Ë KN;>D WHfG^@�EUGcOJ;�q�B`GAqm?A@`;h? ;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ§?A_J�pD ;>E�B]?ABCLNG^E îÿþ g�uhoJg�uh¥^ï �
Ì _J@CBCTU;>@CD G^@`;pg � ;éV]T2?A@]?^V>B`;>@CLM�h;ÉBCTU;�EUGcOJ;�q�B`GAqm?A@`;h?�?AEUOS?A@`;h?rq�B`GAqm?A@`;h?�;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ?A_J�pD ;>E�B]?ABCLNG^E�=J@`G Ë KN;>D W.?^W7BCTU;&?A_J�pD ;>EFB]?ABCLNG^EÉ=J@`G Ë KN;>D W � LMBCT�D GcO[_JKNG^B`G^EU;&?AEUOé;�¢cB`;>EUOJ;POD GcO[_JKNG^B`G^EU;�Hà_JEUV>BCLNG^EUW �

¨�©jª�«b¬ �r'�p��®w�r�J¿ ¸ � 
 ® ¬ �A±´� ¸ �æ¶ �J¿'¿'� ¬  ± � �[�²± ¬w° � 
´® ¬ �^±´� ¸ � ¶.© '® ©j¯ � ¬w°'°.© �p�²±´³0±´� ªU¶
��¬ 'ò 
 ¬ � ¬·°0© ¾ ò ° �p�²± ¬w°

À Á[Â�Ã2Ä�Å�ÆbÇÉÈ7Ã·Ê`Å�Â
dmE$VPG^DÍDé_JEJLNVh?ABCLNG^E EU;>B � G^@ � Whg.�p@]?A=JT$VPG^EJEU;PV>BCLMl�LMBmZLNW�G^EU;ÍGAH5BCTU;ÍD GpWCB<Hà_JEUOU?AD ;>EFB]?AKì=2?A@]?AD ;>B`;>@`WéB`GD ;h?^WC_J@`;�BCTU;�@`G Ë _UWCBCEU;PW`W�?AEUO�?hl^?ALMKµ? Ë LMKMLMBmZ�GAH�BCTU;�EU;>B � G^@ � W � �ì?A@CLNG^_UW � LMEUOJW�GAHYVPG^EJEU;PV>BCLMl�LMBmZ�?A_J�pD ;>E[qB]?ABCLNG^E�=J@`G Ë KN;>D WéT2?Plj; Ë ;P;>E�;�¢[B`;>EUWCLMlj;>KMZWCBC_UO[LN;PO�?^Wb?AE$LMDÍ=·G^@CB]?AE�BÉW`_ Ë íÔ;PV>B�LME$BCTU; EU;>B � G^@ � OJ;PWCLM�pE7g?AEUORD�?AE�ZÎ;0"�V>LN;>E�B�?AKM�jG^@CLMBCTJD W*T2?Plj; Ë ;P;>E�OJ;>lj;>KNG^=�;PO�W`GÉH�?A@ î � g �cg7u � ï �£7;>B

G = (V,E) Ë ;R?SDé_JKMBCLM�p@]?A=JT �æÌ G^@�?S�p@]?A=JT G g�KN;>B δG(X)
OJ;>EUG^B`;RBCTU;ÎE�_JD Ë ;>@�GAH�;PO[�j;PW

e = (u, v)
W`_UV`T�BCT2?AB

u ∈ X ?AEUO
v 6∈ X �&¡ � G�lj;>@CBCLNVP;PW s ?AEUO t ?A@`; k ÕÔÑCê²ùFÑ�Õ�Ý]Ó^ÜUÜ·ÑCÝhÞeÑCêÍL�HYBCTU;>@`;�;�¢[LNWCB`W

k
qe;PO[�j;*O[LNWàíCG^LMEFBì=2?ABCTUW�Hà@`G^D

s
B`G
t ��� ZÉQS;>EJ�j;>@ � W&BCTU;PG^@`;>D�g s ?AEUO t ?A@`; k qe;PO[�j;�qeVPG^EJEU;PV>B`;PO�L�H7?AEUO�G^EJKMZ

ó����



upuho �/	���� ��� ����� � ��� � ������, �F-�A�,/.P, �",.6+,´801

L�H�;>lj;>@CZRlj;>@CB`;�¢�W`;>B
X � LMBCT s ∈ X ⊆ V − {t} W]?ABCLNWÔç2;PW δG(X) ≥ k � dmE�BCTJLNW�=2?A=�;>@hg � ;éVPG^EUWCLNOJ;>@�BCTU;HfG^KMKNG � LMEJ�=J@`G Ë KN;>D � TJLNV]T OJ;h?AKNW � LMBCT ;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ"EUG^BÍG^EJKMZ Ë ;>B � ;P;>EæB � GSlj;>@CBCLNVP;PWhg Ë _JB�?AKNW`GË ;>B � ;P;>E�B � GÎlj;>@CB`;�¢WC_ Ë W`;>B`W � ��;>@`;ÉB � GRlj;>@CB`;�¢W`;>B`W S ?AEUO T ?A@`; k ÕÔÑCêhù�Ñ�Õ�Ý`ÓpÜUÜ·ÑCÝPÞeÑ`ê½L�H&BCTU;>@`;Í;�¢[LNWCB`W

k
qe;PO[�j;ÉO[LNWàíCG^LMEFB�=2?ABCTUW*H @`G^D

S
B`G
T
g � TJLNV`T�LNW�;��F_JLMlp?AKN;>EFB�B`G BCTU;�VPG^EUO[LMBCLNG^ESBCT2?AB*;>lj;>@CZRlj;>@CB`;�¢�W`;>B X

� LMBCT S ⊆ X ⊆ V − T W]?ABCLNWÔç2;PW δG(X) ≥ k �
� � ¬ � 
 ©�� ó2ôé¤ ��/32[,��:0�1�� ��/32[, 4�
09�2�� �<1'878�2�?@03, �), 0 6 ��-79 �i22830p,�0B, 1'87¦
dmEJ=J_JB ��� Ù�× , ÞàßMù^ÒCúØû2ã

G = (V,E)
ú^ÜwêÍúÉÒ`Ñ��>×cß ÒCÑ�Ù�Ñ�ÜwÞUÚ�×�ÜwÝhÞàßàÓ^Ü

r :W1×W2 → R+
ÚPÓ^Ò�ÞàâìÓ�Ú>ú^Ù�ß , ß�ÑØÖ

W1,W2 ⊆ 2V − {∅} ü
� _JBC=J_JB � � Ù�ß ÜUß ÙÉ×cÙ ÖhÑ>Þ F ÓÔÚÉÜ·Ñ�â ÑCê²ùFÑØÖÉÖØ×JÝ�ãSÞ ãcújÞ�Þ ã[ÑÉÒ`ÑØÖØ× , Þàß Ü�ù�ù^ÒÔú�û2ã

Ĝ = (V,E ∪ F )
Ö>újÞàßµÖ ��ÑØÖ

δĜ(X) ≥ r(W1,W2)
Ú>Ó^Òéú�, ,

X ⊆ V * W1 ∈ W1
*ìú^Üwê

W2 ∈ W2
âYß Þ ã

W1 ⊆ X ⊆ V −W2
ü

��;>@`;
R+

OJ;>EUG^B`;PW�BCTU;�W`;>B�GAHY?AKMK�EUG^EJEU;>�F?ABCLMlj;�@`;h?AKNW � �$;<@`;>D�?A@ � BCT2?AB�Dé_JKMBCLM�p@]?A=JTUW�Vh?AE Ë ;�@`;>=J@`;�qW];>EFB`;PO§?^W*WCLMDÍ=JKN;��p@]?A=JTUW � LMBCT�;PO[�j;�Vh?A=2?^V>LMBeZ �5¡ TJ@`G^_J�pTUG^_JB�BCTU;�=2?A=·;>@hg � ;�BC@`;h?AB G ?^W�?�Db_JKMBCLM�p@]?A=JTíÔ_UWCB5HfG^@�WCLMDÍ=JKMLNV>LMBeZ�GAHY;�¢[=·GpWCLMBCLNG^E �
¡ TJLNWÎ=J@`G Ë KN;>D Vh?AE Ë ; @`;>�F?A@`OJ;PO�?^W�?"E2?ABC_J@]?AK��j;>EU;>@]?AKMLM�²?ABCLNG^E GAHÉBCTU;$ù-,�Ó ' ú-,bÑCêhù�Ñ�Õ�Ý`ÓpÜUÜ·ÑCÝPÞàß öhßàÞà÷úp×^ù^Ù�Ñ�ÜwÞ�úpÞàßàÓpÜÎûwÒCÓ ' ,NÑ�Ùá¤S5��F"*¦ î ¥rïeg ,MÓhÝ`ú�,YÑCê²ùFÑ�Õ�Ý]Ó^ÜUÜ·ÑCÝhÞàß´öhßàÞà÷Súp×^ù^Ù�Ñ�ÜwÞ�úpÞàßàÓpÜ½ûwÒÔÓ ' ,MÑ>Ùá¤ � �F"*¦ î ýAïegw?AEUOÜ·ÓhêFÑ�Õ�Þ�Ó^Õ�ú^Ò`ÑCúSÑCêhùFÑ�ÕÔÝ`Ó^ÜUÜ�ÑCÝPÞàß öhß Þà÷�ú^×pù^Ù�Ñ�Ü2Þ�újÞàßàÓ^Ü�ûwÒCÓ ' ,NÑ�Ù(¤Q% ���~"�¦ î uh¥rï �

��� �	��
����� �������

£0;>B _UW Ë @CLN; � Z W`_J@Clj;>Z"BCTU;ROJ;>lj;>KNG^=JD ;>E�B`W�LME BCTU;R;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ ?A_J�pD ;>EFB]?ABCLNG^EÏ=J@`G Ë KN;>D W � £7;>B
V = {{v} | v ∈ V } �� �F" LNW�;���_JLMlp?AKN;>EFB�B`GÎXY@`G Ë KN;>D u � LMBCT W1 = W2 = V g � TJLMKN;�5��F" LNW<?½WC=�;PV>Lµ?AKYVh?^W`;�GAH � �F"
� LMBCTÏ_JEJL�HfG^@CD�@`;���_JLM@`;>D ;>EFB`W

r(u, v) ≡ k
HfG^@�W`G^D ;�LMEFB`;>�j;>@

k �
E2?AD ;>KMZjg
5��F" ¤ @`;PWC= � g � �F"*¦�?^W � WB`G§?A_J�pD ;>EFBéBCTU; �pKNG Ë ?AK�¤ @`;PWC= � g7KNGcVh?AK´¦�;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ�GAH�?½�pLMlj;>E$�p@]?A=JT � 5	�~" � ?^W�çU@`W`B�WCTUG � EB`G Ë ;ÍW`G^KMlp? Ë KN;�LME$=�G^KMZ�EUG^DÍLµ?AKìBCLMD ; Ë ZS��?AB]?AE2? Ë ;½?AEUO è ? � ?ADé_J@]? î u þ ï�HfG^@�_JEUO[LM@`;PV>B`;PO$�p@]?A=JTUWé?AEUO

Ë Z Ì @]?AE � î ýAï'HàG^@�O[LM@`;PV>B`;POS�p@]?A=JTUW ��¡ TU;bH�?^WCB`;PWCB � EUG � E?AKM�jG^@CLMBCTJD Wb?^V`TJLN;>lj; O(mn + n2 log n)
BCLMD ;

O[_U; B`G è ?A�F?AD GcV`TJL î uhý^ïYHàG^@<_JEUO[LM@`;PV>B`;PO$�p@]?A=JTUWÉ?AEUO O(mn2 log n2/m)
BCLMD ; O[_U;�B`G \ ? Ë G � î nrïYHfG^@O[LM@`;PV>B`;PO§�p@]?A=JTUWhg � TU;>@`; n = |V | ?AEUO m OJ;>EUG^B`;PW�BCTU;�EF_JD Ë ;>@<GAH�;PO[�j;PW*LME�BCTU;��p@]?A=JT§G Ë B]?ALMEU;PO�Hà@`G^D

G Ë ZæLNOJ;>E�BCL�H ZcLMEJ�"Db_JKMBCLM=JKN;§;PO[�j;PW�LMEFB`G ?WCLMEJ�pKN;§G^EU; � I�W HàG^@ � �~"�g Ì @]?AE � î ý[g � ï�WCTUG � ;POÏBCT2?AB�LMBLNW�=·G^KMZcEUG^DÍLµ?AKMKMZæW`G^KMlp? Ë KN;ÎHàG^@�_JEUO[LM@`;PV>B`;PO �p@]?A=JTUWhg � TJLMKN;RLMB�LNW è X�q�T2?A@`O HfG^@�O[LM@`;PV>B`;PO �p@]?A=JTUWhg5;>lj;>E@`;PW`BC@CLNV>B`;PO B`G
r(u, v) ∈ {0, 1} HàG^@ u, v ∈ V � £0?AB`;>@<LMB � ?^W�W`TUG � E Ë Z è _JB`G²l î uhtrïì?AEUO i*G^@CB`W]?A@C��?AEUOè _JB`Ghl î upu>ï7BCT2?AB*LMB�LNW Θ(log n)

qm?A=J=J@`GP¢[LMD�? Ë KN;�LME�=�G^KMZcEUG^DÍLµ?AK7BCLMD ; �%����F"ÏLNW�;��F_JLMlp?AKN;>EFB�B`GÍXY@`G Ë KN;>D u � LMBCT W1 = V g � TJLNV`T�LMEUV>KM_UOJ;PW � �F"�?^W�?�WC=�;PV>Lµ?AK7Vh?^W`; � LMBCT
W2 = V � Q�L � ?b?AEUO½dmB`G î uh¥Aï·W`TUG � ;PO½BCT2?AB�%����~" HfG^@ì_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW�LNW è X�q�T2?A@`O�gc;>lj;>E�L�H r ≡ 1

g
� TJLMKN;�LMB�LNW � EUG � E Ë ZÎQ§L � ? ?AEUORdmB`G î uh¥rï.?AEUO�d�WCTJLML�g[;>B�?AK ��îÿþ ï7BCT2?AB�LMB�LNW�W`G^KMlp? Ë KN;<LMER=·G^KMZcEUG^DÍLµ?AK7BCLMD ;L�H
r ≡ k

HàG^@ÉW`G^D ;
k (≥ 2) ��Ì _J@CBCTU;>@CD G^@`;pg�dmW`TJLML&?AEUO��<?A�pL � ?A@]? î uhoAï�W`TUG � ;PO"BCT2?ABéLMBbLNWbW]G^KMl^? Ë KN;�LME=�G^KMZcEUG^DÍLµ?AK'BCLMD ;pg�L�H5? @`;���_JLM@`;>D ;>EFB<Hà_JEUV>BCLNG^E

r
OJ;>=·;>EUOJW�G^EJKMZ�G^E W2

?AEUO
r ≥ 2 �<Ì @`G^D BCTU;É@`;PWC_JKMB`WGAH î uhorï�?AEUO î uhtrïeg � ;ÎVh?AE G Ë W];>@Clj;�BCT2?ABm%����F" HfG^@é_JEUO[LM@`;PV>B`;PO �p@]?A=JTUW � LMBCT r OJ;>=·;>EUO[LMEJ�G^EJKMZ�G^E

W2
LNW ��� � qm?A=J=J@`GP¢[LMD�? Ë KN;�LME§=�G^KMZ�EUG^DÍLµ?AK�BCLMD ; � ��G � ;>lj;>@hg�EUG½G^BCTU;>@�?A=J=J@`GP¢[LMD�?ABCLNG^E@`;PWC_JKMB�LNW � EUG � EHfG^@�%����~" LME½_JEUO[LM@`;PV>B`;PO��AO[LM@`;PV>B`;POR�p@]?A=JTUW �YÌ G^@5O[LM@`;PV>B`;PO½�p@]?A=JTUW � LMBCTÎ?é_JEJL�HàG^@CD @`;���_JLM@`;>D ;>EFB r gFEUGVPG^DÍ=JKN;�¢[LMBeZR@`;PW`_JKMB�LNW�;>lj;>E � EUG � E � LMB�LNW*G^=·;>E � TU;>BCTU;>@*BCTU;�=J@`G Ë KN;>D LNW è X�q�T2?A@`O �¡ ? Ë KN;PW�u�?AEUO�¥�W`_JDÍD�?A@CLM�h;�BCTU;�V>_J@C@`;>EFBCKMZ Ë ;PWCB � EUG � E @`;PWC_JKMB`W�G^EÍBCTU;�VPG^DÍ=JKN;�¢[LMBeZÍWCB]?ABC_UWYHàG^@YBCTU;PW`;=J@`G Ë KN;>D W ��$;�EUG^B`;5BCT2?AB�W`;>lj;>@]?AKU;�¢cB`;>EUW`LNG^EUW�GAHwBCTU;�?A_J�pD ;>E�B]?ABCLNG^E�=J@`G Ë KN;>D WYT2?hlj; Ë ;P;>EÍWCBC_UO[LN;PO î uFg^s[gJupupg[uhtJguhs^ï � I�KMK0BCTU;É=J@`G Ë KN;>D W<Vh?AE Ë ;éHàG^@CDb_JKµ?AB`;PO ?^W�BCTU;b=J@`G Ë KN;>D GAH�?A_J�pD ;>EFBCLMEJ� G W`G BCT2?AB<BCTU;b@`;PWC_JKMBCLMEJ�

ó2ó��
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¡ ? Ë KN;�u�� �&_J@C@`;>EFBCKMZ Ë ;PWCB � EUG � E�@`;PWC_JKMB`W�HàG^@�5	�~"�g � �~"�gU?AEUO�% � �F"ÏLME�_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW
W1 W2 r

��_JEJL�HfG^@CD
r
��?A@ Ë LMBC@]?A@CZ

V V 5	�~" � �F"
O(mn+ n2 log n) î uhýrï O(mn3 log n2/m) î nrï

V ?A@ Ë LMBC@]?A@CZ % � �F"
è X�q�T2?A@`O ∗ î uh¥Aï è X�q�T2?A@`O ∗∗ î uh¥Aï

∗ ��� � qm?A=J=J@`Gh¢cLMD�? Ë KN;bL�H r ≡ 1 î uhtAïegJW]G^KMl^? Ë KN;�LME O(|W2|n+m)
BCLMD ;�L�H

r ≡ 2 î uh¥AïegU?AEUO�LME
Õ(|W2|kn3 + n(k3 + n2)(|W2|+ kn)))

BCLMD ;�L�H
r ≡ k (≥ 3) îÿþ ï �

∗∗ ��� � qm?A=J=J@`GP¢[LMD�? Ë KN;éL�H r OJ;>=�;>EUOJW�G^EJKMZRG^E W2 î uhtrïeg � TJLMKN;éW`G^KMl^? Ë KN;<LME O(n3|W2|(m+ n log n))BCLMD ;�L�H'LME�?^OJO[LMBCLNG^E
r ≥ 2

TUG^KNOJW î uhorï �

¡ ? Ë KN;É¥#� �&_J@C@`;>EFBCKMZ Ë ;PWCB � EUG � E�@`;PWC_JKMB`W�HàG^@ 5	�~"�g � �~"�gU?AEUO�% � �F"4LME�O[LM@`;PV>B`;PO��p@]?A=JTUW
W1 W2 r

��_JEJL�HfG^@CD
r
�Y?A@ Ë LMBC@]?A@CZ

V V 5	�~" � �~"
O(mn2 log n2/m) î n^ï Θ(log n)

qm?A=J=J@`GP¢[LMD�? Ë KN; î upupg�uhtAï
V ?A@ Ë LMBC@]?A@CZ % ���~"

�
Ω(log n)

qm?A=J=J@`GP¢[LMD�? Ë KN; î uhtrï

�p@]?A=JT
Ĝ
Ý`Ó^öAÑ>Ò]Ö�?��pLMlj;>E�@`;��F_JLM@`;>D ;>E�BYH _JEUV>BCLNG^E

r∗ : 2V → R+
¤ L � ; � g δĜ(X) ≥ r∗(X)

HfG^@ ∅ 6= X ( V
¦ �d�WCTJLML î srï.=J@`G²lj;PO�BCT2?AB�BCTU;�=J@`G Ë KN;>D � LMBCTS?�D G^EUG^B`G^EU; r∗ LNW*;���_JLMl^?AKN;>E�B*B`G�% ���~" � LMBCT r OJ;>=·;>EUO[LMEJ�G^EJKMZÎG^E W2

?AEUORWCTUG � ;PO�BCT2?AB�LMB�LNW�=·G^KMZcEUG^DÍLµ?AKMKMZ½W]G^KMl^? Ë KN;pg[L�H G LNW5_JEUO[LM@`;PV>B`;PO§?AEUO r∗(X) ≥ 2
TUG^KNOJW

HfG^@�?AKMK
X ( V � LMBCT r∗(X) > 0

g � TU;>@`; r∗ LNW�Vh?AKMKN;PO Ù Ó^ÜwÓpÞ�ÓpÜ·Ñ&L�H r∗(X) ≤ r∗(Y )
TUG^KNOJW5HfG^@�?A@ Ë LMBC@]?A@CZB � G�WC_ Ë W];>B`W X ⊆ Y ⊆ V ��$;�Hà_J@CBCTU;>@é@`;>D�?A@ � BCT2?AB�BCTU;�?A_J�pD ;>EFB]?ABCLNG^E =J@`G Ë KN;>D � LMBCT r∗ Vh?AE"?AKNW]G Ë ;�@`;>=J@`;PW];>EFB`;PO Ë Z BCTU;=J@`G Ë KN;>D GAHìVPGhlj;>@CLMEJ��?��pLMlj;>E�Hà_JEUV>BCLNG^E p : 2V → R+ Ë Z�?��p@]?A=JT (V, F ) � LMBCT ?�DÍLMEJLMDé_JD |F | � L � ; � g?A_J�pD ;>EFBCLMEJ�S?��p@]?A=JT

G = (V, ∅) Ë ZS?�EU; � ;PO[�j;ÉW];>B F ��¡ TU;bH _JEUV>BCLNG^E p Vh?AE Ë ;�VPG^EUWCBC@C_UV>B`;POSHà@`G^D
r∗ Ë Z p(X) = max{0, r∗(X) − δG(X)} � � ;>EUV>� � @�?AEUO Ì @]?AE � î u�ï&WCTUG � ;PO"BCT2?AB�LMB�LNWé=·G^KMZcEUG^DÍLµ?AKMKMZW`G^KMlp? Ë KN;pg7L�H p LNWéW`Z�DÍD ;>BC@CLNV W`_J=·;>@CD GcO[_JKµ?A@hg � TU;>@`; p LNW�Ö�÷AÙ�Ù�Ñ>ÞàÒ�ßàÝ�L�H p(X) = p(V − X)

HfG^@�;>lj;>@CZ
X ⊆ V

g'?AEUO ÖØ×²ûJÑ�Ò�Ù Óhê^× ,�ú^ÒbL�H
p(X) + p(Y ) ≤ p(X ∩ Y ) + p(X ∪ Y )

HfG^@b;>lj;>@CZ
X,Y ⊆ V � LMBCT

p(X), p(Y ) > 0 � 5��~" LME _JEUO[LM@`;PV>B`;POÛ�p@]?A=JTUWÎLNWR?"WC=�;PV>Lµ?AK<Vh?^W];§GAHéBCTU;S=J@`G Ë KN;>D�g�WCLMEUVP; −δG LNWWCZcDÍD ;>BC@CLNV<WC_J=·;>@CD GcO[_JKµ?A@ ��� ;PVP;>EFBCKMZjg è _JB`Ghl î uhtrï�=J@`G²lj;POÎBCT2?AB�L�H p LNW5WCZcDÍD ;>BC@CLNVbÖ �^Ñ�âYÕeÖØ×²ûJÑ�Ò�Ù Óhê^× ,�ú^Ò¤ L � ; � g p(X) + p(Y ) ≤ p(X ∩ Y ) + p(X ∪ Y )
G^@
p(X) + p(Y ) ≤ p(X − Y ) + p(Y −X)

HàG^@�;>lj;>@CZ
X,Y ⊆ V � LMBCT p(X), p(Y ) > 0

¦�gJBCTU;>ERLMB�LNW*I�X���q�T2?A@`O�?AEUO ��� � qm?A=J=J@`GP¢[LMD�? Ë KN;bLMER=·G^KMZcEUG^DÍLµ?AK7BCLMD ;_JEUOJ;>@�BCTU;SÙÉß ,Mê½?^W]WC_JDÍ=JBCLNG^E�¤ EUG^B`;�BCT2?AB�BCTU;R?^W`WC_JDÍ=JBCLNG^E TUG^KNOJWÉHfG^@�?AE�Z"WC_J=�;>@CD GcO[_JKµ?A@bHà_JEUV>BCLNG^E
p

î u�ï ¦ �Y¡ TU;�Hà_JEUV>BCLNG^E p OJ;�çUEU;PO½LME � �F"ÏLMEÎ_JEUO[LM@`;PV>B`;POÎ�p@]?A=JTUW�?AEUO�%����~" � LMBCT r OJ;>=·;>EUO[LMEJ� G^EJKMZ½G^E
W2

LMES_JEUO[LM@`;PV>B`;PO �p@]?A=JTUWb?A@`;bEUG^B�WCZcDÍD ;>BC@CLNVÍWC_J=�;>@CD G�O[_JKµ?A@hg Ë _JB�W`Z�DÍD ;>BC@CLNV�W � ; � qeWC_J=�;>@CD GcO[_JKµ?A@hg?^W*G Ë W];>@Clj;PO Ë Z î ýUg7uhorï � a�LMEUVP;éBCTU;é?^W]WC_JDÍ=JBCLNG^E§TUG^KNOJW�HàG^@�BCTU;PW`;�Vh?^W`;PW²gUBCTU;�@`;PW`_JKMB�GAH î uhtrï.LMDÍ=JKMLN;PW�BCTU;
7/4
qm?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ�HfG^@
% � �F" � LMBCT r OJ;>=�;>EUO[LMEJ��G^EJKMZRG^E W2

LMER_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW �
� ������� ����� 

	 ����
�� ���

¡ TU;�@`;PWC_JKMB`W5G Ë B]?ALMEU;PO½LME�BCTJLNW�=2?A=�;>@�Vh?AE Ë ;�WC_JDÍD�?A@CLM�h;POR?^W&HfG^KMKNG � W � £7;>B α(W1,W2) Ë ;�BCTU;�EF_JD Ë ;>@GAH7=2?ALM@`W�GAH�W];>B`W
W1 ∈ W1

?AEUO
W2 ∈ W2 � LMBCT r(W1,W2) > 0 � Ë Z OJ;�çUEJLMBCLNG^E7g � ;�T2?Plj; α(W1,W2) ≤

ówó2ó
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|W1||W2| �
• �$;�WCTUG � BCT2?ABYBCTU;>@`;�;�¢[LNWCB`W�?<VPG^EUWCB]?AE�B c WC_UV`TÍBCT2?AB�% ���~" LNW�EUG^Bì?A=J=J@`Gh¢cLMD�? Ë KN;*LMEÍ=·G^KMZcEUG^DÍLµ?AKBCLMD ; � LMBCTJLME�?�@]?ABCLNG�GAH c log α(V,W2)

_JEJKN;PW]W.X
= è X'g²;>lj;>EbLMEéBCTU;ìVh?^W]; � TU;>@`;�¤ L´¦ G LNW0_JEUO[LM@`;PV>B`;PO?AEUO

r ∈ {0, k}V×W2
TUG^KNOJWbHàG^@�?AEFZ

k (≥ 1)
gYG^@R¤ LML´¦

G
LNWÉO[LM@`;PV>B`;POæ?AEUO

r ≡ k
HfG^@Í?AEFZ

k (≥
1) ��¡ TJLNWÉWCTUG � WÉBCTU;�LME2?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ GAH
%����F"�g � TUGpW];�VPG^DÍ=JKN;�¢[LMBeZ�W`B]?ABC_UW � ?^WéKN;�HàB�G^=·;>Eîÿþ gFuho[gFuh¥Aï � ��;>@`; � ;�@`;>D�?A@ � BCT2?AB.BCTU;YHà_JEUV>BCLNG^E p O[LNW`V>_UW]W`;PO Ë Z î uFgjuhtAïFLNWìÜwÓpÞFW � ; � qeWC_J=·;>@CD GcO[_JKµ?A@HfG^@�BCTU;PW`;�Vh?^W`;PWhg2?AEUOÎTU;>EUVP; è _JB`G²l � W*@`;PWC_JKMB�LNW�EUG^B�?A=J=JKMLNVh? Ë KN; �

• Ì G^@É_JEUO[LM@`;PV>B`;PO��AO[LM@`;PV>B`;POæ�p@]?A=JTUWhg � ;�=J@`G^=�GpW`; � (log α(W1,W2))
qm?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD W

HfG^@�XY@`G Ë KN;>D u � � Z VPG^D Ë LMEJLMEJ�SBCTU;ÍT2?A@`O[EU;PW`Wé@`;PWC_JKMB`W�OJ;PW`V>@CL Ë ;PO�? Ë Ghlj;pg � ;�Vh?AE�W]?PZSBCT2?ABéG^_J@?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD WÍ?A@`;§ÓØû·Þàß Ù ú-,�g0L � ; � g�XY@`G Ë KN;>D u LME"_JEUO[LM@`;PV>B`;PO��AO[LM@`;PV>B`;PO �p@]?A=JTUWÉ?A@`;
Θ(logα(W1,W2))

qm?A=J=J@`GP¢[LMD�? Ë KN; �
• Q§G^@`;PG²lj;>@hg � ;éV]T2?A@]?^V>B`;>@CLM�h;bBCTU;éEUG�OJ;�q�B`GAqm?A@`;h?½?AEUO§?A@`;h?rq�B`GAqm?A@`;h?�;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZS?A_J�pD ;>E�B]?rqBCLNG^E =J@`G Ë KN;>D W Ë Z§_UWCLMEJ� k q�D GcO[_JKNG^B`G^EU;ÉHà_JEUV>BCLNG^EUWhg � TU;>@`;Í? Hà_JEUV>BCLNG^E r∗ : 2V → R+

LNW<Vh?AKMKN;PO
k
ÕeÙ Óhê^× ,MÓpÞ�Ó^Ü·ÑYL�H·;h?^V`T�EUG^EU;>DÍ=JBeZÍWC_ Ë W`;>B X GAH

V
T2?^W�?<W`_ Ë W`;>B W GAH

X � LMBCT |W | ≤ k W`_UV`TÍBCT2?AB
r∗(Y ) ≥ r∗(X)

HàG^@&?AKMK·WC_ Ë W`;>B`W Y GAH X � LMBCT W ⊆ Y �'è ?AD ;>KMZjg � ;*W`TUG � BCT2?AB&BCTU;�?A@`;h?rq�B`GAqm?A@`;h?;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ ?A_J�pD ;>EFB]?ABCLNG^E =J@`G Ë KN;>D W � LMBCT r : W1 × W2 → R+
Vh?AE Ë ;½@`;>�F?A@`OJ;PO ?^WBCTU;�?A_J�pD ;>EFB]?ABCLNG^E=J@`G Ë KN;>D W � LMBCT k q�D G�O[_JKNG^B`G^EU;bHà_JEUV>BCLNG^EUW � LMBCT k = max{|W | | W ∈ W1} �BCTU;ÍEUGcOJ;�q�B`GAqm?A@`;h?�;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ ?A_J�pD ;>EFB]?ABCLNG^E =J@`G Ë KN;>D W�Vh?AE Ë ;Í@`;>�F?A@`OJ;PO ?^WéBCTU; =J@`G Ë qKN;>D W � LMBCT u�q�D G�O[_JKNG^B`G^EU;�Hà_JEUV>BCLNG^EUW � u�q�D GcO[_JKNG^B`G^EU;�H _JEUV>BCLNG^EUW½?A@`;RçU@`WCB LME�BC@`G�O[_UVP;PO Ë Z î u �rïHfG^@��pLMlcLMEJ�§?��j;>EU;>@]?AKMLM�h;POHà@]?AD ; � G^@ � GAH�BCTU;ÍW`G^_J@`VP;ÍKNGcVh?ABCLNG^E=J@`G Ë KN;>D%?AEUO;�¢cB`;>EUOJ;PO$EU;>B � G^@ �=J@`G Ë KN;>D ��¡ TU;�@`;PW`_JKMB`W��pLMlj;�?AEUG^BCTU;>@�?A=J=JKMLNVh?ABCLNG^E§GAH�u�q�D GcO[_JKNG^B`G^EU;<H _JEUV>BCLNG^EUW�?^W � ;>KMK'?^W5LMB`W�;�¢�qB`;>EUWCLNG^E ��� ZÉVPG^D Ë LMEJLMEJ� � LMBCT BCTU;*W`;PVPG^EUOÍ@`;PWC_JKMB`Whg � ;�Vh?AE�W];P;5BCT2?AB�BCTU;*?A_J�pD ;>EFB]?ABCLNG^E½=J@`G Ë KN;>D W

� LMBCT k q�D G�O[_JKNG^B`G^EU;�H _JEUV>BCLNG^EUW�?A@`; O(logα(W1,W2))
qm?A=J=J@`GP¢[LMD�? Ë KN;§LMEæ=·G^KMZcEUG^DÍLµ?AK�BCLMD ;pg&L�HBCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ��Hà_JEUV>BCLNG^E

r : W1 ×W2 → R+
LME X�@`G Ë KN;>D ubVh?AE Ë ;ÉVPG^EUW`BC@C_UV>B`;PO�Hà@`G^D r∗LMER=�G^KMZ�EUG^DÍLµ?AK7BCLMD ; �

¡ TU;*@`;PW`B�GAH0BCTJLNW�=2?A=�;>@&LNW5G^@C�F?AEJLM�h;POR?^W&HàG^KMKNG � W � dmERac;PV>BCLNG^E�¥[g � ;�=J@`;PW`;>EFB*?AE O(logα(W1,W2))
q

?A=J=J@`Gh¢cLMD�?ABCLNG^E$?AKM�jG^@CLMBCTJD(HàG^@�XY@`G Ë KN;>D u � ac;PV>BCLNG^EýÍWCTUG � W�BCTU;�LME2?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZ§GAH�%����F" � ac;PV�qBCLNG^E � O[LNW`V>_UW`W`;PW5BCTU;b?A_J�pD ;>EFB]?ABCLNG^ES=J@`G Ë KN;>D � LMBCT k q�D G�O[_JKNG^B`G^EU;�H _JEUV>BCLNG^EUW �
� � �
�ÉÄ�Å �Ê�� 	5ÃwÊ]Å�Â � � �*Å�Ä·ÊCÃ ��� � �PÅ�Ä � Ä���	

�
ÃwÅ
�
� Ä���	��$Æ�� �

�
� Å�ÂÉÂ��YÈ7ÃwÊ��

�ÊÔÃ � � Ç � � �YÂ�Ã 	5ÃwÊ]Å�Â
����� 	 � � � ��
 � �� 
 ��� � � � ��� ��� � � � � � � ��� � ��� � � � � � ��
 ��
 ��� � ����� ����� � ��
�� �

dmEæG^@`OJ;>@�B`G�=J@`;PW`;>E�B�?AE
O(log α(W1,W2))

qm?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD HàG^@�XY@`G Ë KN;>D�upgYKN;>B�_UW�WCB]?A@CB
� LMBCTÎBCTU;*HàG^KMKNG � LMEJ�ÍKN;>DÍD�? � TJLNV`TRWCTUG � W�BCT2?AB5BCTU;<?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZRGAH0XY@`G Ë KN;>D u�LME½O[LM@`;PV>B`;PO½�p@]?A=JTUWLMEUO[LNVh?AB`;PW�BCTU;�G^EU;�LME�_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW �
Ì G^@ÉB � GW`_ Ë W`;>B`W X,Y ⊆ V

LME
G
g � ;ÎOJ;>EUG^B`; Ë Z λG(X,Y )

BCTU;ÑCêhùFÑ>Õ�Ý`Ó^Ü2Ü·ÑCÝPÞàß öhßàÞà÷�Ú�ÒÔÓ^Ù
X
Þ�Ó

Y
g�L � ; � g λG(X,Y ) = min{δG(Z) | X ⊆ Z ⊆ V − Y } � TU;>@`; � ;$OJ;�çUEU; λG(X,Y ) = +∞ L�H

X ∩Y 6= ∅ ��Ì G^@�?é�p@]?A=JT G ?AEUOÎ?�Hà_JEUV>BCLNG^E r :W1×W2 → R+
g � ;<W]?hZÍBCT2?AB G ß´Ö r ÕÔÑ`êhùFÑ�ÕÔÝ`Ó^ÜUÜ·Ñ`ÝPÞeÑCêL�H

λG(W1,W2) ≥ r(W1,W2)
TUG^KNOJW5HfG^@*?AKMK0W`;>B`W

W1 ∈ W1
?AEUO

W2 ∈ W2 �deB�LNW½EUG^BÎO[L "�V>_JKMBÎB`G W`;P;§BCT2?ABÎBCTU;�HfG^KMKNG � LMEJ�æKN;>DÍD�?"TUG^KNOJW Ë ZÏVPG^EUWCLNOJ;>@CLMEJ� ?"O[LM@`;PV>B`;POÏ�p@]?A=JTG Ë B]?ALMEU;PO�Hà@`G^D ?AE _JEUO[LM@`;PV>B`;PO��p@]?A=JT Ë Z�@`;>=JKµ?^V>LMEJ��;h?^V`T�_JEUO[LM@`;PV>B`;PO�;PO[�j; � LMBCT�B � GéG^=J=�GpWCLMB`;*O[LM@`;PV>B`;PO;PO[�j;PW �
ó2ó �
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��© � � � ��ô (´Ú 1�ÒCÓ ' ,NÑ�Ù 1
ß´Ü4ê^ß ÒCÑCÝhÞeÑCê$ù^ÒCúØû2ãjÖ§ßµÖ

β
ÕÔúØûjûwÒCÓ �^ß Ù ú ' ,NÑ *�Þ ã[Ñ�Ü 1�ÒCÓ ' ,NÑ�Ù 1

ß´ÜÏ×cÜwê^ß ÒCÑCÝhÞeÑCê
ù^ÒCúØû2ãjÖ�ß´Ö

2β
Õ�úØûFûwÒÔÓ �^ß´Ù ú ' ,MÑhü 2

£7;>B�_UWÉBCTU;>EæVPG^EUWCLNOJ;>@ÍBCTU;�HàG^KMKNG � LMEJ�=J@`G Ë KN;>D � TJLNV`T ?A_J�pD ;>EFB`W G = (V,E) Ë Z ?^OJO[LMEJ�$?§EU; �lj;>@CB`;�¢
s 6∈ V ?AEUOREU; � ;PO[�j;PW Ë ;>B � ;P;>E s ?AEUO V gJOJ;�çUEU;PO§?^W5HàG^KMKNG � W �

� � ¬ � 
 ©�� �7ôé¤
s
�p(�,).|2 
 �É/32J,��:0�1�� �É/32J, ��-79 �U2U830p,�03,´1'87¦

dmEJ=J_JB ��� Ù�×�,�Þàß�ùpÒÔúØûwã
G = (V,E)

ú^ÜwêÍúÉÒ`Ñ��>×cß´Ò`Ñ�Ù�Ñ�Ü2ÞJÚ�×cÜwÝPÞàßfÓ^Ü
r :W1×W2 → R+

ÚPÓ^Ò*ÞàâìÓ�ÚPú^Ù�ß , ßfÑ�Ö
W1,W2 ⊆ 2V − {∅} ü
� _JBC=J_JB � �(Ù�ß´Ü2ß´Ù�×cÙ ÖPÑ>Þ F ÓÔÚ Ü·Ñ>â ÑCê²ùFÑØÖ ' Ñ>Þàâ&Ñ`Ñ�Ü s(6∈ V )

úpÜwê
V
ÖØ×JÝ�ã�Þ ãcúpÞ�Þ ã[Ñ�Ò`ÑØÖØ× ,�Þàß´Ü�ùRùpÒÔúØûwã

G̃ = (V ∪{s}, E ∪F )
Ö>úpÞàß´Ö ��Ñ�Ö

δG̃(X) ≥ r(W1,W2)
Ú>Ó^Ò<ú-, ,

X ⊆ V ∪{s} * W1 ∈ W1
*�úpÜwê

W2 ∈ W2âYßàÞ ã
W1 ⊆ X ⊆ V ∪ {s} −W2

ü
dmB�LNW�EUG^B*O[L "�V>_JKMB*B`G�W`;P;<BCTU;<HfG^KMKNG � LMEJ��=J@`G^=�;>@CBeZjg � TJLNV`T§LMEUO[LNVh?AB`;PW�BCT2?AB�BCTU;é?A=J=J@`Gh¢cLMD�?ABCLNG^ES@]?ABCLNGpW*GAHXY@`G Ë KN;>D Wbué?AEUO�ý�O[L	��;>@�G^EJKMZ Ë ZÎ? VPG^EUWCB]?AEFB�H�?^V>B`G^@ �
��© � � � $7ô

(i)
(´Ú 1�ÒCÓ ' ,NÑ�Ù 1

ß´Ö
β
Õ�ú�ûjûwÒCÓ �^ß ÙÍú ' ,MÑ0*½Þ ã[Ñ�Ü 1�ÒÔÓ ' ,MÑ>Ù 3

ßµÖ
2β
Õ�úØûjû·ÒÔÓ �pß´Ù ú ' ,NÑhü (ii)

(´Ú
1�ÒCÓ ' ,NÑ�Ù 3

ßµÖ
β
ÕÔúØûjûwÒCÓ �^ß Ù ú ' ,NÑ *�Þ ã[Ñ�Ü 1�ÒÔÓ ' ,MÑ>Ù 1

ßµÖ
2β
Õ�úØûFûwÒÔÓ �^ß´Ù ú ' ,MÑhü 2

£7;>DÍD�?^WS¥ ?AEUO � LMEUO[LNVh?AB`;$BCT2?ABRLMBÎW`_#"�VP;PWRB`G =J@`Ghlj; BCT2?AB�XY@`G Ë KN;>D ý LME4O[LM@`;PV>B`;PO��p@]?A=JTUWRLNW
?A=J=J@`GP¢[LMD�? Ë KN; � LMBCTJLME ?§@]?ABCLNG GAH O(logα(W1,W2)) � � ;>KNG � g � ;½H _J@CBCTU;>@�BC@]?AEUWÔHfG^@CD XY@`G Ë KN;>D�ý�LME
O[LM@`;PV>B`;PO��p@]?A=JTUW*LMEFB`G�BCTU;�=J@`G Ë KN;>D W Ë ;>KNG � g � TU;>@`;�BCTU;�B`;PV]TJEJL �F_U;éLNW Ë ?^W`;PO�G^E�BCTU;éG^EU;�OJ;>lj;>KNG^=·;PO Ë Zî upujgUac;PV>BCLNG^E§¥rï7B`GÍVPG^EUWCBC@C_UV>B�?AE�?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD HfG^@*?A_J�pD ;>EFBCLMEJ��BCTU;<DÍL�¢[;PORVPG^EJEU;PV>BCLMlcLMBeZ �£7;>B

rmax = max{r(W1,W2) | W1 ∈ W1,W2 ∈ W2}
g[?AEUOÍKN;>B

F+
r

¤ @`;PWC= � g F−r ¦ Ë ;5BCTU;�W`;>BìGAH rmaxDé_JKMBCLM=JKN;bO[LM@`;PV>B`;PO�;PO[�j;PW5Hà@`G^D
s
B`G�;h?^V`T�lj;>@CB`;�¢

v ∈ V ¤ @`;PWC= � gJH @`G^D ;h?^V]T�lj;>@CB`;�¢ v ∈ V B`G s ¦ �
� � ¬ � 
 ©�� � ôé¤

s
�p(�,).|2 
 �É/32J,��:0�1�� �É/32J, ��-79 �U2U830p,�03,´1'8 − ¦dmEJ=J_JB ��� ê^ß ÒCÑ`ÝPÞeÑCêÍÙ�× , ÞàßMù^ÒCúØû2ã

G = (V,E)
úpÜwêÍúÉÒCÑ �>×�ß Ò`Ñ�Ù�Ñ�Ü2ÞUÚ�×cÜwÝPÞàßfÓ^Ü

r :W1×W2 → R+
Ú>Ó^Ò�ÞàâìÓ

ÚPú^Ù�ß , ßfÑ�Ö W1
* W2 ⊆ 2V − {∅} ü

� _JBC=J_JB � � ÙÉß ÜUß Ù�×�Ù ÖPÑ>Þ
F−

ÓÔÚ�Ü·Ñ�âëÑCêhù�ÑØÖ�Ú�ÒCÓ^Ù
V
Þ�Ó$úSöAÑ�Ò>ÞeÑ �

s /∈ V
*<ÖØ×JÝ�ã"Þ ãcúpÞ�Þ ãJÑ�ÒCÑØÖ�×�,�Þàß Ü�ù

ù^ÒCúØû2ã
G̃ = (V ∪ {s}, E ∪F− ∪F+

r )
Ö>úpÞàß´Ö ��Ñ�Ö

δG̃(X) ≥ r(W1,W2)
ÚPÓ^Ò�ú-, ,

X ⊆ V ∪ {s} * W1 ∈ W1
*

ú^Üwê
W2 ∈ W2

âYß Þ ã
W1 ⊆ X ⊆ V ∪ {s} −W2

ü
� � ¬ � 
 ©�� 
 ôé¤

s
�p(�,).|2 
 �É/32J,��:0�1�� �É/32J, ��-79 �U2U830p,�03,´1'8 + ¦dmEJ=J_JB ��� ê^ß ÒCÑ`ÝPÞeÑCêÍÙ�× , ÞàßMù^ÒCúØû2ã

G = (V,E)
úpÜwêÍúÉÒCÑ �>×�ß Ò`Ñ�Ù�Ñ�Ü2ÞUÚ�×cÜwÝPÞàßfÓ^Ü

r :W1×W2 → R+
Ú>Ó^Ò�ÞàâìÓ

ÚPú^Ù�ß , ßfÑ�Ö W1
* W2 ⊆ 2V − {∅} ü

� _JBC=J_JB � � ÙÉß ÜUß Ù�×�Ù ÖPÑ>Þ
F+ ÓÔÚ�Ü·Ñ�âëÑCêhù�ÑØÖ�Ú�ÒCÓ^Ù úSöAÑ�Ò>ÞeÑ �

s /∈ V
Þ�Ó
V
*<ÖØ×JÝ�ã"Þ ãcúpÞ�Þ ãJÑ�ÒCÑØÖ�×�,�Þàß Ü�ù

ù^ÒCúØû2ã
G̃ = (V ∪ {s}, E ∪F+ ∪F−r )

Ö>úpÞàß´Ö ��Ñ�Ö
δG̃(X) ≥ r(W1,W2)

ÚPÓ^Ò�ú-, ,
X ⊆ V ∪ {s} * W1 ∈ W1

*
ú^Üwê

W2 ∈ W2
âYß Þ ã

W1 ⊆ X ⊆ V ∪ {s} −W2
ü

dmEFBC_JLMBCLMlj;>KMZjgpXY@`G Ë KN;>D t�VPG^EUW`LNOJ;>@`W'?�DÍLMEJLMDé_JD ;PO[�j;&?^OJO[LMBCLNG^EbH @`G^D V
B`G
s
?rH B`;>@'?^OJO[LMEJ��WC_#"�V>LN;>E�BCKMZ

D�?AEFZÎ;PO[�j;PW�Hà@`G^D
s
B`G
V
g � TJLMKN;�XY@`G Ë KN;>D(nÉVPG^EUWCLNOJ;>@`W�?ÉDÍLMEJLMDb_JD	;PO[�j;�?^OJO[LMBCLNG^ERHà@`G^D s

B`G
V
?rH B`;>@

?^OJO[LMEJ��WC_#"�V>LN;>E�BCKMZRD�?AEFZR;PO[�j;PW5Hà@`G^D
V
B`G
s �

Ì G^@�?AE LMEUWCB]?AEUVP; I = (G = (V,E), r)
GAH�XY@`G Ë KN;>D%ý�LME O[LM@`;PV>B`;PO �p@]?A=JTUW²g�KN;>B I− ?AEUO I+ Ë ;bBCTU;LMEUWCB]?AEUVP;PW�GAH�X�@`G Ë KN;>D W�t$?AEUO n$VPG^@C@`;PWC=·G^EUO[LMEJ�"B`G I g&@`;PWC=�;PV>BCLMlj;>KMZ � £7;>B F− ?AEUO F+ Ë ;½Hf;h?^WCL Ë KN;W`G^KM_JBCLNG^EUWÍGAH<XY@`G Ë KN;>D W�t ?AEUOæn[gY@`;PWC=�;PV>BCLMlj;>KMZ � dmBÉLNW�;h?^WCZ"B`G W`;P;�BCT2?AB F−r ∪ F+

r

LNWÉHà;h?^WCL Ë KN;�HfG^@ I �
Ì _J@CBCTU;>@CD G^@`;pg � ;�Vh?AE�G Ë W];>@Clj;�BCT2?AB F− ∪ F+ LNW�?AKNW`GÉHà;h?^W`L Ë KN;�HàG^@ I ?AEUO � ;P;>=�BCTU;é?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ �
��© � � � �wô&(´Ú

F−
úpÜwê

F+ ú^ÒCÑ
β
Õ�úØûjû·ÒÔÓ �pß´Ù úpÞeÑ$Þ�Ó

I−
ú^Üwê

I+ * Ò`ÑØÖeûJÑCÝPÞàß öAÑ0, ÷+*½Þ ã[Ñ�Ü F− ∪ F+ ß´Ö
β
Õ�ú�ûjûwÒCÓ �^ß ÙÍújÞeÑÉÞ�Ó

I
ü

2

ówó �
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Ì @`G^D O[LNW]V>_UW`WCLNG^E LME BCTU;"=J@`;>lcLNG^_UWSW`_ Ë W`;PV>BCLNG^E7g � ;"T2?Plj;æG^EJKMZ�B`GÏWCTUG � BCT2?ABXY@`G Ë KN;>D W$tÏ?AEUO n?A@`; Ë G^BCT O(log (α(W1,W2)))
qm?A=J=J@`Gh¢cLMD�? Ë KN; � dmE�BCTJLNW�W`;PV>BCLNG^E7g � ;ÎWCTUG � BCTU; O(log (α(W1,W2)))

q
?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZSGAH�XY@`G Ë KN;>D t[g2W`LMEUVP;�XY@`G Ë KN;>D n Vh?AE Ë ;�BC@`;h?AB`;POSWCLMDÍLMKµ?A@CKMZ � �$;éW`T2?AKMK7=J@`Ghlj;bBCTJLNW Ë ZW`TUG � LMEJ��BCT2?AB*BCTU;�=J@`G Ë KN;>D	Vh?AE Ë ;�HàG^@CDb_JKµ?AB`;PO§?^W�BCTU;ÍÖØ× ' Ù Óhê^× ,�ú^ÒéÖPÑ>Þ�Ý`Ó^öAÑ>Ò�ûwÒCÓ ' ,NÑ�Ù �Ì G^@�?ÍçUEJLMB`;bW];>B U g·? W`;>B*H _JEUV>BCLNG^E f : 2U → R+

LNW�Ö�× ' Ù Óhêp×�,Mú^Ò�L�H f(X) + f(Y ) ≥ f(X ∩ Y ) +
f(X ∪ Y )

TUG^KNOJW<HfG^@<?A@ Ë LMBC@]?A@CZSB � GRWC_ Ë W`;>B`W X,Y ⊆ U � \ LMlj;>E$?½VPGpWCB�H _JEUV>BCLNG^E c : U → R+
?AEUO$?

D G^EUG^B`G^EU;ÍW`_ Ë D G�O[_JKµ?A@�Hà_JEUV>BCLNG^E f : 2U → R+
gwBCTU;bWC_ Ë D GcO[_JKµ?A@�W`;>B<VPGhlj;>@<=J@`G Ë KN;>D ?^W � W�B`G�çUEUO ?W`_ Ë W`;>B F GAH U � LMBCT�BCTU;�DÍLMEJLMDb_JD(VPGpWCB�WØ?ABCLNWÔH ZcLMEJ� f(F ) = f(U)

gJL � ; � g
Q§LMEJLMDÍLM�h; ∑

i∈F c(i)W`_ Ë íÔ;PV>B�B`G f(F ) = f(U), F ⊆ U.
¤f¥ � u²¦

dmB�LNW � EUG � E î tUgh¥porïFBCT2?AB�L�H f LNW�LME�B`;>�j;>@Ôq�l^?AKM_U;POÉ?AEUO f(∅) = 0
ghBCTU;>E�BCTU;�=J@`G Ë KN;>D�LNW (1+ln maxj∈U f({j})) q?A=J=J@`Gh¢cLMD�? Ë KN; Ë ZR?ÍWCLMDÍ=JKN;��p@`;P;PO[ZÎ?AKM�jG^@CLMBCTJD �

�ì©�� � � ��ô 1�ÒÔÓ ' ,MÑ>Ù t§Ý`ú^Ü ' Ñ&ÚPÓ^ÒØÙ�× ,�újÞeÑCêÎúAÖ�Þ ã[Ñ�ÖØ× ' Ù Óhê^× ,�ú^ÒéÖPÑ>Þ5Ý`Ó^ö^Ñ�Ò�ûwÒCÓ ' ,NÑ�Ù�ü
15ÒÔÓhÓCÚ �$;�OJ;>EUG^B`;�BCTU;<�p@]?A=JT

(V ∪ {s}, E ∪ F+
r ) Ë Z H+ � £7;>B U = F−r

g

f(F−) =
∑

(W1,W2)∈W1×W2:
λ
H+(W1,W2)<r(W1,W2)

(
min{λH++F−(W1,W2),dr(W1,W2)e} − λH+(W1,W2)

) ¤f¥ � ¥j¦

HfG^@YW`;>B
F− ⊆ F−r � TU;>@`; H++F− = (V ∪{s}, E∪F+

r ∪F−)
gF?AEUO

c(e) = 1
HàG^@Y;h?^V`T

e ∈ F−r �'è G^BCLNVP;BCT2?AB�XY@`G Ë KN;>D t�Vh?AE Ë ;éHfG^@CDé_JKµ?AB`;PO$?^WÍ¤f¥ � u²¦ � �&KN;h?A@CKMZjg f LNW�LMEFB`;>�j;>@Ôq�lp?AKM_U;PO�?AEUOSD G^EUG^B`G^EU;pg7?AEUO � ;T2?hlj;
f(∅) = 0 �Y¡ T�_UWhgcLME½G^@`OJ;>@5B`Gb=J@`Ghlj;�BCTJLNW�KN;>DÍD�?[gcLMB�WC_#"�VP;PW�B`GÉWCTUG � BCT2?AB f LNW5WC_ Ë D GcO[_JKµ?A@hg�L � ; � gHfG^@�?AEFZÎW`;>B`W�GAH.O[LM@`;PV>B`;PO�;PO[�j;PW

F−1 , F
−
2 ⊆ F−r

g
f(F−1 ) + f(F−2 ) ≥ f(F−1 ∩F−2 ) + f(F−1 ∪ F−2 ) �YÌ G^@BCTJLNW²g � ;�W`TUG � BCT2?AB�HfG^@�;h?^V`T�=2?ALM@*GAH W1 ∈ W1
?AEUO

W2 ∈ W2 � LMBCT λH+(W1,W2) < r(W1,W2)
g

gW1,W2(F
−
1 ) + gW1,W2(F

−
2 ) ≥ gW1,W2(F

−
1 ∩ F−2 ) + gW1,W2(F

−
1 ∪ F−2 ),

¤f¥ � ýj¦

� TU;>@`; gW1,W2(F
−) = min{λH++F−(W1,W2), dr(W1,W2)e} −λH+(W1,W2) ��¡ TJLNW*VPG^DÍ=JKN;>B`;PW�BCTU;=J@`GcGAHCgUWCLMEUVP;<BCTU;�WC_JD GAH�B � G�WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^EUW�LNW*?AKNW]GÍWC_ Ë D G�O[_JKµ?A@ �

� ;>KNG � g � ;�=J@`G²lj;�BCT2?AB ¤f¥ � ýj¦ÍTUG^KNOJW � ��G^EUWCLNOJ;>@�BCTU;§Vh?^W`;�GAH F−1 ∩ F−2 6= ∅ ?AEUO F−1 − F−2 6=
∅ 6= F−2 − F−1

g�W`LMEUVP; LME ?AKMK�G^BCTU;>@�Vh?^W`;PW�¤f¥ � ýj¦�TUG^KNOJW�V>KN;h?A@CKMZ � �$; =J@`G²lj;BCTJLNW Ë ZÏLMEUO[_UV>BCLNG^E G^E
k = |F−1 − F−2 |+ |F−2 − F−1 | ��$;�çU@`WCB�VPG^EUWCLNOJ;>@�BCTU;*Vh?^W`;�GAH

k = 2
¤ L � ; � g |F−1 −F−2 | = |F−2 −F−1 | = 1

¦ � £0;>B {f1} := F−1 −F−2
g

{f2} := F−2 −F−1
gj?AEUO

F ′ := F−1 ∩F−2 � £0;>B X∗ Ë ;�?*DÍLMEJLMD�?AKUW`;>B�BCT2?AB�WØ?ABCLNWÔç2;PW W1 ⊆ X∗ ⊆ V −W2?AEUO
δH++F ′(X∗) = λH++F ′(W1,W2) (= min{δH++F ′(X) | W1 ⊆ X ⊆ V − W2}) � �$;ÎBCTU;>EV>Kµ?ALMD%BCT2?AB

X∗
LNW�_JEJL �F_U; � I�W`W`_JD ; Ë ZVPG^EFBC@]?^O[LNV>BCLNG^E BCT2?AB�B � G�O[LNWCBCLMEUV>BéDÍLMEJLMD�?AK&W`;>B`W X∗1 ?AEUO X∗2;�¢[LNWCB � a�LMEUVP; W1 ⊆ X∗i ⊆ V −W2

TUG^KNOJWÉHàG^@
i = 1, 2

g � ;½T2?Plj; W1 ⊆ X∗1 ∩ X∗2 ⊆ X∗1 ∪ X∗2 ⊆
V − W2 � � ZÏWC_ Ë D G�O[_JKµ?A@CLMBmZÏGAH δ g � ; T2?hlj; 2λH++F ′(W1,W2) = δH++F ′(X∗1 ) + δH++F ′(X∗2 )
≥ δH++F ′(X∗1 ∩X∗2 )+ δH++F ′(X∗1 ∪X∗2 ) ≥ 2λH++F ′(W1,W2)

gjHà@`G^D � TJLNV`T � ;�T2?Plj; δH++F ′(X∗1 ∩
X∗2 ) = λH++F ′(W1,W2) � dmB5HàG^KMKNG � W�BCT2?AB X∗1 ∩X∗2 VPG^E�BC@]?^O[LNV>B`W*BCTU;�DÍLMEJLMD�?AKMLMBmZ�GAH X∗i �è ;�¢[Bhg � ;�V>Kµ?ALMD BCT2?AB (gW1,W2(F

′ ∪ {f1}) − gW1,W2(F
′)) +(gW1,W2(F

′ ∪ {f2}) − gW1,W2(F
′))

≥ gW1,W2(F
′∪{f1, f2})−gW1 ,W2(F

′)
gFLMDÍ=JKMZ�LMEJ�Î¤f¥ � ýj¦�¤ EUG^B`;�BCT2?AB F ′∪{f1} = F−1

g
F ′∪{f2} = F−2

g
?AEUO

F ′ ∪ {f1, f2} = F−1 ∪ F−2
¦ � £7;>B ` := gW1,W2(F

′ ∪ {f1, f2})− gW1,W2(F
′) � I�W`WC_JD ;<BCT2?AB ` > 0

ó2ó $
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WCLMEUVP;�BCTU; Vh?^W];ÍGAH
` = 0

LNW�V>KN;h?A@ � � Z δH++F ′(X∗) = λH++F ′(W1,W2)
g � ;ÍT2?Plj; |F ′′| ≥ `

g � TU;>@`;
F ′′ ⊆ {f1, f2}

OJ;>EUG^B`;PW<BCTU;bW];>B�GAHì;PO[�j;PW�Hà@`G^D
X∗

B`G
s
LME {f1, f2} ��¡ TU;É_JEJL �F_U;>EU;PW]W�GAH X∗ LMDÍ=JKMLN;PWBCT2?AB�HfG^@é;h?^V]T

f ∈ F ′′ g � ;�T2?Plj; gW1,W2(F
′ ∪ {f}) − gW1,W2(F

′) = 1 � dmB<HfG^KMKNG � WbBCT2?ABéBCTJLNWéV>Kµ?ALMDTUG^KNOJW ���G^EUWCLNOJ;>@�BCTU;½Vh?^W`;�GAH
k ≥ 3

?AEUO ?^W]WC_JD ;�BCT2?ABbHfG^@�?AE�Z
k′ < k

g�¤f¥ � ýj¦�TUG^KNOJW � �ÏLMBCTUG^_JBÉKNGpW]WbGAH�j;>EU;>@]?AKMLMBeZjg�?^W]WC_JD ; BCT2?AB |F−1 − F−2 | ≥ 2 �Î¡ TU;>E7g Ë ZBCTU;�LMEUO[_UV>BCLNG^E�T�Z�=�G^BCTU;PWCLNWhg.HfG^@b?AE�;PO[�j; f1 ∈
F−1 −F−2

g � ;�T2?Plj; gW1,W2(F
−
1 )+gW1,W2(F

−
2 ∪{f1})≥ gW1,W2((F

−
1 ∩F−2 )∪{f1})+gW1 ,W2(F

−
1 ∪F−2 )?AEUO

gW1,W2((F
−
1 ∩ F−2 ) ∪ {f1}) + gW1,W2(F

−
2 ) ≥ gW1,W2(F

−
1 ∩ F−2 ) + gW1,W2(F

−
2 ∪ {f1}) � � ZWC_JDÍDÍLMEJ�½BCTU;PW`;bB � G½LMEU;���_2?AKMLMBCLN;PWhg·LMB*HfG^KMKNG � W�BCT2?ABÍ¤f¥ � ýj¦*TUG^KNOJW �*¡ TJLNW<VPG^DÍ=JKN;>B`;PW�BCTU;éLMEUO[_UV>BCLNG^EG^E k �

2

è G^BCLNVP;�BCT2?AB�HfG^@YB � GéWC_ Ë W];>B`W X ?AEUO
Y
GAH
V
g
λH(X,Y )

Vh?AE Ë ;�VPG^DÍ=J_JB`;PO LME =�G^KMZcEUG^DÍLµ?AK2BCLMD ; Ë ZD�?r¢cq � G � VPG^DÍ=J_JB]?ABCLNG^E � ��;>EUVP;pg[LMB�LNW�EUG^B�O[L "�V>_JKMB�B`GÍW`;P;<BCT2?AB*?AKMK7GAH�BCTU;�? Ë G²lj;�VPG^EUWCBC@C_UV>BCLNG^E�Vh?AE Ë ;OJG^EU;�LMER=�G^KMZ�EUG^DÍLµ?AK0BCLMD ; � a�LMEUVP; maxe∈F−
r
f({e}) ≤ α(W1,W2)

g � ;�T2?Plj;éBCTU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D �
� ¸.©F¬ � © ��7ô 1�ÒÔÓ ' ,MÑ>Ùáu�ß´ÜS×�Ü·ê^ß´Ò`ÑCÝPÞeÑ`ê���ê^ß ÒCÑ`ÝPÞeÑCê½ù^ÒÔú�û2ãjÖéß´Ö O(log α(W1,W2))

Õ�úØûjû·ÒÔÓ �pß´Ù ú ' ,NÑhü 2

� Á[Â�	 �
�ÉÄ�Å �Ê�� 	 ��Ê��`ÊÔÃ ��Å����������

dmE�BCTJLNW5W`;PV>BCLNG^E7g � ;<WCTUG � BCTU;�LME2?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZRGAH+% � �F"�g � TUGpW`;�VPG^DÍ=JKN;�¢cLMBmZ�WCB]?ABC_UW � ?^W5KN;�HàB&G^=�;>Eîÿþ g5uho[g&uh¥^ï �Sè ?AD ;>KMZjg � ;RWCTUG � BCTU; Ω(log α(V,W2))
qm?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZæGAH�% � �F"�g.;>lj;>E L�HÉ¤ L´¦ G LNW

_JEUO[LM@`;PV>B`;POR?AEUO
r ∈ {0, k}V×W2

TUG^KNOJW&HàG^@�?AEFZ LME�B`;>�j;>@
k ≥ 1

g�¤ LML´¦
G
LNW&O[LM@`;PV>B`;POR?AEUO

r ≡ k TUG^KNOJW&HàG^@?AEFZÎLME�B`;>�j;>@
k ≥ 1 ��$;�_UW];�?É@`;PO[_UV>BCLNG^E�Hà@`G^D <$,�0B03,´879 >@2 0§B`GÍ=J@`G²lj;�BCTU;�LME2?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ§GAH'BCTU;�=J@`G Ë KN;>D �
XY@`G Ë KN;>D <~, 0B03,´809 >@2�0
dmEJ=J_JB � I çUEJLMB`;�W`;>B

U
GAHY;>KN;>D ;>EFB`W�?AEUO�?bH�?ADÍLMKMZ X ⊆ 2U �

� _JBC=J_JB � I DÍLMEJLMDé_JD W`;>B
Z ⊆ U WC_UV`T�BCT2?AB Z ∩X 6= ∅ HfG^@*?AKMK X ∈ X �

dmB � ?^WÉWCTUG � E Ë Z � ?A��?AEUO a[?rHà@]? î uhn^ïìBCT2?ABéBCTU;>@`;�LNWb?�VPG^EUWCB]?AEFB c WC_UV`T BCT2?ABF<~, 0B03, 879 >@2 0 LNWéEUG^B?A=J=J@`GP¢[LMD�? Ë KN; � LMBCTJLMEÏ?S@]?ABCLNG$GAH c log |X | gì_JEJKN;PW`W�X
	 è X'g�;>lj;>E @`;PW`BC@CLNV>B`;POæB`G BCTU;�Vh?^W`; � TU;>@`; |X |?AEUO |U | ?A@`;b=·G^KMZcEUG^DÍLµ?AKMKMZ�@`;>Kµ?AB`;PO ∗ ��¡ TJ@`G^_J�pTUG^_JB<BCTJLNW�W];PV>BCLNG^E7g � ;bG^EJKMZ�VPG^EUW`LNOJ;>@�WC_UV]T§LMEUW`B]?AEUVP;PW�GAH<~, 0B03,´809 >@2 0 �
� ��� � � ��
� � � � � �� � � � ���

dmE�BCTJLNW7WC_ Ë W`;PV>BCLNG^E7g � ;�VPG^EUW`LNOJ;>@7BCTU;Y=J@`G Ë KN;>D W7LMEé_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW � �$;�çU@`WCB7WCTUG � BCTU; Ω(logα(V,W2))
q

?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ�GAH'XY@`G Ë KN;>D(ý � LMBCT W1 = V Ë ZÎ?b@`;PO[_UV>BCLNG^EÎH @`G^D <~, 0B03,´809 >@2 0 �Yè G^BCLNVP;<BCT2?AB�BCTJLNWLMDÍ=JKMLN;PW�LME2?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZ�GAH %����~" Ë ZÎ£7;>DÍD�? �U�
��© � � � ó �7ô �7Ó^ÒbúpÜU÷ ß Ü2ÞeÑfùFÑ�Ò

k ≥ 1
*&Þ ã[Ñ>ÒCÑÍÑ �pßµÖ>Þ Öbú½Ý]Ó^ÜJÖ�Þ�úpÜ2Þ

c
ÖØ×JÝ�ã�Þ ãcúpÞ
1�ÒCÓ ' ,NÑ�Ù ý�âYßàÞ ã W1 = Vú^Üwê

r ∈ {0, k}V×W2
ß´Ü$×cÜwê^ß Ò`ÑCÝPÞeÑCê½ù^ÒCúØû2ãjÖÍß´ÖéÜwÓpÞ�úØûFûwÒÔÓ �^ß´Ù ú ' ,MÑ ß´ÜRû[Ó-, ÷AÜ·Ó^Ù�ßàú-,�Þàß Ù Ñ�âYß Þ ãFß Ü�úÎÒCúpÞàßfÓÓÔÚ

c log α(V,W2)
*�×�Ü ,MÑØÖØÖ*X�� è X�ü

1�ÒCÓhÓÔÚ \ LMlj;>E ?AE4LMEUWCB]?AEUVP;
I = (U,X = {X1, X2, . . . , Xq})

GAH�<~, 0B03,´809 >@2 0'g � ;VPG^EUWCBC@C_UV>BBCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ�$LMEUWCB]?AEUVP;
J = (G = (V,E), r)

GAH�XY@`G Ë KN;>D ý � LMBCT W1 = V ?^W�HfG^KMKNG � W � £0;>B
V = U ∪{xi | i = 1, 2, . . . , q}∪{v∗} g � TU;>@`; v∗ ?AEUO xi ¤ i = 1, . . . q

¦�?A@`;�EU; � lj;>@CBCLNVP;PWhgc?AEUO�KN;>B E Ë ;
∗ �)H�OQH�TBH�oacVYQH+YQRbMpY������������������ ��Z]JIH"!1`aZ]�vMp\[H�o1Y3YQc�YQRbH�JLH�YIPKc:�zHSO�WaOQcvfa\]HK� {

ówó �
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BCTU;ÉW`;>B�GAH
k − 1

Dé_JKMBCLM=JKN;É_JEUO[LM@`;PV>B`;PO ;PO[�j;PW
(v∗, xi)

g
i = 1, 2, . . . , q � £7;>B W2 = {Wi = Xi ∪ {xi} |

i = 1, 2, . . . , q} g2?AEUO�OJ;�çUEU; r Ë Z r(v,Wi) = k
L�H
v = v∗

gU?AEUO
0
G^BCTU;>@ � LNW`; �Ì G^@Y?5Hf;h?^WCL Ë KN;&W]G^KM_JBCLNG^E Z GAH I grKN;>B F = {(s, v) | v ∈ Z}∪{(s, v∗)} ��è G^BCLNVP;ìBCT2?AB δH+F (s,Wi) ≥ 1TUG^KNOJW�HfG^@�?AKMK

Wi ∈ W2
g � TU;>@`; H = (V ∪ {s}, E)

?AEUO
δH+F (s,Wi)

OJ;>EUG^B`;PW<BCTU;ÉE�_JD Ë ;>@�GAH�;PO[�j;PWHà@`G^D
s
B`G

Wi � Ì G^@�? W];>B Wi ∈ W2
g&KN;>B

Y Ë ;�? W];>B � LMBCT v∗ ∈ Y ⊆ V − Wi � ¡ TU;>E � ;�T2?Plj;
δH+F (Y ) ≥ δH+F (v∗, xi)+ |{(s, v∗)}| ≥ k

?AEUO
δH+F (Y ∪{s}) ≥ δH+F (v∗, xi)+δH+F (s,Wi) ≥ k �¡ TJLNW�LMDÍ=JKMLN;PW5BCT2?AB F LNW�Hf;h?^WCL Ë KN;�HfG^@ J �Y¡ TU;>@`;�HfG^@`;pg[HfG^@5G^=JBCLMD�?AK7W]G^KM_JBCLNG^EUW Z∗ ?AEUO F ∗ B`G I ?AEUO J g � ;T2?hlj; |F ∗| ≤ |Z∗|+ 1 �£7;>B

F Ë ; ?½Hf;h?^WCL Ë KN;ÍW`G^KM_JBCLNG^E"GAH J � a�LMEUVP; δG(Wi) = k − 1 < k
TUG^KNOJW�HfG^@

Wi ∈ W2
g � ;�T2?Plj;

δH+F (s,Wi) ≥ 1
g � TU;>@`; H = (V ∪ {s}, E) � £0;>B Z Ë ;½BCTU;½W`;>BÍGAH*lj;>@CBCLNVP;PW�LME V − {v∗, s} BCT2?ABLNWbLMEUV>LNOJ;>EFB � LMBCT W`G^D ;�;PO[�j;PWÉLME F g�?AEUO Z ′ Ë ;�BCTU;�W];>BbGAH�lj;>@CBCLNVP;PW�G Ë B]?ALMEU;PO$Hà@`G^D Z Ë Z@`;>=JKµ?^V>LMEJ�;h?^V]T�lj;>@CB`;�¢

xi ∈ Z � LMBCT"?Rlj;>@CB`;�¢SLME Xi � dmB�LNW�EUG^BéO[L "�V>_JKMBbB`GRW`;P;ÍBCT2?AB Z ′ LNW<Hf;h?^WCL Ë KN;ÉHàG^@ I g0?AEUO
� ;ÉT2?Plj; |Z ′| ≤ |F | ��Ì _J@CBCTU;>@CD G^@`;pg�L�H F LNW β qm?A=J=J@`GP¢[LMD�?AB`;ÍB`G J g Z ′ LNW 2β

qm?A=J=J@`GP¢[LMD�?AB`;�B`G
I
g�WCLMEUVP;

|Z ′| ≤ |F | ≤ β|F ∗| ≤ β(|Z∗|+1) � ��Ë l�LNG^_UW`KMZjg�BCTU;PW];*VPG^EUWCBC@C_UV>BCLNG^EÎVh?AE Ë ;�OJG^EU;�LME�=�G^KMZ�EUG^DÍLµ?AKwBCLMD ;pg
� TU;>@`; � ;*EUG^B`;�BCT2?AB5?^OJO[LMEJ� k− 1

Dé_JKMBCLM=JKN;<;PO[�j;PW5Vh?AE Ë ;�OJG^EU;*LME O(log k)
BCLMD ;pg Ë ZÍ@`;>�F?A@`O[LMEJ� k− 1Db_JKMBCLM=JKN;b;PO[�j;�?^W�?ÍWCLMEJ�pKN;�;PO[�j; � LMBCT�LME�B`;>�j;>@�Vh?A=2?^V>LMBmZ k − 1 �

¡ TF_UWhg^WCLMEUVP; � ;&T2?Plj; α(V,W2) = |W2|
?AEUOF<~, 0B03, 879�>@2 0ÍLNW

Ω(log |X |) qm?A=J=J@`Gh¢cLMD�? Ë KN;pgFLMB7HfG^KMKNG � WBCT2?AB�XY@`G Ë KN;>D ý � LMBCT W1 = V ?AEUO r ∈ {0, k}V×W2
LNW

Ω(log α(V,W2))
qm?A=J=J@`Gh¢cLMD�? Ë KN;&HfG^@.?AEFZ�LME�B`;>�j;>@

k ≥ 1 � 2

Ì @`G^D	£7;>DÍD�?^W�¥Í?AEUO � g � ;�T2?Plj;�BCTU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D �
� ¸0©�¬ � ©�� ówó2ô �7Ó^Ò ú^ÜU÷�ß Ü2ÞeÑfù�Ñ�Ò

k ≥ 1
*�Þ ã[Ñ�Ò`Ñ$Ñ �^ß´Ö�Þ ÖSúæÝ]Ó^ÜJÖ�Þ�úpÜ2Þ

c
Ö�×[Ý�ã Þ ã[úpÞ�%����~"%âYßàÞ ã

r ∈
{0, k}V×W2

ß Ü$×cÜwê^ß ÒCÑ`ÝPÞeÑCê���êpß´Ò`ÑCÝPÞeÑCê�ù^ÒÔú�û2ãjÖ�ßµÖÉÜwÓpÞ�úØûjûwÒCÓ �^ß Ù ú ' ,NÑÍß ÜÎû[Ó�, ÷^ÜwÓ^Ù�ßfú-,�Þàß´Ù�ÑÉâYßàÞ ãFß Ü�úÎÒÔújÞàßàÓÓCÚ
c log α(V,W2)

*�×cÜ ,NÑØÖ]Ö�X�� è X�ü 2

�$;*@`;>D�?A@ � BCT2?AB5BCTU;�? Ë G²lj;<?A@C�p_JD ;>E�B`W*?AKNW`GÉKN;h?^OÎO[LM@`;PV>BCKMZ�B`GÉBCTU;�LME2?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZRGAH0BCTU;<Vh?^W`;PW
� TU;>@`;<;>lj;>@CZ =2?ALM@5GAH.?élj;>@CB`;�¢ v ∈ V ?AEUOR?�W];>B W ∈ W2

W]?ABCLNWÔç2;PW
r(v,W ) = r′(v)

HfG^@&W]G^D ;�Hà_JEUV>BCLNG^E
r′ : V → {0, k} g � TJLMKN;éBCTU;ÉVh?^W`; � TU;>@`; r(v,W ) = r′′(W ) ≥ 2

TUG^KNOJW�HfG^@�?�Hà_JEUV>BCLNG^E
r′′ : W2 → R+LNW�BC@]?^V>B]? Ë KN;b?^W�WCTUG � E Ë Z î uhorï �

� ¸0©�¬ � ©�� ó ��ô �7Ó^Ò�ú^Ü2÷�ß´Ü2ÞeÑ�ùFÑ�Ò
k ≥ 1

*0Þ ã[Ñ�Ò`Ñ<Ñ �^ß´Ö�Þ Ö*úéÝ]Ó^ÜJÖ�Þ�úpÜ2Þ
c
Ö�×[Ý�ãÍÞ ãcúpÞ@%����~"�â�ã[Ñ�Ò`Ñ

r(v,W ) =
r′(v)

ã[Ó-,�ê^Ö�Ú>Ó^Ò úéÚØ×cÜwÝPÞàßfÓ^Ü
r′ : V → {0, k} ß´Ü"×�Üwêpß´Ò`ÑCÝPÞeÑCê ��ê^ß ÒCÑCÝhÞeÑCê§ùpÒÔúØûwãjÖ ßµÖÍÜwÓjÞ�úØûjû·ÒÔÓ �pß´Ù ú ' ,NÑ�ß ÜûJÓ-, ÷^ÜwÓpÙÉßfú-,0Þàß Ù�Ñ�âYßàÞ ãFß ÜSú�ÒÔújÞàßàÓÎÓÔÚ

c log α(V,W2)
*�×�Ü ,MÑØÖØÖ*X�� è X�ü 2

��� � � 
� � � � � �  � � � � �

dmEÍBCTJLNWìW`_ Ë W`;PV>BCLNG^E7g � ;�VPG^EUWCLNOJ;>@�% � �F" � LMBCT _JEJL�HfG^@CD @`;���_JLM@`;>D ;>EFB`W r LME O[LM@`;PV>B`;PO��p@]?A=JTUWhgF?AEUO W`TUG �BCT2?AB5;>lj;>E�LME�BCTJLNW&Vh?^W];pgFLMB&LNW
Ω(log α(V,W2))

qm?A=J=J@`GP¢[LMD�? Ë KN; � a�LMDÍLMKµ?A@�B`G�BCTU;�?A@C�p_JD ;>EFB`W5�pLMlj;>E�LME�BCTU;=J@`;>lcLNG^_UWéW`_ Ë W`;PV>BCLNG^E7g � ; WCTUG � BCTU; Ω(logα(V,W2))
qm?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ GAH5XY@`G Ë KN;>D ý � LMBCT W1 = V

Ë Z�?É@`;PO[_UV>BCLNG^E�Hà@`G^D <$,�0B03,´879 >@2 0 �
�ì©�� � � ó#��ô �7Ó^Ò�ú^Ü2÷�ß´ÜwÞeÑfùFÑ�Ò

k ≥ 1
*�Þ ã[Ñ�Ò`ÑÎÑ �^ß´Ö�Þ Ö�ú§Ý]Ó^ÜJÖ�Þ�úpÜ2Þ

c
ÖØ×JÝ�ã$Þ ãcúpÞ�15ÒÔÓ ' ,MÑ�Ù ýâYßàÞ ã W1 =

V ú^Üwê
r ≡ k

ß´Üëêpß´Ò`ÑCÝPÞeÑCêÏù^ÒCúØû2ãjÖ ß´Ö"ÜwÓpÞRúØûFûwÒÔÓ �^ß´Ù ú ' ,MÑ ß´ÜÏûJÓ-, ÷^ÜwÓpÙÉßfú-,ÉÞàß´Ù�Ñ âYßàÞ ãFß Ü úÛÒÔúpÞàßfÓ�ÓÔÚ
c log α(V,W2)

*Y×cÜ ,MÑ�Ö]Ö*X�� è X�ü
15ÒÔÓhÓCÚ \ LMlj;>E"?AE�LMEUWCB]?AEUVP;

I = (U,X = {X1, X2, . . . , Xq})
GAHU<~, 0B03, 879 >@2�0.g � ;�VPG^EUWCBC@C_UV>B�BCTU;VPG^@C@`;PW`=·G^EUO[LMEJ��LMEUWCB]?AEUVP;

J = (G = (V,E), r)
GAHYXY@`G Ë KN;>D ý � LMBCT W1 = V ?^W5HfG^KMKNG � W �
ó2ó 
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£7;>B
V = U ∪ {xi | i = 1, 2, . . . , q} ∪ {v∗} g � TU;>@`; v∗ ?AEUO xi ¤ i = 1, . . . q

¦ Ë ;�EU; � lj;>@CBCLNVP;PWhg?AEUO½KN;>B
E
VPG^EUWCLNWCB�GAH

k− 1
Dé_JKMBCLM=JKN;�O[LM@`;PV>B`;POR;PO[�j;PW

(v∗, xi)
g
i = 1, 2, . . . , q

?AEUO
k
Dé_JKMBCLM=JKN;�O[LM@`;PV>B`;PO

;PO[�j;PW
(v, v∗)

HfG^@*?AKMK
v ∈ V − {v∗} � £7;>B W2 = {Wi = Xi ∪ {xi} | i = 1, 2, . . . , q} ?AEUO r(v,Wi) = kHfG^@�;>lj;>@CZ½=2?ALM@�GAH

v ∈ V ?AEUO Wi ∈ W2 �a�LMDÍLMKµ?A@7B`G�a�_ Ë W`;PV>BCLNG^Ebý � upg � ;�Vh?AEéG Ë W];>@Clj;YBCT2?AB7L�H J LNW β qm?A=J=J@`GP¢[LMD�? Ë KN;pg^BCTU;>E I LNW 2β qm?A=J=J@`Gh¢cLMD�? Ë KN; �¡ TF_UW²gUWCLMEUVP;7<~, 0B03,´809 >@2 0§LNW Ω(log |X |) qm?A=J=J@`GP¢[LMD�? Ë KN;É?AEUO |U | ?AEUO |X | ?A@`;�=�G^KMZ�EUG^DÍLµ?AKMKMZ½@`;>Kµ?AB`;PO�gLMBbHàG^KMKNG � WbBCT2?AB log α(V,W2) = log (|U |+ |X |+ 1)|X | = O(log |X |) g�?AEUO�TU;>EUVP;ÎXY@`G Ë KN;>D ý � LMBCT
W1 = V ?AEUO r ≡ k

LME$O[LM@`;PV>B`;PO��p@]?A=JTUW�LNW
Ω(log α(V,W2))

qm?A=J=J@`GP¢[LMD�? Ë KN; HfG^@é?AEFZ LME�B`;>�j;>@ k ≥ 1 �
2

Ì @`G^D	BCTJLNW�KN;>DÍD�?[g � ;�T2?Plj;éBCTU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D �
� ¸.©F¬ � © � ó�$0ô �7ÓpÒ�ú^Ü2÷½ß Ü2ÞeÑfù�Ñ�Ò

k ≥ 1
*�Þ ã[Ñ>ÒCÑ½Ñ �^ß´Ö�Þ ÖÍú�Ý`Ó^ÜJÖ>Þ�ú^Ü2Þ

c
Ö�×[Ý�ã Þ ãcúpÞ % � �F" âYßàÞ ã�×cÜUß ÚPÓ^Ò�Ù

Ò`Ñ��>×cß´Ò`Ñ�Ù�Ñ�Ü2Þ Ö
r ≡ k

ß Ü"ê^ß ÒCÑCÝhÞeÑCêRù^ÒCúØû2ãjÖÍß´ÖÉÜwÓjÞ*úØûjûwÒCÓ �^ß Ù ú ' ,NÑ�ß´ÜÎûJÓ-, ÷^ÜwÓpÙÉßfú-,YÞàß Ù ÑÍâYß Þ ã�ß´Ü"ú�ÒÔújÞàßàÓSÓÔÚ
c log α(V,W2)

*�×�Ü ,NÑØÖØÖ*X�� è X�ü 2

� � Ç � � �YÂ�Ã 	5ÃwÊ]Å�Â ��ÊÔÃ�� � Å�ÆÉÇ
�]Å5ÃwÅ�Â�� 	 ���<ÇbÊ`Ä�� � �YÂ�Ã �
dmERBCTJLNW�W`;PV>BCLNG^E7g � ;�VPG^EUWCLNOJ;>@�BCTU;<HfG^KMKNG � LMEJ�Î?A_J�pD ;>EFB]?ABCLNG^ES=J@`G Ë KN;>D �
� � ¬ � 
 ©�� ó � ôé¤

r∗
� ��-09��U2U8�0p,s03, 1.8 "*/w1��@*-2 ��¦

dmEJ=J_JB � �ëÙ�×�,�Þàß�ùpÒÔúØûwã
G = (V,E)

ú^Üwê½ú�ÒCÑ �>×�ß Ò`Ñ�Ù�Ñ�Ü2Þ
r∗: 2V → R+

ü
� _JBC=J_JB � � Ù�ß´Ü2ß´Ù�×cÙ ÖPÑPÞ F ÓÔÚéÜ·Ñ>â ÑCêhùFÑØÖ�Ö�×[Ý�ãSÞ ãcúpÞ�Þ ã[ÑÍÒCÑØÖ�×�,�Þàß Ü�ù ù^ÒCúØû2ã

Ĝ = (V,E ∪ F )
Ö>úpÞàß´Ö ��Ñ�Ö

δĜ(X) ≥ r∗(X)
ÚPÓ^Òéú-, , ∅ 6= X ( V

ü
I�W�D ;>E�BCLNG^EU;POLMEdeE�BC@`G�O[_UV>BCLNG^E7g0BCTU;É=J@`G Ë KN;>D LMEUV>KM_UOJ;PWF5��F"�g�� �F"�g�%����F"�g�?AEUOSX�@`G Ë KN;>D�upg�L � ; � g�pKNG Ë ?AK�g�KNGcVh?AK�gwEUGcOJ;�q�B`GAqm?A@`;h?[g7?AEUO ?A@`;h?rq�B`GAqm?A@`;h?Î;PO[�j;ÉVPG^EJEU;PV>BCLMlcLMBeZ ?A_J�pD ;>EFB]?ABCLNG^E$=J@`G Ë KN;>D W ��Ì G^@<;�¢cq?ADÍ=JKN;pg � ;�Vh?AE�G Ë W`;>@Clj;�BCT2?AB�XY@`G Ë KN;>D%u�Vh?AE Ë ;<@`;>=J@`;PW`;>E�B`;PO Ë ZRXY@`G Ë KN;>D%uht � LMBCT r∗ OJ;�çUEU;PO Ë Z

r∗(X) = max{r(W1,W2) | W1 ∈ W1,W2 ∈ W2,W1 ⊆ X ⊆ V −W2},
¤ �U� u²¦

� TU;>@`; � ;�OJ;�çUEU; r∗(X) = 0
L�H�EUG

W1 ∈ W1
?AEUO

W2 ∈ W2
;�¢cLNW`B�WC_UV`T�BCT2?AB

W1 ⊆ X ⊆ V −W2 �dmE�BCTJLNW'W];PV>BCLNG^E7g � ;5�pLMlj;�?AEUG^BCTU;>@�HfG^@CDé_JKµ?ABCLNG^EUW�GAH�%����~" ?AEUO�XY@`G Ë KN;>D(u �.è ?AD ;>KMZjg � ;5WCTUG � BCT2?AB% � �F"�?AEUO�X�@`G Ë KN;>D u � LMBCT max{|W | | W ∈ W1} = k
Vh?AE Ë ;�V]T2?A@]?^V>B`;>@CLM�h;POS?^W�XY@`G Ë KN;>D%uht � LMBCT?$u�q�D GcO[_JKNG^B`G^EU;Î?AEUO ?

k
q�D GcO[_JKNG^B`G^EU;�H _JEUV>BCLNG^E

r∗
g0@`;PWC=�;PV>BCLMlj;>KMZ � � ;PVh?AKMKìBCT2?AB r∗ LNW k ÕeÙ Óhê^× ,MÓpÞ�Ó^Ü·ÑL�H&;h?^V]TEUG^EU;>DÍ=JBeZ WC_ Ë W`;>B X GAH

V
T2?^W�?½WC_ Ë W`;>B W GAH

X � LMBCT |W | ≤ k
WC_UV`T BCT2?AB

r∗(Y ) ≥ r∗(X)HfG^@�?AKMK0WC_ Ë W];>B`W Y GAH X � LMBCT W ⊆ Y � �$;�@`;>D�?A@ � BCT2?AB<? 1
q�D GcO[_JKNG^B`G^EU;bH _JEUV>BCLNG^E§LNW�?ÍD GcO[_JKNG^B`G^EU;

Hà_JEUV>BCLNG^ESOJ;�çUEU;PO Ë Z î u �²ïeg�?AEUO�BCT2?AB�?AES?A@ Ë LMBC@]?A@CZ�W];>B�H _JEUV>BCLNG^E r : 2V → R+
LNW
n
q�D GcO[_JKNG^B`G^EU;bW`LMEUVP;

HfG^@�;h?^V`T�EUG^EU;>DÍ=JBmZRWC_ Ë W`;>B X GAH
V
gJBCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ�

W
Vh?AE Ë ;�V]TUGpW`;>ES?^W W = X �

��© � � � ó 
 ôÍ¤ L´¦ %.Ñ>Þ
r : W1 ×W2 → R+ ' Ñ�ú�Ú�×�Ü·ÝPÞàßàÓpÜ�ÚPÓ^Ò W1,W2 ⊆ 2V − {∅} ü�E0ãJÑ�Ü **Þ ã[ÑÍÖPÑ>ÞÚ�×�ÜwÝhÞàßàÓ^Ü

r∗ : 2V → R+
ù^ß´ö^Ñ�Ü�úAÖ

(4.1)
ß´Ö
k
ÕmÙ Óhê^× ,�ÓpÞ�ÓpÜ·ÑbâYß Þ ã

k = max{|W | |W ∈ W1}
ü

¤ LML´¦%0Ñ>Þ
r∗ : 2V → R+ ' Ñ�ú k ÕmÙÍÓ²ê^×�,MÓpÞ�Ó^Ü�Ñ�ÚØ×cÜwÝPÞàßfÓ^ÜSâYß Þ ã r∗(∅), r∗(V ) = 0

ú^Ü·ê
k ≤ n ümE0ã[Ñ�Ü *ìÞ ã[Ñ�Ò`ÑÑ �^ß´Ö�Þ Ö ú�Ú�×cÜwÝPÞàßfÓ^Ü

r : W1 ×W2 → R+
âYßàÞ ã

max{|W | | W ∈ W1} = k
Þ ãcúpÞ5ÖPúpÞàß´Ö ��ÑØÖ

(4.1)
*�â�ã[Ñ�Ò`Ñ

W1,W2 ⊆ 2V − {∅} ü
1�ÒCÓhÓÔÚ ¤ L´¦Í£7;>B

X Ë ;§?WC_ Ë W`;>B GAH V � LMBCT r∗(X) > 0 �Ï¡ TU;>E BCTU;>@`;�;�¢[LNWCB`W W];>B`W W1 ∈ W1
?AEUO

W2 ∈ W2
WC_UV`T§BCT2?AB

W1 ⊆ X ⊆ V −W2
?AEUO

r(W1,W2) = r∗(X) ����Ë lcLNG^_UWCKMZjg�?AKMK0WC_ Ë W`;>B`W Y GAH X
ówó �
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� LMBCT W1 ⊆ Y
W]?ABCLNWÔHàZ

r∗(Y ) ≥ r(W1,W2) = r∗(X)
g Ë ;PVh?A_UW`; W1 ⊆ Y ⊆ V −W2

?AKNW`G TUG^KNOJW �5¡ TJLNWLMDÍ=JKMLN;PW*BCT2?AB
r∗
LNW
k
q�D G�O[_JKNG^B`G^EU; � LMBCT k = max{|W | | W ∈ W1} �¤ LML´¦ Ì G^@�? EUG^EU;>DÍ=JBeZ�W`_ Ë W`;>B X GAH

V
g�KN;>B W(X)

OJ;>EUG^B`;$BCTU;SHf?ADÍLMKMZ4GAHÉW`;>B`W
W ⊆ X � LMBCT

|W | ≤ k
WC_UV]T§BCT2?AB

r∗(Y ) ≥ r∗(X)
TUG^KNOJW�HfG^@<?AKMK�WC_ Ë W`;>B`W Y GAH X � LMBCT W ⊆ Y � £7;>B W1 = {W ∈

W(X) | ∅ 6= X ( V } ?AEUO W2 = 2V − {∅} g5?AEUO KN;>B r : W1 × W2 → R+ Ë ;R?�Hà_JEUV>BCLNG^E WC_UV`TBCT2?AB
r(W1,W2) = r∗(V − W2)

L�H
W1 ∈ W(V − W2)

g�?AEUO
0
G^BCTU;>@ � LNW]; � ��;>@`; � ;Î@`;>D�?A@ � BCT2?ABW]G^D ;

W1 ∈ W1
W]?ABCLNWÔç2;PW |W1| = k

g'W`LMEUVP;½?AE�Z$EUG^EU;>DÍ=JBeZ WC_ Ë W`;>B X GAH
V � LMBCT |X| = k

W]?ABCLNWÔç2;PW
X ∈ W(X) �
¡ TU;>E � ;<V>Kµ?ALMD BCT2?AB r W]?ABCLNWÔç2;PW�¤ �U� u²¦�g[L � ; � g r∗ Vh?AE Ë ;*@`;>=J@`;PW];>EFB`;PO Ë Z r∗(X) = max{r(W1,W2) |

W1 ∈ W1,W2 ∈ W2,W1 ⊆ X ⊆ V −W2}
TUG^KNOJW�HàG^@�?AKMKìWC_ Ë W`;>B`W X GAH

V � deBéLNWéV>KN;h?A@éBCT2?ABÎ¤ �U� u²¦TUG^KNOJW�HàG^@
X = ∅, V �YÌ G^@*?ÉEUG^EU;>DÍ=JBmZ X ( V

g�KN;>B
W2 Ë ;�?ÉEUG^EU;>DÍ=JBeZRW`;>B � LMBCT W2 ∩X = ∅ �Y¡ TU;>E?AKMK'W`;>B`W

W1 ∈ W(V −W2) � LMBCT W1 ⊆ X
WØ?ABCLNWÔç2;PW

r∗(X) ≥ r∗(V −W2) = r(W1,W2)
g·WCLMEUVP;

r∗
LNW

k
q�D GcO[_JKNG^B`G^EU;�?AEUO

W1 ⊆ X ⊆ V −W2 � a�LMEUVP;�?AEFZ W`;>B W ∈ W(X)
WØ?ABCLNWÔç2;PW

r(W,V −X) = r∗(X)
g

� ;�T2?hlj;�¤ �U� u²¦ � 2

¡ TJLNW�KN;>DÍD�?<WCTUG � WYBCT2?ABYXY@`G Ë KN;>D(u � LMBCT max{|W | | W ∈ W1} = k
¤ @`;PWC= � g-% � �F"*¦0LNWY;���_JLMl^?AKN;>E�B�B`GX�@`G Ë KN;>D uht � LMBCT k q�D GcO[_JKNG^B`G^EU;*Hà_JEUV>BCLNG^EUW r∗ ¤ @`;PWC= � g·u�q�D G�O[_JKNG^B`G^EU;�Hà_JEUV>BCLNG^EUW r∗ ¦�g�W`LMEUVP;�HfG^@ è I�I�X.g

W1 = V g[L � ; � gJBCTU;�VPG^@C@`;PW`=·G^EUO[LMEJ� k = 1 �ð ¬ � ¬ 
 
´�J� ª ó �wôÍ¤ L´¦ 1�ÒCÓ ' ,NÑ�Ù%u�âYß Þ ã max{|W | | W ∈ W1} = k
ß´Ö Ñ��P×�ß örú-,NÑ�Ü2Þ<Þ�Ó 15ÒÔÓ ' ,MÑ�Ù uhtâYßàÞ ã

k
ÕmÙÍÓ²ê^×�,MÓpÞ�Ó^Ü�Ñ&ÚØ×cÜwÝPÞàßfÓ^ÜJÖ

r∗
ü

¤ LML´¦
% � �F"ëßµÖbÑ��>×cß örú-,NÑ�Ü2Þ�Þ�Ó&1�ÒÔÓ ' ,MÑ>Ùáuht�âYß Þ ã 1
ÕeÙ Óhê^× ,�ÓjÞ�Ó^Ü·Ñ&Ú�×�ÜwÝhÞàßàÓ^ÜUÖ

r∗
ü

2

Ì G^@b? k q�D GcO[_JKNG^B`G^EU; r∗ : 2V → R+
g0KN;>B

r : W1 ×W2 → R+ Ë ;ÍBCTU;�VPG^@C@`;PW`=·G^EUO[LMEJ��H _JEUV>BCLNG^E�pLMlj;>E LME BCTU;Î=J@`G�GAH�GAH�£7;>DÍD�? uhn[g5?AEUO KN;>B
α(r∗) = α(W1,W2) � a�LMDÍLMKµ?A@CKMZjg&HàG^@�? u�q�D GcO[_JKNG^B`G^EU;

r∗ : 2V → R+
g[KN;>B

r : V ×W2 → R+ Ë ;<BCTU;�VPG^@C@`;PW`=·G^EUO[LMEJ��H _JEUV>BCLNG^E7g2?AEUO�KN;>B α(r∗) = α(V,W2) �ð ¬ � ¬ 
 
´�J� ª ó ��ô�¤ L´¦15ÒÔÓ ' ,MÑ�Ù uht§âYßàÞ ã k ÕmÙ Óhê^× ,�ÓpÞ�ÓpÜ·Ñ�Ú�×�ÜwÝhÞàßàÓ^ÜUÖ r∗ ß´Ö O(log α(r∗))
Õ�úØûjû·ÒÔÓ �pß´Ù ú ' ,NÑ ß´ÜûJÓ-, ÷^ÜwÓpÙÉßfú-,5Þàß´Ù�Ñ *�ß Ú

r
Ý`ú^Ü ' Ñ�Ý]Ó^ÜJÖ�ÞàÒ�×JÝPÞeÑCê�ÚØÒCÓ^Ù r∗

ß´ÜSû[Ó�, ÷^ÜwÓ^Ù�ßfú-,5Þàß´Ù�Ñhü ¤ LML´¦/1�ÒCÓ ' ,NÑ�Ù�uht âYßàÞ ã � Õ
Ù Óhêp×�,MÓpÞ�Ó^Ü·Ñ�ÚØ×cÜwÝPÞàßfÓ^ÜJÖ

r∗
ß´Ö

O(log α(r∗))
Õ�ú�ûjûwÒCÓ �^ß ÙÍú ' ,MÑ�ß´Üéû[Ó-, ÷^ÜwÓ^Ù�ßfú-,wÞàß Ù�Ñ *0ß Ú r Ý`ú^Ü ' Ñ�Ý`Ó^ÜJÖ>ÞàÒØ×JÝPÞeÑCêÚ�ÒCÓ^Ù

r∗
ß Ü ûJÓ-, ÷^ÜwÓpÙÉßfú-,7Þàß Ù�Ñhü

2�$;É@`;>D�?A@ � BCT2?AB�BCTU;É@`;PO[_UV>BCLNG^E _UW`;PO�LME £7;>DÍD�?Suhn�LNW�EUG^B�=�G^KMZ�EUG^DÍLµ?AK � LMB�LNW*EUG^B<;h?^WCZ�B`G½VPG^EUWCBC@C_UV>BLME =�G^KMZ�EUG^DÍLµ?AK�BCLMD ;ÉBCTU;�VPG^@C@`;PWC=�G^EUO[LMEJ�ÎH _JEUV>BCLNG^E
r : W1 ×W2 → R+

H @`G^D ?��pLMlj;>E
k
q�D GcO[_JKNG^B`G^EU;

Hà_JEUV>BCLNG^E
r∗ � ��;>EUVP;pg�£7;>DÍD�?�uhn�OJGc;PW�EUG^B&LMEUO[LNVh?AB`;*BCT2?AB�BCTU;�@`;PW`_JKMB`W�LMEÎac;PV>BCLNG^ER¥�KN;h?^O�O[LM@`;PV>BCKMZ B`G�BCTU;?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZ GAH2BCTU;�=J@`G Ë KN;>D � LMBCT k q�D G�O[_JKNG^B`G^EU;5@`;���_JLM@`;>D ;>EFB`Whg�WCLMEUVP;�¤f¥ � ¥j¦.Vh?AEJEUG^B Ë ;�VPG^DÍ=J_JB`;PO;0"�V>LN;>E�BCKMZ � ¡ TF_UW²g7LMB�LNW�?�Hà_JBC_J@`; � G^@ � B`GRVPG^EUWCBC@C_UV>Bb?�EUG^EFBC@CLMlcLµ?AK�?A=J=J@`Gh¢cLMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD HàG^@<BCTU;=J@`G Ë KN;>D � LMBCT k q�D G�O[_JKNG^B`G^EU;é@`;��F_JLM@`;>D ;>E�B`W �

� EÛBCTU;G^BCTU;>@�T2?AEUO�g�d�WCTJLML î sAïéWCTUG � ;POÛBCT2?AB � TU;>E r∗
LNWÎD G^EUG^B`G^EU;pg�BCTU; =J@`G Ë KN;>D � LMBCT r∗

LNW
;���_JLMlp?AKN;>EFBÎB`G % � �F" � LMBCT r OJ;>=�;>EUO[LMEJ� G^EJKMZ G^E W2

g � TJLNV]T LNW � EUG � E B`G Ë ;�BC@]?^V>B]? Ë KN;SL�H G LNW
_JEUO[LM@`;PV>B`;PO�?AEUO

r ≥ 2 î uhorï � I�KMBCTUG^_J�pT�TJLNW�@`;PO[_UV>BCLNG^EÎLNW&EUG^B&=�G^KMZ�EUG^DÍLµ?AK7?^W&LME½£0;>DÍD�?�uhn[g�TU;�WCTUG � ;POBCT2?ABÎBCTU; ?A_J�pD ;>EFB]?ABCLNG^EÛ=J@`G Ë KN;>D � LMBCT4D G^EUG^B`G^EU; r∗ Vh?AE Ë ;§W]G^KMlj;PO LMEÏ=·G^KMZcEUG^DÍLµ?AK�BCLMD ;§L�H G LNW
_JEUO[LM@`;PV>B`;PO ?AEUO

r∗(X) ≥ 2
TUG^KNOJWbHàG^@Í?AKMK�W];>B`W ∅ 6= X ( V � LMBCT r∗(X) > 0 � ¡ TJLNW�Vh?AE Ë ;½OJG^EU;

Ë Z =J@`GhlcLNO[LMEJ�æ?=�G^KMZ�EUG^DÍLµ?AK�BCLMD ;S?AKM�jG^@CLMBCTJD HàG^@½VPG^DÍ=J_JBCLMEJ�"BCTU;
r∗
qe;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ4GAHé?�pLMlj;>E

_JEUO[LM@`;PV>B`;POÎ�p@]?A=JT
G
?AEUO�LMB`W5;�¢[B`;>EUOJ;PO½�p@]?A=JTUW � I�WìHfG^@ k q�D GcO[_JKNG^B`G^EU;�H _JEUV>BCLNG^EUW r∗ g[;>lj;>E�L�H k = 1

gcLMB
@`;>D�?ALMEUW�G^=·;>E§;>lj;>E � TU;>BCTU;>@�BCTU; r∗ qe;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ�GAH G Vh?AE Ë ;�V]TU;PV � ;PO§LMER=·G^KMZcEUG^DÍLµ?AK7BCLMD ; �
���� °.¬�« 
 © .® �$©�° �h�j� �$; � G^_JKNO"KML � ; B`G�;�¢[=J@`;PW`WÉG^_J@éBCT2?AE � W�B`G���LM@`GpWCTJL è ?A�F?AD GcV`TJL�?AEUO ¡ ? � _J@`GÌ _ � _JE2?A�F?�HfG^@éBCTU;>LM@ÉTU;>KM=[H _JK5VPG^DÍD ;>EFB`W �§¡ TJLNWÉ@`;PW`;h?A@`V`T � ?^WÉ=2?A@CBCLµ?AKMKMZ�WC_J=J=�G^@CB`;PO Ë ZBCTU;RacV>LN;>EFBCL�ç2V
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\ @]?AE�BÔq�LME[qeI*LNO Hà@`G^D Q�LMEJLNWCBC@CZ"GAH ��O[_UVh?ABCLNG^E7g��&_JKMBC_J@`;pg�a�=�G^@CB`WhgìacV>LN;>EUVP;�?AEUO ¡ ;PV`TJEUG^KNG^�pZæGAH�v�?A=2?AE7g?AEUORBCTU;�dmE2?AD G^@CL Ì G^_JEUOU?ABCLNG^E �
	 � � ��Ä��YÂÉÈ ���

î u�ïbI � I � � ;>EUV>� � @�?AEUO�I �jÌ @]?AE � g ��Ghlj;>@CLMEJ��WCZ�DÍD ;>BC@CLNV�WC_J=�;>@CD G�O[_JKµ?A@ìH _JEUV>BCLNG^EUW Ë ZÍ�p@]?A=JTUWhg �SúpÞ ãFÕÑ�Ù úpÞàßfÝ`ú-, 1�ÒÔÓ]ù^ÒÔúpÙÉÙ�ß Ü�ù � $"¤Ôu þpþpþ ¦�g � spý��ctpopý �
î ¥rïbi � X � ��W � ?A@]?AE ?AEUO �é� � �2¡ ?A@àí`?AE7g·I*_J�pD ;>E�B]?ABCLNG^ES=J@`G Ë KN;>D W²g �#(�� � ��Ó^×cÒØÜ·ú-,�ÓpÜ �YÓpÙ*û·×cÞàß Ü�ù �
¤ � ¦�¤Ôu þ �^nj¦�gwnptpý��cnpnpt �

î ýrïbI �.Ì @]?AE � gYI�_J�pD ;>EFBCLMEJ� �p@]?A=JTUW�B`G§D ;P;>BÉ;PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ @`;��F_JLM@`;>D ;>E�B`Whg��#(�� � ��Ó^×cÒ�Üwú-,�Ó^Ü
!�ßµÖPÝ>Ò`Ñ>ÞeÑ �SúpÞ ã[Ñ>ÙÍújÞàßàÝ�Ö � ¤Ôu²¦�¤Ôu þpþ ¥j¦�gw¥pt��ctpý �

î � ïbI �2Ì @]?AE � g ��G^EJEU;PV>BCLMl�LMBmZ§?A_J�pD ;>EFB]?ABCLNG^E=J@`G Ë KN;>D W<LME§EU;>B � G^@ � OJ;PWCLM�pE7g �SúpÞ ã[Ñ>ÙÍújÞàßàÝ`ú�, 1�ÒCÓ`ù^ÒCú^Ù�ÕÙ�ß Ü�ù ���wÞ�úpÞeÑÍÓÔÚÉÞ ã[Ñ ��Ò>Þ � � � �¤àv � �b� � LM@C�j;�?AEUO§i � \ � Q§_J@CBeZjg�;POJW � ¦�g�I�EJESI�@ Ë G^@hg·QSdØg ¡ TU;bk�EJL�qlj;>@`WCLMBmZRGAH�Q§LNV`TJLM�F?AE7g.u þpþ+� gJ=J= � ý � �cnpý �
î trï ¡���Ì _^í�LMB`GJg�I�=J=J@`GP¢[LMD�?ABCLNG^E4?AKM�jG^@CLMBCTJD W�HfG^@�WC_ Ë D GcO[_JKµ?A@�W`;>B�VPG²lj;>@ � LMBCTÏ?A=J=JKMLNVh?ABCLNG^EUW²g�(Cõ�( �7õE�� � �
� � ��E ( 
�� �4Ó^Ü ��×cÜwêjúpÙ Ñ>Ü2Þ�ú-, Ö§ÓÔÚ½õ�,NÑCÝPÞàÒCÓ^ÜUßfÝ�Ö * �YÓpÙÉÙ�×cÜUßfÝ`úpÞàßfÓ^ÜJÖ§ú^Üwê �YÓ^Ù�ûw×[ÞeÑ�Ò ��Ý>ß´Õ
Ñ�Ü·Ý]ÑØÖ�� � �[¯]¼ ¤f¥popopoj¦�g � spo�� � s � �

î nrïb� ��èb� \ ? Ë G � g �
"�V>LN;>EFBéWC=JKMLMBCBCLMEJ��G �æ?AKM�jG^@CLMBCTJD W<HfG^@��p@]?A=JTUW²g 1�ÒCÓhÝ]Ñ`ÑCêpß´Ü�ù^Ö½ÓÔÚ�Þ ã[Ñ ��� Þ ã ��ÜUÜ2×[ú-,
� � � �2÷^Ù*ûJÓAÖØß ×�ÙáÓ^ÜSÞ ãJÑ�E0ãJÑCÓ^Ò�÷½ÓÔÚ �YÓ^Ù�ûw×[Þàß Ü�ùpg�u þpþ+� gJ=J= � n þ n��#�^opt �

î �²ïbQ � \ @ ö B`W`V]TU;>K�g � � £ � QSG^EJD�? ?AEUORQ � a�B`Gc;>@hgJ:�;PW`LM�pE�GAH�W`_J@Cl�LMlp? Ë KN;�EU;>B � G^@ � W²g��éÑPÞàâìÓ^Ò � �SÓ²êFÑ0, Ö *�éú^Üwê ' Ó²Ó �bß Ü 
.ûJÑ�ÒCúpÞàßàÓpÜJÖ ��Ñ�ÖPÑCú^ÒCÝ�ãRú^Üwê �Sú^Ü·úhùFÑ�Ù�Ñ�Ü2Þ ��Ý>ßfÑ>ÜwÝ]Ñ>gcljG^K � �cg è G^@CBCT[qe��G^KMKµ?AEUO�g[I�D WCB`;>@ÔqOU?AD�g7u þpþ t[gU=J= � n[u ���cn �^¥ �
î srï ¡�� dmW`TJLML�g�Q§LMEJLMDé_JD	?A_J�pD ;>E�B]?ABCLNG^E�GAH.;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ � LMBCTÎD G^EUG^B`G^EU;�@`;���_JLM@`;>D ;>EFB`W�LME½_JEUO[L�q@`;PV>B`;POR�p@]?A=JTUW²g !�ß´Ö>ÝPÒCÑ>ÞeÑ 
.û·Þàß Ù�ßMÐ²úpÞàßfÓ^Ü 
 ¤f¥popo þ ¦�g2¥pý��cýpn �
îÿþ ï ¡�� d�WCTJLML�g�� � I � LMZF?AD�?[g<?AEUO�� �5è ?A�F?AD GcV`TJL�g�Q§LMEJLMDé_JD ?A_J�pD ;>E�B]?ABCLNG^E GAH�;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ
Ë ;>B � ;P;>E�lj;>@CBCLNVP;PW�?AEUO�W`;>B`W�GAH�lj;>@CBCLNVP;PW�LMER_JEUO[LM@`;PV>B`;PO��p@]?A=JTUW²g�� , ùFÓ^ÒØßàÞ ãFÙ�ßfÝ`úpgJB`G ?A=J=�;h?A@ �

î uhorï ¡�� dmWCTJLML�?AEUO§Q � �<?A�pL � ?A@]?[g�Q§LMEJLMDé_JD ?A_J�pD ;>EFB]?ABCLNG^E$GAHYKNGcVh?AK';PO[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ Ë ;>B � ;P;>E lj;>@ÔqBCLNVP;PWÍ?AEUO lj;>@CB`;�¢"WC_ Ë W`;>B`WbLME _JEUO[LM@`;PV>B`;PO �p@]?A=JTUWhg !�ßµÖPÝ>ÒCÑPÞeÑ �&ûjû , ß�ÑCê � úpÞ ã[Ñ�Ù úpÞàßfÝ�Ö ó � $Û¤f¥popopnj¦�g¥pýpo ���c¥pýp¥ þ[�
î upu�ï \ � i*G^@CB`W]?A@C�R?AEUO �'�7è _JB`Ghl�g ¡ LM�pTFB�?A=J=J@`GP¢[LMD�?ABCLNG^Eæ?AKM�jG^@CLMBCTJD%HfG^@éVPG^EJEU;PV>BCLMl�LMBmZ"?A_J�pD ;>EFB]?ABCLNG^E=J@`G Ë KN;>D Whg�1�ÒCÓhÝ]Ñ]ÑCê^ß Ü�ùAÖ�ÓÔÚ�Þ ã[Ñ � �pÒÔê (ØÜwÞeÑ�ÒØÜ·úpÞàßàÓpÜwú-, �YÓ-, ,MÓ��>×cß´×cÙ Ó^Ü ��×[Þ�Ó^Ù úpÞ�ú+*�%7ú^Ücù^×[ú²ùFÑØÖÎúpÜwê1�ÒCÓ`ù^ÒCú^Ù�Ù�ß´Ücùpgw¥popopn[g ��� ý�� � tp¥ �
î uh¥rïb� � Q§L � ?É?AEUO�� � dmB`GJg è I*qe;PO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZ½?A_J�pD ;>EFB]?ABCLNG^ER=J@`G Ë KN;>D Ë Z½?^OJO[LMEJ�É;PO[�j;PWhg ��Óp×�Ò�Üwú-,ÓÔÚ 
.ûJÑ>ÒÔúpÞàßfÓ^ÜJÖ��*ÑØÖPÑCúpÒÔÝ�ã �·ÓhÝ>ß�Ñ>Þà÷½ÓCÚ ��úØû[úpÜ $ �¤f¥popo � ¦�g2¥p¥ � �c¥ � ý �
î uhýrïb� ��è ?A�F?AD GcV`TJL�g ��G^DÍ=J_JBCLMEJ��;�¢cBC@`;>D ;ÍW];>B`W<LME�p@]?A=JTUWé?AEUOSLMB`Wé?A=J=JKMLNVh?ABCLNG^EUWhg 15ÒÔÓhÝØÑ`ÑCê^ß Ü�ùAÖ½ÓCÚ�Þ ãJÑ�pÒCê �<×cÜ�ùjúpÒØßfú^Ü ��úØûJú^Ü·ÑØÖhÑ �2÷^Ù�û[ÓAÖØß ×cÙ%Ó^Ü !�ß´Ö>ÝPÒCÑ>ÞeÑ � úpÞ ã[Ñ�Ù úpÞàßfÝ�Ö½ú^Ü·ê (�Þ Ö���ûjû , ßàÝ`újÞàßàÓ^ÜUÖ�gY¥popopý[g

=J= � ý �Fþ �cýpt � �
ówó �
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î u � ï�� �.è ?A�F?AD GcV`TJL�?AEUO ¡�� d Ë ?A@]? � L�g \ @]?A=JTæVPG^EJEU;PV>BCLMl�LMBmZ ?AEUO"LMB`WÍ?A_J�pD ;>EFB]?ABCLNG^E �R?A=J=JKMLNVh?ABCLNG^EUWÍGAHQ§I G^@`OJ;>@CLMEJ�jWhg !�ß´Ö>Ý>Ò`Ñ>ÞeÑ �&ûjû , ß�ÑCê �SúpÞ ãJÑ�Ù úpÞàßàÝ>Ö�ó � ��¤f¥popop¥j¦�g ��� ��� � �^¥ �
î uhtrï �'��è _JB`Ghl�g[I*=J=J@`Gh¢cLMD�?ABCLMEJ� VPG^EJEU;PV>BCLMlcLMBeZR?A_J�pD ;>EFB]?ABCLNG^E�=J@`G Ë KN;>D Whg 1�ÒCÓhÝ]Ñ`ÑCêpß´Ü�ù^ÖÉÓÔÚ<Þ ã[Ñ � � Þ ã ��ÜUÕ

ÜU×Jú-,�� � ��Õ � (�� � �w÷AÙ�û[Ó^ÖØß ×�Ù(ÓpÜ !�ßµÖPÝ>Ò`Ñ>ÞeÑ � , ùFÓ^ÒØßàÞ ãFÙÉÖ�gU¥popopt[gU=J= � u �^n��wuhspt �
î uhnrï �é� � ?A��?AEUO"a � a[?rHà@]?[g0I WC_ Ë qeVPG^EUWCB]?AEFB�;>@C@`G^@Ôq�=J@`G Ë ? Ë LMKMLMBeZ�KNG � qeOJ;>�p@`;P;�B`;PWCBé?AEUO"?ÎWC_ Ë qeVPG^EUW`B]?AEFB;>@C@`G^@Ôq�=J@`G Ë ? Ë LMKMLMBeZ½X ��XæV`T2?A@]?^V>B`;>@CLM�²?ABCLNG^E�GAH è X.g 1�ÒCÓhÝ]Ñ`Ñ`ê^ß´ÜcùAÖbÓÔÚ�Þ ãJÑ � � Þ ã ��ÜUÜ2×[ú-, � � � �2÷^Ù�û[Ó^Õ

ÖØß ×�ÙáÓ^ÜSÞ ãJÑ'E0ã[Ñ`Ó^ÒØ÷ÎÓÔÚ �YÓ^Ù�ûw×[Þàß´Ücùpg�u þpþ �cgJ=J= � � �^t�� � s �U�
î u �²ï�Q � a[? � ?^WCTJLMB]?[g�i � QS? � LMEUGJg�� �·è ?A�F?AD G�V]TJL�g0?AEUO$a �·Ì _^í�LNWCTJLM�j;pg�Q§LMEJLMDé_JD BC@]?AEUW`lj;>@`W]?AKNW<LME =·GpWCL�qD G�O[_JKµ?A@�W`ZcWCB`;>D W²g 15ÒÔÓhÝØÑ`ÑCê^ß Ü�ùAÖÍÓÔÚ�Þ ã[Ñ � �UÞ ã ��Ü2ÜU×[ú�,Uõ5×�ÒCÓØûJÑCúpÜ �2÷^Ù*ûJÓAÖØß ×�ÙÍgJ¥popopn[gJ=J= � t �^n��ctps � �
î uhsrï �'� a��PLM�j;>BCL�g���O[�j;�qeVPG^EJEU;PV>BCLMlcLMBeZ"?A_J�pD ;>E�B]?ABCLNG^E"GAH��p@]?A=JTUW�Ghlj;>@éW`Z�DÍD ;>BC@CLNV�=2?A@CLMBmZ§H�?ADÍLMKMLN;PWhg !�ß´ÖØÕÝ>Ò`Ñ>ÞeÑ �SúpÞ ã[Ñ>ÙÍújÞàßàÝ�Ö>g[B`G�?A=J=�;h?A@ �
î u þ ï ¡�� ��?AB]?AE2? Ë ;&?AEUO�I �hè ? � ?ADb_J@]?[g �ìO[�j;�qeVPG^EJEU;PV>BCLMl�LMBmZb?A_J�pD ;>EFB]?ABCLNG^E�=J@`G Ë KN;>D Whg ��Óp×�Ò�Üwú-,[ÓÔÚ �YÓ^Ù�Õûw×[ÞeÑ�Ò��2÷AÖ�ÞeÑ>Ù �·Ý>ß�Ñ�ÜwÝ]Ñ�Ö�� � ¤Ôu þ s �p¦�g þ n��wu ���U�
î ¥porï�£ � I � �$G^KNW];>Zjg�I�E½?AE2?AKMZ[WCLNWìGAH7BCTU;*�p@`;P;PO[Z�?AKM�jG^@CLMBCTJD HàG^@&BCTU;*WC_ Ë D GcO[_JKµ?A@�W];>B&VPGhlj;>@CLMEJ�É=J@`G Ë KN;>D�g�YÓ^Ù ' ß ÜwúpÞ�Ó^Ò�ßàÝ]ú �$¤Ôu þ sp¥j¦�g2ýpspt��cý þ ý �
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��G^DÍ=J_JBCLMEJ�ÎacV>LN;>EUVP;PW
¡ G � ZjG�deEUWCBCLMBC_JB`;�GAH ¡ ;PV]TJEUG^KNG^�pZ
¡ G � ZjG�uhtp¥rqmsptptp¥[g2vF?A=2?AE�[y �cy �J}j~U� �'�ex2�rx �[� � �Ôy[�.���p�

���'�P�h�r�J�j�p� ¡ TJLNW7=2?A=�;>@.?^OJO[@`;PW`W`;PW0BCTU;Y=J@`G Ë KN;>D W'GAH[DÍLMEJLMDÍLM�PLMEJ��EUG^EJEU;>�F?ABCLMlj;&W`_ Ë D G�O[_JKµ?A@Hà_JEUV>BCLNG^EUWR_JEUOJ;>@�VPG²lj;>@CLMEJ� VPG^EUWCBC@]?ALMEFB`W²g � TJLNV]T�LMEUV>KM_UOJ; BCTU; lj;>@CB`;�¢ÛVPGhlj;>@hg<;PO[�j;VPGhlj;>@hg?AEUO4W`;>BRVPG²lj;>@�VPG^EUWCBC@]?ALMEFB`W � �$;S�pLMlj; ?A=J=J@`Gh¢cLMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD WÎHàG^@½BCTU;PW`;S=J@`G Ë KN;>D W;�¢[=JKNG^LMBCLMEJ��BCTU;ìO[LNW`V>@`;>B`;&VPG^EFlj;�¢[LMBeZéGAHUWC_ Ë D GcO[_JKµ?A@0Hà_JEUV>BCLNG^EUW � �$;YçU@`WCB0=J@`;PW`;>EFBY?�@`G^_JEUO[LMEJ�¥rqm?A=J=J@`Gh¢cLMD�?ABCLNG^E4?AKM�jG^@CLMBCTJD HàG^@�BCTU;ÎWC_ Ë D GcO[_JKµ?A@�lj;>@CB`;�¢ VPG²lj;>@Í=J@`G Ë KN;>D Ë ?^W`;PO G^E BCTU;T2?AK�H q�LMEFB`;>�p@]?AKMLMBmZ GAH�BCTU;RVPG^E�BCLMEF_UG^_UW�@`;>Kµ?r¢J?ABCLNG^E =J@`G Ë KN;>D�g�?AEUO W`TUG � BCT2?AB BCTU;Î@`G^_JEUO[LMEJ�?AKM�jG^@CLMBCTJD Vh?AE Ë ;�=�;>@ÔHfG^@CD ;PO Ë Z G^EU;�?A=J=JKMLNVh?ABCLNG^EÎGAH0WC_ Ë D G�O[_JKµ?A@ìH _JEUV>BCLNG^E½DÍLMEJLMDÍLM�²?ABCLNG^EG^ER?�@CLMEJ�bH�?ADÍLMKMZ � �$;<?AKNW`GbWCTUG � BCT2?AB5?�=J@CLMD�?AK�qeO[_2?AK7?AKM�jG^@CLMBCTJD HfG^@�BCTU;�WC_ Ë D GcO[_JKµ?A@�VPGpWCBW];>B.VPGhlj;>@'=J@`G Ë KN;>D ?^V`TJLN;>lj;PWY?�VPG^EUW`B]?AEFBY?A=J=J@`GP¢[LMD�?ABCLNG^EbH�?^V>B`G^@'L�H[BCTU;&D�?r¢[LMDé_JD H @`;���_U;>EUV>ZLNW&çJ¢J;PO � deEÎ?^OJO[LMBCLNG^E7g � ;��pLMlj;<?AE½;PW`W];>EFBCLµ?AKMKMZ�BCLM�pT�B5KNG � ;>@ Ë G^_JEUO½G^E�BCTU;�?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZGAH�BCTU;�WC_ Ë D GcO[_JKµ?A@*;PO[�j;�VPG²lj;>@*=J@`G Ë KN;>D �
¨�©jª�«b¬ �r'�p� �²ò.� ��¬ 'ò 
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N Ë ;�?�çUEJLMB`;*EUG^EU;>DÍ=JBeZ½W`;>BìGAH7Vh?A@`O[LME2?AKMLMBeZ n � IÏ@`;h?AK�q�lp?AKM_U;PO�W`;>B�H _JEUV>BCLNG^E ρ G^E N LNW�ÖØ× ' Ù Óhê^× ,�úpÒL�H�LMB�W]?ABCLNWÔç2;PW
ρ(X) + ρ(Y ) ≥ ρ(X ∪ Y ) + ρ(X ∩ Y ), X, Y ⊆ N.

dmEÏBCTU;$?A@`;h?^W�GAHÉVPG^D Ë LME2?AB`G^@CLµ?AKÉG^=JBCLMDÍLM�²?ABCLNG^E7g<�F?AD ;BCTU;PG^@CZjg�D�?^V`TJLMEU;KN;h?A@CEJLMEJ�Ï?AEUOÛG^BCTU;>@Îç2;>KNOJWhgWC_ Ë D GcO[_JKµ?A@�H _JEUV>BCLNG^EUW�?A@`;b@`;PVPG^�pEJLM�h;PO$?^W�H _JEUOU?AD ;>E�B]?AKYB`G�G^KNW�?AEUO§LMEFB`;>@`;PWCBCLMEJ��WC_ Ë íC;PV>B`W<GAHì@`;PW`;h?A@`V]T �
� ;PWCLNOJ;PWhg'WC_ Ë D GcO[_JKµ?A@�H _JEUV>BCLNG^EUW�?AEUO�VPG^E�lj;�¢H _JEUV>BCLNG^EUWÉ?A@`;�V>KNGpW`;>KMZ @`;>Kµ?AB`;PO���?RW`;>B�Hà_JEUV>BCLNG^E�LNWéWC_ Ë qD GcO[_JKµ?A@�L�HY?AEUO�G^EJKMZ�L�H�LMB`W�£7G²l��^WC�b;�¢cB`;>EUWCLNG^E�LNW�VPG^EFlj;�¢ î upu>ï �
¡ TU;"çU@`WCB =�G^KMZ�EUG^DÍLµ?AK ?AKM�jG^@CLMBCTJD HfG^@SW`_ Ë D G�O[_JKµ?A@ Hà_JEUV>BCLNG^E DÍLMEJLMDÍLM�²?ABCLNG^E � ?^WOJ;PW`V>@CL Ë ;PO Ë Z\ @ � B`W`V]TU;>K�g�£7Ghl �^WC�jg�?AEUO acV]TJ@CL í�lj;>@ î �cgìsrïeg � TJLNV`TÏ@`;>KMLN;PW�G^E BCTU;�;>KMKMLM=UW]G^LNO D ;>BCTUGcO � ¡ TU;RçU@`W`B�VPG^D�qË LME2?AB`G^@CLµ?AK�WCBC@`G^EJ�pKMZÍ=�G^KMZ�EUG^DÍLµ?AK�?AKM�jG^@CLMBCTJD W&HàG^@�WC_ Ë D G�O[_JKµ?A@&Hà_JEUV>BCLNG^E�DÍLMEJLMDÍLM�²?ABCLNG^E � ;>@`;�OJ;>lj;>KNG^=�;POË ZRd � ?AB]?[g Ì KN;>LNW`V]TU;>@hg2?AEUO Ì _^íÔLNWCTJLM�j; î uho^ï.?AEUO Ë Z�acV`TJ@CL íÔlj;>@ î uhýrï �

∗ GIHKJLHNM:OQPSR
Z[J�JL`aWbWdcVOLYQHKeUfg^������
† GIHKJLHNM:OQPSR
Z[J�JL`aWbWdcVOLYQHKeUfg^������

ó ��ó
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¡ TJLNW�=2?A=�;>@b?^OJO[@`;PW`W`;PWéBCTU;Í=J@`G Ë KN;>D WbGAH5DÍLMEJLMDÍLM�PLMEJ�SEUG^EJEU;>�F?ABCLMlj;�WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^EUW�_JEUOJ;>@VPG²lj;>@CLMEJ�ÍVPG^EUWCBC@]?ALMEFB`W �ì¡ TU;PW`;�=J@`G Ë KN;>D W5OJ;PW`V>@CL Ë ;PO Ë ;>KNG � �j;>EU;>@]?AKMLM�h;�BCTU;*V>Kµ?^W`WCLNVh?AK·VPGhlj;>@CLMEJ��=J@`G Ë KN;>D W��BCTU;éW`;>B�VPGhlj;>@hg2lj;>@CB`;�¢RVPG²lj;>@hgU;PO[�j;�VPG²lj;>@*=J@`G Ë KN;>D W �

7ò.� ��¬ 'ò 
 �J�Îð ¬ �P��
 © �Îð ¬ ³ © ��� £0;>B

U Ë ;�?éçUEJLMB`;�W`;>B�GAH'Vh?A@`O[LME2?AKMLMBmZ k ?AEUO S = {S1, . . . , Sn} Ë ;?�VPG^KMKN;PV>BCLNG^EæGAH*LMB`WÉWC_ Ë W`;>B`WbLMEUOJ;�¢J;PO Ë Z N = {1, . . . , n} ��Ì G^@Í?�WC_ Ë W`;>B X ⊆ N
g � ;ÎOJ;>EUG^B`;

SX =
⋃{Si | i ∈ X} � �$;ÎW]?PZ�BCT2?ABÍ?SWC_ Ë W];>B X ⊆ N

LNW�?§W`;>BÍVPGhlj;>@�L�H
SX = U � \ LMlj;>E?SEUG^EJEU;>�F?ABCLMlj;�VPGpW`BÍH _JEUV>BCLNG^E

c : N → R+
g&BCTU;RW`;>B�VPG²lj;>@ =J@`G Ë KN;>D ?^W � WÉHfG^@�çUEUO[LMEJ� ? W`;>B

VPGhlj;>@
X ⊆ N

BCT2?ABÉDÍLMEJLMDÍLM�h;PWÉBCTU;�VPGpWCB
c(X) =

∑
i∈X c(i) ��¡ TJLNWé=J@`G Ë KN;>D LNW � EUG � E B`G Ë ;?A=J=J@`GP¢[LMD�?AB`;POæLME =�G^KMZ�EUG^DÍLµ?AK�BCLMD ; � LMBCTJLME ?�Hf?^V>B`G^@ÍGAH O(ln k)

G^@�BCTU;½D�?r¢cLMDb_JD Hà@`;��F_U;>EUV>Z
η = maxu∈U |{i | u ∈ Si}| � \ LMlj;>E�?�EUG^EJEU;>�F?ABCLMlj;�WC_ Ë D GcO[_JKµ?A@<Hà_JEUV>BCLNG^E ρ : 2N → R+

g�BCTU;
ÖØ× ' Ù Óhê^× ,Mú^ÒéÖhÑ>Þ�Ý`Ó^ö^Ñ�Ò�ûwÒÔÓ ' ,MÑ>Ù ?^W � W�HfG^@�çUEUO[LMEJ�R? W];>B�VPGhlj;>@ X ⊆ N

BCT2?AB�DÍLMEJLMDÍLM�h;PW�BCTU;ÉVPGpWCB
ρ(X) �


7ò.� ��¬ 'ò 
 �J�� © �r� ©� ð ¬ ³ © � £0;>B
G = (V,E) Ë ;é?Í�p@]?A=JT � LMBCT�lj;>@CB`;�¢�W`;>B V ?AEUO�;PO[�j;bW`;>B E � Ilj;>@CB`;�¢½W`_ Ë W`;>B X ⊆ V LNW5Vh?AKMKN;POR?�ö^Ñ�Ò�ÞeÑ���Ý`ÓpöAÑ�Ò5LME G L�H';>lj;>@CZ�;PO[�j;�LME E LNW�LMEUV>LNOJ;>E�B�B`G�?élj;>@CB`;�¢LME

X � \ LMlj;>E?�EUG^EJEU;>�F?ABCLMlj; VPGpW`B�Hà_JEUV>BCLNG^E c : V → R+
g�BCTU;Élj;>@CB`;�¢VPGhlj;>@�=J@`G Ë KN;>D ?^W � W�HàG^@çUEUO[LMEJ��?�lj;>@CB`;�¢SVPG²lj;>@

X ⊆ V
BCT2?AB�DÍLMEJLMDÍLM�h;PW�BCTU;ÍVPGpWCB

c(X) =
∑

v∈X c(v) �É¡ TJLNW�=J@`G Ë KN;>DLNW � EUG � E§B`G Ë ; è X�q�T2?A@`O�g·?AEUO�;0"�V>LN;>EFB�¥rqm?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD W<?A@`; � EUG � E î u�ï � \ LMlj;>E§?EUG^EJEU;>�F?ABCLMlj;éW`_ Ë D G�O[_JKµ?A@*H _JEUV>BCLNG^E ρ : 2V → R+
gJBCTU;ÍÖØ× ' Ù Óhê^× ,�ú^ÒböAÑ�Ò>ÞeÑ �RÝ`Ó^ö^Ñ�Ò�û·ÒÔÓ ' ,MÑ�Ù ?^W � WHfG^@&çUEUO[LMEJ�½?Élj;>@CB`;�¢ÎVPG²lj;>@

X ⊆ V BCT2?AB�DÍLMEJLMDÍLM�h;PW�BCTU;�VPGpWCB ρ(X) ��¡ TJLNW�LNW�?�WC=�;PV>Lµ?AK7Vh?^W`;<GAH�?WC_ Ë D GcO[_JKµ?A@*VPGpWCB�W`;>B�VPG²lj;>@*=J@`G Ë KN;>D � LMBCT U = E
?AEUO

N = V �

7ò.� ��¬ 'ò 
 �J� � '® © ð ¬ ³ © ��� £7;>B

H = (W,F ) Ë ;�?R�p@]?A=JT � LMBCT lj;>@CB`;�¢"W`;>B W ?AEUO";PO[�j;½W`;>B
F �I�E�;PO[�j;éWC_ Ë W];>B X ⊆ F

LNW�Vh?AKMKN;PO§?AE Ñ`êhùFÑÍÝ`ÓpöAÑ�Ò�LME
H
L�H�;>lj;>@CZÎlj;>@CB`;�¢�LME

W
LNW�LMEUV>LNOJ;>E�B�B`G½?AE

;PO[�j;ÉLME
X � \ LMlj;>E?�EUG^EJEU;>�F?ABCLMlj; VPGpW`B�Hà_JEUV>BCLNG^E c : F → R+

g�BCTU;Í;PO[�j;�VPGhlj;>@�=J@`G Ë KN;>D ?^W � WHfG^@�çUEUO[LMEJ�Í?AE½;PO[�j;�VPGhlj;>@
X ⊆ F BCT2?ABìDÍLMEJLMDÍLM�h;PW5BCTU;�VPGpWCB c(X) =

∑
e∈X c(e) �Y¡ TJLNW�=J@`G Ë KN;>DLNW � EUG � ESB`G Ë ;�=�G^KMZcEUG^DÍLµ?AK.BCLMD ;bW`G^KMl^? Ë KN; Ë ZR�p@]?A=JTSD�?AB`V`TJLMEJ�$¤àW`;P;pgw; � � � g î u � g	�²u þ[� ýrï ¦ � \ LMlj;>E?ÉEUG^EJEU;>�F?ABCLMlj;éW`_ Ë D G�O[_JKµ?A@�Hà_JEUV>BCLNG^E ρ : 2F → R+

g[BCTU;ÉÖ�× ' ÙÍÓ²ê^×�,Mú^ÒÍÑCêhùFÑ�Ý`ÓpöAÑ�Ò�û·ÒÔÓ ' ,MÑ�Ù ?^W � WHfG^@�çUEUO[LMEJ��?AE$;PO[�j;ÍVPG²lj;>@
X ⊆ F

BCT2?AB�DÍLMEJLMDÍLM�h;PW�BCTU;ÍVPGpWCB
ρ(X) �É¡ TJLNW<LNW�?½WC=�;PV>Lµ?AK�Vh?^W`;�GAHBCTU;�WC_ Ë D GcO[_JKµ?A@�VPGpWCB�W];>B�VPGhlj;>@*=J@`G Ë KN;>D � LMBCT U = W

?AEUO
N = F �

I O[L	��;>@`;>E�B<BeZc=·;ÉGAHì�j;>EU;>@]?AKMLM�²?ABCLNG^E$GAHìBCTU;ÉW`;>B<VPGhlj;>@<=J@`G Ë KN;>D � ?^W�LMEFBC@`GcO[_UVP;PO Ë Z��<?PZc@]?A=�;>BeZF?AE7ga � ?ADéZjg�?AEUO ¡ ?A@`OJGpW îÿþ ïegJLME � TJLNV`TS? WC_ Ë D G�O[_JKµ?A@*=·;>E2?AKMBmZ�VPGpWCB � ?^W*LMDÍ=·GpW];PO � �&TF_UOU? � ?AEUO è ?A�F?AEUGî ý^ï�OJ;>lj;>KNG^=�;PO$?AE$?A=J=J@`GP¢[LMD�?ABCLNG^E"?AKM�jG^@CLMBCTJD HàG^@�BCTJLNW<=J@`G Ë KN;>D _UWCLMEJ�ÎBCTU;�£7Ghl �^WC�Í;�¢cB`;>EUW`LNG^E?AEUOSBCTU;EUG^E[qeW`D G�G^BCT VPG^EFlj;�¢$DÍLMEJLMDÍLM�²?ABCLNG^E ?AKM�jG^@CLMBCTJD W�GAH è ;PWCB`;>@`G²l �R¡ TU;�=J@`;PW`;>EFBb=2?A=·;>@b=J@`;PW`;>EFB`WÍ?AEUG^BCTU;>@; ��;PV>BCLMlj;�_UW];�GAH'BCTU;�£7G²l��^W`�é;�¢cB`;>EUW`LNG^E�LME�OJ;PWCLM�pE�GAH�?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD W �deE�BCTJLNWì=2?A=�;>@hg � ;�çU@`WCB&LMEFBC@`GcO[_UVP;�?�E2?ABC_J@]?AK�VPG^EFlj;�¢ =J@`G^�p@]?ADÍDÍLMEJ��@`;>Kµ?r¢J?ABCLNG^EÎGAH7BCTU;*W`_ Ë D G�O[_JKµ?A@lj;>@CB`;�¢�VPG²lj;>@é=J@`G Ë KN;>D _UWCLMEJ��BCTU;�£7Ghl �^WC��;�¢[B`;>EUWCLNG^E ?AEUO=J@`Ghlj;�BCT2?AB�BCTU; @`;>Kµ?r¢U?ABCLNG^E�=J@`G Ë KN;>D T2?^Wb?T2?AK�H q�LMEFB`;>�p@]?AK�G^=JBCLMD�?AK�W`G^KM_JBCLNG^E �¡ TJLNWÍ;�¢cB`;>EUOJW�BCTU;½@`;PWC_JKMBÍGAH è ;>DÍT2?A_UW`;>@ ?AEUO ¡ @`G^BCB`;>@ î uh¥Aï�HfG^@bBCTU;lj;>@CB`;�¢SVPGhlj;>@<=J@`G Ë KN;>D � I�VPVPG^@`O[LMEJ�pKMZjg7? @`G^_JEUO[LMEJ�R?AKM�jG^@CLMBCTJD(HfG^@*BCTU;blj;>@CB`;�¢§VPGhlj;>@�=J@`G Ë KN;>D ?^V`TJLN;>lj;PW?AE ?A=J=J@`GP¢[LMD�?ABCLNG^ESHf?^V>B`G^@*GAH
2
g�?AEUO � ;�H _J@CBCTU;>@�WCTUG � BCT2?AB*LMB�Vh?AE Ë ;�=·;>@ÔHfG^@CD ;PO Ë ZÎG^EU;É?A=J=JKMLNVh?ABCLNG^EGAH5WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^EDÍLMEJLMDÍLM�²?ABCLNG^E$G^E$?�@CLMEJ��H�?ADÍLMKMZ � �$;Í?AKNW`G��pLMlj; ?A=J=J@`GP¢[LMD�?ABCLNG^E"?AKM�jG^@CLMBCTJD WHfG^@�BCTU;ÍWC_ Ë D GcO[_JKµ?A@éVPGpWCB�W`;>B�VPG²lj;>@�=J@`G Ë KN;>D � ��¢cB`;>EUO[LMEJ��BCTU; ?AKM�jG^@CLMBCTJD%GAH � ?A@Ôq �ì;>T�_UOU?�?AEUO �Ylj;>E

î uPïìHfG^@�BCTU;�W];>BéVPGhlj;>@�=J@`G Ë KN;>D�g � ;�=J@`;PW`;>EFBÍ?R=J@CLMD�?AK�qeO[_2?AK�?AKM�jG^@CLMBCTJD%HàG^@bBCTU;�WC_ Ë D GcO[_JKµ?A@�VPGpWCBbW`;>BVPG²lj;>@Y=J@`G Ë KN;>D BCT2?ABYWC_UVPVP;PW`WÔHà_JKMKMZb?^V`TJLN;>lj;PW&?AEÍ?A=J=J@`Gh¢cLMD�?ABCLNG^E��p_2?A@]?AEFB`;P; Ë Zb?*Hf?^V>B`G^@YGAH2BCTU;�D�?r¢[LMDé_JDHà@`;���_U;>EUV>Z
η �

ó ���
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I�KMB`;>@CE2?ABCLMlj;>KMZjg7G^EU;�Vh?AEG Ë B]?ALME�? k qm?A=J=J@`Gh¢cLMD�?ABCLNG^E�W]G^KM_JBCLNG^E§HfG^@<BCTU;�WC_ Ë D G�O[_JKµ?A@�VPGpWCB�W`;>B<VPGhlj;>@=J@`G Ë KN;>D LMEÏ?lj;>@CZ W`LMDÍ=JKN; � ?PZ � dmEFB`;>@`;PW`BCLMEJ�pKMZjg � ; � LMKMK�W`;P;�BCT2?AB�BCTJLNW Ë G^_JEUO k LNWÎ?AE ;PW`W];>EFBCLµ?AKMKMZBCLM�pTFB Ë G^_JEUO$HàG^@éBCTU;�?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ GAH5BCTU;�WC_ Ë D G�O[_JKµ?A@ÉVPGpWCBéW`;>BbVPGhlj;>@é=J@`G Ë KN;>D �R¡ TJLNWéLNW�WCTUG � EË Z ;�¢[TJL Ë LMBCLMEJ��BCTU;ÍO[L "�V>_JKMBeZGAH5BCTU;ÍWC_ Ë D G�O[_JKµ?A@�;PO[�j;�VPGhlj;>@�=J@`G Ë KN;>D � � _J@é?AE2?AKMZ[WCLNW�OJ;>=�;>EUOJW�G^E�?B`;PV`TJEJL ��_U;�WCLMDÍLMKµ?A@�B`G�BCT2?AB�GAH�a�l�LMB � LME2?Í?AEUO Ì KN;>LNW`V`TU;>@ î uht^ïeg[?AEUOÎ_JBCLMKMLM�h;PW�?�VP;>KN; Ë @]?AB`;POR@`;PWC_JKMB�GAH ��@`O � W?AEUO � 9>EFZcL î trï.G^ER@]?AEUOJG^D	�p@]?A=JTUW �
¡ TU;Í=J@`;PW];>EFB�=2?A=�;>@�LNW�G^@C�F?AEJLM�h;PO�?^W<HfG^KMKNG � W � ac;PV>BCLNG^E ¥½=J@`GhlcLNOJ;PW�=J@`;>KMLMDÍLME2?A@CLN;PWbG^E�WC_ Ë D GcO[_JKµ?A@Hà_JEUV>BCLNG^EUW*?AEUOR?^W`W`GcV>Lµ?AB`;POÎ=·G^KMZcTU;PO[@]? � dmE�ac;PV>BCLNG^E�ý[g � ;<�pLMlj;�?AE�;0"�V>LN;>EFB�@`G^_JEUO[LMEJ��¥rqm?A=J=J@`Gh¢cLMD�?ABCLNG^E?AKM�jG^@CLMBCTJD HàG^@�BCTU;�WC_ Ë D GcO[_JKµ?A@�lj;>@CB`;�¢ VPG²lj;>@�=J@`G Ë KN;>D � deEÛac;PV>BCLNG^E � g � ;§=J@`;PW`;>E�BÎ?$=J@CLMD�?AK�qeO[_2?AK?A=J=J@`GP¢[LMD�?ABCLNG^E�?AKM�jG^@CLMBCTJD BCT2?AB�?^V`TJLN;>lj;PW�?AE?A=J=J@`GP¢[LMD�?ABCLNG^E$�p_2?A@]?AEFB`;P;ÍGAH

η � deE$ac;PV>BCLNG^E$t[g � ;É�pLMlj;?AE�;PW`W];>EFBCLµ?AKMKMZÎBCLM�pTFB�KNG � ;>@ Ë G^_JEUOÎHfG^@�BCTU;é?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZ�GAH'BCTU;�W`_ Ë D G�O[_JKµ?A@*W];>B�VPGhlj;>@*=J@`G Ë KN;>D �
� ��Ç � � Å�ÆÉÇ
��	�Ä��bÇbÂÉÈ7Ã·Ê`Å�Â�� 	�ÂÉÆ � Å�Â ��� �ÊÔÃ �
dmERBCTJLNW�W`;PV>BCLNG^E7g � ;�=J@`GhlcLNOJ;�=J@`;>KMLMDÍLME2?A@CLN;PW�G^E�WC_ Ë D GcO[_JKµ?A@�H _JEUV>BCLNG^EUW�?AEUO�?^W`W`GcV>Lµ?AB`;POÎ=�G^KMZ�TU;PO[@]? ��$;bOJ;>EUG^B`;

N = {1, . . . , n} � £7;>B f : 2N → R Ë ;é?�W`;>B�Hà_JEUV>BCLNG^E � LMBCT f(∅) = 0 �5¡ TU;�Hà_JEUV>BCLNG^E
f
LNW Vh?AKMKN;POÛÜwÓ^Ü2Ü·ÑfùjúpÞàß öAÑ L�H

f(X) ≥ 0
HfG^@ ;h?^V`T

X ⊆ N �æ¡ TU;ÎHà_JEUV>BCLNG^E f LNW Vh?AKMKN;POÛÙ Ó^ÜwÓjÞ�Ó^Ü·ÑÉL�H
f(X) ≤ f(Y )

HàG^@�;h?^V`T =2?ALM@ÍGAH*WC_ Ë W`;>B`W X,Y ⊆ N � LMBCT X ⊆ Y ⊆ N � ��Ë lcLNG^_UWCKMZjgì?�D G^EUG^B`G^EU;Hà_JEUV>BCLNG^E
f � LMBCT f(∅) = 0

LNW�EUG^EJEU;>�F?ABCLMlj; �
¡ TJ@`G^_J�pTUG^_JB�BCTJLNW<=2?A=�;>@hg � ; ?^W]WC_JD ;ÉBCT2?AB ρ : 2N → R

LNW�?�EUG^EJEU;>�F?ABCLMlj; WC_ Ë D GcO[_JKµ?A@<Hà_JEUV>BCLNG^E
� LMBCT ρ(∅) = 0

g � TJLNV`TSLNW*EUG^B�EU;PVP;PW`W]?A@CLMKMZRD G^EUG^B`G^EU; �*è G^B`;�BCT2?AB�BCTU;�EUG^EJEU;>�F?ABCLMlj;�WC_ Ë D GcO[_JKµ?A@CLMBeZSGAH
ρ
LMDÍ=JKMLN;PW<BCTU; Ö�× ' újêjê^ßàÞàß´ö²ß Þà÷pg·BCT2?AB<LNWhg � ;bT2?Plj; ρ(X) + ρ(Y ) ≥ ρ(X ∪ Y )

HàG^@�?AKMK
X, Y ⊆ N �<Ì G^@<?lj;PV>B`G^@

z ∈ RN ?AEUO�?�WC_ Ë W`;>B X ⊆ N g � ;�OJ;>EUG^B`; z(X) =
∑

i∈X z(i) �I�W`W`GcV>Lµ?AB`;PO � LMBCT�BCTU;�WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^E ρ g � ;�VPG^EUWCLNOJ;>@�?�=�G^KMZcTU;PO[@`G^E
P(ρ) = {z | z ∈ RN , z(Y ) ≤ ρ(Y ), ∀Y ⊆ N},

� TJLNV`T½LNWìVh?AKMKN;PO½?�Ö�× ' Ù Óhêp×�,Mú^Ò&û[Ó-, ÷Aã[ÑCê^ÒCÓ^Ü � I4lj;PV>B`G^@&LME P(ρ)
LNWìVh?AKMKN;PO½?�ÖØ× ' ' ú^ÖPÑ ��Ì G^@�?AEFZ W`_ ËJË ?^W`; z g

� ;ÉW]?hZ X ⊆ N
LNW
z
q]ÞàßMùAã�Þ.L�H

z(X) = ρ(X) �*¡ TU;ÉWC_ Ë D GcO[_JKµ?A@CLMBeZ§GAH ρ LMDÍ=JKMLN;PW�BCT2?AB�HfG^@�?AE�Z�WC_ ËJË ?^W`;
z
BCTU;�VPG^KMKN;PV>BCLNG^ESGAHY?AKMK

z
q�BCLM�pT�B�WC_ Ë W];>B`W�LNW�V>KNGpW`;POR_JEUOJ;>@*_JEJLNG^E§?AEUORLMEFB`;>@`W];PV>BCLNG^E �£�LMEU;h?A@�G^=JBCLMDÍLM�²?ABCLNG^ESG²lj;>@*BCTU;�W`_ Ë D G�O[_JKµ?A@�=�G^KMZcTU;PO[@`G^E§Vh?AE Ë ;�W`G^KMlj;PO�;0"�V>LN;>E�BCKMZ Ë ZÎBCTU;��p@`;P;PO[Z?AKM�jG^@CLMBCTJD GAH ��O[D G^EUOJW î � ï � \ LMlj;>E ?SEUG^EJEU;>�F?ABCLMlj;�lj;PV>B`G^@ p ∈ R+

N g�VPG^EUWCLNOJ;>@�?SKMLMEU;h?A@�G^@`OJ;>@CLMEJ�
L = (i1, · · · , in)

W`_UV`T BCT2?AB
p(i1) ≥ p(i2) ≥ · · · ≥ p(in) ��Ì G^@ ?AEFZ ij ∈ N

g � ;ROJ;>EUG^B`; L(ij) =
{i1, · · · , ij} �Y¡ TU;��p@`;P;PO[Z�?AKM�jG^@CLMBCTJD � LMBCTÎ@`;PWC=·;PV>B�B`G L �j;>EU;>@]?AB`;PW�?�lj;PV>B`G^@ zL ∈ RN OJ;>B`;>@CDÍLMEU;PO Ë Z

zL(i) := ρ(L(i)) − ρ(L(i) \ {i}). ¤f¥ � u²¦
¡ TU;>E zL LNWì?AE�;�¢cBC@`;>D ;�=�G^LMEFB�GAH P(ρ)

D�?r¢[LMDÍLM�PLMEJ�éBCTU;�LMEJEU;>@�=J@`GcO[_UV>B 〈p, z〉 =
∑

i∈N p(i)z(i)
?AD G^EJ�

z ∈ P(ρ) �£7;>B
p1 > p2 > · · · > pm Ë ;RBCTU;�O[LNWCBCLMEUV>B�l^?AKM_U;PW�GAH p � Ì G^@½;h?^V`T j = 1, . . . ,m

g � ;�OJ;>EUG^B`;
Nj = {i | p(i) ≥ pj} � �$;�EUG � OJ;�çUEU; ρ̂(p) Ë Z

ρ̂(p) =

m∑

j=1

(pj − pj+1)ρ(Nj),

� TU;>@`; pm+1 = 0 ��¡ TU;>E�LMB5HfG^KMKNG � W�H @`G^D BCTU;�lp?AKMLNO[LMBeZRGAH�BCTU;��p@`;P;PO[ZR?AKM�jG^@CLMBCTJD	BCT2?AB
ρ̂(p) = max{〈p, z〉 | z ∈ P(ρ)}, ¤f¥ � ¥j¦

ó � �
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� TJLNV]T�LMDÍ=JKMLN;PW*BCTU;�VPG^EFlj;�¢[LMBeZRGAH ρ̂ �è G^B`;ÉBCT2?AB�BCTU; ? Ë Ghlj;ÍOJ;�çUEJLMBCLNG^E�GAH ρ̂ LNW�Hà@`;P;éHà@`G^D BCTU;ÍWC_ Ë D GcO[_JKµ?A@CLMBeZ GAH ρ �ÉÌ G^@é?ÎW`;>B�Hà_JEUV>BCLNG^E
f
LME�j;>EU;>@]?AK�g � ; OJ;�çUEU; f̂ LMEBCTU;ÍW]?AD ; � ?PZ �Í¡ TU;>E f̂(χX) = f(X)

TUG^KNOJW<HfG^@é?AEFZ
X ⊆ N

g � TU;>@`;
χX ∈ RN LNW'BCTU;5V`T2?A@]?^V>B`;>@CLNW`BCLNV�lj;PV>B`G^@YOJ;�çUEU;PO Ë Z χX(i) = 1

HfG^@
i ∈ X ?AEUO χX(i) = 0

HfG^@
i ∈ N \X ���;>EUVP; � ;�D�?PZÎ@`;>�F?A@`O f̂ ?^W*?AE�;�¢[B`;>EUWCLNG^E�GAH f �¡ TU;�@`;PWCBC@CLNV>BCLNG^E�GAH f̂ B`GÉBCTU;�TFZc=�;>@`V>_ Ë ; [0, 1]N

Vh?AE Ë ;�LMEFB`;>@C=J@`;>B`;PO§?^W�HàG^KMKNG � W � I�KMLMEU;h?A@�G^@`OJ;>@CLMEJ�
L
VPG^@C@`;PWC=�G^EUOJW�B`G§BCTU;½W`LMDÍ=JKN;�¢ � TUGpW`;Î;�¢cBC@`;>D ;½=�G^LMEFB`WÍ?A@`;½�pLMlj;>E Ë Z$BCTU;ÎV`T2?A@]?^V>B`;>@CLNW`BCLNVÎlj;PV>B`G^@`WÍGAH

L(i)
HfG^@

i ∈ N ?AEUO BCTU;�;>DÍ=JBeZ�W];>B � a�LMEUVP;�BCTU;>@`;<?A@`; n!
KMLMEU;h?A@�G^@`OJ;>@CLMEJ�jW5GAH

N
g�BCTU;�TFZc=·;>@`V>_ Ë ; [0, 1]NVh?AE Ë ;½=2?A@CBCLMBCLNG^EU;PO LMEFB`G n!

VPG^EJ�p@C_U;>E�B WCLMDÍ=JKMLNVP;PWÍG Ë B]?ALMEU;PO Ë Z"BCTJLNW � ?hZ � :<;>B`;>@CDÍLMEU;ÎBCTU;�Hà_JEUV>BCLNG^Elp?AKM_U;PW*GAH
f̂
LME§;h?^V]T§WCLMDÍ=JKN;�¢ Ë Z½BCTU;éKMLMEU;h?A@�LMEFB`;>@C=�G^Kµ?ABCLNG^EGAH'BCTU;él^?AKM_U;PW�?AB�BCTU;�;�¢[BC@`;>D ;�=�G^LMEFB`W ��¡ TU;@`;PW`_JKMBCLMEJ� Hà_JEUV>BCLNG^E

f̂
LNW�?�VPG^EFBCLMEF_UG^_UW�Hà_JEUV>BCLNG^E�G^E�BCTU;<T�Z�=�;>@`V>_ Ë ; �

¡ TU;�HàG^KMKNG � LMEJ��BCTU;PG^@`;>D(=J@`GhlcLNOJ;PW�?�VPG^EJEU;PV>BCLNG^E Ë ;>B � ;P;>E§WC_ Ë D GcO[_JKµ?A@CLMBeZ�?AEUORVPG^E�lj;�¢cLMBmZ �
� ¸0©�¬ � ©�� ó ¤à£7G²l��^WC� î upu�ï ¦Øô � ÖPÑ>ÞwÚØ×cÜwÝPÞàßfÓ^Ü f ßµÖ<Ö�× ' Ù Óhêp×�,Mú^Òéß Úéú^Üwê½Ó^Ü , ÷ ß Ú f̂ ß´Ö�Ý]Ó^ÜUöAÑ ��ü
� � ��� �<Ç � � Å�ÆÉÇ���	�Ä�� ��Ä2Ã��  � Å�����Ä � Ä�Å � ��� �
dmEæBCTJLNW W`;PV>BCLNG^E7g � ;�LMEFBC@`GcO[_UVP;§?SE2?ABC_J@]?AK*VPG^E�BCLMEF_UG^_UW�@`;>Kµ?r¢J?ABCLNG^E GAH<BCTU;RWC_ Ë D GcO[_JKµ?A@ lj;>@CB`;�¢ VPGhlj;>@=J@`G Ë KN;>D _UWCLMEJ��BCTU;�£7Ghl �^WC�½;�¢cB`;>EUWCLNG^E GAH ρ : 2V → R � �$; =J@`G²lj; BCT2?ABéBCTU;�@`;>Kµ?r¢J?ABCLNG^E"T2?^Wb?�T2?AK�H´qLME�B`;>�p@]?AK�G^=JBCLMD�?AK�W`G^KM_JBCLNG^E ?AEUO�BCTU;½@`G^_JEUO[LMEJ��?AKM�jG^@CLMBCTJD ?^V`TJLN;>lj;PW�?AE ?A=J=J@`Gh¢cLMD�?ABCLNG^E �p_2?A@]?AE�B`;P;RGAH
2
HàG^@�BCTU;ÉWC_ Ë D G�O[_JKµ?A@�lj;>@CB`;�¢§VPG²lj;>@�=J@`G Ë KN;>D �<Ì _J@CBCTU;>@CD G^@`;pg � ;�WCTUG � BCT2?AB<?�T2?AK�H q�LMEFB`;>�p@]?AK�G^=JBCLMD�?AKW]G^KM_JBCLNG^E4Vh?AE Ë ;SG Ë B]?ALMEU;PO Ë Z G^EU;S;�¢[;PV>_JBCLNG^E4GAHéWC_ Ë D GcO[_JKµ?A@½H _JEUV>BCLNG^EÏDÍLMEJLMDÍLM�²?ABCLNG^EÛGhlj;>@�?@CLMEJ�H�?ADÍLMKMZ �

����� � � � 
 � 
 ��� � ��� � ��
 � �

�$;½WCB]?A@CB � LMBCT�BCTU;�lj;>@CB`;�¢�VPGhlj;>@É=J@`G Ë KN;>D�g � TJLNV`TæVh?AE Ë ;ÍHfG^@CDé_JKµ?AB`;PO ?^WÉ?AE"LMEFB`;>�j;>@�=J@`G^�p@]?ADÍDÍLMEJ�=J@`G Ë KN;>D �&¡ TU;�KMLMEU;h?A@�=J@`G^�p@]?ADÍDÍLMEJ��@`;>Kµ?r¢J?ABCLNG^E§LNW��pLMlj;>E§?^W5HfG^KMKNG � W �
¤à£7X � ¦ Q�LMEJLMDÍLM�h; ∑

v∈V
c(v)x(v)

WC_ Ë íÔ;PV>B*B`G x(u) + x(v) ≥ 1 ((u, v) ∈ E)

x(v) ≥ 0 (v ∈ V ).

è ;>DÍT2?A_UW`;>@b?AEUO ¡ @`G^BCB`;>@ î uh¥Aï�WCTUG � ;POBCT2?AB�¤à£7X � ¦�T2?^Wé?�T2?AK�H´q�LME�B`;>�p@]?AK&G^=JBCLMD�?AK�W`G^KM_JBCLNG^E ��¡ TJLNW�Vh?AEË ;�OJ;>@CLMlj;PORHà@`G^D BCTU;<HfG^KMKNG � LMEJ��KN;>DÍD�?�LMERD�?ABC@CL�¢RBCTU;PG^@CZ �
�ì©�� � � ��ô %.Ñ>Þ

A ' Ñ�ú�ÜwÓ^ÜUÖØß Ü�ù^× ,�ú^Ò {0,±1} ÕeÙ úpÞàÒ�ß ��ÑCújÝ�ãÒCÓ^â ú^Üwê ÑCújÝ�ã�Ý`Ó-, ×cÙÉÜ ÓÔÚÍâ�ã�ßàÝ�ã ãcú^Ö újÞÙ ÓAÖ>ÞìÞàâìÓ�ÜwÓ^Ü[Ð²Ñ�ÒCÓ½Ñ>Ü2ÞàÒØß�ÑØÖhü�E0ã[Ñ�Ü$Ñ�öAÑ�Ò�÷ÎÑ�ÜwÞàÒØ÷ÎÓÔÚ�Þ ã[Ñéß´Ü2öAÑ�ÒØÖPÑéÙ úpÞàÒØß �
A−1 ßµÖéú ãcú-, Ú�ß´Ü2ÞeÑ�ùFÑ�Òhü

¡ TU; T2?AK�H´q�LME�B`;>�p@]?AKMLMBeZ�@`;PW`_JKMB�G^E ¤à£7X � ¦�E2?ABC_J@]?AKMKMZÏKN;h?^OJW�B`G ?AE £7X�q�@`G^_JEUO[LMEJ�4¥rqm?A=J=J@`GP¢[LMD�?ABCLNG^E?AKM�jG^@CLMBCTJD HfG^@�BCTU;�lj;>@CB`;�¢ VPG²lj;>@�=J@`G Ë KN;>D � � ?A@Ôq �ì;>TF_UOU? ?AEUO �Ylj;>E î uh¥Aï�OJ;>lj;>KNG^=·;POÏ?=J@CLMD�?AK�qeO[_2?AK¥rqm?A=J=J@`Gh¢cLMD�?ABCLNG^E?AKM�jG^@CLMBCTJD	BCT2?AB*@C_JEUW�LME
O(|E|) BCLMD ; ��$;<EUG � LMEFBC@`GcO[_UVP;é?ÍVPG^EFBCLME�_UG^_UW*@`;>Kµ?r¢U?ABCLNG^E ¤ ��X � ¦�GAH�BCTU;�WC_ Ë D GcO[_JKµ?A@�lj;>@CB`;�¢�VPGhlj;>@�=J@`G Ë KN;>D �

¤ ��X � ¦ Q�LMEJLMDÍLM�h;
ρ̂(x)WC_ Ë íÔ;PV>B�B`G x(u) + x(v) ≥ 1 ((u, v) ∈ E)

x(v) ≥ 0 (v ∈ V ).

ó � $
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¡ TJLNW�VPG^E�lj;�¢�=J@`G^�p@]?ADÍDÍLMEJ��=J@`G Ë KN;>D(Vh?AE Ë ;�W`G^KMlj;PORLME�=·G^KMZcEUG^DÍLµ?AK7BCLMD ; Ë Z�BCTU;�;>KMKMLM=UW]G^LNORD ;>BCTUG�O �
��© � � � ��ô'E0ã[ÑéÒ`Ñ0,�ú �júpÞàßfÓ^Ü�ûwÒÔÓ ' ,MÑ>Ù ¤ ��X � ¦<ã[úAÖéúÍãcú�, Ú�Õeß Ü2ÞeÑfù^ÒCú-,�ÓØû·Þàß ÙÍú�,�Ö>Ó-, ×cÞàßfÓ^Ü·ü
1�ÒCÓhÓÔÚ £7;>B

x◦ Ë ;Î?AEæG^=JBCLMD�?AK�W`G^KM_JBCLNG^EæGAH�¤ ��X � ¦ � ��G^EUWCLNOJ;>@ ?�KMLMEU;h?A@ÍG^@`OJ;>@CLMEJ� L = (v1, . . . , vn)WC_UV]T½BCT2?AB
x◦(v1) ≥ x◦(v2) ≥ · · · ≥ x◦(vn) �Y¡ TU;>E x◦ LNW�?AERG^=JBCLMD�?AK7W`G^KM_JBCLNG^ERB`GÉBCTU;�HàG^KMKNG � LMEJ� KMLMEU;h?A@=J@`G^�p@]?ADÍDÍLMEJ��=J@`G Ë KN;>D �

¤�ac£7X�¦ Q�LMEJLMDÍLM�h;
ρ̂(x)W`_ Ë íÔ;PV>B�B`G x(u) + x(v) ≥ 1 ((u, v) ∈ E)

x(vj)− x(vj+1) ≥ 0 (j = 1, . . . , n− 1)

x(vn) ≥ 0.

è G^B`;<BCT2?AB�BCTU;�G Ë íC;PV>BCLMlj;<H _JEUV>BCLNG^E�LNW�KMLMEU;h?A@�LMERBCTU;<Hf;h?^WCL Ë KN;<@`;>�pLNG^E �ì¡ TU;éVPG�;0"�V>LN;>E�B�D�?ABC@CL�¢�GAH�¤�ac£7X�¦LNW�? {0,±1} q�D�?ABC@CL�¢�g*;h?^V]T @`G � GAH � TJLNV`TÏT2?^W�?AB�D GpW`B B � G�EUG^EJ�h;>@`G";>EFBC@CLN;PW � � Zæ£7;>DÍD�?"¥[g�?AE�ZEUG^EUWCLMEJ�p_JKµ?A@�WC_ Ë D�?ABC@CL�¢éT2?^W�?�T2?AK�H q�LMEFB`;>�p@]?AKJLME�lj;>@`W`;ìD�?ABC@CL�¢ � ��;>EUVP;�¤�ac£7X&¦0T2?^W'?�T2?AK�H´q�LME�B`;>�p@]?AKJG^=JBCLMD�?AKW`G^KM_JBCLNG^E
x∗
g � TJLNV`T�LNW�?AKNW`G G^=JBCLMD�?AK7B`G�¤ ��X � ¦ � 2

� � � � � � � � ��
 ��� � ������� 
 � � �

£7;>B
x∗ Ë ;�?RT2?AK�H q�LMEFB`;>�p@]?AK5G^=JBCLMD�?AK5W`G^KM_JBCLNG^E�B`G ¤ ��X � ¦ �.¡ TU;>E X∗ := {v | x∗(v) ≥ 1

2}
LNWÉ?Rlj;>@CB`;�¢

VPGhlj;>@ ��¡ TU;éHfG^KMKNG � LMEJ�ÎBCTU;PG^@`;>D WCTUG � W<BCT2?AB X∗ LNW�?½¥rqm?A=J=J@`GP¢[LMD�?ABCLNG^E�W`G^KM_JBCLNG^E§HfG^@�BCTU;�WC_ Ë D GcO[_JKµ?A@lj;>@CB`;�¢�VPGhlj;>@�=J@`G Ë KN;>D �
� ¸.©F¬ � © � $0ô'E0ã[Ñ�ö^Ñ�Ò�ÞeÑ��RÝ`Ó^öAÑ�Ò

X∗
Ö>úpÞàß´Ö �5ÑØÖ

ρ(X∗) ≤ 2ρ(X)
ÚPÓ^ÒbúpÜU÷ÍöAÑ�Ò>ÞeÑ ��Ý`ÓpöAÑ�Ò

X
ß Ü
G
ü

1�ÒCÓhÓÔÚ ¡ TU;½T2?AK�H q�LMEFB`;>�p@]?AK�G^=JBCLMD�?AK�W`G^KM_JBCLNG^E x∗ Vh?AE Ë ;�;�¢[=J@`;PW`W`;PO Ë Z x∗ = 1
2χX′ + 1

2χX∗
g � TU;>@`;

X ′ := {v | x(v) = 1} �"¡ TU;>E ρ̂(x∗) = 1
2ρ(X

′) + 1
2ρ(X

∗) ≥ 1
2ρ(X

∗)
TUG^KNOJW � a�LMEUVP; ρ(x∗) LNW�BCTU;G^=JBCLMD�?AK�l^?AKM_U;ÉGAH�BCTU;b@`;>Kµ?r¢J?ABCLNG^E =J@`G Ë KN;>D ¤ ��X � ¦�g � ;bT2?Plj; ρ̂(x∗) ≤ ρ̂(χX) = ρ(X)

HàG^@�?AEFZ�lj;>@CB`;�¢
VPGhlj;>@

X
LME
G �Y¡ TU;>@`;�HfG^@`;pg � ;�G Ë B]?ALME ρ(X∗) ≤ 2ρ̂(x∗) ≤ 2ρ(X) � 2�$;�EUG � O[LNW`V>_UW]W*?�VPG^D Ë LME2?AB`G^@CLµ?AKY?AKM�jG^@CLMBCTJD HfG^@�çUEUO[LMEJ��?�T2?AK�H q�LMEFB`;>�p@]?AK'G^=JBCLMD�?AK.W`G^KM_JBCLNG^E�B`GÍBCTU;@`;>Kµ?r¢U?ABCLNG^E"=J@`G Ë KN;>D ¤ � � X&¦ � £7;>B V + ?AEUO V − Ë ; BCTU;�VPG^=JLN;PWbGAH V � �$;�OJ;>EUG^B`; Ë Z v+ ∈ V + ?AEUO

v− ∈ V − BCTU;�VPG^=JLN;PW�GAH v ∈ V � �$;�?AKNW`GÉOJ;>EUG^B`;�BCTU;�VPG^=JLN;PW5GAH X ⊆ V Ë Z X+ ⊆ V + ?AEUO X− ⊆ V − ���G^EUWCBC@C_UV>B�? Ë LM=2?A@CBCLMB`;��p@]?A=JT G± = (V +, V −;E±) � LMBCT½lj;>@CB`;�¢½W];>B`W V + ?AEUO V − �'¡ TU;<;PO[�j;�W`;>B E±LNW��pLMlj;>E Ë Z E± = {(u+, v−), (v+, u−) | (u, v) ∈ E} ��Ì G^@�?�lj;>@CB`;�¢SVPG²lj;>@ (X+, Y −)
g � ;�OJ;�çUEU;�LMB`W@]?AE � Ë Z ρ(X) + ρ(Y ) �&��Ë W];>@Clj;�BCT2?AB�L�H (X+, Y −)

LNW�?�lj;>@CB`;�¢VPGhlj;>@hg0BCTU;>E
(X+ ∩ Y +, X− ∪ Y −)?AEUO

(X+ ∪ Y +, X− ∩ Y −)
?A@`;é?AKNW`G�lj;>@CB`;�¢�VPG²lj;>@`W �

��© � � � � ô%.Ñ>Þ
(X+, Y −) ' Ñ�ú�öAÑ>Ò�ÞeÑ �§Ý`Ó^öAÑ>Òbß Ü G± âYßàÞ ãRÙ�ß´ÜUß Ù�×�Ù	ÒÔú^Ü �^ü'E0ãJÑ�Ü x = 1

2(χX + χY )ß´Ö�ú ãcú-, Ú�Õeß Ü2ÞeÑfù^ÒCú-,'Ó�û·Þàß´Ù ú-,�ÖPÓ-, ×cÞàßfÓ^ÜÓÔÚé¤ ��X � ¦Pü
1�ÒCÓhÓÔÚ Ì G^@�?AEFZ"T2?AK�H´q�LME�B`;>�p@]?AK�Hf;h?^WCL Ë KN;ÎW`G^KM_JBCLNG^E x GAHÉ¤ ��X � ¦�g � ;R?^W`WCLM�pE ?§=2?ALM@�GAH�lj;>@CB`;�¢ WC_ Ë W];>B`W
X = {v | x(v) = 1} ?AEUO Y = {v | x(v) ≥ 1

2} �§¡ TU;>E (X+, Y −)
LNWÉ?�lj;>@CB`;�¢"VPGhlj;>@�LME

G±
gY?AEUO

ρ̂(x) = 1
2 [ρ(X)+ρ(Y )]

TUG^KNOJW � ��G^E�lj;>@`W`;>KMZjg�HàG^@�?AEFZÍlj;>@CB`;�¢ VPGhlj;>@ (X+, Y −)
LME
G±
g
x = 1

2(χX +χY )LNWé?½Hf;h?^WCL Ë KN; W]G^KM_JBCLNG^E�GAHé¤ ��X � ¦�g0?AEUO ρ̂(x) = 1
2 [ρ(X ∩ Y ) + ρ(X ∪ Y )] ≤ 1

2 [ρ(X) + ρ(Y )]
TUG^KNOJW �

¡ TU;>@`;�HfG^@`;pg'?ÎT2?AK�H q�LMEFB`;>�p@]?AK5G^=JBCLMD�?AK&W]G^KM_JBCLNG^E x∗ GAHé¤ ��X � ¦<Vh?AE Ë ; G Ë B]?ALMEU;PO Ë Z x∗ = 1
2(χX + χY )Hà@`G^D	?�DÍLMEJLMDé_JD(@]?AE � lj;>@CB`;�¢�VPGhlj;>@

(X+, Y −)
LME
G± � 2

ó � �
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Ì G^@�? lj;>@CB`;�¢§WC_ Ë W`;>B Z ⊆ V
g2KN;>B

Γ(Z)
OJ;>EUG^B`;bBCTU;éW];>B�GAH�lj;>@CBCLNVP;PW<?^OAíC?^VP;>E�B�B`G

Z
LME
G �*Ì G^@�?AE�Z

X, Y, Z ⊆ V � LMBCT Z = V \X gpBCTU;5=2?ALM@ (X+, Y −)
LNW�?�lj;>@CB`;�¢ÍVPGhlj;>@YLME

G±
L�H�?AEUOÉG^EJKMZÉL�H

Γ(Z) ⊆ Y ��$;�EUG � VPG^EUWCLNOJ;>@�?�H�?ADÍLMKMZ D GAH�WC_ Ë W`;>B`W D = Z+ ∪ Y − GAH V + ∪ V − WC_UV`TÎBCT2?AB Γ(Z) ⊆ Y �Y¡ TU;>E DHfG^@CD W�?é@CLMEJ�bH�?ADÍLMKMZjgcL � ; � g D LNW5V>KNGpW`;PO � LMBCT½@`;PW`=·;PV>B�B`GÉ_JEJLNG^ER?AEUO½LME�B`;>@`W`;PV>BCLNG^E �ìè G^B`;*BCT2?AB (X+, Y −)LNW5?�lj;>@CB`;�¢�VPG²lj;>@&LME
G±

L�H0?AEUO½G^EJKMZÍL�H
X+ = V + \D ?AEUO Y − = D∩V − HfG^@&W]G^D ; D ∈ D ��Ì G^@�;h?^V]T

D = Z+ ∪ Y − LME D g � ;�?^W`WCLM�pE f(D) := ρ(V \ Z) + ρ(Y ) ��¡ TU;>E f LNW<?�W`_ Ë D G�O[_JKµ?A@�Hà_JEUV>BCLNG^E G^E
D �<¡ TF_UW�çUEUO[LMEJ��? DÍLMEJLMDb_JD @]?AE � lj;>@CB`;�¢§VPG²lj;>@�@`;PO[_UVP;PW<B`G�DÍLMEJLMDÍLM�PLMEJ�RBCTU;ÉWC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^E
f
G^E§BCTU;b@CLMEJ��H�?ADÍLMKMZ D ��¡ TU;>@`;�HfG^@`;pg Ë Z�£7;>DÍD�?½t[g�?ÍT2?AK�H q�LMEFB`;>�p@]?AK�G^=JBCLMD�?AKYW`G^KM_JBCLNG^E GAH�¤ ��X � ¦*Vh?AE

Ë ;�G Ë B]?ALMEU;PO Ë ZRG^EU;�;�¢[;PV>_JBCLNG^ESGAH�WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^E�DÍLMEJLMDÍLM�²?ABCLNG^E§G²lj;>@�?É@CLMEJ�ÍH�?ADÍLMKMZ �
� � � Ä·Ê�� 	 �

�
� Ç
	 � � � ��Å�Ä�ÊÔÃ � �

dmE BCTJLNW<W`;PV>BCLNG^E7g � ;É=J@`;PW`;>E�Bé? =J@CLMD�?AK�qeO[_2?AK&?AKM�jG^@CLMBCTJD HfG^@�BCTU;ÉW`_ Ë D G�O[_JKµ?A@�VPGpWCB<W`;>B�VPGhlj;>@<=J@`G Ë KN;>D�g
� TJLNV]T§;�¢[B`;>EUOJW�BCTU;<@`;PWC_JKMB�GAH � ?A@Ôq �ì;>TF_UOU?�?AEUO �Ylj;>E î uPï�HàG^@�BCTU;�W];>B�VPGhlj;>@�=J@`G Ë KN;>D �Ì G^@é;h?^V]T u ∈ U g � ;�OJ;>EUG^B`; Nu = {i | u ∈ Si} �½¡ TU;>E�BCTU;�D�?r¢cLMDb_JD Hà@`;���_U;>EUV>ZSLNWé�pLMlj;>E Ë Z
η = max{|Nu| | u ∈ U} � � _J@�?AKM�jG^@CLMBCTJDáWC_UVPVP;PW`WÔHà_JKMKMZR?^V`TJLN;>lj;PW�?AES?A=J=J@`GP¢[LMD�?ABCLNG^E§�p_2?A@]?AE�B`;P;éGAH�BCTU;D�?r¢[LMDé_JD H @`;���_U;>EUV>Z

η �éÌ G^@<BCTU;ÉW`_ Ë D G�O[_JKµ?A@<lj;>@CB`;�¢SVPG²lj;>@�=J@`G Ë KN;>D�g�LME � TJLNV`T η = 2
g�BCTU;É=J@CLMD�?AK�q

O[_2?AK�?AKM�jG^@CLMBCTJD ?^V`TJLN;>lj;PW�BCTU;½W]?AD ;Î?A=J=J@`GP¢[LMD�?ABCLNG^Eæ�p_2?A@]?AEFB`;P;�?^WbBCT2?ABÍGAH�BCTU;�@`G^_JEUO[LMEJ�$?AKM�jG^@CLMBCTJD
=J@`;PW];>EFB`;PO�LME �Øý ���G^EUWCLNOJ;>@�?�VPG^E�lj;�¢Î=J@`G^�p@]?ADÍDÍLMEJ�½@`;>Kµ?r¢U?ABCLNG^E�GAH'BCTU;éWC_ Ë D G�O[_JKµ?A@�VPGpWCB�W`;>B�VPGhlj;>@�=J@`G Ë KN;>D �

¤�a ��X&¦ Q�LMEJLMDÍLM�h;
ρ̂(x)WC_ Ë íÔ;PV>B*B`G ∑

i∈Nu
x(i) ≥ 1 (u ∈ U)

x(i) ≥ 0 (i ∈ N).

¡ TU;>E�BCTU;�O[_2?AK7=J@`G Ë KN;>D	LNW��pLMlj;>E§?^W5HfG^KMKNG � W �
¤à: ��X&¦ Q ?r¢cLMDÍLM�h; ∑

u∈U
y(u)

WC_ Ë íÔ;PV>B�B`G z ∈ P(ρ),∑

u∈Si
y(u) = z(i) (i ∈ N),

y(u) ≥ 0 (u ∈ U).

¡ TU;Y=J@CLMD�?AK�qeO[_2?AKc?AKM�jG^@CLMBCTJD � ;P;>=UW.?�Hf;h?^WCL Ë KN;�W]G^KM_JBCLNG^E (y, z)
GAH7¤à: ��X&¦7?AEUOb?�WC_ Ë W`;>B T ⊆ N BCT2?AB7LNW

z
q�BCLM�pT�B ��¡ TU;&?AKM�jG^@CLMBCTJD WCB]?A@CB`W � LMBCT y := 0

g
z := 0

?AEUO
T := ∅ � a�LMEUVP; ρ LNW.?5EUG^EJEU;>�F?ABCLMlj;�WC_ Ë D GcO[_JKµ?A@Hà_JEUV>BCLNG^E � LMBCT ρ(∅) = 0

gJBCTJLNW��pLMlj;PW*?bHf;h?^WCL Ë KN;�W`G^KM_JBCLNG^E�GAH�¤à: ��X&¦�?AEUO � ;�T2?Plj; z(T ) = ρ(T ) � �ÏTJLMKN;
T
LNW�EUG^B*?�W`;>B�VPGhlj;>@hg2BCTU;>@`;�Dé_UWCB Ë ;�?AE�;>KN;>D ;>EFB u ∈ U � TJLNV`T�LNW5EUG^B�VPGhlj;>@`;PO Ë Z T �Y¡ TU;�?AKM�jG^@CLMBCTJD?A_J�pD ;>E�B`W

y(u)
?AEUO

z(i)
HfG^@

i ∈ Nu
?^W�Dé_UV`T4?^W =�GpW`WCL Ë KN; � LMBCTUG^_JB�l�LNG^Kµ?ABCLMEJ�"BCTU;�VPG^EUWCBC@]?ALME�B`W�LME¤à: ��X&¦ �'¡ TU;>E$BCTU;½?AKM�jG^@CLMBCTJD _J=�OU?AB`;PW T B`G Ë ;�BCTU;�_JEJL �F_U;ÍD�?r¢[LMD�?AK&W];>B � LMBCT z(T ) = ρ(T ) �½¡ TU;?AKM�jG^@CLMBCTJD(LMB`;>@]?AB`;PW�BCTJLNW*=J@`G�VP;PO[_J@`;�_JE�BCLMK
T Ë ;PVPG^D ;PW�?�W`;>B�VPG²lj;>@ �

¡ TU;�?AKM�jG^@CLMBCTJD	LNW�EUG � OJ;PW`V>@CL Ë ;PORD G^@`;�=J@`;PV>LNW`;>KMZ�?^W5HfG^KMKNG � W �
� �A± � � 
 ¯ �ò0� 
&� 
 ® ¬ �A±´� ¸ � ¾ ¬ ��� ¸0© �²ò.� ��¬ 'ò 
 �J� � ¬ �h� � © ��� ¬ ³ © ��¿.� ¬ � 
 ©��

�� © ¿ � � X�_JB

y := 0
g
z := 0

gw?AEUO
T := ∅ �

ó � 
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�� © ¿ ó � � ;>=�;h?AB�BCTU;<HfG^KMKNG � LMEJ�S¤Ôu�q]u²¦5B`G�¤Ôu�q � ¦�_JEFBCLMK T VPG²lj;>@`W�?AKMK7;>KN;>D ;>E�B�GAH U �
� óF¯hó � ac;>KN;PV>B�?AE�;>KN;>D ;>EFB

u ∈ U \ ST
?AEUOÎ=J_JB

Y := Nu �
� óF¯ � � ��G^DÍ=J_JB`;

α := max{λ | z + λχY ∈ P(ρ)} �
� óF¯ � �§X�_JB

y(u) := y(u) + α
?AEUO

z := z + αχY �
� óF¯ $ �§k�=�OU?AB`;

T
B`G Ë ;<BCTU;<_JEJL ��_U;�D�?r¢[LMD�?AK0W`;>B � LMBCT z(T ) = ρ(T ) �


�� © ¿ � � � ;>BC_J@CE T �
dmB�LNWì;h?^W`ZbB`GbW`;P;�BCT2?ABìBCTU;�=J@CLMD�?AK�qeO[_2?AK�?AKM�jG^@CLMBCTJD LMEUOJ;P;PO � ;P;>=UW5?�Hf;h?^WCL Ë KN;�W`G^KM_JBCLNG^E½GAH�¤à: ��X&¦ì?AEUO?

z
q�BCLM�pTFB�W`;>B

T ⊆ N � �$;<EUG � ?AE2?AKMZ��h;<BCTU;�@C_JEJEJLMEJ��BCLMD ;�GAH�BCTU;<=J@CLMD�?AK�qeO[_2?AK'?AKM�jG^@CLMBCTJD � a�LMEUVP;

z + λχY ∈ P(ρ)
L�HY?AEUO�G^EJKMZ�L�H

λ|X ∩ Y | ≤ ρ(X) − z(X) (X ⊆ N),

BCTU;�VPG^DÍ=J_JB]?ABCLNG^E�GAH
α
LME§a�B`;>=�¤Ôu�qm¥j¦&LNW5B]?AEFB]?AD G^_JE�B�B`G�DÍLMEJLMDÍLM�PLMEJ�

[ρ(X)− z(X)]/|X ∩ Y | WC_ Ë íC;PV>BB`G
X ∩ Y 6= ∅ �¡ TJLNW�DÍLMEJLMDÍLM�²?ABCLNG^E =J@`G Ë KN;>D Vh?AE Ë ;½W`G^KMlj;PO Ë Z"BCTU; è ; � B`G^E D ;>BCTUG�O � LMBCTJLMEæBCTU;W]?AD ;�@C_JEJEJLMEJ�bBCLMD ;*?^W�WC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^E DÍLMEJLMDÍLM�²?ABCLNG^E î nrï ��¡ TU;�G Ë B]?ALMEU;PO DÍLMEJLMDÍLM�h;>@ X W]?ABCLNWCç2;PW

ρ(X) = z(X) +α|X ∩ Y | ?AEUO |X ∩ Y | ≥ 1 ��è G^B`;�BCT2?AB ρ(T ) = z(T )
?AEUO |T ∩ Y | = 0 �Y¡ TU;>E7gU?rHàB`;>@BCTU;ÍWC_ Ë W`;���_U;>EFBé_J=·OU?AB`; GAH z LME a�B`;>= ¤Ôu�qmýj¦�g7LMB�TUG^KNOJW�BCT2?AB z(X) = ρ(X)

?AEUO
z(T ) = ρ(T )

g � TJLNV]TLMDÍ=JKMLN;PW
z(X ∪ T ) = ρ(X ∪ T ) Ë ZÎBCTU;�WC_ Ë D GcO[_JKµ?A@CLMBeZ�GAH ρ ��¡ TU;>@`;�HfG^@`;pg T �j;>B`W�Kµ?A@C�j;>@�?^W*?�@`;PW`_JKMB*GAHa�B`;>="¤Ôu�q � ¦ ��¡ T�_UWhgJBCTU;é?AKM�jG^@CLMBCTJD(B`;>@CDÍLME2?AB`;PW�?rHàB`;>@�?AB�D GpWCB n LMB`;>@]?ABCLNG^EUW ��$;&EUG � ?AE2?AKMZc�h;ìBCTU;�?A=J=J@`GP¢[LMD�?ABCLNG^EÍ@]?ABCLNG�GAHUBCTU;&=J@CLMD�?AK�qeO[_2?AKU?AKM�jG^@CLMBCTJD �Y¡ TU;ìHàG^KMKNG � LMEJ�<BCTU;PG^@`;>DWCTUG � W�BCT2?AB�BCTU;<=J@CLMD�?AK�qeO[_2?AK�?AKM�jG^@CLMBCTJD	LNW*?AE η qm?A=J=J@`GP¢[LMD�?ABCLNG^E ?AKM�jG^@CLMBCTJD �

� ¸.©F¬ � © � 
 ô ��Þ5Þ ã[Ñ�ÞeÑ>ÒØÙ�ß ÜwúpÞàßfÓ^Ü�ÓÔÚbÞ ãJÑ�ûwÒØß Ù ú-, Õ�ê^×Jú-,Yú-, ùFÓ^ÒØßàÞ ãFÙ *
ρ(T ) ≤ ηρ(X)

ã[Ó-,�ê^ÖìÚ>ÓpÒÉú^ÜU÷�ÖPÑPÞ
Ý`Ó^ö^Ñ�Ò

X ⊆ N *�â�ã[Ñ>ÒCÑ η ß´Ö�Þ ã[ÑéÙÍú �^ß´Ù�×cÙ�Ú�ÒCÑ��P×JÑ�Ü·Ý>÷Fü

� Á[Â�	 �
�ÉÄ�Å �Ê�� 	 ��Ê��`ÊÔÃ �
dmEæBCTJLNW W`;PV>BCLNG^E7g � ;�;�¢U?ADÍLMEU;RBCTU;RLME2?A=J=J@`Gh¢cLMD�? Ë LMKMLMBmZ GAH�BCTU;RW`_ Ë D G�O[_JKµ?A@�VPGpW`B�W`;>B VPGhlj;>@�=J@`G Ë KN;>D�gË Z WCTUG � LMEJ�$BCTU;RO[L "�V>_JKMBeZæGAH�BCTU;RW`_ Ë D G�O[_JKµ?A@ ;PO[�j;�VPG²lj;>@Í=J@`G Ë KN;>D � � _J@�?AE2?AKMZcW`LNW�LNW Ë ?^W`;PO G^E ?Hà@]?AD ; � G^@ � WCLMDÍLMKµ?A@�B`G<BCT2?AB�GAH0a�l�LMB � LME2?�?AEUO Ì KN;>LNW`V]TU;>@ î uhtrïJHàG^@YKNG � ;>@ Ë G^_JEUOJW�G^E W`_ Ë D G�O[_JKµ?A@ìW`=2?A@`W`;PWCBV>_JB�=J@`G Ë KN;>D Whgw?AEUOR_UW`;PW*?�W`G^=JTJLNW`BCLNVh?AB`;POR@`;PWC_JKMB*G^E�@]?AEUOJG^D	�p@]?A=JTUW �
� ��� � � � ����� ����
�� � 	 
 ��
 � � � ��� ��� ���

¡ TU;<HfG^KMKNG � LMEJ��BCTU;PG^@`;>D LNW�BCTU;�D�?ALME�@`;PW`_JKMB�GAH'BCTJLNW�W`;PV>BCLNG^E �
� ¸.©F¬ � © � �·ô�%.Ñ>Þ

ε > 0 ' Ñ�ú^Ü2÷�û[Ó^ÖØßàÞàß´öAÑ<ÒCÑCú�,wÜU×cÙ ' Ñ�Òhü�(ØÜRÞ ã[Ñ�örú-, ×UÑ�Õ ù^ß öhß Ü�ù�ÓpÒÔújÝ ,MÑ�ÙÍÓ²êFÑ0, *�Þ ã[Ñ>ÒCÑ�ß´Ö*ÜwÓ
O(|W |1−ε) ÕÔúØûjûwÒCÓ �^ß Ù úpÞàßàÓpÜæú�, ùjÓpÒØßàÞ ãFÙ âYßàÞ ã�û[Ó-, ÷AÜ·Ó^Ù�ßàú-,YÜ2×�Ù ' Ñ�Ò½ÓÔÚ�Ó^ÒCújÝ ,NÑÎÝ`ú-, ,åÖ�ÚPÓ^Ò Þ ã[Ñ ÖØ× ' Ù Óhê^× ,Mú^ÒÑCêhù�Ñ Ý`Ó^ö^Ñ�Ò�û·ÒÔÓ ' ,MÑ�Ù Ó^Ü�ú�ù^ÒCúØû2ã H = (W,F )

ü � Ó^ÒCÑ�û·ÒCÑCÝPßµÖhÑ0, ÷+*�Þ ã[ÑéÖ�× ' Ù Óhêp×�,Mú^Ò ÑCêhùFÑ�Ý`Ó^öAÑ�Ò*ûwÒCÓ ' ,NÑ�ÙÝ`ú^Ü2ÜwÓpÞ ' ÑÉúØûjûwÒCÓ �^ß Ù úpÞeÑCê½âYßàÞ ãFß´Üú*Ú>újÝhÞ�Ó^ÒbÓÔÚ o(|W |/ ln2 |W |) ü
¡ TJLNW�@`;PW`_JKMB�LMDÍD ;PO[Lµ?AB`;>KMZSLMDÍ=JKMLN;PW�BCT2?AB�BCTU;ÍWC_ Ë D G�O[_JKµ?A@�VPGpW`B<W];>B�VPGhlj;>@�=J@`G Ë KN;>D Vh?AEJEUG^B Ë ;Í?A=[q=J@`GP¢[LMD�?AB`;PO � LMBCTJLME�?�Hf?^V>B`G^@�GAH o(|U |/ ln2 |U |) ��¡ TU;�=J@`G�GAH'GAH ¡ TU;PG^@`;>D � � LMKMK Ë ;��pLMlj;>ERLME �Øt � ¥ ��¡ TU;HfG^KMKNG � LMEJ��KN;>DÍD�? GAH î uhtrï0LNW�_UW`;PO½HàG^@�G Ë B]?ALMEJLMEJ��BCTU;�LME2?A=J=J@`GP¢[LMD�? Ë LMKMLMBeZ�@`;PWC_JKMB �

ó ���



uh¥ps � � 	 	�� � ��� �
	������m, 6��+A�,�0�� %�� �����	�

�ì©�� � � �R¤ î uhtJg²£0;>DÍD�?p¥ � u�ï ¦Øô�%.Ñ>Þ f1
ú^Ü·ê

f2 ' Ñ�ÞàâìÓ.ÚØ×cÜwÝPÞàßfÓ^ÜJÖ&ê�Ñ ��Ü·ÑCê�ÓpÜ 2N
*·â�ãJÑ�ÒCÑ

f2
ß´ÖwûJú^ÒÔúpÙ ÑPÞàÒØßNÐ²ÑCê

' ÷Îú�Ö�ÞàÒ�ß Ü�ùÎÓÔÚ�ÒCú^ÜwêjÓ^Ù ' ßàÞ Ö R ' ×[Þ f1
ß´Ö�ÜwÓpÞeü �2×²ûjû[Ó^ÖPÑ�Þ ãcújÞ2ÚPÓ^Òbú^Ü2÷ÍÖØ× ' ÖPÑPÞ X ⊆ N

*�Ý�ã[ÓAÖPÑ�ÜâYßàÞ ãcÓ^×[Þ
�rÜwÓ^âYß Ü�ù

R
*�Þ ã[ÑÍûwÒCÓ ' ú ' ß , ß Þà÷æÓ^öAÑ�Ò R Þ ãcúpÞ

f1(X) 6= f2(X)
ßµÖ
n−ω(1) ü E0ãJÑ�Ü *�úpÜU÷"ú-, ùjÓ^Ò�ß Þ ã�Ù Þ ãcúpÞ

Ý]ú-, , ÖÎúörú-, ×JÑ�Õàù^ß öhß´Ücù�Ó^ÒCújÝ ,NÑ�ú�û[Ó�, ÷^ÜwÓ^Ù�ßfú-,ìÜ2×�Ù ' Ñ�Ò�ÓÔÚ½Þàß´Ù�ÑØÖÎÝ`ú^Ü ��Ü·êSú ÖØ× ' ÖPÑ>Þ X∗ ⊆ N
Ö�×[Ý>ã"Þ ãcúpÞ

f1(X
∗) 6= f2(X

∗)
âYß Þ ãbûwÒCÓ ' ú ' ß , ß Þà÷ÎúpÞìÙ ÓAÖ>Þ n−ω(1) ü

¡ G =J@`Ghlj; ¡ TU;PG^@`;>D��cg � ; � LMKMK��pLMlj;?��p@]?A=JT H = (W, F )
?AEUO B � G D G^EUG^B`G^EU;WC_ Ë D G�O[_JKµ?A@Hà_JEUV>BCLNG^EUW

ρ1
?AEUO

ρ2
OJ;�çUEU;PO�G^E

2F
W`_UV`T�BCT2?AB

• ¡ TU;<Hà_JEUV>BCLNG^E ρ2
LNW�=2?A@]?AD ;>BC@CLM�h;PO Ë ZR?É@]?AEUOJG^D(W`_ Ë W`;>B R ⊆ F Ë _JB ρ1

LNW5EUG^B �
• � LMBCTUG^_JB � EUG � KN;PO[�j;éGAH R g[LMB�LNW�O[L "�V>_JKMB*B`GÉçUEUO X ⊆ F WC_UV]T�BCT2?AB ρ1(X) 6= ρ2(X) �
• deBYTUG^KNOJWìBCT2?AB OPT1 = Ω(|W |) ?AEUO OPT2 = O(ln2 |W |) � LMBCT =J@`G Ë ? Ë LMKMLMBmZ�?AB�KN;h?^WCB 3/4

g � TU;>@`;
OPTi

LNWéBCTU;�G^=JBCLMD�?AK&l^?AKM_U;�GAH5BCTU;�WC_ Ë D G�O[_JKµ?A@É;PO[�j;�VPG²lj;>@b=J@`G Ë KN;>D HàG^@ H ?AEUO
ρi
HfG^@é;h?^V`T

i = 1, 2 �
¡ TU;>E7g[BCTU;<;�¢[LNWCB`;>EUVP;<GAH'?éHf?^V>B`G^@ o(|W |/ ln2 |W |) ?AKM�jG^@CLMBCTJD � G^_JKNOÎKN;h?^O½B`GÍ?bVPG^EFBC@]?^O[LNV>BCLNG^E � deE �Øt � ¥[g
� ;�çUKMK�LME�BCTU;�OJ;>B]?ALMKNW �
��� � � ��� � 
 ��
 � ��� 
 � � ������� ��
�� � 	 
 ��
 ���

£0;>B
k Ë ;�?AE�;>lj;>EÎE�_JD Ë ;>@hg2?AEUO½KN;>B H = (W, F ) Ë ;�?ÉVPG^DÍ=JKN;>B`;<�p@]?A=JT � LMBCT |W | = k �Y¡ TU;<;PO[�j;�W`;>B

F
LNW<GAH&Vh?A@`O[LME2?AKMLMBmZ

n = 1
2k(k − 1) � d�H X ⊆ F

LNW�?�=·;>@ÔHf;PV>B�D�?AB`V]TJLMEJ��LME
H
g�BCTU;>E

X ⊆ F
WØ?ABCLNWÔç2;PW

BCTU;é;PO[�j;�VPGhlj;>@�VPG^EUWCBC@]?ALMEFB � LMBCT�@`;PWC=·;PV>B*B`G H �
�%�A� °  ¬ � �rò0�'®2�A�J¿ ¸
£0;>B

R ⊆ F Ë ;é? @]?AEUOJG^DáW`_ Ë W`;>B�HfG^@ � TJLNV`T;h?^V]T e ∈ F LNW�V`TUGpW`;>ESLMEUOJ;>=·;>EUOJ;>E�BCKMZ � LMBCT?AE�LNOJ;>EFBCLNVh?AK=J@`G Ë ? Ë LMKMLMBmZ π ∈ [0, 1]
g � TU;>@`; π LNW BCTU;�=2?A@]?AD ;>B`;>@�BCT2?AB � LMKMK Ë ;ROJ;�çUEU;PO Ë ;>KNG � � �$;�W`TUG � W]G^D ;=J@`G^=�;>@CBCLN;PW*GAH�?�@]?AEUOJG^D	W`_ Ë �p@]?A=JT Hπ = (W,R) � :<;>EUG^B`; µ = E[|R|] = 1

2k(k − 1)π �
¡ TU;�=2?A@]?AD ;>B`;>@ π � LMKMK Ë ;�OJ;�çUEU;PO�W]G�BCT2?AB R VPG^E�B]?ALMEUW�?�=�;>@ÔHà;PV>B�D�?AB`V]TJLMEJ� � LMBCT�TJLM�pT�=J@`G Ë ? Ë LMKMLMBmZ ���@`O � W�?AEUO � 9>EFZcL�=J@`Ghlj;PO�BCTU;�HàG^KMKNG � LMEJ��@`;PWC_JKMB�G^E�@]?AEUOJG^D	�p@]?A=JTUWb¤àV�H ��î ¥Jg ¡ TU;PG^@`;>D �<d`d � u � ï ¦ �

� ¸0©�¬ � ©�� � ¤ �Y@`O � WÍ?AEUO � 9>E�Z�L î trï ¦Øô (´Ú π ≥ (ln k + 3 ln ln k)/2k
*�Þ ãJÑ�ÜæÞ ã[Ñ�ûwÒÔÓ ' ú ' ß , ßàÞà÷ 	 Ó^ö^Ñ�Ò�Þ ã[Ñ

Ý>ãcÓ^ßfÝ]Ñ�ÓÔÚ
R

 Þ ãcúpÞ

Hπ = (W,R)
êjÓrÑØÖ�ÜwÓpÞ�ãcú^öAÑ�ú�ûJÑ�Ò ÚPÑ`ÝPÞ5Ù úpÞ�Ý�ãFß Ü�ù�ßµÖ

o(1)
ü

deEÎG^@`OJ;>@�B`GÍ;>lp?AKM_2?AB`;<BCTU;�Vh?A@`O[LME2?AKMLMBmZRGAH.BCTU;<@]?AEUOJG^D WC_ Ë W`;>B R g � ;<EU;P;POÎB`G � EUG � BCTU;<B]?ALMK�O[LNWCBC@CL�qË _JBCLNG^E�GAH2BCTU;�WC_JD GAH � ;>@CEUG^_JKMKMLUBC@CLµ?AKNW �'¡ TU;�HfG^KMKNG � LMEJ� � ;>KMK�q � EUG � E Ë G^_JEUO�LNW�@`;�Hf;>@C@`;POÉB`G�?^W�? �&TU;>@CEUG �Ë G^_JEUO �
�ì©�� � � ó � ¤ ð ¸.© � °0¬ � � ¬ ò ° '� ¦Øô %0Ñ>Þ

β1, . . . , βm ' Ñ½ß´Ü·êFÑeûJÑ�Ü·êFÑ�Ü2Þ<ÒCú^ÜwêjÓpÙ%örúpÒØßfú ' ,NÑØÖ½ÖØ×JÝ�ã"Þ ãcúpÞ
Pr(βi = 1) = π

ú^Ü·ê
Pr(βi = 0) = 1 − π ü%.Ñ>Þ β =

∑m
i=1 βi

ú^Üwê
µβ = E[β] = πm

ü �0Ó^Ò
α ≥ 8µβ

*
â&Ñ�ãcúpöAÑ

Pr(β ≥ α) ≤ exp(−α).

è G � g � ;éW`;>B π = ln k/k �ì¡ TU;PG^@`;>D þ LMDÍ=JKMLN;PW�BCT2?AB*BCTU;>@`;�;�¢cLNW`B`W*?AERLMEFB`;>�j;>@ k0
WC_UV`T�BCT2?AB

Pr(Hπ = (W,R)
T2?^W*?É=�;>@ÔHà;PV>B�D�?AB`V]TJLMEJ�

) > 3
4 ,
HfG^@*?AKMK

k ≥ k0.a�LMEUVP;
µ = E[|R|] = 1

2(k − 1) ln k
g � ;éW`;P;<Hà@`G^D £7;>DÍD�?�uhoÉBCT2?AB

Pr(|R| ≥ 8µ) ≤ exp(−8µ) = exp(−4(k − 1) ln k) = k−4(k−1).
¤ft � u²¦

ó ���
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ð ¬ � ¿.�J�^± � ¬w° ¬ ¾ � «b¬ �²ò0� �$¬ �ò 
´�J� ¾ ò ° �p�²± ¬w° �
��G^EUWCLNOJ;>@�BCTU;�HàG^KMKNG � LMEJ��B � G W`;>B5Hà_JEUV>BCLNG^EUW*OJ;�çUEU;PO§G^E 2F

�

ρ1(X) = min{µ, |X|} (X ⊆ F ),

ρ2(X) = min{µ, |X \ R|+ min{36 ln2 k, |X ∩R|}} (X ⊆ F ).

¡ TU;5Hà_JEUV>BCLNG^E ρ2
g Ë _JBìEUG^B ρ1

gjLNW�=2?A@]?AD ;>BC@CLM�h;PO Ë ZÉBCTU;5@]?AEUOJG^D WC_ Ë W];>B R � � ;>�F?A@`O[KN;PW]W�GAH·BCTU;�V]TUG^LNVP;*GAH
R
g
ρ2(X) ≤ ρ1(X)

HfG^@*?AKMK
X ⊆ F

gw?AEUO Ë G^BCT ρ1
?AEUO

ρ2
?A@`;�D G^EUG^B`G^EU;éWC_ Ë D GcO[_JKµ?A@�Hà_JEUV>BCLNG^EUW � £7;>B

OPTi
OJ;>EUG^B`;�BCTU;�G^=JBCLMD�?AKJlp?AKM_U;�GAH�BCTU;5D G^EUG^B`G^EU;�WC_ Ë D GcO[_JKµ?A@�;PO[�j;�VPGhlj;>@�=J@`G Ë KN;>D HfG^@ H = (W, F )?AEUO

ρi
HfG^@

i = 1, 2 �'è G �"� ;&;>lp?AKM_2?AB`;&BCTU;��F?A= Ë ;>B � ;P;>E OPT1
?AEUO

OPT2
g � TJLNV]TÉ=JKµ?hZcW�?AEÉLMDÍ=·G^@CB]?AE�B@`G^KN;�B`G�=J@`G²lj; ¡ TU;PG^@`;>D � �

��© � � � ówó2ô (´Ú
Hπ = (W,R)

ãcú^Ö�úÉûUÑ�Ò´ÚhÑCÝPÞ*Ù úpÞ�Ý�ãFß Ü�ù+*�ßàÞ�ãcÓ-,MêAÖÉÞ ãcújÞ
OPT1 = Ω(k)

ú^Üwê
OPT2 =

O(ln2 k)
ü

1�ÒCÓhÓÔÚ Ì G^@½?AE�Zæ;PO[�j;�VPGhlj;>@ X ⊆ F
g � ;�T2?hlj; |X| ≥ k/2 � a�LMEUVP; µ = 1

2(k − 1) ln k
g � ;�T2?hlj;

OPT1 ≥ min{µ, k/2} = Ω(k) � ��G^EUWCLNOJ;>@*BCTU;�Vh?^W]; � TU;>@`; Hπ = (W,R)
T2?^W�?b=�;>@ÔHà;PV>B�D�?AB`V]TJLMEJ�

X �a�LMEUVP;
X ⊆ R g � ;�T2?hlj; OPT2 ≤ ρ2(X) = min{µ, 36 ln2 k, k/2} = O(ln2 k) � 2

è G^B`;�BCT2?AB5BCTU;�=J@`G Ë ? Ë LMKMLMBeZ$¤àG²lj;>@�BCTU;�V]TUG^LNVP;�GAH R ¦ìBCT2?AB Hπ
T2?^W�?�=�;>@ÔHf;PV>B�D�?AB`V]TJLMEJ� LNW�?AB5KN;h?^WCB 3

4

HfG^@
?�WC_#"�V>LN;>E�BCKMZRKµ?A@C�j;

k �
¡ TU;�G^BCTU;>@�V>@C_UV>Lµ?AK0;>KN;>D ;>EFB�B`G � ?A@`OJW�BCTU;�=J@`G�GAHYGAH ¡ TU;PG^@`;>D �ÉLNW�BCT2?ABhg[HfG^@�?AE�Z�çJ¢J;PO X ⊆ V gJBCTU;=J@`G Ë ? Ë LMKMLMBeZ�¤àG²lj;>@*BCTU;�V]TUG^LNVP;éGAH R ¦&BCT2?AB ρ1(X) 6= ρ2(X)

LNW �F_JLMB`;�W`D�?AKMK �
��© � � � ó ��ô �ìß �Sú^ÜU÷ÎÖ�× ' ÖPÑ>Þ X ⊆ F

ü %0ÑPÞ
R ' Ñ�ú�ÒÔúpÜwêjÓ^Ù Ö�× ' ÖPÑ>Þ<ÓÔÚ F ÚPÓ^ÒÍâ�ãFßfÝ�ã�ÑCújÝ�ã e ∈ F ß´Ö

Ý�ãcÓ^ÖPÑ�Ü ß ÜwêFÑeûJÑ>ÜwêFÑ�Ü2Þ , ÷�âYßàÞ ã�ûwÒÔÓ ' ú ' ß , ßàÞà÷ π = ln k/k
ü E0ãJÑ�Ü *�Þ ã[Ñ�ûwÒCÓ ' ú ' ß , ßàÞà÷ 	 ÓpöAÑ�Ò�Þ ã[Ñ½Ý�ã[Ó^ßàÝØÑÎÓÔÚ

R



Þ ãcúpÞ
ρ1(X) 6= ρ2(X)

ß´Ö�újÞ�Ù ÓAÖ�Þ
k−ω(1) ü

k�WCLMEJ� £7;>DÍD�?^W�s ?AEUO$uh¥[g � ;éG Ë B]?ALME�BCTU;�HfG^KMKNG � LMEJ� �
ð ¬ � ¬ 
 
 �J� ªáó#��ô �7Ó^Ò§úpÜU÷ ú-, ùjÓ^Ò�ßàÞ ãFÙ Þ ãcújÞ�Ý]ú-, , ÖSú�û[Ó-, ÷^ÜwÓ^Ù�ßfú-,�ÜU×cÙ ' Ñ�ÒÓÔÚ�örú-, ×UÑ�Õ ù^ß öhß Ü�ù ÓpÒÔújÝ ,MÑ *�Þ ãJÑûwÒCÓ ' ú ' ß , ß Þà÷ 	 Ó^öAÑ>Ò�Þ ã[Ñ�Ý�ã[Ó^ßàÝØÑbÓCÚ

R

ÉÞ ã[úpÞYßàÞìÝ`ú^Ü ��Üwê úÍÖØ× ' ÖPÑ>Þ X ⊆ F ÖØ×JÝ�ã½Þ ã[úpÞ ρ1(X) 6= ρ2(X)

ß´Ö<úpÞ
Ù ÓAÖ�Þ

k−ω(1) ü

Ì LME2?AKMKMZjg � ;��pLMlj;é?�=J@`GcGAH�GAH ¡ TU;PG^@`;>D � �
"�� ����� �����7AI2 ���32����
	�£���

k = |W | � I�W`W`_����pg����CT��ÉV�����������CZjg CT���!CT������ÉLNW!�#"$�^KMZ%�����ÍL&�AK γ q
��"�"����P¢[L'�(��CL)���#�AKM�*���CL'CT�� A H+���,CT��5WC_ Ë ����O[_JK&���-�PO[�*��V��²l*���."���� Ë K)����g � T������ γ = o(k/ ln2 k)

g � TJLNV`TWC_UVPV����POJW � L'CT�TJLM�pT/"���� Ë � Ë LMKML'eZ ��¡ T����7g � �éV0����WC_�"�"$�pW�� � � K � � � � � CT��� A WC_UVPV����POJW � L'CT1"���� Ë � Ë LMKML'mZ���K)�0�^W�
3/4 ��2�SWC_�"�"$�pW��/CT���

k
LNW�W`_#"�V>L)����CKMZ K&���C�*� � I�"�"JKMZ3CT��4�AKM�*���CL'CT�� A ��5CT��§WC_ Ë ���cO[_JK&���6�PO[�*�V��hl*���7"���� Ë K)��� H8���

ρ2
���UO

H
g9���UO K)��

X Ë �/���:�PO[�*�ÎV��hl*��� �pLMl*��� Ë Z A � �2�/���JKMZ"V����UWCLNO����7CT��
V0�^W�� � T������ A WC_UVPV����POJW;���UO Hπ

T��^W<�6"
���ÔH+�PV�=�(��`V`TJL'�J�Ug � TJLNV]T>�cVPV>_��`W � L'CT2"���� Ë � Ë LMKML'eZ?���K)�0�^W�
1 − (1 − 3

4) − (1 − 3
4 ) = 1

2 � d@½H+�^KMK)� � WRH8������£����7�(� upuACT���
ρ1(X) ≥ OPT1 = Ω(k)

���UO
ρ2(X) ≤ γ ·OPT2 = O(ln2 k · γ) = o(k) � I�WB�C���PWC_JK'hg � �=� Ë ��AL'� ρ1(X) 6= ρ2(X) � L'CT/"���� Ë � Ë LMKML'mZ���K)�0�^W�

1/2
g � TJLNV]T�V���������^O[LNV�`W �D�����^KMK&���CZ$uhý � �

ó � �
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V :=
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∆
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MN=N=e<>AXdeGLMNETW I£GLA
f(n)
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q*GRGLACBi*,��-«�~[?�MNBO<>EFd@?LQO¥ ?�ETW{PFBO<>¢p¢°?�*í��-[}u?�lh<"?�E3MN=N=e<>A�deGLMNETW3GLE BC¥T<vEFMNDXde<>A~G�I�Q>faQ>¢S<U`�`C¢pop}0¥FBC¢pf
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h(G, r) = 1
gR`OGVBC¥T<[`CB:?�BO<>D5<>EFB²¥TGL¢SWN`²?�}u?�opEÌgFBC¥FMT`&\^<HD�?Uf�`OMN=N=8G0`O<[BC¥@?�B
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α3 ) · αn/βr ≈ 0.8988 · αn/βr < αn/βr
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<>lh<>ACf¡`O<UQUGLETW¡<UWa}h<�G�I
C
?�ETWvQUGL¢SGLAªBC¥T<�AO<>D�?�opENopEN}~<UWa}h<U`nG�I

C
duf¦AO<UW·
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h(G, r) ≤ 2 ·h(n−2l, r− l) = 2(β/α2)l ·αn/βr = 21−l/2 ·αn/βr ≤ αn/βr g
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2 2

u ¸ � ¸ ¿Ã¿Ä�N� µ � 7�� GXI G cDG`@�Q�RK@8SUT���=6I^T m GDJ[Q\G8>`@�E)J ∆ ≤ 3 r�� TaG2E h(G) ≤ c1 · γm−n ]�� TaG2RDG
γ = α2 ≈ 1.6818 r
s RtC[C ; ®«I

G
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G
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¥@?L`sB«\&GÊET<>op}0¥udeGLAO`

a
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b
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m−|D2| = (3/2) · (n−|D2|)
guo� <0pg

m−n = (n−|D2|)/2


mH`CopEN}�Ü#¥T<UGLAO<>D �Ï\^<Ê}h<>B[1
h(G) = h(G′) ≤ c1 · αn−|D2| = c1 · (α2)m−n
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G =<>�@ Q�RK@8SUT	��=6I^T m GKJ�Q\G8>�I^TaG2E h(G) ≤ c1·(2−ε1)

m−n ]
� TaGXRKG ε1 = 2−
(
2

11
12 ·γ 1
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)
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0.0287 r
s RtC[C ;� <�MT`O<�?�}u?�opEvopETWaMTQ>BCoSGLE�GLE

m
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G
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∆ ≤ 3
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u
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G
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u
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BC¥T<>E�¢S<>B
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WN<>ETGLBO<ÐBC¥T<V¢S<�?L`CBHMT`O<UW¬<UWa}h<Ï?�B
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 Ñ BH¢S<�?L`CB

3/5G�I±BC¥T<�|�?�D�op¢pBOGLENo°?�E"Q>faQ>¢S<U`[?�lhGLoSWN`
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gT`OG

h(G) ≤ (5/3) · h(G − uv) ≤ (5/3) · c1 · (2− ε1)
m−1−n <

c1 · (2− ε1)
m−n gNdFf�opETWaMTQ>BCoSGLEÌ^Ü#¥uMT`ª\&<ÊD�?Uf¡`CMN=N=eG0`O<�BC¥@?�BªopE G \^<Ê¥@?�lh<

∆ = 4
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u
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g*BC¥T<�¢S<�?L`CBXMT`O<UW¯<UWa}h<~?�B

u
 � <�¥@?Ulh<

h(G) ≤ 2 · h(G − uv) PFMN=N=eG0`O<HBC¥NoS`&=NAOGFQU<UWaMNAO<�`CBOGL=T`#?�IÃBO<>A
z
`CBO<>=T`�gRo� <0pgRBC¥T<nopE~BC¥T<[AO<>D�?�opENopEN}�}0A:?�=N¥

∆ ≤ 3
 � <Ê?�AO<[}hGLopEN}
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BOG5?�=N=N¢pfvJ&GLAOGL¢p¢°?�ACfv��I£GLA²BC¥NoS`#}0A:?�=N¥ÌKÜ#¥NoS`#\²op¢p¢Ì}0oplh<�?�¢pBOGL}h<>BC¥T<>A
2z · c1 · γm−z−n ≤ c1 · (2− ε1)

m−n g
MNEN¢S<U`O`#?�BKBC¥T<[<>ETW�G�I·BC¥T<ª=NAOGRQU<UWaMNAO<[\^<[¥@?Ulh<

m′ := m− z = n+o(m−n)
<UWa}h<U`� � <ªDVMT`CB#WNGX`OGLD5<

< �·GLACBO`²BOG�?UlhGLoSWvBC¥NoS`nQ�?L`O<0
®«I
G = K5

BC¥T<>E
h(G) = 12 < 1.6510−5 gk`OG�\^<¦D�?�f¯`CMN=N=eG0`O<~BC¥@?�B G Wao��e<>AO`ÐIÃAOGLD
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¯bÌ<>B

D4 ⊆ V
WN<>ETGLBO<�BC¥T<�`O<>B²G�Iclh<>ACBCoSQU<U`nG�I,WN<>}0AO<U<

4
?�ETW

D3 ⊆ V
WN<>ETGLBO<HBC¥T<Ê`O<>B#G�I,lh<>ACBCoSQU<U`ªG�I*WN<>}0AO<U<

3


Ñ `
G
oS`ª|�?�D�op¢pBOGLENo°?�E�?�ETW

∆ = 4
gN\^<X¥@?Ulh<

m− n = |D4|+ 1
2 |D3|

Kz^f¦z&AOGFGL_a`[�aBC¥T<UGLAO<>D
G
Q�?�Evde<

QUGL¢SGLAO<UW¡dFf
4
QUGL¢SGLAO`�gN¢S<>B

I
WN<>ETGLBO<�¢°?�AC}h<U`OBªopEuBO<>AO`O<UQ>BCoSGLE"G�Is?ÏQUGL¢SGLAªQ>¢°?L`O`ª?�ETW

D4
KJ^¢S<�?�AC¢pf |I| ≥ 1

4 |D4|?�ETW
I
oS`[?�E¡opETWN<>=8<>ETWN<>EFBH`O<>B�

�*opAO`CBH\^<VD�?�_h<XBC¥T<XI£GL¢p¢SG�\²opEN}¦=NAOGFQU<UWaMNAO<0ge`CB:?�ACBCopEN}~\²opBC¥
G = G0

nm[EuBCop¢*BC¥T<>AO<V<.§aoS`CBO`�?5lh<>ACBO<.§
uopE

D4 \ I
BC¥@?�B[¥@?L`[WN<>}0AO<U<�IÃGLMNA[opE

Gi
g@B:?�_h<�BC¥T<X¢S<�?L`CBnMT`O<UW"<UWa}h<

uv
?�B
u
g¾?�ETW¬¢S<>B

Gi+1 = Gi − uv


Ü#¥NoS`k=NAOGRQU<UWaMNAO<n<>ETWN`&?�I7BO<>A
t
`CBO<>=T`y*®]E5BC¥T<²AO<U`OMN¢pBCopEN}X}0A:?�=N¥

Gt
<>lh<>ACfÏlh<>ACBO<.§�G�IeWN<>}0AO<U<

4
oS`^?�D5<>DVd8<>A

G�I
I
 Ñ ETWv\^<X?�¢S`OGÏ¥@?�lh<

h(G) ≤ 2t · h(Gt)


YHG�\ \^<�D�?�_h<�BC¥T<5IÃGL¢p¢SGy\²opEN}"=NAOGRQU<UWaMNAO<0g±`CB:?�ACBCopEN}¬\²opBC¥
Gi = Gt

¡mnEFBCop¢KBC¥T<>AO<~<.§RoS`CBO`Ð?¡lh<>ACBO<.§
u
BC¥@?�BÊ¥@?L`�WN<>}0AO<U<�IÃGLMNAÊopE
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gÌB:?�_h<�BC¥T<Ï¢S<�?L`CBÊMT`O<UW�<UWa}h<

uv
?�B
u
g,?�ETWZ¢S<>B

Gi+1 = Gi − uv
�Ü#¥NoS`

=NAOGRQU<UWaMNAO<H<>ETWN`²?�IÃBO<>A
z− t `CBO<>=T`�s®]E�BC¥T<[AO<U`CMN¢pBCopEN}Ï}0A:?�=N¥ Gz <>lh<>ACf5lh<>ACBO<.§�¥@?L`#WN<>}0AO<U< ≤ 3

 Ñ ETW�\&<
?�¢S`OGÏ¥@?�lh<

h(G) ≤ 2z · h(Gz)


Ñ `²\^<Ð?�¢p\&?�fR`[WN<>¢S<>BO<UWvBC¥T<Ê¢S<�?L`CBnMT`O<UWv<UWa}h<0gNBC¥FMT`
Gz

oS`H?�¢S`OG�|�?�D�op¢pBOGLENo°?�EÌg¾`OG�<>lh<>ACf¡WN<>}0AO<U<XoS`n?�B
¢S<�?L`CBªB]\^GN²bÌ<>B

mz
WN<>ETGLBO<�BC¥T<XEuMNDVd8<>A�G�Is<UWa}h<U`[opE

Gz
gT`CMTQO¥"BC¥@?�B

mz = m− z &®�I D∗3
WN<>ETGLBO<U`[BC¥T<

`O<>BªG�Islh<>ACBCoSQU<U`ª\²opBC¥¬WN<>}0AO<U<
3
opE
Gz

BC¥T<>E
mz − n = 1

2 |D∗3 |


�k´ ¼�¼�� � 7
mz − n
m− n ≥

1

12
, or equivalently z ≤ 11

12
(m− n).

s RKC[C ; ØÃG�I±BC¥T<�¢S<>D�D�?hÙ.
m�@W>[G �/r ®«E

Gt
\&<�¥@?�lh<�¢S<U`O`VBC¥@?�E |D4|/6 + |D3|/12

lh<>ACBCoSQU<U`ÏG�InWN<>}0AO<U<�IÃGLMNA�vÜ#¥T<>E
z − t ≤

|D4|/6 + |D3|/12
g·?�ETW¬duf¡BC¥T<XWN< â ENopBCoSGLEZG�I±BC¥T< â AO`CB[=NAOGFQU<UWaMNAO<0g

t ≤ |D4 \ I| ≤ (3/4) · |D4|
²Ü#¥uMT`

\^<�¥@?Ulh<
z ≤ (11/12) · |D4|+ |D3|/12

^Ü#¥NoS`²AO<U`CMN¢pBO`

z ≤ (11/12) · |D4|+ (11/24) · |D3| =
11

12
(m− n).

m�@W>[G �Or ®«E
Gt
\&<n¥@?�lh<H?�B&¢S<�?L`CB |D4|/6+ |D3|/12

lh<>ACBCoSQU<U`#G�IcWN<>}0AO<U<ªI£GLMNA�kPFopETQU<nBC¥T<U`:<nlh<>ACBCoSQU<U`
?�AO<ZopETWN<>=e<>ETWN<>EuB�g�?�IÃBO<>A¡BC¥T< `O<UQUGLETW�=NAOGFQU<UWaMNAO<�BC¥T<U`O<Zlh<>ACBCoSQU<U`¡\²op¢p¢�¥@?�lh< WN<>}0AO<U< BC¥NAO<U<ZopE
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g�`OG

|D∗3| ≥ |D4|/6 + |D3|/12
 � <Ê¥@?�lh<

mz − n
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|D∗3 |/2
D4 + |D3|/2

≥ |D4|/12 + |D3|/24
D4 + |D3|/2
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1
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. 2
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BC¥T<�<>ETW¦\&<�MT`O<XJ&GLAOGL¢p¢°?�ACf¬�XI£GLA

Gz
 � <Ê}h<>B[1

h(G) ≤ 2z · h(Gz) ≤ 2z · c1 · γmz−n = c1 ·
(
2/γ
)z · γm−n ≤ c1 ·

(
2/γ
) 11

12
(m−n) · γm−n ≤

≤ c1 ·
((

2/γ
) 11

12 · γ
)m−n

= c1 ·
(
2

11
12 · γ 1

12

)m−n
= c1 · (2− ε1)

m−n. 2

2
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G =?>y@zAYC�EFEHGKA[I�GKJ Q�RK@8SUT ��=6I^T m = 2n GKJ[Q\G2>Y]:I^TaG2E c(G) ≤ c · n2 · (2 − ε)n ; C�R
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c
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n
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Q>faQ>¢S<U`ÊWaoSW�ETGLBÊQO¥@?�EN}h<UW@Ù.g,?�ETW�¢S<>B
l = l1 − l2

ÊÜ#¥uMT`
G′
¥@?L`Ê<.§T?LQ>BC¢pf

l2 + 1
QUGLD�=eGLET<>EuBO`� � <Ð¥@?Ulh<

c(G) ≤ 1/(1/2 + ε4)
l · c(G′) V®]BHoS`Ê<�?L`Cf¬BOG¦`O<U<ÐBC¥@?�BÊBC¥T<ÐD�?�§RopDVMND WN<>}0AO<U<ÏopE

G′
oS`�?�B�D5G0`CB�IÃGLMNA�g

de<UQ�?�MT`O<�?�B�?�lh<>ACBO<.§
v
\²opBC¥ WN<>}0AO<U<5?�B�¢S<�?L`CB â lh<0geBC¥T<>AO<VDVMT`CB�<.§aoS`CBO`Ê?�EZ<UWa}h<

vw
BC¥@?�BÊoS`[MT`:<UW�GLEN¢pf

dFf¬I£GLACB«f�=e<>AOQU<>EuB�G�I^BC¥T<�Q>faQ>¢S<U`� Ñ ETW·gÌ?L`�BC¥T<Ï=NAOGRQU<UWaMNAO< â ENoS`C¥T<UW·g&Ø���Ùn<>lh<>ACfZ<UWa}h<�G�I
G′
oS`�MT`O<UWZdFf

> (1/2 − ε4)
I7A:?LQ>BCoSGLE¬G�IsBC¥T<ÊQ>faQ>¢S<U`�

m�@W>�G �/r l ≥ L/4 k®«E¡BC¥NoS`[Q�?L`O<�\^<�¥@?Ulh<

c(G) ≤
( 1

1
2 + ε4

)l
· c(G′) ≤

( 1
1
2 + ε4

)l
· 2(2n−l1)+(l2+1)−n =

( 1

1 + 2ε4

)l
· 2n+1 ≤

≤ 2 ·
[
2 ·
( 1

1 + 2ε4

)ε3/4]n
< 2 · (2− ε)n

I£GLA[?�E¬?�=N=NAOGL=NACo°?�BO<X=8G0`CopBCoplh<
ε
��TGLAªBC¥T<�`:<UQUGLETW¡opET<U×uM@?�¢popB]f¦\^<ÊMT`O<UW�J&GLAOGL¢p¢°?�ACfB�a

m�@W>�G �ar l < L/4
f�*opAO`CBn\&<VQ>¢°?�opDvg8BC¥@?�BHoÒI

G′
¥@?L`Ê?�B[¢S<�?L`CB[B]\^G~QUGLD�=8GLET<>EFBO`�\²opBC¥�`:GLD5<X<UWa}h<U`�g

H1
?�ETW

H2
gÌBC¥T<>E

G′
QUGLET`CoS`CBO`ÊG�I�Ø£?�BÊD5G0`CBÚÙ[B«\&GvWaoS` �CGLopEuB�Q>faQ>¢S<U`X?�ETW `OGLD5<ÏoS`OGL¢°?�BO<UWZlh<>ACBCoSQU<U`�}�*opAO`CB

`OMN=N=8G0`O<#BC¥@?�B
H1

¥@?L`K?�lh<>ACBO<.§
v
\²opBC¥�WN<>}0AO<U<²BC¥NAO<U<0 Ñ `K?�B±¢S<�?L`CB

> (1/2−ε4) ·c(G′)
Q>faQ>¢S<U`±MT`O<n<>lh<>ACf

� � v



�����[�O	�� �� �!	���� �[�Z�

<UWa}h<
vw

?�B
v
g¾\&<X¥@?�lh<ÐBC¥@?�B�?�BH¢S<�?L`CB

(3/4 − (3/2)ε4) · c(G′)
Q>faQ>¢S<U`[MT`:<

v
HYH<.§RBH`CMN=N=8G0`:<�BC¥@?�B

H1¥@?L`ª?Vlh<>ACBO<.§
v
\²opBC¥vWN<>}0AO<U<HI£GLMNA�KPFopD�op¢°?�AC¢pf~\^<�¥@?Ulh<�BC¥@?�Bn?�B#¢S<�?L`CB

(1− 2ε4) · c(G′)
Q>faQ>¢S<U`#MT`O<

v
k®]E

deGLBC¥5Q�?L`O<U`K?�Euf�<UWa}h<ªG�I
H2

Q�?�E5de<#MT`O<UWÏdufÏ¢S<U`O`sBC¥@?�E
(1/4+(3/2)ε4) ·c(G′) ≤ 0.4 ·c(G′) Q>faQ>¢S<U`�g0BC¥NoS`QUGLEuBCA:?LWaoSQ>BO`�BOG�=NAOGL=e<>ACB«f©Ø���Ù.ÊÜ#¥uMT`�\&<Ï¥@?Ulh<ÐBC¥@?�B�BC¥T<VD�?�§aopDXMNDÝWN<>}0AO<U<ÐopE

H1
oS`[B]\^GNgc?�ETWZQ>¢S<�?�AC¢pf

BC¥T<�`:?�D5<HoS`#BCACMT<[IÃGLA
H2
±®«Ic\^<H¥@?Ulh<�?�Ev<UWa}h<�GLMNBO`CoSWN<

H1 ∪H2
BC¥T<>E¡\^<�?�¢S`:GX}h<>Bn?ÐQUGLEuBCA:?LWaoSQ>BCoSGLEÌ^®�I

G′
oS`nBC¥T<ÐMNENoSGLE G�IkB«\&G¡WaoS` �çGLopEFBÊQ>fRQ>¢S<U`[BC¥T<>EZBC¥T<VBC¥T<UGLAO<>Dà¥TGL¢SWN`�ge`OG�IÃAOGLDÛETGy\ GLE�\^<ÐD�?�f"`CMN=N=eG0`O<

BC¥@?�B
G′
¥@?L`ªGLET<�¥uMN}h<�QUGLD�=eGLET<>EuB

H
\²opBC¥¬`Copt�< |H| = n0

?�ETW
n− n0

oS`OGL¢°?�BO<UW¡lh<>ACBCoSQU<U`�
bÌ<>B

D′4
WN<>ETGLBO<VBC¥T<V`:<>B[G�I±lh<>ACBCoSQU<U`H¥@?UlRopEN}~WN<>}0AO<U<XIÃGLMNA[opE

G′
 � <VQ>¢°?�opDÛBC¥@?�B |D′4| ≥ n− 2l

ª®«I
BC¥T<²WN<>}0AO<U<ªG�IÌ?Hlh<>ACBO<.§

v
opE
G′
oS`kWN<>ETGLBO<UW�dFf

d′(v)
BC¥T<>E�opB±oS`k<>ETGLMN}0¥5BOG�=NAOG�lh<nBC¥@?�B ∑

v∈V (H) d
′(v) ≥

3n0+n−2l
g�de<UQ�?�MT`O<sBC¥T<>AO<^?�AO<sETG²lh<>ACBCoSQU<U`,G�IaWN<>}0AO<U<k¢°?�AC}h<>AÌBC¥@?�EÊI£GLMNA�g�`OG ∑

v∈V (H) d
′(v) ≤ 3n0+|D′4|


� <V¥@?Ulh<

l2 + 1
QUGLD�=eGLET<>EuBO`�g8BC¥@?�BHoS`

n− n0 = l2
ªÜ#¥uMT`H\^<V¥@?Ulh< ∑

v∈V (H) d
′(v) =

∑
v∈V d

′(v) =
4n− 2l1 = (3n0 + n− 2l) + 3(n− n0)− 2l2 = (3n0 + n− 2l) + (n− n0) ≥ 3n0 + n− 2l


� <Ê=NAOGylh<UWvBC¥@?�B[?�Bn¢S<�?L`CB

(1− 2ε4) · c(G′)
Q>fRQ>¢S<U`nMT`O<

v
IÃGLAn?�EFf

v ∈ D′4
±YH<.§aBª\^<�Q>¢°?�opD�BC¥@?�B[?�B

¢S<�?L`CB²BC¥T<�¥@?�¢ÒI±G�I,BC¥T<�Q>faQ>¢S<U`#MT`O<
> (1− 4ε4)

I7A:?LQ>BCoSGLE¬G�I
D′4

Ø7\^<�Q�?�¢p¢·BC¥T<>D�¢SGLEN}5Q>fRQ>¢S<U`ÚÙ.KÜ#¥NoS`ªQ>¢°?�opD
Q�?�Evde<�=NAOG�lh<UW¬duf¦`CopD�=N¢S<�WNGLMNdN¢S<.�«QUGLMNEuBCopEN}T

Ü#¥T<>AO<.I£GLAO<KBC¥T<K¢SGLEN}[Q>faQ>¢S<U`Ì¥@?�lh<K¢S<>EN}0BC¥
> (1−4ε4)|D′4| ≥ (1−4ε4)(n−2l) ≥ (1−4ε4)(n−L/2) =

(1− 4ε4)(1 − ε3/2) · n = (1− ε3) · n
gaduf~BC¥T<�WN< â ENopBCoSGLE"G�I

ε4


� <&?�AO<k}hGLopEN}HBOG²MN=N=8<>A,d8GLMNETWXBC¥T<kEFMNDXde<>AsG�IN¢SGLEN}HQ>fRQ>¢S<U`#Øao� <0pg�BC¥T<KQ>faQ>¢S<U`,G�IN¢S<>EN}0BC¥
> (1−ε3)·n

Ù.g
duf�BC¥T<�GLdT`O<>AClL?�BCoSGLE¬?�deG�lh<

c(G′) ≤ B«\²oSQU<�BC¥T<HEFMNDXde<>AªG�Ic¢SGLEN}5Q>fRQ>¢S<U`y � <[B:?�_h<�<�?LQ:¥v`CMNdT`O<>B V ′′ ⊆ V\²opBC¥¯`Oopt�<
(1 − ε3) · n

g*?�ETW â AO`CB�MN=N=e<>AXdeGLMNETW BC¥T<�EFMNDXde<>AÐG�Iª|�?�D�op¢pBOGLENo°?�E�=@?�BC¥T`VopE�BC¥T<�opETWaMTQU<UW
}0A:?�=N¥

G′[V ′′] �
?�ETW â E@?�¢p¢pf¦\&<X?LWNW¡MN=¡BC¥T<U`O<ÊMN=N=e<>A²deGLMNETWN`� � <Ê}h<>B

c(G) ≤
( 1

1
2 + ε4

)l
· c(G′) ≤

( 1
1
2 + ε4

)l
· 2 ·

(
n

ε3 · n

)
· hp(n− ε3 · n) ≤

≤ 2c1n
2 ·
( 1

1
2 + ε4

)l
·
( 1

1− ε2

)n
· (2− ε1)

(1−ε3)n ≤

≤ 2c1n
2 · 2l ·

( 1

1− ε2

)n
· (1− ε2)

n · (2− ε2)
n ·
( 1

2− ε1

)ε3n ≤

≤ 2c1n
2 · (2− ε2)

n · 2(ε3/4)n ·
( 1

2− ε1

)ε3n ≤ 2c1n
2 · (2− ε2)

n ·
( 4
√

2

2− ε1

)ε3n ≤

≤ 2c1n
2 · (2− ε2)

n,
de<UQ�?�MT`O<

( 4
√

2

2− ε1

)
≈ 0.6033 < 1. 2

2

u ¸ � ¸ ¿Ã¿7�N� µ � � 7 9<;
G =<> @ ADC�EFE%GKA�I�GKJ 4 � RDGhQ�MONg@�R Q�RK@8SUTBI^TaG2E c(G) ≤ c ·n2 · (2− ε)n ; C�Rf>XC�LdG�S_CW>8=6I6=<V�G

ADC�EF>2I @�EUI^> c @ZE)J ε ru ¸ � ¸ ¿Ã¿7�N� µ � � 7:9<;
G =?>y@�AYC�EFEHGKA[I�GKJBQ�RK@8SUT ��=^I^T m ≤ 2n GDJ[Q\G8>8] I^TaG2E c(G) ≤ c · n2 · (2 − ε)n ; C�R

>XCZLyG SaCW>2=^I6=^VWG0ADCZE_>2I @�E)I^> c @�E)J ε r
s RKC[C ; � <XQ�?�E"?LWNW

2n−m ET<>\ <UWa}h<U`ÏØ7BC¥@?�BH?�AO<�ETGLBn=@?�A:?�¢p¢S<>¢cBOG~?�Euf¡<.§aoS`CBCopEN}�GLET<yÙ.g8?�ETWvBC¥NoS`ª\²op¢p¢
GLEN¢pf~opETQ>AO<�?L`O<ÊBC¥T<ÊEFMNDXde<>A[G�I±Q>fRQ>¢S<U`�

2 2

u ¸ � ¸ ¿Ã¿7�N� µ �a� 7�9<;
G =<> @pMOEF=hC�E|C ; I �!CbI6RDGDG8> I^TaGXE c(G) ≤ c ·n2 ·(2−ε)n ; C�R >�C�LdG SaC�>8=6I6=<VWGfADC�EF>2I @�EUI^>

c @�EHJ ε r5m�CZE_>�GKn�M_G2E)I6Nlk f(n) ≤ c · n2 · (2− ε)n r
� � �
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� � ÎÐÍOÈªÎ È��
k
ÇU"%$�$�&

®]E¡BC¥NoS`n`:<UQ>BCoSGLEv\^<Ê¥@?�lh<ÊDXMTQ:¥¬¢S<U`O`ª=NAO<UQ>oS`O<ÊdeGLMNETWN`�
354 ´F¸ � ´ ¼ ��� 7 � G�I G cDG(@�� E)CZI�EHGKAYG8>8>X@�R2=^Nlk AYC�EFEHGKA[I�GKJ��dNgC[C8S)NqG8>8> L0MONoI6=gQ�RK@8SUT ��=6I^T|@ZI�LyCW>XI m GKJ[Q
G8>�r
� T_G2E c(G) ≤

(m
n

)
· 2n r

s RtC[C ; � <�MT`:<�opETWaMTQ>BCoSGLE GLE
m
¯®�I

m = n
BC¥T<>E¤¢S<>B

H1 = (V1, E1),H2 = (V2, E2), . . . ,Hp =
(Vp, Ep)

de<ÊBC¥T<�QUGLD�=eGLET<>EuBO`HG�I
G
¥@?UlRopEN}�?�Bª¢S<�?L`OBnGLET<�Q>faQ>¢S<5ØÃ`OG

Ei ≥ |Vi
Ù.kz&f~BC¥T<UGLAO<>D ��\^<X¥@?Ulh<

c(Hi) ≤ 2|Ei|−|Vi|+1−1
gu`OG

c(G) ≤∑p
i=1 2|Ei|−|Vi|+1 ≤ p ·max 2|Ei|−|Vi|+1  Ñ `kBC¥T<U`O< p QUGLD�=8GLET<>EFBO`¥@?�lh<¡Q>fRQ>¢S<U`yg±\^<¦¥@?�lh<~IÃGLAÏ<�?LQO¥

i
BC¥@?�B |Ei| ≤ n − 2p + 2

gkBC¥uMT`
max 2|Ei|−|Vi|+1 ≤ 2n−2p+1 gk?�ETW

p ≤ 22p−1 
J^¢S<�?�AC¢pf

∆ ≥ (2m)/n
KÜ*?�_h<X?Ðlh<>ACBO<.§

u
\²opBC¥vWN<>}0AO<U<

∆
?�ETW¡¢S<>B

uv
de<�BC¥T<�¢S<�?L`CB²MT`O<UWv<UWa}h<�?�B

u
g

?�ETWv¢S<>B
G′ = G− uv kz&f�MT`CopEN}�BC¥T<V?�AC}0MND5<>EuBO`[d8<.I£GLAO<0ga\^<Ê¥@?�lh<�BC¥@?�B

c(G) ≤ ∆

∆− 2
· c(G′) ≤ m

m− n · c(G
′) ≤ m

m− n ·
(
m− 1

n

)
· 2n =

(
m

n

)
· 2n. 2

2

Ñ `ª?ÏQUGLET`:<U×uMT<>ETQU<0g@duf~MT`CopEN}~PFBCopAC¢popEN}F� `²I£GLACDXMN¢°?ag@\^<Ê}h<>B
354 ´F¸ � ´ ¼ � � 7 � GXI G cDG(@d>8MOL�C ; k I6RKGYG8>�r � T_G2E

c(G) ≤
(
kn

n

)
· 2n ≤ (2ek)n.

m�CZE_>�GKn�M_G2E)I6Nlk fkC (n) ≤ f̂kC (n) ≤ (2ek)n.

� opBC¥ZD5GLAO<�Q�?�AO<.IÃMN¢kQ�?�¢SQ>MN¢°?�BCoSGLEÌgÌoÒI&\^<ÏB:?�_h<ÏopEuBOG¬QUGLET`CoSWN<>A:?�BCoSGLEÌgÌBC¥@?�B
∆ ≥ d(2m)/ne ?�ETWZoÒI&\^<`:<>=@?�A:?�BO<^BC¥T<#Q�?L`O<U`*\²¥T<>EÏ\^<#WN<>¢S<>BO<²?HQ>MNBç�«<UWa}h<0g0\^<&}h<>B*BC¥T<^IÃGL¢p¢SGy\²opEN}ÊBC¥T<UGLAO<>Dv � <^¢S<�?Ulh<#BC¥T<#WN<>B:?�op¢S<UW

=NAOGRG�I*IÃGLAªBC¥T<HIÃMN¢p¢Ìlh<>AO`CoSGLEÌ

354 ´F¸ � ´ ¼ � � 7
fkC (n) ≤ f̂kC (n) ≤

(√
16
3 · k

)n
≈ (2.3094 · k)n r

� 	 È� �$ "�
�ÈªËÐÎÐÉ5&� �*ÈªÎ(&NÇU"eË �cÇ¾ÍOÈnÎ5&
�*opAO`CBn\^<�WN<U`OQ>ACopde<Êqs?�BC_/.0`[�@QUGLET`CBCACMTQ>BCoSGLE�*,�aga�Z-·I£GLA

4
��AO<>}0MN¢°?�A[}0A:?�=N¥T`�

u ¸ ºc������»,�0�yÂ ¸ º v � 7�� M[S/S_CW>�G n = 2l + 1 @�E)J�ADC�E_>XI6R8M_A�I G @W> ; CZN<NgC � >�r m�C�EFEHGKA[I vi @�E)J vj = ; i − j
mod n =<>bC�EHG5C ; I^TaGbV�@�NoMFG8> {1,−1, l,−l} r
354 ´F¸ � ´ ¼ v � ØÃqs?�BC_/.0`ÚÙ87�� C�R�Q�RK@8SUT G J\G8>XA�R8= cDGKJ =^E m�C�E_>2I6R2M_A�I6=6CZE ����] ��GfTO@�VWG c(G) ≥ c ·κn ] � TaG2RDG
κ =<>pI^TaGbM
EF=hnXMFGbRKGK@ZN RKC[CZI C ; I^TaG0GKnXM_@ZI6=hC�E x3 − x2 − x− 1 = 0 ]�>�C κ ≈ 1.8392 r

�TGLA&?VQUGLET`CBCACMTQ>BCoSGLE�IÃGLA^BC¥T<nMNENoSGLE¦G�IÌB«\&GÐBCAO<U<U`�guB:?�_h<[BC¥T<n`Ú?�D5<n}0A:?�=N¥Ìga?�ETW�WN<>¢S<>BO<�?�Euf�B«\^GÐ<UWa}h<U`�
Ü#¥T<�d8GLMNETW¡AO<>D�?�opET`[<U`O`O<>EFBCo°?�¢p¢pf~BC¥T<X`:?�D5<5ØÃGLEN¢pf¦BC¥T<ÊQUGLET`CB:?�EuB

c
Q:¥@?�EN}h<U`ÚÙ.

u ¸ ºc������»,�0�yÂ ¸ º vUvx7 m�C�E_>XI6R8M_A�I G @W> ; C�N^NPC�� >BC�E n = 3n′ VWG2RXI6=6AYG2>�� a1, b1, c1, a2, . . . , an′ , bn′ , cn′ r
m�CZEFEHGKA�I bi I C ci @�E)J ai I C bi−1, ci−1, bi, ci � � T_G2RKG	��G:=6J\GXEUI6= ; k b0 I C bn′ @�EHJ c0 I C cn′ �/r � T
=?> Q�RK@8SUT
Ta@W> m = 5n′ = 5

3n GKJ[Q
G8>�r
� � �



�����[�O	�� �� �!	���� �[�Z�

3b4 ´u¸ � ´ ¼ v � 7�� CZR Q�Rt@2SUT G J\G2>XAXR2=hcYGKJ�=^E m�C�EF>2I6R2MaA�I6=hC�E � �Z] ��G:TO@�VWG c(G) ≥ 2m−n r
YH<.§RBH\^<ÏQUGLET`CBCACMTQ>B�?

2k
��AO<>}0MN¢°?�AÊDXMN¢pBCop}0A:?�=N¥Ìg·BC¥T<>E�?~`CopD�=N¢S<V}0A:?�=N¥Ìgc?�ETW�WN<>ACoplh<5?�QUGLET`CBCACMTQ>BCoSGLE

I£GLA²BC¥T<ÊMNENoSGLE¬G�I
k
BCAO<U<U`y

u ¸ º,�U���L»c�h�yÂ ¸ º v � 7 m�CZE_>2I6R2MaA[I G @W> ; C�N^NPC � >[r �)@���G k Sa@�RK@�N<NqG2N�GKJ[Q\G2>}cDGXI ��GYG2E vi @ZE)J vi + 1 @W> ��G2N^N
@W>5cDGXI ��GYG2E vn @�E)J v1 r
3b4 ´u¸ � ´ ¼ v � 7�� CZR Q�Rt@2SUT G J\G2>XAXR2=hcYGKJ�=^E m�C�EF>2I6R2MaA�I6=hC�E ���a] ��G:TO@�VWG c(G) = kn r
u ¸ º,�U���L»c�h�yÂ ¸ º v � 7 m�C�E_>XI6R8M_A�I G @W> ; C�N^NPC � >[r��}G I @���G l = n/(2k + 1) ADC2S)=hG2> C ; ADC�LfS)NqGXI�G0Q�RK@8SUT
K2k r � C�RbGK@\A2T�ADC8S)k AY@�N<NxI^TaG:TO@�N ; C ; I^TaG V�G2R2I6=hAYG8>pNqG ; I^]�I^TaGbC/I^TaG2R TO@�N ; R8=gQWT
I�r(m�C�EUEHGKA�I�I^T_G2L�AXk/AXNo=6AY@�N<Nok
@W> ; C�N^NgC � >Y] @/J/J�=^E
Q l EHG � VWG2RXI6=6AYG2> a1, a2, . . . , al r��FG2R2I�GDj ai =<>0AYC�EFEHGKA[I�GKJ�I C�I^TaG(NqG ; I�VWG2RXI6=6A8G8>dC ; I^T_G
i I^T�ADC8S)k�@�E)J I^TaGbR8=gQWT
I!VWG2RXI6=6A8G8>0C ; I^T_G (i− 1) I^T�ADC2S)k ��= ; i = 1 I^TaG2E`I^TaG l I^TBAYC8S)k��Zr
3b4 ´u¸ � ´ ¼ v � 7 � C�RBQ�RK@8SUT G J\G8>XA�R8= cDGKJ�=<E m�CZE_>2I6R2MaA[I6=6C�E �	��] ��GzTa@�VWG c(G) ≥

((
e · k2 · (2k −

2)!
)1/(2k+1)

)n
≈ (0.735 · k)n ]�= ; k =?>:Ng@�R6Q
G}G2E)C�MZQWT/]�@ZE)J c(G) ≥ 2.48n ]�= ; k = 3.

Ü#¥T<U`O<�B«\^G�QUGLET`CBCACMTQ>BCoSGLET`ª¥@?�lh<�BC¥T<Ê=NAOGL=e<>ACB«fhg@BC¥@?�BnWN<>¢S<>BCopEN}�?�EFf
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BC¥T<X`OMND�Ø7MNENoSGLE¾Ù[G�I
k
BCAO<U<U`�ge?�ETWvoÒIk\^<ÐWN<>¢S<>BO<Ï?�D�?�BOQO¥NopEN}¡G�Ik`Copt�<

k
BC¥T<>E�BC¥T<>f¡¥@?Ulh<Ð<U`O`O<>EuBCo°?�¢p¢pf¬BC¥T<

`:?�D5<±EFMNDXde<>A,G�ITQ>faQ>¢S<U`�cYH<.§RB·\&<K`C¥TGy\�`OGLD5<kQUGLET`OBCACMTQ>BCoSGLET`�g�\²¥T<>AO<±BC¥T<±}0A:?�=N¥X¥@?L`ÌD�?�Euf�|�?�D�op¢pBOGLENo°?�E
Q>faQ>¢S<U`�

u ¸ º,�U���L»c�h�yÂ ¸ º v � Ø ��<>ACdNET<>AÚÙ87 m�C�E_>XI6R8M_A�I�@ 3 � RDGhQ�MONP@�R QZRt@8S)T G @W> ; C�N^NPC � >[r � GXI H J\G2E)C/I�G K3,3 ��=6I^T
C�EHG�GKJ�Q\G�J\G2NqGXI�GKJ\r�m�@�N^N�CZEHGdVWG2RXI�GKj`C ; J\G Q�RKGYG�I �!Cz=<E H NgG ; I^]fI^TaG|CZI^T_G2RyVWG2RXI�GKj C ; J\GhQ�RDGDG�I �!Cz=^E H
R2=PQWTOI�r �)@���G n/6 ADC8SH=hG8>fC ; H ] @ZE)J5AYC�EFEHGKA[I I^T_G2L AXk/AXNo=6AY@�N<Nok � ��G S)MaI @ZEBGKJ�Q\G:cDGXI ��GDGXE I^TaG R8=gQWT
I VWG2RXI�GKj
C ; I^T_G i I^TzADC8S)kB@�E)J�I^TaG5NqG ; I!V�G2R2I�GDj�C ; I^T_G (i + 1) I^TiADC2S)k � @�E)J�@�Nl>XC cDG�I ��GDG2E{I^T_G5R8=gQWT
I�VWG2RXI�GKj�C ; I^TaG
n I^TBAYC8S)k|@ZE)JdI^T_GpNqG ; I!V�G2R2I�GDjBC ; I^TaG�
�R8>2I�AYC8S)k��Zr
3b4 ´u¸ � ´ ¼ v � Ø ��<>ACdNET<>AÚÙ87 � C�R(QZRt@8S)T G J\G8>XA�R8= cDGKJ =<E m�C�E_>XI6R8M_A�I6=hC�E ���] ��G TO@�V�G h(G) ≥ 4n/6 ≈
1.2599n r
u ¸ º,�U���L»c�h�yÂ ¸ º � � 7 m�C�EF>2I6R2MaA�I @ 4 � RDGhQ�MONP@�RpQ�RK@8SUT G @W> ; C�N^NPC�� >�r � G�I H J\GXE)CZI�G K4,4 ��=6I^TBCZEHG}GKJ[Q\G
J\G2NqGXI�GKJ
r m�@�N^N�C�EHG VWGXR2I�GKj C ; J\G Q�RKGYG I^T\RDGDG|=^E H NqG ; I^]:I^TaGBC/I^TaG2RdV�G2R2I�GDj C ; J
GhQ�RDGDG I^T
RKGDGB=<E H R8=gQWT
I�r
�)@���G n/8 AYC8S)= G8>dC ; H ] @�E)JzADC�EFE%GKA�I I^T_G2L AXk/AXNo=6AY@�N<Nok � ��G S)MOI @�E�GKJ�Q\G�cDGXI ��GDG2E I^TaGyR2=PQWTOI�VWG2RXI�GKj�C ;
I^TaG i I^TBADC2S)kd@�E)JdI^TaG:NqG ; I�VWG2RXI�GKj|C ; I^TaG (i+ 1) I^T ADC8SHk�� @�EHJy@�Nl>XC cYGXI ��GDG2E`I^TaGpR8=gQWT
I�VWG2RXI�GKj�C ; I^T_G n I^T
ADC8SHk|@�E)J I^TaGbNqG ; I�VWG2RXI�GKjBC ; I^T_G�
!RY>XI�ADC8SHk �/r
3b4 ´u¸ � ´ ¼ � � 7�� CZR Q�Rt@2SUT G J\G2>XAXR2=hcYGKJ�=^E m�C�EF>2I6R2MaA�I6=hC�E � ��] ��G:TO@�VWG h(G) ≥ 36n/8 ≈ 1.5651n r

� <�QUGLETQ>¢pMTWN<�\²opBC¥vB«\&G�QUGLE��C<UQ>BCMNAO<U`�

u ¸ º�� ´ �0�y»,� ´ � v%7f9<;
G =?> 4 � RKGhQZM
Ng@�R}I^TaG2E c(G) ≤ 1.99n r

u ¸ º�� ´ �0�y»,� ´ �U� 7f9<;
G =?> 4 � RKGhQZM
Ng@�R}I^TaG2E h(G) ≤ 1.8n r
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� ; RDGDG t � Ly@ZI AXT\=<EOQ oÒI^opBÊoS`X? t ��D�?�BOQO¥NopEN}"BC¥@?�B�QUGLEuB:?�opET`XETG Kt,t
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t
��D�?�BOQ:¥NopEN}h`�gs?�ETW Ü#¥T<UGLAO<>D �¡?�¢S`OG¡?�=N=N¢poS<U`ÊBOG

Kt,t
�£I7AO<U<

t
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Ü#¥T<UGLAO<>D���?�¢S`OG5<.§aBO<>ETW¡BOG
Kt,t
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t
��D�?�BOQ:¥NopEN}h`�

Ü#¥NoS`�=@?�=e<>A~oS`~GLAC}u?�ENopt�<UW ?L`�IÃGL¢p¢SGy\ª`�ã®«E PR<UQ>BCoSGLE �agª\^<"}0oplh<"`OGLD5<�WN< â ENopBCoSGLET`¡GLE
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�£IÃAO<U<
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�

D�?�BOQ:¥NopEN}h`�g ��MND�=¬`OfR`CBO<>D5`[?�ETW �v�«QUGLETQ�?�lh<ÊIÃMNETQ>BCoSGLET`�K®]E�PR<UQ>BCoSGLET` �5?�ETWB�TgN\&<Ê}0oplh<XGLMNBC¢popET<U`[G�I*BC¥T<
=NAOGRG�I£`ªG�IsÜ#¥T<UGLAO<>D5` �5?�ETWB�TgaAO<U`C=e<UQ>BCoplh<>¢pfh

� � $��ÏÎVÍCÇ¾ÍOÈªÎ(&
bc<>B

G = (V,E)
de<�?�`CopD�=N¢S<¬MNETWaopAO<UQ>BO<UW{}0A:?�=N¥�\²opBC¥{lh<>ACBO<.§ `O<>B

V
?�ETW <UWa}h<�`O<>B

E
 Ñ E <UWa}h<

QUGLENET<UQ>BCopEN}
u, v ∈ V

oS`5WN<>ETGLBO<UW3dFf
(u, v)

 ~n<UQ�?�¢p¢nBC¥@?�B5BC¥T<¬`O<>B�G�I�<UWa}h<U`5opETQ>oSWN<>EFB�BOG
v ∈ V

oS`
WN<>ETGLBO<UW�dFf

δv
 Ñ Q>fRQ>¢S<

C
oS`¡?¯`OMNdN}0A:?�=N¥�QUGLET`OoS`CBCopEN}¤G�IÐWaoS`CBCopETQ>B¦lh<>ACBCoSQU<U`

v1, . . . , vl
?�ETW <UWa}h<U`

(v1, v2), . . . , (vl−1, vl), (vl, v1)
 Ñ Q>fRQ>¢S<

C
oS`HG�I7BO<>E�WN<>ETGLBO<UW¬dFf

C = (v1, v2, . . . , vl)
?�ETW"BC¥T<�¢S<>EN}0BC¥

G�I
C
oS`&WN< â ET<UW�dFf

l
guBC¥T<nEuMNDXde<>A²G�IÌopBO`^<UWa}h<U`y��TGLA#?X`CMNdN}0A:?�=N¥

H
G�I
G
gFBC¥T<nlh<>ACBO<.§�`O<>B#?�ETW�<UWa}h<H`O<>B

G�I
H
?�AO<ÊWN<>ETGLBO<UW¡dFf

V (H)
?�ETW

E(H)
gNAO<U`C=e<UQ>BCoplh<>¢pfh��TGLAn?Ð=eG0`CopBCoplh<HopEuBO<>}h<>A

t
gT?�Ev<UWa}h<Ê`O<>B

M ⊆ EoS`�`Ú?�oSW¯BOG�de<~?
t � Ly@ZI A2T\=^E
Q oÒI |M ∩ δv| ≤ t

I£GLAÏ<>lh<>ACf
v ∈ V
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lh<>ACBO<.§R�«WaoS` �CGLopEuBÊQUGL¢p¢S<UQ>BCoSGLEZG�Is=@?�BC¥T`�?�ETW¬Q>faQ>¢S<U`���TGLA�?�E¬opEFBO<>}h<>A
k
ge?�E"<UWa}h<X`:<>B

M ⊆ E
oS`�?

Ck �
; RDGDG

2 � L}@/I A2T\=^E
Q oÒI M oS`Ð?
2
��D�?�BOQ:¥NopEN}ZBC¥@?�BÐQUGLEFB:?�opET`VETG"Q>fRQ>¢S<�G�Iª¢S<>EN}0BC¥

k
GLAX¢S<U`O`Ï?L`Ï?v`CMNdN}0A:?�=N¥Ìv®]E
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G
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��D�?�BOQO¥NopEN}~oS`ªQ�?�¢p¢S<UW¬? >�nXMa@ZRKG � ; RDGDG 2 � Ly@ZI A2T\=^E
Q bÌ<>B

V
de<"? â ENopBO<"`O<>B� �@GLA

u ∈ V
g#\^<�WN<>ETGLBO<"duf

χu
BC¥T< A2TO@�RK@/A�I�G2R2=<>2I6=hA�VWGKA�I CZR G�I u g#\²opBC¥

χu(u) = 1
?�ETW

χu(v) = 0
IÃGLA

v ∈ V \ {u} 0�TGLA x, y ∈ ZV
gÌ?~lh<UQ>BOGLA

s ∈ ZV
oS`ÊQ�?�¢p¢S<UW�?�E

(x, y) �

=^E)AXRDG2LdG2EUI oÒI x(u) < y(u)
?�ETW

s = χu
I£GLA�`OGLD5<

u ∈ V gcGLA x(u) > y(u)
?�ETW

s = −χu
I£GLAX`OGLD5<

u ∈ V  Ñ ETGLET<>D�=NB]fZ`:<>B
J ⊆ ZV

oS`�`:?�oSW�BOG~d8<�? �8MOLfS >8kW>XI�G2L oÒI^opB�`Ú?�BCoS` â <U`�?�E <.§aQ:¥@?�EN}h<5?�§RoSGLDvg
Q�?�¢p¢S<UW�BC¥T<

2 � >2I�G�S�@[j�=hC�L 1[IÃGLA�?�EFf x, y ∈ J ?�ETW�IÃGLA�?�Euf
(x, y)

��opETQ>AO<>D5<>EFB
s
\²opBC¥

x + s 6∈ J g·BC¥T<>AO<<.§aoS`CBO`n?�E
(x+ s, y)

��opETQ>AO<>D5<>EuB
t
`CMTQ:¥vBC¥@?�B

x+ s+ t ∈ J Ñ `:<>B
J ⊆ ZV

oS`n? ADC�EF>2I @�EUI � Sa@�R2=^I6kd>8kW>2I�GXL oÒI ∑
v∈V (x(v) − y(v)) oS`n<>lh<>E¡IÃGLAn?�EFf x, y ∈ J ��TGLAQUGLET`OB:?�EuBç��=@?�ACopB«f ��MND�=¬`OfR`CBO<>D5`yg '@F�# ��<U<>¢S<>E¬GLdT`O<>AClh<UW¬?5`CBCAOGLEN}h<>An<.§NQO¥@?�EN}h<Ê=NAOGL=e<>ACB«f%1

����� u	� �@GLAX?�Euf
x, y ∈ J ?�ETW�I£GLA�?�Euf (x, y)

��opETQ>AO<>D5<>EFB
s
g¾BC¥T<>AO<�<.§aoS`CBO`�?�E

(x + s, y)
��opETQ>AO<>D5<>EFB

t`CMTQ:¥vBC¥@?�B
x+ s+ t ∈ J ?�ETW y − s− t ∈ J 

Ü#¥NoS`k=NAOGL=8<>ACB]fÏQ:¥@?�A:?LQ>BO<>ACopt�<U`^?�QUGLET`CB:?�EFBç��=@?�ACopB«f �çMND�=5`Cfa`CBO<>DvgLBC¥@?�BkoS`�gh?HETGLET<>D�=NB]fÏ`:<>B*oS`^?[QUGLET`OB:?�EuBç�
=@?�ACopB]f ��MND�=v`OfR`CBO<>D oÒIk?�ETWvGLEN¢pf~oÒI*opBª`Ú?�BCoS` â <U`XØÃi�
[J²ÙXØÃ`O<U<}*,�Z�W-·I£GLAªWN<>B:?�op¢S`ÚÙ.

Ñ QUGLET`CB:?�EFBç��=@?�ACopB«f ��MND�= `Cfa`CBO<>D oS`Ê?�}h<>ET<>A:?�¢popty?�BCoSGLE�G�I&BC¥T<Ðd@?L`O<�I�?�D�op¢pf"G�I#?�D�?�BCAOGLoSW·gÌ?�E <>lh<>E
WN<>¢pB:?���D�?�BCAOGLoSW{*,�Z�NgF�Z��-«gT?�ETWv?Ðd@?L`O<�=eGL¢pfF¥T<UWaAOGLE"G�Is?�E¡opEuBO<>}0A:?�¢,=8GL¢pfRD�?�BCAOGLoSW·kÜ#¥T<ÊWN<>}0AO<U<�`:<U×uMT<>ETQU<U`
G�I±?�¢p¢·`CMNdN}0A:?�=N¥T`#opEv?�E~MNETWaopAO<UQ>BO<UW¦}0A:?�=N¥v?�AO<Ê?VB«fR=NoSQ�?�¢Ì<.§N?�D�=N¢S<�G�I*?ÐQUGLET`CB:?�EFBç��=@?�ACopB«f��çMND�=¦`OfR`CBO<>Dv
Ü#¥@?�BsoS`�gyI£GLAs?ª}0A:?�=N¥

G = (V,E)
g
JSG(G) = {dF | F ⊆ E}

oS`*?[QUGLET`CB:?�EFBç��=@?�ACopB«f ��MND�=Ï`Cfa`CBO<>D *,�agW�Z�W-«
Ü#¥T<¦`O<>BÐG�IH?�¢p¢#WN<>}0AO<U<~`:<U×uMT<>ETQU<U`ÏG�I
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��D�?�BOQO¥NopEN}h`�g^GLA

J2(G)
gkoS`XBC¥T<�opEuBO<>AO`O<UQ>BCoSGLE¨G�I

JSG(G)
?�ETW¤?

deGU§ {0, 1, 2}V g@?�ETW¬¥T<>ETQU< J2(G)
oS`H? �çMND�=¬`Cfa`CBO<>Dv^|HG�\&<>lh<>A�g¾Ü#¥T<UGLAO<>D5`0�X?�ETWi�5?�AO<�ETGLB[GLdulRoSGLMT`

`OopETQU<�BC¥T<�?LWNWaopBCoSGLE@?�¢,QUGLETWaopBCoSGLE~Ô
Ck
�£I7AO<U<.Õ[D�?�_h<U`²BC¥T<�`CopBCM@?�BCoSGLE¡D5GLAO<ÊQUGLD�=N¢poSQ�?�BO<UW¡\²¥T<>E

k ≥ 3
Ká[MNA

QUGLEFBCACopdNMNBCoSGLE"oS`ªBOG5`C¥TG�\ ¥TG�\ BOG�WN<�?�¢Ì\²opBC¥¬BC¥NoS`nQUGLETWaopBCoSGLEv\²¥T<>E
k = 4

?�ETWvBC¥T<Ê}0A:?�=N¥voS`²dNop=@?�ACBCopBO<0
Ñ E R � ADCZE)AD@�VWG Ø R � AYC�EFVWGKj Ùf; MOE)A�I6=hC�E+C�E @iAYC�E_>2I @ZEUI � Sa@ZR8=6I6k �2MOL S >2k�>XI�G2L oS`Ð?v×FM@?�EuBCopB:?�BCoplh<~<.§F�

BO<>ET`OoSGLE¬G�I±? �çMND�=¬`Cfa`CBO<>DvgR\²¥NoSQO¥"oS`n?Ð}h<>ET<>A:?�¢popty?�BCoSGLE"G�Isl0?�¢pM@?�BO<UW¡D�?�BCAOGLoSWN`b* �agx�Z�X-«gal0?�¢pM@?�BO<UWvWN<>¢pB:?��
D�?�BCAOGLoSWN`B*g� ��-«g±?�ETW��v�«QUGLETQ�?�lh< Ø6�v�«QUGLEFlh<.§TÙÊI7MNETQ>BCoSGLET`ÏGLE¯d@?L`O<�=eGL¢pfR¥T<UWaA:? *,�W�@g �Z��-«��TGLA

J ⊆ ZV
g

� ���
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\^<~Q�?�¢p¢
f : J → R

?�E R � ADCZE)AD@�VWG ; MOE)A�I6=hC�E+C�E�@�ADC�EF>2I @�EUI � Sa@�R2=^I6k �2M
LfS+>8kW>XI�G2L oÒIªopBV`:?�BCoS` â <U`XBC¥T<
I£GL¢p¢SG�\²opEN}�<.§NQO¥@?�EN}h<V?�§RoSGLD 1
� A < � � u	� �TGLA[?�Euf

x, y ∈ J ?�ETW¡IÃGLAn?�EFf (x, y)
��opETQ>AO<>D5<>EuB

s
gaBC¥T<>AO<Ê<.§aoS`CBO`n?�E

(x+ s, y)
��opETQ>AO<>D5<>EuB

t
`CMTQO¥¬BC¥@?�B

x+ s+ t ∈ J g y − s− t ∈ J gT?�ETW f(x) + f(y) ≤ f(x+ s+ t) + f(y − s− t) 
®]BXWaopAO<UQ>BC¢pf�IÃGL¢p¢SGy\ª`ÊIÃAOGLD Ø6�¬�«i�
[J²Ù�BC¥@?�B

J
`:?�BCoS` â <U`�ØÃi�
[J²Ù.g*?�ETW ¥T<>ETQU<

J
oS`X?vQUGLET`CB:?�EuBç��=@?�ACopB]f

�çMND�="`Cfa`CBO<>Dv � <XQ�?�¢p¢s?ÏIÃMNETQ>BCoSGLE
f : J → R

?�E R � AYC�EFVWGKj ; MOE)A�I6=hC�E oÒI −f oS`[?�Ei�v�«QUGLETQ�?�lh<�IÃMNETQ.�BCoSGLE�GLE�?¦QUGLET`CB:?�EFBç��=@?�ACopB«f �çMND�=�`Cfa`CBO<>Dv0�v�«QUGLETQ�?�lh<�IÃMNETQ>BCoSGLET`�GLE�QUGLET`CB:?�EFBç��=@?�ACopB«f �çMND�=�`Cfa`CBO<>D5`
?�=N=e<�?�A�opE�D�?�Euf QUGLDVdNopE@?�BOGLACo°?�¢&GL=NBCopD�opty?�BCoSGLE¯=NAOGLdN¢S<>D5`V`CMTQ:¥¯?L`ÊBC¥T<�\&<>op}0¥uBO<UW¯D�?�BOQO¥NopEN}"=NAOGLdN¢S<>Dvg
BC¥T<�D�opET`O×FM@?�AO<[I£?LQ>BOGLA²=NAOGLdN¢S<>D *g�X-«gN?�ETW¦BC¥T<H\^<>op}0¥FBO<UW¬<>lh<>E¦I�?LQ>BOGLA#=NAOGLdN¢S<>D�opE¡GFWNWR�«Q>faQ>¢S<.�«`CfRD�D5<>BCACoSQ
Waop}0A:?�=N¥T`�*,�ag��ag��a�2-«3PRGLD5<¦=NAOGL=e<>ACBCoS<U`�G�I:�¬�«QUGLETQ�?Ulh<¦IÃMNETQ>BCoSGLET`�?�AO<¡opEFlh<U`CBCop}u?�BO<UW¨opE *g� �ag�����-«g#?�ETW
<���Q>oS<>EuBª?�¢p}hGLACopBC¥ND5`^I£GLAKD�?�§aopD�optUopEN}�?�E|�v�«QUGLETQ�?�lh<[I7MNETQ>BCoSGLE¦GLE¦?XQUGLET`CB:?�EuBç��=@?�ACopB]f �çMND�=�`OfR`CBO<>D ?�AO<
}0oplh<>EvopE *,�Z�agF�a��-«
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Ü#¥NoS`²`O<UQ>BCoSGLE¡oS`²WN<>lhGLBO<UW¡BOGÐBC¥T<�=NAOGRG�I*G�IsÜ#¥T<UGLAO<>D��a��*opAO`CB�ga\^<Ê`C¥TGy\ BC¥T<�¢°?�BCBO<>A²¥@?�¢ÒI*G�I*BC¥T<�BC¥T<UGLAO<>D
dufÏ=NAO<U`O<>EFBCopEN}Ï?�E~<.§N?�D�=N¢S<[G�Ic?�dNop=@?�ACBCopBO<ª}0A:?�=N¥

G
`CMTQ:¥�BC¥@?�B

Jk(G)
oS`KETGLB^? �çMND�=�`Cfa`CBO<>D I£GLA

k ≥ 6


J&GLET`CoSWN<>A¦?�dNop=@?�ACBCopBO<v}0A:?�=N¥
Ck = (Vk, Ek)

QUGLET`CoS`OBCopEN}�G�IX?ZQ>fRQ>¢S<
(v1, v2, v3, . . . , vk)

 ;�< â ET<
x, y ∈ ZVk

duf
x(v1) = x(v2) = 1

g
x(v) = 2

I£GLA
v ∈ Vk \ {v1, v2}

g
y(v4) = y(v5) = 1

gª?�ETW
y(v) = 2

I£GLA
v ∈ Vk \ {v4, v5}

�Ü#¥T<>EÌgcI£GLAX?�E�<>lh<>E�opEuBO<>}h<>A
k ≥ 6

g
x, y ∈ Jk(Ck)

?�ETW
s = χv2

oS`
?�E

(x, y)
��opETQ>AO<>D5<>EuB�g8dNMNBnBC¥T<>AO<V<.§RoS`CBO`ªETG

(x+ s, y)
��opETQ>AO<>D5<>EuB

t
`CMTQO¥"BC¥@?�B

x+ s+ t ∈ Jk(Ck)
?�ETW

y − s− t ∈ Jk(Ck)
±Ü#¥FMT`�gaI£GLA[?�Ev<>lh<>EvopEFBO<>}h<>A

k ≥ 6
g
Jk(Ck)

oS`#ETGLB[? �çMND�=v`Cfa`CBO<>Dv
� <ÊETGy\ I£GFQ>MT`ªGLE¡BC¥T< â AO`CB²¥@?�¢ÒIkG�IsÜ#¥T<UGLAO<>D��a1

� � ¸ @ ¸ �yÂÄ�yÂ ¸ º � 7 � C�Rb@ZEFk|c2= Sa@�RXI6=^I�G Q�RK@8SUT G ] J4(G) =<>p@|ADC�EF>2I @�EUI � Sa@�R2=^I6k��8MOLfSi>2kW>2I�G2Ldr
®]EvBC¥T<�AO<U`OBnG�I±BC¥NoS`n`O<UQ>BCoSGLEÌg¾\^<X=NAOG�lh<XqkAOGL=8G0`CopBCoSGLE`�ÏdFf~=NAO<U`:<>EuBCopEN}¡?�E�?�¢p}hGLACopBC¥NDÛIÃGLA â ETWaopEN}¦?�E

(x + s, y)
��opETQ>AO<>D5<>EuB

t
`:?�BCoS`CI7fRopEN}ZØÃi 
[J²ÙnIÃGLA�}0oplh<>E

x, y ∈ J4(G)
?�ETW

(x, y)
��opETQ>AO<>D5<>EuB

s
�®]EZ\²¥@?�B

I£GL¢p¢SG�\ª`�g@\^<XQUGLET`OoSWN<>AnBC¥T<XQ�?L`:<�\²¥T<>AO<
s = −χu

\²opBC¥
u ∈ V1

^Ü#¥T<VGLBC¥T<>A[Q�?L`O<U`[Q�?�E¬de<�WN<�?�¢pBn\²opBC¥"opE
?Ï`CopD�op¢°?�Aª\#?Ufh
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	��������������	������
®]E¡BC¥NoS`ª`CMNdT`O<UQ>BCoSGLEÌgN\&<Ê=NAO<>=@?�AO<V?�EvGL=e<>A:?�BCoSGLE�?�ETWv?�ETGLBCoSGLEvBC¥@?�Bª\²op¢p¢Ìde<�MT`O<UW¦opE¬GLMNAn?�¢p}hGLACopBC¥NDv
> ´�� º*Â°�yÂ ¸ º � 7 � GXI C = (v1, v2, v3, v4) cDG @0AXk/AXNgG C ; NgG2EOQZI^T ; C�MOR =^E G = (V1, V2;E) ��=6I^T v1, v3 ∈ V1

@�E)J v2, v4 ∈ V2 r PF¥NACopEN_FopEN} C ; C =^E G ADCZE_>8=<>2I^> C ; I^TaG ; C�N<NgC ��=^E
QbC2S_G2RK@ZI6=6CZE_>�� =6J
G2EUI6= ; k v1 ��=6I^T v3 ] @ZE)J
J\G2EHCZI�G}I^TaGyADC�R2RKG8>�SaC�E)JZ=<E
Q�VWG2RXI�GKj�c2k u1 ] =6J
G2EUI6= ; k v2 ��=6I^T v4 ] @�E)JBJ\G2EHCZI�G}I^TaGdADC�R2RKG2> SaC�EHJ�=<EOQ VWGXR2I�GKj
c2k u2 ]�@�E)J =hJ\G2EUI6= ; k @�N^N GKJ[Q\G2>0cDGXI ��GDGXE u1 @�E)J u2 r 9 E`I^TaG(C\c�I @�=<E%GKJ}Q�RK@8SUT/] I^TaG0GKJ[Q\GycYGXI ��GDG2E u1 @ZE)J
u2 ADC�R2RKG2> SaC�EHJ�=<EOQ�I C E(C) =<>bAD@�N^NgGKJB@ `O×FM@?�AO<.�«<UWa}h< r

bÌ<>B
C1, C2, . . . , Cp

d8<�<UWa}h<�WaoS` �çGLopEFBXQ>faQ>¢S<U`�G�I&¢S<>EN}0BC¥�IÃGLMNA�gc?�ETW�¢S<>B
G◦ = (V ◦1 , V

◦
2 ;E◦)

de<ÏBC¥T<
}0A:?�=N¥�GLdNB:?�opET<UW5I7AOGLD

G = (V1, V2;E)
dFf�`C¥NACopEN_FopEN}

C1, C2, . . . , Cp
*Y[GLBO<ªBC¥@?�B

G◦
D�op}0¥FBk¥@?Ulh<[`OGLD5<

=@?�A:?�¢p¢S<>¢Ì<UWa}h<U`�gR\²¥T<>AO<�?L`
G
WNGF<U`&ETGLB���TGLA

F ◦1 , F
◦
2 ⊆ E◦

gR¢S<>B
F ◦1 \F ◦2

WN<>ETGLBO<[BC¥T<HMT`CM@?�¢·Wao��·<>AO<>ETQU<Ê`O<>B
G�I
F ◦1

?�ETW
F ◦2
gN?�ETW¦¢S<>B

F ◦1 − F ◦2
WN<>ETGLBO<�BC¥T<Ê`O<>B²G�Is?�¢p¢·<UWa}h<U`

e ∈ F ◦1
`CMTQO¥¡BC¥@?�B#ETGÏ=@?�A:?�¢p¢S<>¢Ì<UWa}h<ÊG�I

eoS`²opE
F ◦2


��� �



� �Z� ����������� z�
	��H������ � �,2"�T110>476@) �&��+
���3���'�

®�IÏ?�E�<UWa}h< `:<>B
L◦ ⊆ E◦

oS`¡GLdNB:?�opET<UW{IÃAOGLD
L ⊆ E

duf{`C¥NACopEN_FopEN}
C1, C2, . . . , Cp

`CMTQO¥ BC¥@?�B
|E(Ci) ∩ L| = 3

I£GLA
i = 1, 2, . . . , p

gK\&<¡`:?UfÖBC¥@?�B
L◦

oS`�BC¥T< >8T\R8MOE�� GKJ[Q\G >�G�I G�I L g^?�ETW L oS`�?�E
GDj8Sa@�E)J
GKJ�GKJ[Q
Gb>�GXI G�I L◦ ±YHGLBO<ÊBC¥@?�BªBC¥T<Ê`C¥NACMNEN_¡<UWa}h<�`:<>B L◦ QUGLEuB:?�opET`�?�¢p¢Ì`O×FM@?�AO<.�«<UWa}h<U`ªopE G◦ ®«E~?�`C¥NACMNEN_�}0A:?�=N¥

G◦
gR? >XnXM_@�RDG oS`&?XQ>fRQ>¢S<[G�Ie¢S<>EN}0BC¥�I£GLMNAK\²¥TG0`O<[QUGLACAO<U`C=8GLETWaopEN}Ï<UWa}h<U`^opE G IÃGLACD

?"Q>faQ>¢S<~G�Iª¢S<>EN}0BC¥ÖI£GLMNA�"®]EÖ=@?�ACBCoSQ>MN¢°?�A�gK?¬`:×uM@?�AO<~QUGLEuB:?�opET`ÏETGZ`O×FM@?�AO<.�«<UWa}h<U`� á[dulRoSGLMT`C¢pfhg±\²¥T<>E©\^<
`O¥NACopEN_�ETG5<UWa}h<U`ygaBC¥@?�BªoS`

G◦ = G
g@?Ï`:×uM@?�AO<�oS`ª<.§T?LQ>BC¢pf¡?ÏQ>fRQ>¢S<ÊG�Is¢S<>EN}0BC¥¡I£GLMNA� � <Ê`:?Uf~BC¥@?�B[?�Ev<UWa}h<

`:<>BªopE
G◦

oS` >�nXMa@ZRKG � ; RDGDG oÒIsopBªQUGLEuB:?�opET`[ETG�`O×FM@?�AO<0®«E~\²¥@?�B^IÃGL¢p¢SGy\ª`�ga\^<�G�IÃBO<>E~WN<>ETGLBO<�?V`C¥NACMNEN_5}0A:?�=N¥¦duf
G = (V1, V2;E)

BOGÏ`CopD�=N¢poÒIÃf5BC¥T<[ETGLB:?�BCoSGLEÌ
á[MNA±?�¢p}hGLACopBC¥ND BOG â ETWÐ?�E

(x+s, y)
��opETQ>AO<>D5<>EuB

t
`Ú?�BCoS`çI7fRopEN}ÐØÃi 
[J²Ù.gy\²¥NoSQ:¥ÐoS`*WN<U`OQ>ACopde<UW�opE5PR<UQ>BCoSGLE0�a,�ag

_h<U<>=T`V?�BCACop=N¢S<
(M,N, u)

G�I
M,N ⊆ E

?�ETW
u ∈ V1 ∪ V2

`:?�BCoS`çIÃfFopEN}v?¦QU<>ACB:?�opE�QUGLETWaopBCoSGLEÌ � <ÏETG�\
WN<U`:Q>ACopd8<ÊBC¥NoS`nQUGLETWaopBCoSGLEÌ
> ´�� º*ÂÄ�yÂ ¸ º � 7 � C�R I �!C|GKJ[Q\G:>�G�I^> M,N ⊆ E @�E)Jd@}VWG2RXI�GKj u ∈ V1 ∪ V2 ] ��G >�@�k}I^TO@ZI (M,N, u) =?> ?`:<>D�oÒ� ����D�?�BOQO¥NopEN}¡BCACop=N¢S< = ; M @�E)J N @�RKG(>XnXM_@�RDG � ; RKGYG8] cKCZI^T�C ; I^TaG2L ADC�E)I @�=<E @ZN<N >XnXM_@�RDG � GKJ�Q\G8>y=^E G ]
@ZE)J�C�EHG5C ; I^TaG ; CZN<NgC ��=^E
Q}TaC�NPJ�>��
• M @�E)J N @�RDG � � Ly@ZI A2T\=^E
QW>[r
• u ∈ V1 ] N =<>p@ � � L}@/I A2T\=^E
QW] dN (u) ≤ 1 ] dM (v) ≤ 2

; C�R v ∈ (V1 ∪ V2) \ {u} ]�@ZE)J dM (u) = 3 r
• u ∈ V2 ] M =<> @ � � Ly@ZI AXT\=<EOQW] dM (u) ≤ 1 ] dN (v) ≤ 2

; C�R v ∈ (V1 ∪ V2) \ {u} ]�@�E)J dN (u) = 3 r
�TGLAÐ?¬`O<>D�oÒ� ����D�?�BOQO¥NopEN}ZBCACop=N¢S<

(M,N, u)
opE
G
?�ETW¯B«\^G"lh<UQ>BOGLAO`

x, y ∈ {0, 1, 2}V1∪V2
g
(x, y)

oS`
BC¥T< >�G2L0= � J\G Q�RKGYG G�I (M,N, u)

oÒIs<>opBC¥T<>AÏØ7oÄÙ
u ∈ V1

g
dM − χu = x

g@?�ETW
dN + χu = y

g@GLAVØ7opoÄÙ
u ∈ V2

g
dM + χu = x

gÌ?�ETW
dN − χu = y

 � <�WN<>ETGLBO<Ïduf SG(x, y)
BC¥T<�`O<>BÊG�I#?�¢p¢k`:<>D�oÒ� ����D�?�BOQO¥NopEN}¬BCACop=N¢S<U`

\²¥TG0`:<�`O<>D�oÒ�«WN<>}0AO<U<�oS`
(x, y)

g@?�ETWvGLD�opBnBC¥T<Ê`CMNdT`OQ>ACop=NB
G
\²¥T<>EvETG�QUGLEaI7MT`OoSGLEv\²op¢p¢,?�ACoS`O<0

> ´�� º*ÂÄ�yÂ ¸ º � 7�� C�R (M1, N1, u1), (M2, N2, u2) ∈ S(x, y) ] ��G5>X@�k|I^TO@ZI (M1, N1, u1) =<> ?LW �C?LQU<>EFB I C
(M2, N2, u2) = ; I^TaG2kd>X@ZI6=<> ; kdC�EHG(C ; I^TaG ; C�N^NPC ��=^E
Q ADC�E)J�=6I6=hC�E_>��
• u1 ∈ V1 ] (u1, u2) ∈M1 −N1 ] M2 = M1 \ {(u1, u2)} ]�@ZE)J N2 = N1 ∪ {(u1, u2)} r
• u1 ∈ V2 ] (u1, u2) ∈ N1 −M1 ] M2 = M1 ∪ {(u1, u2)} ]�@ZE)J N2 = N1 \ {(u1, u2)} r
� <¦`:?Uf�BC¥@?�B

(M,N, u) ∈ S(x, y)
oS` @/A�I6=^VWG gkoÒI u ∈ V1

?�ETW
dM (u) > dN (u)

g^GLA
u ∈ V2

?�ETW
dM (u) < dN (u)

 Ñ `O<>D�oÒ� ����D�?�BOQ:¥NopEN}¤BCACop=N¢S<
(M,N, u) ∈ S(x, y)

oS` >2I @\cXNgG oÒI M ?�ETW
N
?�AO<z���

D�?�BOQ:¥NopEN}h`�?�ETW |dM (u) − dN (u)| ≤ 1
 Ü#¥NoS`¡opET<U×FM@?�¢popB«f�D5<�?�ET`¬BC¥@?�B

χu
GLA −χu g�`:?Uf t

g[oS`¬?�E
(x, y)

��opETQ>AO<>D5<>EuBÊ`CMTQ:¥vBC¥@?�B
dM = x+ t

?�ETW
dN = y − t 

� ��� �
	��������	� 	 �
	
����� � ������ ���

®]E BC¥NoS`v`O<UQ>BCoSGLEÌgH\&< }0oplh<�?©QUGLET`CBCACMTQ>BCoplh< =NAOGRG�IVI£GLAvq±AOGL=eG0`CopBCoSGLE �a ��GLAO<Z=NAO<UQ>oS`O<>¢pfhgH\^< }0oplh<�?�E
?�¢p}hGLACopBC¥ND IÃGLA â ETWaopEN}¬<UWa}h<5`O<>BO`

M ′, N ′
?�ETW�?�E

(x + s, y)
��opETQ>AO<>D5<>EuB

t
`CMTQO¥�BC¥@?�B

M ′
?�ETW

N ′
?�AO<

`:×uM@?�AO<.�£IÃAO<U<b����D�?�BOQO¥NopEN}h`yg
dM ′ = x+ s+ t

gT?�ETW
dN ′ = y − s− t 

� 7?v%7 � � @k¹*�a�yÂÃº
4�� � ´ ¼�Â <2v < ¼��a��� 4 ÂÃº�4Z����Â @s¿ ´
®]E{BC¥NoS`~`OMNdT`O<UQ>BCoSGLEÌgª\&<�QUGLET`OoSWN<>A¡?�=NAOGRQU<UWaMNAO<�G�I�MN=eWT?�BCopEN}¨?�}0oplh<>E `O<>D�oÒ� ����D�?�BOQ:¥NopEN}¨BCACop=N¢S<�opE�?
`O¥NACMNEN_v}0A:?�=N¥

G = (V1, V2;E)
g¾\²¥NoSQO¥ZoS`[?�`CMNdNAOGLMNBCopET<ÏG�IkGLMNA[D�?�opE ?�¢p}hGLACopBC¥NDv ~[GLMN}0¥N¢pfv`C=8<�?�_RopEN}Tg

\²¥T<>Ev?V`O<>D�oÒ� ����D�?�BOQO¥NopEN}�BCACop=N¢S<
(M,N, u)

oS`^}0oplh<>E¡?L`^BC¥T<nopEN=NMNB�gRBC¥NoS`&=NAOGFQU<UWaMNAO<HopETQ>AO<�?L`O<U` |M ∩N | gD�?�opEFB:?�opENopEN}�opBO`5`:<>D�oÒ�«WN<>}0AO<U<0Ö®]E¤BC¥T<~=NAOGFQU<UWaMNAO<0g&BC¥T<¦`C¥NACMNEN_Ö}0A:?�=N¥
G
?�ETW¤<UWa}h<¡`O<>BO`

M
?�ETW

N`Ú?�BCoS`çI7f~BC¥T<HI£GL¢p¢SG�\²opEN}~?L`:`CMND�=NBCoSGLEÌ

� � v



����������� z�
	��H������ � �c2��T110>4Ä6¾) ����+
���3��� � � �Z�

�����y»*¼�@,�yÂ ¸ º � 7 / CZI^T`GKJ[Q\G}>�GXI^> M @�EHJ N ADCZEUI @�=^E{@�N^N >�nXMa@ZRKG � GKJ[Q\G2>d=<E G ] @�E)J G TO@W>(E)C|>Xn�Ma@�RDG
C >8M_A2T I^TO@ZI E(C) ⊆M ∪N @�E)J |E(C) ∩M | = |E(C) ∩N | = 3 r

Ü#¥T<Ê=NAOGRQU<UWaMNAO<ÊoS`ªWN<U`:Q>ACopd8<UW¬?L`²IÃGL¢p¢SGy\ª`�

� � ¸ � ´ ¹*»,� ´ �
� º @s»c�0� Ñ `C¥NACMNEN_¬dNop=@?�ACBCopBO<5}0A:?�=N¥

G = (V1, V2;E)
g·lh<UQ>BOGLAO`

x, y ∈ {0, 1, 2}V1∪V2
gÌ?�ETW ?�E�?LQ>BCoplh<

`O<>D�oÒ� ����D�?�BOQ:¥NopEN}�BCACop=N¢S<
(M,N, u) ∈ S(x, y)

`:?�BCoS`çIÃfFopEN} Ñ `O`CMND�=NBCoSGLE �a
�5»Ì� @s»Ì�0� Ñ `CB:?�dN¢S<�`O<>D�oÒ� ����D�?�BOQ:¥NopEN}~BCACop=N¢S<

(M ′, N ′, u′) ∈ S(x, y)
\²opBC¥ |M ′ ∩N ′| ≥ |M ∩N | gTGLA?ÐETGLEa�«`CB:?�dN¢S<V`O<>D�oÒ� ����D�?�BOQO¥NopEN}~BCACop=N¢S<

(M ′, N ′, u′) ∈ S(x, y)
\²opBC¥ |M ′ ∩N ′| > |M ∩N | 

9e� ´ @ � 7nPR<>B
τ := 0

g
M (0) := M

g
N (0) := N

gT?�ETW
u(0) := u

±Ü#¥T<>EÌgN}hG5BOG�PFBO<>= �0
9e� ´ @ � 7v®«I

(M (τ), N (τ), u(τ))
¥@?L`X?�EÖ?LW �C?LQU<>EFBV`O<>D�oÒ� ����D�?�BOQ:¥NopEN}"BCACop=N¢S<

(M ′, N ′, u′) ∈ S(x, y)\²¥NoSQO¥ oS`5Wao��·<>AO<>EuB5IÃAOGLD
(M (τ−1), N (τ−1), u(τ−1))

Ø7\^<vop}0ETGLAO<vBC¥NoS`5QUGLETWaopBCoSGLE oÒI
τ = 0

Ù.g^BC¥T<>E `:<>B
(M (τ+1), N (τ+1), u(τ+1)) := (M ′, N ′, u′)

?�ETW
τ := τ + 1

g&?�ETW©}hGZBOG�PFBO<>=��a©á[BC¥T<>AC\²oS`O<0g^}hGZBOG
PFBO<>= �T
9e� ´ @ vx7K®«I

u(τ) = u(τ ′) IÃGLAÌ`:GLD5< τ ′ < τ
g�BC¥T<>EXGLMNBC=NMNB,?#`:<>D�oÒ� ����D�?�BOQO¥NopEN}HBCACop=N¢S<

(M (τ ′), N (τ), u(τ)) ∈
S(x, y)

ga\²¥NoSQO¥¡`:?�BCoS` â <U`#BC¥@?�B |M (τ ′) ∩N (τ)| > |M ∩N | gN?�ETW¦`CBOGL=¦BC¥T<n=NAOGRQU<UWaMNAO<0^á[BC¥T<>AC\²oS`O<0ga}hGÐBOGPFBO<>=z�a
9e� ´ @�� 7K®«I

(M (τ), N (τ), u(τ))
oS`c?#`CB:?�dN¢S<k`O<>D�oÒ� ����D�?�BOQ:¥NopEN}[BCACop=N¢S<0g�BC¥T<>EXGLMNBC=NMNB

(M (τ), N (τ), u(τ)) ∈
S(x, y)

?�ETWv`CBOGL=¡BC¥T<�=NAOGFQU<UWaMNAO<0^á[BC¥T<>AC\²oS`:<0gT}hGÏBOG�PFBO<>= �0
9e� ´ @ � 7²®«I

u(τ) ∈ V1
gaBC¥T<>E¬<.§N<UQ>MNBO<VPFBO<>= �L�Y�0^á[BC¥T<>AC\²oS`O<0g@<.§a<UQ>MNBO<VPFBO<>=��L� �a

9e� ´ @ � < � 7K®]EÊBC¥NoS`ÌQ�?L`O<0gyBC¥T<>AO<k<.§aoS`CBO`c?#`O×FM@?�AO<
C = (u(τ), v1, v2, v3)

opE
G
`CMTQ:¥�BC¥@?�B {(u(τ), v1), (u

(τ), v3)} ⊆
M (τ) ?�ETW {(u(τ), v1), (v1, v2), (v2, v3)} ⊆ N (τ) ,|[<>ETQU<0gyduf Ñ `O`CMND�=NBCoSGLE �ag E(C)∩M (τ) = {(u(τ), v1), (u

(τ), v3)}?�ETW
E(C) ∩N (τ) = {(u(τ), v1), (v1, v2), (v2, v3)}


Ñ `#`C¥TG�\²E¡opE �*op}0MNAO<0�0gNWN< â ET<

M (τ+1) g N (τ+1) gT?�ETW u(τ+1) duf u(τ+1) := v2
g
M (τ+1) := (M (τ) \

{(u(τ), v1)}) ∪ {(v1, v2)}
g@?�ETW

N (τ+1) := (N (τ) \ {(v2, v3)}) ∪ {(u(τ), v3)}


1k<UWa}h<U`²opE
M (τ) 

1±<UWa}h<U`nopE
N (τ) 

u(τ) v3

v2v1

u(τ−1)

1K<UWa}h<U`²opE
M (τ+1) 

1±<UWa}h<U`ªopE
N (τ+1) 

u(τ) v3

v2 = u(τ+1)v1

u(τ−1)

�,op}0MNAO<d�Z1±;H< â ENopBCoSGLET`HG�I
M (τ+1) g N (τ+1) gT?�ETW u(τ+1) 

®«I
M (τ+1) oS`~`O×FM@?�AO<.�£I7AO<U<0g#BC¥T<>E�GLMNBC=NMNB¦?�`O<>D�oÒ� ����D�?�BOQO¥NopEN}¤BCACop=N¢S< (M (τ+1), N (τ+1), u(τ+1)) ∈

S(x, y)
gN\²¥NoSQO¥�`:?�BCoS` â <U`²BC¥@?�B |M (τ+1) ∩N (τ+1)| = |M ∩N |+ 1

g@?�ETWv`CBOGL=¡BC¥T<�=NAOGFQU<UWaMNAO<0
á[BC¥T<>AC\²oS`O<0guBC¥T<>AO<ª<.§aoS`CBO`K?�`O×FM@?�AO<

C ′ = (v2, v1, v4, v5)
opE
M (τ+1) gu\²¥T<>AO< {u(τ), v3}∩{v4, v5} = ∅ØÃ`O<U< �*op}0MNAO< �hÙ.±Ü#¥T<>E¦WN< â ET<

u(τ+2) := v5
g
M (τ+2) := M (τ+1) \ {(v2, v5)}

gN?�ETW
N (τ+2) := N (τ+1) ∪

{(v2, v5)}
�á[MNBC=NMNBÏ?¡`:<>D�oÒ� ����D�?�BOQO¥NopEN} BCACop=N¢S<

(M (τ+2), N (τ+2), u(τ+2)) ∈ S(x, y)
gs\²¥NoSQO¥©`:?�BCoS` â <U`

BC¥@?�B |M (τ+2) ∩N (τ+2)| = |M ∩N |+ 1
gT?�ETWv`CBOGL=¬BC¥T<�=NAOGFQU<UWaMNAO<0

��� �
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1±<UWa}h<U`nopE
M (τ+1) 

1±<UWa}h<U`²opE
N (τ+1) 

u(τ) v3

v2 = u(τ+1)

v1

u(τ−1)

v4 v5 1±<UWa}h<U`nopE
M (τ+2) 

1±<UWa}h<U`ªopE
N (τ+2) 

u(τ) v3

v2 = u(τ+1)

v1

u(τ−1)

v4 v5 = u(τ+2)

�*op}0MNAO<b�a1k;�< â ENopBCoSGLET`nG�I
M (τ+2) g N (τ+2) gT?�ETW u(τ+2) 

98� ´ @ � <2v%7²is§N<UQ>MNBO<X?�`CopD�op¢°?�A²=NAOGRQU<UWaMNAO<�BOG�PFBO<>= �L�Y��duf¦`C\²opBOQO¥NopEN}
M (τ) ?�ETW N (τ) 

®�I
u(τ1) = u(τ2) IÃGLAHWaoS`CBCopETQ>B τ1

?�ETW
τ2
geq±AOGRQU<UWaMNAO< Ñ `CBOGL=T`HopE PFBO<>=`�ag8\²¥NoSQO¥�?L`O`CMNAO<U`[BC¥@?�BÊ<�?LQO¥

`OBO<>=voS`²<.§a<UQ>MNBO<UW"?�B²D5G0`CB |V1 ∪ V2|
BCopD5<U`� � <�GLD�opB²BC¥T<Ê=NAOGRG�I±G�I,BC¥T<�QUGLACAO<UQ>BCET<U`O`[G�I,BC¥T<Ê=NAOGRQU<UWaMNAO<0

� 7?v%7?v Aã�TÂ7º �T¿ 4 ¸ ��ÂÄ� 4 ¼
®]EXBC¥NoS`*`CMNdT`O<UQ>BCoSGLEÌg�\&<K}0oplh<&?�EÐ?�¢p}hGLACopBC¥ND IÃGLA â ETWaopEN}�?�E

(x+s, y)
��opETQ>AO<>D5<>EuB

t
MT`CopEN}Hq±AOGFQU<UWaMNAO< Ñ c®]E

GLAOWN<>A^BOGV?�lhGLoSW�QUGLEaIÃMT`CoSGLEÌgu¢S<>B
G = (V1, V2;E)

WN<>ETGLBO<ªBC¥T<nGLACop}0opE@?�¢¾}0A:?�=N¥~?�ETW�¢S<>B
G◦ = (V ◦1 , V

◦
2 ;E◦)WN<>ETGLBO<Ð?Ï`C¥NACMNEN_~}0A:?�=N¥ÌKÜ#¥T<�?�¢p}hGLACopBC¥ND�oS`nWN<U`OQ>ACopd8<UW"?L`#IÃGL¢p¢SGy\ª`�

��¿ 4 ¸ �LÂ°� 4 ¼�� � 5 > < � 5 u�� � A � 5 3
� º @*»c�0� PR×uM@?�AO<.�£IÃAO<U<}����D�?�BOQO¥NopEN}h`

M
?�ETW

N
opE�?5dNop=@?�ACBCopBO<Ï}0A:?�=N¥

G = (V1, V2;E)
\²opBC¥

dM = x?�ETW
dN = y

gT?�ETW¬?�E
(x, y)

��opETQ>AO<>D5<>EuB
s = −χu

\²opBC¥
u ∈ V1


�5»c� @*»c�0� Ñ E

(x+ s, y − s) ��opETQ>AO<>D5<>EFB t ?�ETW¦`O×FM@?�AO<.�£I7AO<U< 2
��D�?�BOQO¥NopEN}h`

M ′
?�ETW

N ′
opE
G
`CMTQO¥¦BC¥@?�B

dM ′ = x+ s+ t
?�ETW

dN ′ = y − s− t 

98� ´ @ � 7&bÌ<>B
C1, C2, . . . , Cp

de<#<UWa}h<ªWaoS` �CGLopEuBkQ>faQ>¢S<U`kG�Ie¢S<>EN}0BC¥ÏIÃGLMNA±opE
G
`OMTQO¥�BC¥@?�B

E(Ci) ⊆M ∪
N
?�ETW |E(Ci)∩M | = |E(Ci)∩N | = 3

I£GLA
i = 1, 2, . . . , p

 � <#B:?�_h<ª`CMTQ:¥
C1, C2, . . . , Cp

D�?�§RopD�?�¢p¢pfhg
?�ETW~`C¥NACopEN_�BC¥T<>Dvkbc<>B

G◦ = (V ◦1 , V
◦

2 ;E◦)
d8<nBC¥T<nGLdNB:?�opET<UW~}0A:?�=N¥~`Ú?�BCoS`çI7fRopEN} Ñ `O`CMND�=NBCoSGLE �aga?�ETW�¢S<>B

M◦, N◦, x◦, y◦, u◦
?�ETW

s◦
de<ÊQUGLMNEuBO<>AC=@?�ACBO`HopE

G◦
BOG
M,N, x, y, u

?�ETW
s
gaAO<U`C=e<UQ>BCoplh<>¢pfh

98� ´ @ v%7Ki±§a<UQ>MNBO<²q±AOGRQU<UWaMNAO< Ñ I£GLA
(M◦, N◦, u◦) ∈ SG◦(x◦+s◦, y◦−s◦) *Ü#¥T<>EÏ\^<#GLdNB:?�opE5<>opBC¥T<>AØ7oÄÙH?5ETGLEa�«`CB:?�dN¢S<Ï`O<>D�oÒ� ����D�?�BOQO¥NopEN}vBCACop=N¢S<

(M∗, N∗, u∗) ∈ SG◦(x◦ + s◦, y◦ − s◦) \²opBC¥ |M∗ ∩N∗| >
|M◦ ∩ N◦| g^GLA¬Ø7opoÄÙ�?Z`CB:?�dN¢S<¡`O<>D�oÒ� ����D�?�BOQ:¥NopEN}¯BCACop=N¢S< (M∗, N∗, u∗) ∈ SG◦(x◦ + s◦, y◦ − s◦)

\²opBC¥
|M∗ ∩N∗| ≥ |M◦ ∩N◦|  ��GÏBOG~PFBO<>=z�ÐopE¡BC¥T<�Q�?L`O<5Ø7oÄÙ.g@?�ETWv}hGÏBOG�PFBO<>= ��opEvBC¥T<ÊQ�?L`O<�Ø7opoÄÙ.
98� ´ @+� 7#mn=eWT?�BO<

M◦
g
N◦
gN?�ETW

u◦
?L`
M◦ := M∗

g
N◦ := N∗

ga?�ETW
u◦ := u∗

 � ¥Nop¢S<[BC¥T<>AO<[<.§aoS`CBO`
?�`O×FM@?�AO<

C
`OMTQO¥¬BC¥@?�B

E(C) ⊆ M ◦ ∪N◦ ?�ETW |E(C) ∩M ◦| = |E(C) ∩N ◦| = 3
g@`O¥NACopEN_

C
#Ü#¥T<>EÌg

}hG5BOG�PFBO<>=z�a
98� ´ @ � 7^bÌ<>B

t
de<sBC¥T<

(x+ s, y − s) ��opETQ>AO<>D5<>EuBsQUGLACAO<U`C=8GLETWaopEN}nBOGn?�E (x◦ + s◦, y◦ − s◦) ��opETQ>AO<>D5<>EuB t◦ =
dM∗ − x◦ − s◦ �á[MNBC=NMNBp����D�?�BOQO¥NopEN}h` M ′ ?�ETW N ′ opE G \²¥NoSQ:¥�?�AO<V<.§a=@?�ETWN<UWZ<UWa}h<V`O<>BO`HG�I

M∗
?�ETW

N∗
gaAO<U`C=e<UQ>BCoplh<>¢pfhgT`CMTQ:¥vBC¥@?�B

dM ′ = x+ s+ t
?�ETW

dN ′ = y − s− t gT?�ETWv`OBOGL=vBC¥T<�?�¢p}hGLACopBC¥NDv

� � �
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®]E¬BC¥T<Ï?�¢p}hGLACopBC¥NDvg |M◦ \ N◦| + |N◦ \M◦| WN<UQ>AO<�?L`O<U`HD5GLETGLBOGLENoSQ�?�¢p¢pfhg·\²¥NoSQO¥ `C¥TGy\ª`[BC¥@?�B �s®]YH;[�®�Y�J�~[i��"iKY[Ü BO<>ACD�opE@?�BO<U`HopE â ENopBO<Ï`CBO<>=T`� � <VGLD�opB�BC¥T<V=NAOGFG�IKG�I^opBO`[QUGLACAO<UQ>BCET<U`O`y�PFopETQU<ÐBC¥NoS`Ê?�¢p}hG��
ACopBC¥ND â ETWN`#?�E

(x+ s, y − s) ��opETQ>AO<>D5<>EFB�gNopE�GLAOWN<>A#BOGVGLdNB:?�opE¦?�E (x+ s, y)
��opETQ>AO<>D5<>EuB

t
gu\&<nET<U<UW�BC¥T<

I£GL¢p¢SG�\²opEN}~?L`:`CMND�=NBCoSGLEÌ
�����y»*¼�@,�yÂ ¸ º � � 7 � C�R x, y ∈ J4(G) ]�NqGXI M @ZE)J N cDG5>�nXM_@�RKG � ; RKGDG � � Ly@ZI A2T\=^E
QW>	��=6I^T dM = x @�EHJ
dN = y Ly@[j�=^L0=���=<E
Q |M ∩N | r

� <#Q�?�E�=NAOG�lh<#BC¥@?�B±MNETWN<>A Ñ `O`CMND�=NBCoSGLE � �[BC¥T<#GLMNBC=NMNB
t
G�IH�s®�Y[;[�«®�Y�J�~[i���ikY[Ü¯oS`k?�E

(x+ s, y)
�

opETQ>AO<>D5<>EuB�g@BC¥@?�BªoS`�g
dM ′ 6= x

?�ETW
dN ′ 6= y

ga\²¥NoSQO¥�QUGLD�=N¢S<>BO<U`ªBC¥T<Ê=NAOGRG�IsG�I±q±AOGL=eG0`CopBCoSGLEz�a

� � $±Í  � Ç)$±É &��HË � "%$
�
�X"H$�$ �

�
� � Ç � � ÍOÎ  & � ÎÐÉ��

�
�*ÈªÎ � ��� $ �UËÐÎ �cÇ¾ÍOÈnÎ5&

®]E¡BC¥NoS`n`O<UQ>BCoSGLEÌgN\&<Ê=NAOG�lh<VÜ#¥T<UGLAO<>D �TkÜ#¥T<�ET<UQU<U`O`CopB«f¦oS`ª`OBCA:?�op}0¥uBçI£GLAC\&?�AOW·ge?�ETW¡¥T<>AO<Ê\^<XGLEN¢pf¦WaoS`:Q>MT`O`
BC¥T<�`CM���Q>oS<>ETQ>fh � <�`C¥TG�\ BC¥T<�IÃGL¢p¢SGy\²opEN}5=NAOGL=eG0`CopBCoSGLEÌgT\²¥NoSQ:¥voS`n?�E¬<.§aBO<>ET`CoSGLEvG�I±q±AOGL=8G0`OopBCoSGLEi�a
� � ¸ @ ¸ �yÂÄ�yÂ ¸ º ��� 7 � CZR(@ ��G2=gQWT
I�GDJzc2= Sa@�RXI6=^I�GbQ�RK@8SUT (G,w) ] = ; w =?>5VWG2RXI�GKj � =^E)J�M_AYGKJ�C�E G2VWG2R2k�>XnXM_@�RDG
=^E G ]!I^TaGXE f =?>b@�E R � AYC�E)AD@�V�G ; MOE)A�I6=hC�E`C�E�I^TaG(ADC�E_>XI @�EUI � S_@�R8=6I6k��2MOL S�>8kW>XI�G2L J4(G) r

bÌ<>B
G = (V1, V2;E)

de<�?¦dNop=@?�ACBCopBO<�}0A:?�=N¥�\²opBC¥Ö?¡\^<>op}0¥uBXI7MNETQ>BCoSGLE
w
?�ETW

G◦ = (V ◦1 , V
◦

2 ;E◦)de<ÏopBO`Ê`C¥NACMNEN_"dNop=@?�ACBCopBO<�}0A:?�=N¥Ì}�TGLA
F ⊆ E

g·\^<�WN< â ET<
w(F ) =

∑
e∈F w(e)

5®]E ?¦`OopD�op¢°?�A�\&?�f ?L`
q±AOGL=eG0`CopBCoSGLE��agR\^<H}0oplh<Ê?�Ev?�¢p}hGLACopBC¥ND IÃGLA â ETWaopEN}5?�E

(x+ s, y)
��opETQ>AO<>D5<>EuB

t
`:?�BCoS`çIÃfFopEN}¡Ø6�v�«i 
[J²ÙKIÃGLA

}0oplh<>E
x
g
y
ge?�ETW

s
H®«E�GLMNA�?�¢p}hGLACopBC¥NDvg·\&<X_h<U<>=�?�`O<>D�oÒ� ����D�?�BOQO¥NopEN}¡BCACop=N¢S<ÐopE SG◦(x◦ + s◦, y◦ − s◦) g\²¥T<>AO<

x◦, y◦
gK?�ETW

s◦
?�AO<~BC¥T<¦QUGLMNEuBO<>AC=@?�ACBO`5opE

G◦
G�I
x, y

gK?�ETW
s
 � <~ETG�\�WN< â ET<¦BC¥T<~\^<>op}0¥FB�G�I

`C¥NACMNEN_Ö<UWa}h<~`:<>BO`�ZbÌ<>B
(M◦, N◦, u◦) ∈ SG◦(x◦ + s◦, y◦ − s◦) de<¡?¬`O<>D�oÒ� ����D�?�BOQ:¥NopEN}�BCACop=N¢S<¡`CMTQ:¥BC¥@?�B

u◦
QUGLACAO<U`O=8GLETWN`�BOG�?�MNENoS×FMT<¡lh<>ACBO<.§

u
opE
G
g#?�ETW©¢S<>B

(M,N, u) ∈ SG(x + s, y − s)
de<¦BC¥T<

QUGLACAO<U`C=eGLETWaopEN}~`:<>D�oÒ� ����D�?�BOQO¥NopEN}¦BCACop=N¢S<0��TGLAHBC¥NoS`nQ�?L`O<0g@\^<ÐWN< â ET<�BC¥T<�\&<>op}0¥uBO`�G�IK<UWa}h<X`:<>BO`
M◦

?�ETW
N◦

duf
w′(M◦) = w(M)

?�ETW
w′(N◦) = w(N)


Ü,G5WN<�?�¢Ì\²opBC¥vBC¥T<Ê\&<>op}0¥uBO<UW"Q�?L`O<0gN\^<�D5GFWaoÒIÃf¡PFBO<>=i�ÏG�Isq±AOGRQU<UWaMNAO< Ñ ?L`#I£GL¢p¢SG�\ª`[1
9e� ´ @

2′
7¦®�I

u(τ) = u(τ ′) IÃGLA�`OGLD5< τ ′ < τ
gÌBC¥T<>E�GLMNBC=NMNB�BC¥T<ÐI£GL¢p¢SG�\²opEN}"`:<>D�oÒ� ����D�?�BOQO¥NopEN}�BCACop=N¢S<

?�ETWÏ`CBOGL=ÏBC¥T<#=NAOGFQU<UWaMNAO<Z1*GLMNBC=NMNB
(M (τ ′), N (τ), u(τ)) ∈ S(x, y)

oÒI
w′(M (τ ′)) ≥ w′(M (τ))

gh?�ETWÐGLMNBC=NMNB
(M (τ), N (τ ′), u(τ)) ∈ S(x, y)

oÒI
w′(M (τ ′)) < w′(M (τ))

Ká[BC¥T<>AC\²oS`O<0g@}hGÏBOG�PFBO<>=z�a
z&f�BC¥NoS`5D5GFWao â Q�?�BCoSGLE¨G�IÊq±AOGRQU<UWaMNAO< Ñ g Ñ ¢p}hGLACopBC¥ND �s®]YH;[�«®]YÊJ�~ni���ikYHÜ�oS`5?�¢S`OG�D5GFWao â <UW©I£GLA

\^<>op}0¥FBO<UW¦}0A:?�=N¥T`�±YHGLBO<ªBC¥@?�B&BC¥T<nD5GRWao â <UW~?�¢p}hGLACopBC¥ND ACMNET`#QUGLACAO<UQ>BC¢pf�?�ETW~GLMNBC=NMNBO`²?�E
(x+ s, y − s) �opETQ>AO<>D5<>EuB

t
?�ETW�`O×FM@?�AO<.�£I7AO<U<

2
��D�?�BOQ:¥NopEN}h`

M ′
?�ETW

N ′
`CMTQO¥�BC¥@?�B

dM ′ = x+s+t
?�ETW

dN ′ = y−s−t Ü#¥T<>EÌgNBC¥T<�I£GL¢p¢SG�\²opEN}�¢S<>D�D�?Ï¥TGL¢SWN`�gadNMNBª\&<�GLD�opBªBC¥T<Ê=NAOGRG�IC
�k´ ¼�¼�� � vx7 � GXI (G,w) cYGz@ ��G2=gQWT
I�GKJ c2= Sa@�RXI6=^I�G Q�RK@8SUT >8M_A2T I^TO@ZI w =<>|V�G2R2I�GDj � =^E)J�M_AYGKJ+CZE�G2VWGXR8k
>Xn�Ma@�RDG(=^E G ] M @�EHJ N cYG5>XnXM_@�RDG � ; RDGDG � � Ly@ZI A2T\=^E
QW>5=<E G ] @ZE)J s = −χu cDG0@ (dM , dN ) � =^E)AXRDG2LdG2EUI
��=6I^T u ∈ V1 r 9<; ��G0GKj\GKAXMaI�G0I^TaGpLyC[J�= 
�GKJ�@�N Q/C�R2=^I^T
L�C ; � 9
	 8 � 9
	 m�1 e R e�	 � I C C
cXI @�=^EzEHG � >XnXM_@�RDG �; RKGDG � � Ly@ZI A2T
=<E
Q�> M ′, N ′ @ZE)J`@ (dM + s, dN − s) � =<E)A�RKG2LdG2E)I t >8M_A2T{I^Ta@ZI dM ′ = dM + s + t @�E)J
dN ′ = dN − s− t ]�I^TaG2E�=^I�TOC�NgJW>pI^TO@ZI w(M ′) +w(N ′) ≥ w(M) + w(N) r

� <X?�AO<�ETGy\ AO<�?LWaf~BOG5`C¥TGy\ q±AOGL=eG0`CopBCoSGLE �Z�Ê\²opBC¥vBC¥NoS`ª¢S<>D�D�?a
s RKC[C ; ; C�R s RtC8S_CW>8=6I6=6CZE � �

:�@GLA
x, y ∈ J4(G)

?�ETWZ?�E
(x, y)

��opETQ>AO<>D5<>EuB
s
g8¢S<>B

M
?�ETW

N
d8<Ð`O×FM@?�AO<.�

IÃAO<U<�����D�?�BOQ:¥NopEN}h`v`CMTQ:¥ BC¥@?�B
dM = x

g
dN = y

g
w(M) = f(x)

g[?�ETW
w(N) = f(y)

 Ñ `~\²opBC¥
Ñ `O`CMND�=NBCoSGLE � �aga\&<X?L`O`CMND5<ÊBC¥@?�B

M
?�ETW

N
D�?�§RopD�opt�< |M ∩N | ?�D5GLEN}�`CMTQO¥i����D�?�BOQO¥NopEN}h`�

��� �
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z&f¨<.§a<UQ>MNBCopEN}ÖBC¥T<¬D5GRWao â <UW ?�¢p}hGLACopBC¥ND G�Ib�*®�YH;n�«®�YÊJ�~ni���ikYHÜÊgk\^< â ETW ET<>\ `:×uM@?�AO<.�£IÃAO<U<i���
D�?�BOQ:¥NopEN}h`

M ′
?�ETW

N ′
?�ETWÐ?�E

(x+ s, y)
��opETQ>AO<>D5<>EuB

t
BC¥@?�Bs`:?�BCoS`çIÃf

dM ′ = x+s+t
?�ETW

dN ′ = y−s−t z&f¦bÌ<>D�D�? �[�agT\^<Ê¥@?�lh<

f(x) + f(y) = w(M) + w(N) ≤ w(M ′) + w(N ′) ≤ f(x+ s+ t) + f(y − s− t).
|H<>ETQU<

f
oS`ª?�E��¬�«QUGLETQ�?Ulh<�I7MNETQ>BCoSGLE¬GLE

J4(G)
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G = (V,E)
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���&�/�'�3%32�� 4 §
• �)@��'�3B uv ∈ E 2 4 6)�=@��'���7-*6HB�*,%b8��=* 4 %

e
4 %1*+� 4

• �)@��'�3B v ∈ V 2 4 6)�=@��'���7-*6HB�*,%-$�� 4 %
p
4 %1*+� 4
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5 �!%���%3dQ*,%x2��0%(���0-j#.6)2��$G�\��1*!6)%32��&�Q*,8�6)��@��'�32��$G.E�2�� 4 %��=*!-_�,\
p, e ∈ N

v;��6=*+� 4 #
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�#� 4 ��%3dQ*,%
e = 1

*+�.-
p ∈ Q
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�1* 4 �7-�8A2��	�=*+��
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• xuv, xvu
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$Q6/�'�%�,\ u � 4 %1*+� 4 �&� v � 4 %1*+� 4 6)�&�H%1*,2��$2��$G uv

• lv
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v ∈ V §�%3d	�,�0#
$f6#�'�:�,\ v � 4 %1*+� 4
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 q ° mz¸  ¹¨�

min p
xuv + xvu ≥ 1

\��&��)@��'�3B
uv ∈ E,

lu +
∑

uv∈E xvu ≤ p
\��&��)@��'�3B

u ∈ V,
xuv ≤ lu
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n
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2 − 1/(n − 1)
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e = uv
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G
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*+�32 4 � 4 %3d	��G��1*+�$d

Ge = (Ve, Ee)
vb2A%3d

Ge = G ∪ {v1, . . . , vt−1}
*+�.-

Ee = E ∪ {uv1, v1v2, dots, vt−2vt−1, vt−1v}
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f(A) =

J
({ξv : v ∈ A})J

(ξs)

� a ~ � ¡
vbd	�'���^J 2 4 %3d	�^/0dQ*+�
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A
E
B
�,\z%3d	� �Q*+�3%3256)2��Q*+�0% 4 §

��* ¡ f(∅) = 0
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f(A) ≥ 0
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�j6 ¡ 2�\ A ⊆ B ⊆ V %3d	�'�
f(A) ≤ f(B)

�j$��&�	�!%��&�$256)2A%ªB ¡ Ð
��6 ¡ f(A) + f(B) ≥ f(A ∩B) + f(A ∪B)

� 4 #
6
$��0-j#$8y*+�32A%ªB ¡ ~
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η
*+�.-

ξ
E!%3d	��@!*,8A#	�M�,\

η
-
�)%��'�($�2��	� 4 %3d	��@O*,8A#	�
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(ηξ) =
J

(η)
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η
*+�.-

ξ
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f(A)+1 ≤ f(B)
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f(A)+f(B) ≥ 1+f(A∩B)+f(A∪B)� 4 %(���&�$G 4 #
6
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f
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G
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g Dj�3*

∑

v∈A
f(v) ≥ f(A) + |A| − 2

� q °¦°�� � /P�)�'O � � QC~
�� ¹º¹�r� e�� #�Ì�Ì (S =�

A = {v1, . . . , vn}
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B = {w1, . . . , wn}
 !#$�$D��0Da�O�

wi
/  x�>(�**{�3�7�C�>7;(+*1 � �-( vi /Y* A 
 g Dj�$* f(A) ≥ |A|+ 1 
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di = f(Aw1 . . . wi)− f(w1 . . . wi).Ê 4

f(∅) = 0
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d0
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f(AB)− f(B) ≥ 1
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~
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1 ≤ i ≤ n E di + 1 ≤ di−1
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d0 ≥ n+ 1
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viw1 . . . wi
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Aw1 . . . wi−1
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viw1 . . . wi−1
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f(viw1 . . . wi−1wi) + f(Aw1 . . . wi−1) ≥ f(Aw1 . . . wi−1wi) + f(viw1 . . . wi−1) + 1.
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f(w1 . . . wi−1wi) + f(viw1 . . . wi−1) ≥ f(w1 . . . wi−1 + f(viw1 . . . wi−1wi)Ê -$-j2��$G�%3d	� 4 ��#
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di + 1 ≤ di−1
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∑

v∈A
f(v) ≥ 2 · |A| − 1.
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(P, v)

���
F

4 � � � � L�� ��� ��� F ��� ��� CPI �!�NL P ∩ (H ∪H+)
> � L���L H ��� I � L � C!�NL��)��� F �qL � LgI�L�� � � �qL � � C

u1 � u2 � v3
F � �

v4 �
F � �

H+ ��� I � L �!�NL�� � F � S � � F$H L �US H H ���/I F � � � � � F � � � L��gI � H L � L$# H L)�qI v � � L�L�* � � � ��L,+�:
X � � ��� � � � � � � �,� � � - � ' �(��� � � � ��� ���
 � �9	 � �
+� � 	�������� � 	 � �
 � � 	�� � � � � � ��	 � � � �:� � � � � � �����$� � � �$�

� � � � �,� ����� ��� �
Λ
��� �

G(Λ)
$ ) � �

Λ4,6 := Λ
$ � � � �2��� � � � 3

F6
� �

Λ
� � � ���.- � � ��� ��� � ��� � � � � � ��� � �,� � ���

F1
�
F2

�
F3

��� �
F5

$ - � ������� � � � � ��� � � � � � � � � �7�%	 � �
 � � 	��
Λ4,n :=

� �
(Λ4,n−1, Fn−1)

� ��	���� � �7� �

'  ���(� � ��� � ��� - ��� � � � 3

Fn Y � ���#	 $
Fn−1

Z � � ��� � � � � � �,� ��� � � � � � � ����� � ��� � �7�����
(Fn−1, F3) Y � ����	 $

(Fn−1, Fn−2)
Z � �

Λ4,n−1
$ � � � � ��� � �

Λ4,n
� ��� ��� �

n
��� � �,� � ���

F1, · · · , Fn $0/ � - ����� G(Λ)
� � 5 � � � � �

�"� - � ��� � ��� � � ��� �7������� � � ��� � � 7 � � � � � � � �
Λ4,n

� ��� � �#��� ��� � � � � ��� 38� � � � � ��� � � � ��� 3 � ��� �8����� � � �
��� � � � � � � � �7� � � ��	 � ' 

G(Λ4,n)
$ 5 � � � � ��1 � � � - � � � - � � ������� � � � �

G(Λ4,7)
$1/ � - ��� ��� � � 5 � � � � �
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5 � � � � � � m�/ � � � � � � �,� � � � 	�� � � �,� � �*� ��� �
4 2 � � �����$� � � ��� � 	 � �
+� � 	��

F5

F4

F6

F3

A

B

F1 F2

F5

F4

F7

F1 F2

F3

F6

5 � � � � � 1 m�� ����� � � �,� � � � � ��� �A� � ��	 �
G(Λ4,7)

1�� ��� � � � � � � � �,� � � � ��� �
Λ4,6

� �
Λ4,7

������� � � � ��� ��� � ��� - � � � � � {F1, F2, F6, F7}
� �

Λ4,7
� � � ���������

��� ��� � � � � � {F1, F3, F5, F6}
� {F2, F3, F5, F6} {F1, F2, F3, F4, F6}

� �
Λ4,6

� � � � {F1, F3, F5, F6, F7}
�

{F2, F3, F5, F6, F7}
��� � {F1, F2, F3, F4, F7}

� ����	�� � �,� ��� �
 �'��� � 	 � ����� � ����� ��� � � ��� � � � � � � � � � �
Λ4,6

$� � ��� ����� 3M�?� � � � � � �,� � �*� ��� �
Λ4,7

� �
Λ4,8

� � ��� � � ��	 � � 3 � �@���(���7� � �
Λ4,8

� ��� � ��� ����� - ��� � � � 3
F8

� �
���(���7� � � ��� � � - � � � � � � � � � � �

Λ4,7
$ - � � � ��� ��� ��� - � ��' � � � � ��� � � � ��	 �

G(Λ4,n)
� ���

n ≥ 6
��� � �65 � � � � �

� $
� ������� N %

Λ4,n
H ��� ����� I � �US(I � L-S ��� � ��> � � � n+ 1

S F H LgI �	�
{F1, F3, F4, F5} � {F2, F3, F4, F5} � {F1, F2, Fi, Fi+1} Y S �%� 4 ≤ i ≤ n− 1

Z
�

{F1, F3, F5, F6, F7, ..., Fn} � {F2, F3, F5, F6, F7, ..., Fn} � {F1, F2, F3, F4, Fn}
:

- ��	 ��� ��� ��� �@� � ��� � - � ����	 ��� 	 � � ���,� � � $
;+<>= F =@?BA�CBAD=/E B % *��%��L � L�� C n ≥ 6 � G(Λ4,n)

���(F � � � I?C!�NL � � F � � :
J
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5 � � � � � �Om - � � � � ��	 �
G(Λ4,n)

� � ��� � � ��� � ��� � ��� � ' � ��� � ��� � � � 	 � � � � 	 � �
+� � 	��
Λ∗4,n

� � � � ��� �

B�� � �US /���� �7������� � �
G(Λ4,n)

� � ��� � � � � � �7� � ��� � �#��� ��� � � � � ��� 3 � � � � � ��� � � � ��� 3 �
� �
G(Λ4,n)

�<� �,� ��T ���
� �  � ��� � ���;=$ - � � 	 � �
+� � 	��

Λ4,n
��� �$� � � � � � �

i 2 � � �����$� � � ��� � � � ��	 ��� � ���@� ���
i ≤ 3

��� 3 � ��	 � � ��� ��� � ��� � ���
� � � � � � m {F1, F3, F5, F6, F7, ..., Fn}

� {F2, F3, F5, F6, F7, ..., Fn}
��� � {F1, F2, F3, F4, Fn} $ - � � ���

� � � �V7 ��� � �B��� � � � � � � �7� � � ' � � ��	 � � � � ��� � ��� � ��� � � � � � �4�<� �,� ���  ' � ���C��� � X ) � 	 ��� 	�� � �4 ��� � ��� �
( � ��� 2 � � ��� 	 ��� 	�� � �;=$ - � � � � � 3+� � � � � � � ��� � � � 3 2 � � ��- � � � � 	�� ��� �9� ��� �

F1
� �
F6

� �
G(Λ) = G(Λ4,6)

�����
� � � - � � �o5 � � � � � � $ - � � � ��� ��� � ��� � � � � �?� ��� � � � 3 � � ��- � � � � 	�� ��� � � ��� � � � � ��� � � � � � ��� � � � ' � � � � � �

F6
$� �

G(Λ4,7)
��� � � � � ��� �����4��� � � � ' � � � � � � ��� �
��� � � �7� � � ��� �4��� - � � � 7

F7
$ - � � � ��� ��� � ��� � � � � � �&� � � �

��� � � � 3 � � ��- � � � � 	�� ��� �0� ��� �
F1

� �
F7

� �
G(Λ4,7)

$ .6��� � ���7� � ��� '  � � � � � �,� � �)� - � ����� ��� � � ��� � � � � ��	 �
G(Λ4,n)

�<� �,� �UT ��� ��� ��( � ��� 2 � � ���-	 ��� 	�� � �;=$ - � 	 ��� ��� ��� � �=��� ��� � ��	 �
G(Λ4,n)

� � ����� � � �<� �,� ���  ��� �
� � � ����� ����	 ��� 	�� � �;=$
- � ��� �$� � ��� � ��� � � � � � � � � �*� ��� � ' � ��� � ��� � � � 	 � � � ��� �

Λ4,n
������� � � �7� ' 

Λ∗4,n
�?��� � � 5 � � � � � � $

- � � � � � ����	�� ���
F1, F2, ..., Fn

��� ��� � � ����� �
n

��� � �,� � ��� � �
G(Λ4,n)

� � ��� ��� ��� � ��� � � � � � � � � ��� �O��� � � �
���(� � ��� ��� � � ��� � � ��� � � � ��W � � � � 	 � � � � � � � � � ��� � � � ��� �A� � ��	 �)$ 5 ���

n ≥ 6
� ��� �9T � � �4��� � ���@� � � � � � � �

Λ∗4,n� � ���(� � ��� ��� � � � � m
F1 = {1, 2, 4, 5, 7, · · · , n+ 1} � F2 = {1, 3, 4, 6, 7, · · · , n+ 1} � F3 = {2, 3, 5, 6, 7} $- � � � ��� ��� ������� � � ��� �G	 ���!� � � � ."��� 	 � � ���,� � � �"�

F3 ∩
⋃2
i=1 Fi

� � ��� � � � � � � � � � - � � 2 � � � ��� � � Λ∗ ��� � �� � � � � � � � � � � � � � ��� � �9��� � � � 3Qm � ��� � 2 � � � � - ����� ��� � �,� � ��� {2, 5, 7} ��� � ��� � � ��� � � - ����� ��� � �,� � ��� {3, 6, 7} $- �(� � � � � � � � ���
� � � ' � ��� � ' �+� � �
� � ��� � � �4� � � ����� ��� � �
F3

$ - �(� � ��� ��	 � � � ��� ��� � 	 ���!� � $
2

� � 3+� - � 	 ��� ��� ��� � � � � ����� ��� � 2 �; 	��%� � ��	 �
G(Λ4,k+2)

� ���
k ≥ 2

� ��� � � � � 3+� � � �4��� � 2 �4 	��%� � ��	 �
� � ��� �)� 7 � � � � � � � �K�

d 2 � � �����$� � � ��� � 	 � �
 � � 	�� - ����� k+d
��� � �,� � ��� � ��� �+��� � 

d ≥ 5
$ 5 ��� ���(� �6	 � � 	 � �����

- � � ���3��� � ��� � � - � ��� 7 � � - � � 	�� � � �,� � �)� ��� � � C%� F � � � � � �
d 2 � � �����$� � � ��� � 	 � �
+� � 	�� $

��� ��E A
CBAD=qE�� % ��B9C%� F � � � ��� � � L�� F
d � � � � L�� � � � � F �%� � � CPI �!�NL P � � <d � � I � � C.� F � � � � ��� C I ���NL � C

(P, v)��� F
(d+1) � � � � L�� ��� ��� F � � � � CPI �!�NL � � <d+1 > � ��H � ��� I � L H ��� � L # � � � � �US P×{0} F � � F � � � �@I v ∈ <d+1

���PI � �"I � L d � � � � L�� ��� ��� F � � � � � � F$H L H ���@I F � � � � � P : � H�F ����� ��H�F � H � � � H L ��� I � � LgI
vd+1 = 1 � � L�L * � � ����L� :

) � � � �,� ��� - ����� ���  � 2 �; 	�� � � ��	 �
Λ4,k+4

� ���
k ≥ 2

� - � ������� � � � � ��� � 	  � ��� � �4	 � �
+� � 	��
Λd,k+d :=	 

(Λd−1,k+d−1, v)
� � � � � � � ��� �
=$ / � - ����� G(Λ)

� - � ��� � ��� � � ��� �7������� � � ��� �4� 7 � � � � � � � �
Λd,k+d

� ��� �
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	�� 8 �

v

xd+1 = 0

xd+1 = 1

5 � � � � � �nm / 	  � ��� � � 	 � �
 � � 	�� � �/�
d 2 � � �����$� � � ��� � 	 � �
+� � 	��

����� ��� � � � � ��� 3 � � � � � ��� � � � ��� 3 � ��� � � ��� ��� � 	 � �
 � � 	�� � � � � � ��	 �
G(Λd,k+d)

$ 5 � � � � � ��� � � - � ��� �?� � ��	 �
G(Λ5,7)

������� � � � �7�*� ��� �
G(Λ4,6)

� ��� � ��� � ��� � ' � ��� � ��� � � � 	 � � � � 	 � �
+� � 	��
Λ∗5,7

$

F1

F4

F3

F2

F5

F6F7

1

4

7

2
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5
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8

5 � � � � � � m - � �A� � ��	 �
G(Λ5,7)

��� � ��� � ��� � ' � ��� � ��� � � � 	 � � � � 	 � �
+� � 	��
Λ∗5,7

� ��������� %
Λd,k+d

H ��� � ��� I � ��S(I � L-S���� � ��> � � � k + d− 3
S F$H LgI � �

{F1, F3, F4, F5, Fk+1, Fk+2, ..., Fk+d−4} � {F2, F3, F4, F5, Fk+2, ..., Fk+d−4} �
{F1, F2, Fi, Fi+1, Fk+2, ..., Fk+d−4} Y S �%� 4 ≤ i ≤ k−1

Z
� {F1, F3, F5, F6, F7, ..., Fk, Fk+2, ..., Fk+d−4} �

{F2, F3, F5, F6, F7, ..., Fk , Fk+2, ..., Fk+d−4} � {F1, F2, F3, F4, Fk, Fk+2, ..., Fk+d} �
{F1, F2, ..., Fk , ..., ˆFk+j , ..., Fk+d−4} Y S �%� 1 ≤ j ≤ d− 4

Z�:
5 ���

d ≥ 5
��� �

k ≥ 2
� � � �

F [d− 1, k + d− 1]i
����� � � � ��� �

i 2 ��� � � � � � � �
Λ∗d−1,k+d−1

$��0 1 �������
��� ��� �

k + d
� � � � � � � �

Λ∗d,k+d

��� �$� � � � � �
F [d, k + d]k+d � Λ∗d−1,k+d−1

��� ��� � ��� ��� �

F [d, k + d]i = F [d− 1, k + d− 1]i ∪ {k + d+ 1} � ���
1 ≤ i ≤ k + d− 1. Y = $�� Z

J
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- � 	 ��� ��� ��� �A� � ��� � - � ���A	 ��� 	 � � ���,� � � $
;(< = F =/?BA�CBAD=/E 2np % * � � L � L�� C d ≥ 5

F � �
k ≥ 2

I � L���L L$# ��� I �+F � � � I?C!�NL � � F � � G(Λd,k+d)
:

B�� � �US � � ����� � 	 � �
+� � 	�� � � � � � ��	 �
G(P ) - � � ��� � ��� ��	 � �
 � � 	�� � � � � � ��	 �

G(
	 

(P, v))
' D� � � ��� ��� �

�<�����2�7����� ��� � ��� � � �,� � �$�@��� � �
G(P )

��� � ��� � ��� �,� ��� ��� � ���(� ���,� � ��� � �7�������
(u, v)

� ��� �
u
� �
v
$ - � T � � �

	 ��� ��� ��� � �@� �
G(P )

� �=����� �  � ��� � X ) � �<� �,� ���  � ��� ��� �2( � ��� 2 � � ���-	 ��� 	�� � �4 �
G(
	 

(P, v))
� ��� � � � $ 1 � �

s Y � ���#	 $
t
Z ' � ��� �2� � ��' � � � � � � � � Y � ���#	 $ � � � 7 Z � �

G(P )
$ - � �2��� � � � 3

v
� � ���.-,� � ��� ��� � � ��� ��� � �,� � ��� � �

P
� � ��� � �

v
' � ��� ����� ��� �@� � ��' � � � � � 7A� �

G(
	 

(P, v))
��� �

s
� �4� � � � ��� �@� � ��' � � � � � � � � � �

G(
	 

(P, v))
$

- � � � ��� ��� �
G(
	 

(P, v))
� �����6� �  � ��� � X ) � $ F ��� � � ��� � � � ��� � ��� �$����� � ��	 �,� � �)� ��� � � � � 3+� � � � �=� ����� �

d��� � � � 3 2 � � ��- � � � � 	�� ��� � � ��� �
s
� �
t
� �
G(P )

$ ( � � � - � � � � � ��� � �'��� �?��� � �,� � ��� ' ��� ��� �
t
� � ��� � 	�� ��� � � � �
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(TL, TR) 2 e % W UN�+'"! 2
A (⊆Mm,n(C))

5 '  � � �)# � TL #_S � TR # O 2 ∗ 2 # !
�32ie O # 5 �32 S 2 O # �P2.�8� O 2 5 T=2  � % �32�!  �;e  AA∗ #_S � A∗A $M U��P2 � �)# � S U O 2��F2 O 2 S  2 % 5 W$# ��2 �PU � � 2 �32 S 2 O # �PU O75
A1, . . . , AN

% S � � % 55 2��&� % S � $
/ � 2 ��U�!0! U - % S � � � 27U O 2 W 5 � U - 5 � �)# � � � 2 5&% W '"!0� #_S 27U�' 5 W �*4 � % $ 2 $ � � � 2MT S 2 5 � ��2  U W TXU 5&% � % U S ' S ��2 O

P ∗A1Q, . . . , P
∗ANQ  #_S eX2  U S 5 � O '  �P2.� � O U W � � 2$��2  U W T=U 5&% � % U S 5 U � ∗ 2 # !
�32ie O # 5 AA∗ #_S � A∗A% S / � 27U O 2 W ��$ W 272 5 Z�6 �FU O ��2�� # % ! 5 % S  !0'�� % S � � � 2 T O U�U � $�M U��P29� �)# �4� � % 5  U S 5 � O '  � % U S �32 S 2 O # ! % ( 2 5 � � 2

 U S 5 � O '  � % U S U ��� � 2 W � 4 U � # 5&% S �H! 2 W$# � O&% 3 A � � O U�'�� � � � 2 2 % �32 S � # !0'82 ��2  U W TXU 5&% � % U S 5 U � AA∗ #_S �
A∗A $
� 5 �[=@<.��� ½ 7 8 LgI A ⊆Mm,n(C)

= A 6= {O} =	]�L F � F I���� # (TL, TR)
�@]��!� � � �1
 L � % L��

C
,#� H � I!� F I TLF � � TR F ��L ∗ � F 
·g L"]"� F ,�g L��qL"� F I�L � =���L#,)�NL H I�� % L�
 ;G= ]<; AA∗ F � � A∗A :

Y / Z �/�nL���L�L$#��-,eI ���8� I F �<; � F I���� H L�,
P

F � �
Q

F � � F � F I���� F 
/�8���H]�L"�
`
,#� H �:I!� F I

P ∗TLP = TL1 ⊕ · · · ⊕ TL`, P ∗AQ = A1 ⊕ · · · ⊕ A`, Q∗TRQ = TR1 ⊕ · · · ⊕ TR`.

' L���L L F$H � Aj �-, F � F I���� # (TLj, TRj)
�&]��!� � � ��
�L>= F � � TLj F � � TRj F ��L ,#�!� ��
�L � F I���� # ∗ � F 
·g L"]�� F ,g[L��qL�� F I�L � ]�; AjA∗j F � � A∗jAj = ��L#, �NL H I�� % L�
 ; :Y � ZaB�S TL F � � TR F ��LG,��-� ��
�L>=MI!�NL���L6L$#��-,eI`�1�8�DI F �>; � F I��#� H L#,

P
F � �

Q
F � � F � F I�� � F 
 �8���H]�L"�

µ,�� H � I!� F I
P ∗TLP = Iµ ⊗ T ′L, P ∗AQ = Iµ ⊗A′, Q∗TRQ = Iµ ⊗ T ′R.

' L���L A′ �-, F � F I��#� # (T ′L, T ′R)
�&]��!� � � ��
�L>= F � � T ′L F � � T ′R F ��L � ����L � � H �F]9
 L � F I���� # ∗ � F 
·g L"]"� F ,°g L��qL�� F I�L �]�; A′A′∗ F � � A′∗A′ =���L#, �RL H I�� % L�
 ; :

Y � Z B�S TL F � � TR F ��LG� ����L � � H �F]�
�L>= I!�nL���L�L$#��-,eI ���8� I F �<; � F I���� H L�,
P

F � �
Q
,#� H �:I!� F I

P ∗TLP =Mm(C), P ∗AQ =Mm,n(C), Q∗TRQ =Mn(C).

/ 5 #_S % W W 2.� % # �P2  U O U�!0! # O  - 2 UCe"� # % S # S 2  2 575 # O 6#_S � 5 ' �  % 2 S �  U S � % � % U S ��U O  U W T"! 2 3GW$# � O&%  2 5
A1, . . . , AN

�PU �)# �32 � � 2 5 #_W 2 5 2�� U � 5&% S �H'"! # O �32  �PU O75-% S � � 2  U S �32 S � % U S)# ! 5 2 S 5 2 $
� =/<>=Htwt �N<�n�� 7 */�%� H ��� ��
�L$# � F I���� H L#,

A1, . . . , AN
=�I!�nL���L+L$#�� ,gI����8� I F �<;N� F I��#� H L#,

P
F � �

Q
,�� H �oI!� F I

P ∗AiQ (i = 1, . . . , N)
F ��L � � F g3��� F 
 � S F � � ���8
 ; � S

AiA
∗
j (i, j = 1, . . . , N)

F ��L F 
!
 ���%��� F 
 F � �
H ���N� �nI�L����DI!� L F H � �$I!�nL��>= F � �

A∗iAj (i, j = 1, . . . , N)
F ��L F 
-
`���%��� F 
 F � � H ���N�N�nI�L	��� I!� L F$H ��$I!�nL�� :

� � ) ��� � ) � ��� ) � � � ��� � � � � 	 � � ��� ) � � � � ��	 ��� � � � � �
R

.DO UCe"! 2 W
[R]

% 5  U S 5&% ��2 O 2.� % S � � % 55 2  � % U S)$ / � 2 5 � O '  �&' O 2 � � 27U O 2 W U � ∗ 2 # !
�32ie O # 5-% 5 W UN� % T;2.� �FU O
R% S���^�$��6#_S �,� � 2 5&% W '"!0� #_S 27U�' 5 W �*4 U��32 O

R
% 5  U S 5 � O '  �P2.� % S	��^�$ : $

���� 
��� !*��� ∗ � �����),�� ! � #)� , ! R


	# � O&% 3 ∗ 2 # !
�32ie O # U��32 O R
#_S �	� � 2 # 575 U  % # �P2  U S  29T"� 5 5 '  �T# 5 %?O&O 2.�+'  % e % ! % � (# O 2 ��2eT S 2.� 5&% W % ! # O ! # 5 % ST� : $�� � - � 2 O 2�
 ' S % � # O � % 5 O 29T"! #  2.� e  
 U O � � U �3U S)# ! $ � / � 2 5 � O '  �&' O 2F� � 27U O 2 W � � U - 2+�32 O � S 272.� 5

# O 2+� % 5&% U S 5 � # �P2.� % S / � 27U O 2 W � eX2�! U - Y 5 272���2 $ � $ � 5 86 � 5 �6 Z $
½��@p



/ � � � ��� ���?� �1032�� � � � � ��� �0� � �����	��� : < �

1 2��
H
��2 S U��P2 � � 2 W ' # �P2 O S % U S T;2�! �8� % $ 2 $ �

H = {a + ıb + c + kd : a, b, c, d ∈ R} - % � � � � 2W '"!0� % T"! %  # � % U S ��2eT S 2.� # 5 m ı = k = −k �  = kı = −ık �
k = ı = −ı � ı2 = 2 = k2 = −1

$K> 2O 2+� # O �
C
# 5 # 5 'De 5 2�� U �

H
e  % ��2 S � % �  % S �

ı - % � � � � 2 % W$# � % S)# O  ' S % � % S C
$> 2 ��2eT S 23� � O 2729�  TX2 5 U � W$# � O&%  2 5 m � � 2 5 2�� U � m×n O 2 # ! W$# � O&%  2 5 Mm,n =Mm,n(R)

�*� � 2 O 2 # !O 29T O 2 5 2 S � # � % U S U �  U W T"! 2 3 W$# � O&%  2 5 Cm,n (M2m,2n(R)
��2eT S 2.��e 

Cm,n =







C(z11) · · · C(z1n)$$$ $ $ $ $$$
C(zm1) · · · C(zmn)


 : z11, z12, . . . , zmn ∈ C





- % � �
C(a+ ıb) =

[
a −b
b a

]
,

#_S �,� � 2 O 2 # ! O 29T O 2 5 2 S � # � % U S U � W ' # �P2 O S % U S W$# � O&%  2 5 Hm,n (M4m,4n(R)
��2eT S 2.��e 

Hn,m =







H(h11) · · · H(h1n)$$$ $ $ $ $$$
H(hm1) · · · H(hmn)


 : h11, h12, . . . , hmn ∈ H





- % � �

H(a+ ıb+ c+ kd) =




a −b −c −d
b a −d c
c d a −b
d −c b a


 .

> 2[T"'"� Mn =Mn,n
� Cn = Cn,n

� Hn = Hn,n
�FU O S U�� # � % U S)# ! 5U% W T"! %  % � =$

�65 � =/< � � ¾A798 LgI T ]VL F ∗ � ,#�8] F 
·g L"]�� F ��S Mn =Mn(R) :
Y / Z �/�nL"��L L$#��-,eI F � � �eI!�1�|g3��� F 
*� F I���� #

Q
F � � ,#�!� �=
 L ∗ �\,#�8] F 
·g L"]"� F , Tj �US Mn̂j (R)

S9�%�$,7���"L
n̂j

(j = 1, 2, . . . , `)
,�� H �:I!� F I

Q>T Q = {diag (S1, S2, . . . , S`) : Sj ∈ Tj (j = 1, 2, . . . , `)} :
Y � Z$B�S T �-,[,#�!� �=
 L>=MI!�nL���L L$#��-,eI F � �%�gI!�1�7g3��� F 
 � F I��#� # P F � � F � ���!��L � � H �\]�
 L ∗ �\,#�8] F 
·g L"]"� F T ′ �US

Mn̄(R)
S9�%�$,7���"L

n̄
,#� H �:I!� F I

P>T P = {diag (B,B, . . . , B) : B ∈ T ′} :
Y � Z$B�S T � ,K������L � � H �\]�
�L>= I!�nL���L L$#��-,eI!, F � �%�gI!�1�7g'��� F 
 � F I��#� # P ,�� H � I!� F I P>T P =Mn, Cn/2

�%�
Hn/4 :
�%��0 ? #A@4B  !*CED  �	#A@ #'&FBG� . C ��H� @ , #AC4BJILK(M #)� , ! R
/ � 2 5&% W '"!0� #_S 27U�' 5 W �*4 U��32 O

R  #_S e=2  U S 5 � O '  �P2.� % S T # O # !0! 2�! - % � � � � 2  # 5 2GU �32 O C
$ / � 2 O 2 5 '"!0���

� U - 2+�32 O � �)# 5 # 5U% � S % T  #_S �Q� % � 2 O 2 S  2O�+'82J�PU � � 2	� % � 2 O 2 S  2(e=2�� - 272 S � � 2 5 � # �P2 W 2 S � 5,% S Y � ZHU �/ � 27U O 2 W 5 � #_S � �"$58U O ∗ 2 # !
�32ie O # 5 TL (⊆ Mm(R))
#_S � TR (⊆ Mn(R)) - 2  # !0! # 5 'De W UN�+'"! 2 A U � Mm,n(R)

#W$# � O&% 3
(TL, TR) 2 e % W U*�+'"! 2 U��32 O R

% � 5
A ∈ A, L ∈ TL, R ∈ TR =⇒ LAR ∈ A 6;$ � % �32 S	# � #_W % !  U �

m× n O 2 # ! W$# � O&%  2 5 A1, . . . , AN
- 2  U S 5U% ��2 O � � O 272 # !
�32ie O # %  5 � O '  �&' O 2 5 m

Y % Z 
P# � O&% 3 ∗ 2 # !
�32ie O # TL �32 S 2 O # �P2.� e 
AiA

>
j Y i, j = 1, . . . , N

Z $
Y %0% Z 
P# � O&% 3 ∗ 2 # !
�32ie O # TR �32 S 2 O # �P2.� e 

A>i Aj Y i, j = 1, . . . , N
Z $

½ � 2
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Y %0%0% Z 
	# � O&% 3 (TL, TR) 2 e % W UN�+'"! 2 A �32 S 2 O # �P2.��e 
A1, . . . , AN

$

M U��P2�� �)# � TL #_S � TR # O 2,��2��P2 O W % S 2.�ve  A R � �)# � % 5 � TL #_S � TR # O 2 ∗ 2 # !
�32ie O # 5 �32 S 2 O # �P2.�8�O 2 5 T=2  � % �32�!  �*e  AA> #_S � A>A $ � � % 5 W 2 S � % U S 2.� � �)# � % �
Ai = O Y i = 1, . . . , N

Z�� - 2 �)# �32
A = {O} � #_S ��� � 2 S TL = RIm

#_S � TR = RIn
$EW '  �J# ��2+�32 S 2 O # �P2  # 5 2 S 272.� 5 �PU�e=2 % S  !0'���2.� # 5 % �W$#� T=U 575U% e"!  U  . ' O # 5 # O 2 5 '"!0� U ��U�' O ��2  U W TXU 5&% � % U S)$

/ � 2 � ' S � #_W 2 S � # !�� #  � ' S ��2 O !  % S �[U�' O # T�T O U #  � % 5 � # � # % S ��� �)# � ��2  U W TXU 5&% S ��� � 2 � % �32 SNW$# � O&%  2 5
A1, . . . , AN

e NW 2 #_S 5 U � # � O #_S 5 �FU O W$# � % U S U � � � 2?��U O W
P>AiQ

% 5 2 W ' % � # ! 2 S � �PU ��2  U W TXU 5&% S � 2+�32 O 2�! 2 W 2 S �
A
U � A e  P>AQ $ /  . U O � % S �H!  - 2 # 575 ' W 2 � �)# � - 2 # O 29� % �32 SS#$W$# � O&% 3

(TL, TR) 2 e % W UN�+'"! 2
A (⊆Mm,n(R))

5 '  � � �)# � TL #_S � TR # O 2 ∗ 2 # !
�32ie O # 5 �32 S 2 O # �P2.�8� O 2 5 TX2  � % �32�!  �Ae  AA> #_S � A>A $M U��P2 � �)# � S U O 2��F2 O 2 S  2 % 5 W$# ��2 �PU � � 2 �32 S 2 O # �PU O75
A1, . . . , AN

% S � � % 55 2��&� % S � $
/ � 2 ��U�!0! U - % S � � � 27U O 2 W 5 � U - 5 � �)# � � � 2 5&% W '"!0� #_S 27U�' 5 W �*4 � % $ 2 $ � � � 2MT S 2 5 � ��2  U W TXU 5&% � % U S ' S ��2 O

P>A1Q, . . . , P
>ANQ  #_S eX2  U S 5 � O '  �P2.� � O U W � � 2 ��2  U W T=U 5U% � % U S 5 U � ∗ 2 # !
�32ie O # 5 AA> #_S � A>A# 5 � % �32 S % S / � 27U O 2 W �"$3W 272 5 Z6 �FU O ��2�� # % ! 59% S  !0'�� % S ��� � 2KT O U1U � $	M U��P2 � �)# �9� � % 5  U S 5 � O '  � % U S �32 S 22 O # ! % ( 2 5 � � 2  U S 5 � O '  � % U S U � � � 2 W � 4 U � # 5&% S �H! 2 W$# � O&% 3 A � � O U�'�� � � � 2 2 % �32 S � # !0'82���2  U W TXU 5&% � % U S 5U �

AA> #_S � A>A $
� 5 �[=@<.��� � 7 8 LgI A ⊆Mm,n(R)

= A 6= {O} =	]�L F � F I���� # (TL, TR)
�@]��!� � � �1
 L � % L��

R
,#� H � I!� F I TLF � � TR F ��L ∗ � F 
·g L"]"� F ,�g L��qL"� F I�L � =���L#,)�NL H I�� % L�
 ;G= ]<; AA> F � � A>A :

Y / Z �/�nL���L�L$#��-,eI �%�eI!���7g3��� F 
E� F I��#� H L#,
P

F � �
Q

F � � F � F I���� F 
/�8���H]�L"�
`
,#� H � I!� F I

P>TLP = TL1 ⊕ · · · ⊕ TL`, P>AQ = A1 ⊕ · · · ⊕ A`, Q>TRQ = TR1 ⊕ · · · ⊕ TR`.

' L���L L F$H � Aj �-, F � F I���� # (TLj, TRj)
�&]��!� � � ��
�L>= F � � TLj F � � TRj F ��L ,#�!� ��
�L � F I���� # ∗ � F 
·g L"]�� F ,g[L��qL�� F I�L � ]�; AjA>j F � � A>j Aj = ��L�, �NL H I�� % L9
 ; :Y � Z B�S TL F � � TR F ��LK,#�!� ��
 L<=�I!�NL���L L #�� ,gI �%�gI!�1�7g'��� F 
E� F I���� H L#,

P
F � �

Q
F � � F � F I�� � F 
E�;���H]�L��

µ
,#� H � I!� F I

P>TLP = Iµ ⊗ T ′L, P>AQ = Iµ ⊗A′, Q>TRQ = Iµ ⊗ T ′R.

' L���L A′ �-, F � F I��#� # (T ′L, T ′R)
�&]��!� � � ��
�L>= F � � T ′L F � � T ′R F ��L � ����L � � H �F]9
 L � F I���� # ∗ � F 
·g L"]"� F ,°g L��qL�� F I�L �]�; A′A′> F � � A′>A′ = ��L#, �RL H I�� % L�
 ; :

Y � Z B�S TL F � � TR F ��LG� ����L � � H �F]�
�L>= I!�nL���L�L$#��-,eI �%�eI!���7g3��� F 
/� F I���� H L�,
P

F � �
Q
,#� H �:I!� F I

P>TLP = Dm̂, P>AQ = Dm̂,n̂, Q>TRQ = Dn̂.

' L���L D =M = C =`�%� H = F � � m̂ = m
=
n̂ = n

� S D =M � m̂ = m/2
=
n̂ = n/2

� S D = C � m̂ = m/4
=

n̂ = n/4
� S D = H :

/ 5 #_S % W W 2.� % # �P2  U O U�!0! # O  - 2HUCe"� # % S # S 2  2 575 # O �#_S � 5 ' �  % 2 S �  U S � % � % U S �FU O[O 2 # ! W$# � O&%  2 5
A1, . . . , AN

�PU �)# �32 � � 2 5 #_W 2 5 2�� U � 5&% S �H'"! # O �32  �PU O75V% S � � 2  U S �32 S � % U S)# ! 5 2 S 5 2 $ �`U W T # O 2�� � % 5
- % � � % � 5 C 2 �32 O75&% U S � % �32 S % S �`U O U�!0! # O �^�$
� =/<>=Htwt �N<�n�� 7 *E�%�(��L F 
/� F I���� H L�,

A1, . . . , AN
= I!�nL���L L$#��-,eI	�%�gI!�1�7g3��� F 
E� F I���� H L#,

P
F � �

Q
,#� H � I!� F I

P>AiQ (i = 1, . . . , N)
F ��L � � F g3��� F 
/� S F � � ���;
 ;R� S

AiA
>
j

=
A>i Aj (i, j = 1, . . . , N)

F ��L ,>;��N� LKI��#� H� F I���� H L#, :
½��S½
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��� � ��� t � B�7 58U O � - U 4× 8
W$# � O&%  2 5

A1 =




0.365 1.991 −0.627 1.740 −2.133 1.908 3.684 0.850
3.045 −1.686 0.790 −2.203 −1.121 −0.445 0.616 3.251
3.071 −0.299 2.218 2.053 −1.671 −0.782 −0.666 −2.738
−1.221 0.293 2.099 −1.876 −2.125 3.559 −1.776 −0.396


 ,

A2 =




−0.393 2.325 0.081 1.615 0.029 0.759 2.596 2.123
2.289 −2.798 0.854 0.219 −0.243 −0.573 1.124 2.122
1.900 0.548 0.309 3.017 −1.967 0.301 −1.052 −1.350
−1.217 −0.035 1.802 −1.398 −3.230 1.353 −0.453 0.921




- 2 �)# �32

P>A1Q =




5.475 0 −0.131 −0.051 0 0 0 0
0 5.475 0.051 −0.131 0 0 0 0
0 0 0 0 5.475 0 −0.131 −0.051
0 0 0 0 0 5.475 0.051 −0.131


 ,

P>A2Q =




3.702 1.442 2.053 0 0 0 0 0
−1.442 3.702 0 2.053 0 0 0 0

0 0 0 0 3.702 1.442 2.053 0
0 0 0 0 −1.442 3.702 0 2.053
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Æ~Ç 
 � � � ��� Ë / -	685�57079m,57vW/15@/ B�/1570$<>6Dz
M

< 3 57vm,;,.zU�L,;-$,C5§<1:[57vm,¨2.<>B�X"ED,C5$,¨�P0{/1X"v
(V,K)6D- / � % zU68B~, 3 -76D< 3 /1E�/1�m-7570{/>2C5¨0768�P6DzU6854JªB�/1570$<>6Dz�6¶:�/ 3 z�< 3 E8JN6¶:¤/1E8EÈ<1:	57vm,

K4 É -�/10$,«2C680$2C9"685$-
/ 3 z

r(K(U)) = 2|U | − 3
T :=<>0�/1E8E

U ⊆ V w;6857v |U | ≥ 2
�

F_9"�m-$, � 9m, 3 57E8J T 6 3 ¡ S ¢ T 57vm,CJx�d/.yL,�/ 3 /��~07B�/15768yL,~/ 3 -$w@,C0 5$< !�9m,.-7576D< 3  5$<>�L,C57vm,C0 w;6857v685$-��L, 3 ,C0 %
/1E868|}/1576D< 3 6 3

d
% zU68B~, 3 -76D< 3 � /43 57v"6D-�XW/1Xh,C0�w@,&-$vm<�w�57vW/15¨57vm,�2.< 3 zU68576D< 3 6 3 !�9m,.-$576D< 3  T 57vm,«2.< 3 zU68576D< 3

6 3 !�9m,.-$576D< 3 � / 3 z�57vm,&2.< 3 zU68576D< 3 57vW/15
M

6D-�/ 3 /1�m-7570{/>2C5�0768�P6DzU685RJªB�/1570$<>6Dz/10$,�/1E8EÈ, � 9"68yP/1ED, 3 5��;�v"6D-
�P68yL,.-�/ 3 /��~07B�/15768yL,~/ 3 -7w@,C0K5$< !�9m,.-7576D< 3 � / 3 z685$- �L, 3 ,C0{/1E868|}/1576D< 3 />- w@,CE8E§/>-�/ 3 /1E85$,C0 3 /15768yL,�X"0$<_<1:
5$<�57vm,�0$,.-79"E85�<1:§� 0{/�yL,C0 T FH,C07yP/157689m-�/ 3 z�FH,C07yP/157689m-��

F_6 3 2.,«/1�m-7570{/>2C5;0768�P6DzU685RJNB�/1570$<>6Dz�6D-57v_9m-;2$vW/10{/>2C5$,C0768|�,.z�2.<>B&�"6 3 /15$<>076£/1E8E8J T / 3 z�57vm, 0{/ 3 � <1:	/�2.<>B %
X"ED,C5$,¤-$9"�"�P0{/1X"v�<1:

K
6 3 / 3 J«/1�m-7570{/>2C5È0768�P6DzU685RJ�B�/1570$<>6Dz&< 3

K
6D-È57vm,§-{/1B~,¤/>-È57vW/15È6 3 57vm,¤2.<>070$,.-7Xh< 3 zU6 3 �

0768�P6DzU6854J�B�/1570$<>6Dz T /1�m-7570{/>2C5§0768�P6DzU6854J�B�/1570$<>6Dz~-{,.,CB~-�5$<K�h,¨/ 3 ,��G,.2C5768yL,5$<H<>E"5$<�-7579mzUJ�0768�P6DzU685RJ�B�/1570$<>6DzG�
�©,C5

E ⊆ K
T
v ∈ V − V (E)

T
u1, . . . , uk ∈ V (E)

���vm, 3
F = E + vu1 + . . . + vuk

6D-«2�/1E8ED,.z�/
k
Ã

�  >´ # ¯ ) #�� Ã #
�
, # ¯ ± ®=¼>¯�<1:

E
� �©,C5

E ⊆ K
T
v ∈ V − V (E)

T
u1, . . . , ud+1 ∈ V (E)

T
u1u2 ∈ E

���vm, 3
F = E − u1u2 + vu1 + . . . + vud+1

6D-�2�/1E8ED,.z¬/ � �
d + 1

� % yP/1ED, 3 2., ��� Ã #
�
, # ¯ ± ®=¼>¯À<1:

E
� /R3 :¾/>2C5 T � %

zU68B~, 3 -76D< 3 /1EG0768�P6DzU685RJ�B�/1570$<>6Dzª2�/ 3 �*,K2$vW/10{/>2C5$,C0768|�,.z�/>-¨/ 3 /1�m-7570{/>2C5;0768�P6DzU685RJNB�/1570$<>6Dz�57vW/15;X"0$,.-{,C07yL,.-
57vm,�6 3 z",CXh, 3 z", 3 2.,�<1:�/ 3 J�,.zU�L,�-$,C5 9 3 z",C0  % , . 5$, 3 -76D< 3 � � - /NX*<P-$-768�"ED,�/1X"X"0$<L/>2$v�5$<�57vm,&X"0$<>�"ED,CB <1:
2$vW/10{/>2C5$,C0768|.6 3 �ª¥ % zU68B~, 3 -76D< 3 /1E(0768�P6DzU6854J�B�/1570$<>6Dz T w�,�6 3 570$<HzU9m2.,�57vm,«2.< 3 2.,CX"5�<1: � Ã #

�
, # ¯[·  dÅ»´ #  dÅ²± ,��  *) ,

� ®¶µ>®=·>® ,¹¸ ³  ,�� ¼>®=· T 6¾�¿,P� T /1�m-7570{/>2C5 0768�P6DzU6854J�B�/1570$<>6Dz�57vW/15 X"0$,.-$,C07yL,.- 57vm,�6 3 z",CXh, 3 z", 3 2CJ<1:@/ 3 J�,.zU�L,�-$,C5
9 3 z",C0  % , . 5$, 3 -76D< 3 �@��,�w;68E8EÈ-7vm<}w�57vW/15¨57vm,C0$,&, . 6D-75$-�/  % , . 5$, 3 zm/1�"ED,�/1�m-7570{/>2C5¨0768�P6DzU6854JªB�/1570$<>6Dz�57vW/15
6D- 3 <>5�/�0768�P6DzU6854J�B�/1570$<>6DzG�§�v_9m- T 57vm,�2.< 3 2.,CX"5�<1:  % , . 5$, 3 zm/1�"ED,�/1�m-7570{/>2C5;0768�P6DzU6854J�B�/1570$<>6Dzª6D-0$,�/1E8E8Jª/
�L, 3 ,C0{/1E868|}/1576D< 3 <1:+0768�P6DzU685RJ�B�/1570$<>6DzG�

 ! �#" � " � �%$ � �'& ����("*)#+m� � " � � � ��� �� �n� �-, "� � � ��

.©,C5
Kt

z", 3 <>5$,�57vm,�,.zU�L,�-$,C5�<1:K/�2.<>B�X"ED,C5$,x-79"�"�P0{/1X"v�< 3
t

yL,C07576D2.,.-�<1:
(V,K)

� � �0/ �21 / �
±�143�� <1:

(V,K)
6D-;57vm,«-{,C5¨<1:	,.zU�L,.-�/>z � />2., 3 5�5$<�-$<>B~,�yL,C075$,�5

v ∈ V ����,Kw;68E8E©9m-{,K57vm,K:¹<>E8ED<}w;6 3 ��ED,CB�B�/U�
��
������ &7698 ³ 3:1�� ¼>®=· Ad ¼P¯ 1<; /*/ ·�µ / ± / 1 ¼>= 1<; /@? ¼>³ �[´ / 1 / µ �A3�7;

(V,K)
® ±�3

d
ÃÄ·>® ³ / ¯ ± ®¹¼>¯ 3>´B3dÅ»±�1��A3 ? 1

� ®¶µ>®=·>® 1¹¸ ³ 3:1�� ¼>®¹·�® = 3 ¯[·�¼>¯ ´ ¸ ® =K® 1�±C3:1 ® ± ° / ±
D
(1) rAd(K(V )) = d|V | − d(d+ 1)/2 E
(2) F 3 ? ; k Ã � 3P´ / ¯ ?'/ � Ã / �

1 / ¯ ± ®¹¼>¯�¼>= 3 ¯® ¯[· / � / ¯[· / ¯ 1¤± / 1 ¼>= Ad ® ±G3>´ ± ¼ 3 ¯�® ¯[· / � / ¯[· / ¯ 1§± / 1 ¼>= Ad=.¼ � /��0/ �»¸ k ≤ d E
�$� ¼�¼>= �vm,�X"0$<H<1:(<1:©57vm,�HR< 3 E8J~6¶:AI¨XW/10752�/ 3 �*,;:=<>9 3 zN6 3 ¡  T .©,CB�B�/ � � S �¦M ¢ ����,�X"0$<�yL, 57vm,�H46¶:AI¨XW/1075��

��JN2.<>B�XW/1076 3 ��57vm,�0{/ 3KJ <1:
Kd+1 L : 0$<>B L  NMAM / 3 z�57vm, 3 9"B��h,C0�<1:(685$-;,.zU�L,.-w@,�-{,.,�57vW/15�/1E8E

Kd+1/10$,�6 3 z",CX*, 3 z", 3 5�6 3 Ad �PO45�6D-~,�/>-7J�5$<�-$,.,�57vW/15
Kd+2

B�6 3 9m-N/ 3 J¬,.zU�L,ª2�/ 3 �*,��"9"68E85�: 0$<>B
Kd+1�dJ

d Q yP/1ED, 3 2.,�O Q ,�5U5$, 3 -76D< 3 T vm, 3 2.,�685�6D-�6 3 z",CX*, 3 z", 3 5N6 3 Ad �¬?<>0$,.<�yL,C0 |Kd+2| = rAd(Kd+2) + 1
�

�vm,C0$,»:=<>0$, T
Kd+2

6D-�/�2C680$2C9"685¨6 3 Ad �
.©,C5

E,F ⊆ K
/ 3 z½ED,C5

W = V (E) ∩ V (F ) R 680$-75 T />-$-79"B~,�57vW/15 |W | ≤ d − 1
�SO4:

uv
6D-�/ 3

,.zU�L,6 3
cl(K(V (E)) ∪ K(V (F )))

�"9"5 3 <>5N6 3
K(V (E)) ∪ K(V (F ))

57vm, 3 w@,A2�/ 3 />-$-79"B~,�57vW/15
u ∈ V (E)−V (F )

/ 3 z
v ∈ V (F )−V (E)

�UT <�w�,CyL,C0 T 9m-76 3 �
k Q yP/1ED, 3 2.,KO Q ,�5H5$, 3 -76D< 3 -�w;6857v

k ≤ m T w@,
2�/ 3 57vm, 3 ,�5H5$, 3 z {uv} 5$<�/ 3 6 3 z",CX*, 3 z", 3 5 -$,C5<1: Ad 57vW/15¨2.< 3 5{/16 3 -�/��W/>-$,K<1:

K(V (E))
/>-�w@,CE8E(/>-;/

�W/>-$,�<1:
K(V (F ))

T vm, 3 2.,&/��W/>-{,�<1:
K(V (E)) ∪K(V (F ))

T /�2.< 3 570{/>zU6D2C576D< 3 ���vd9m-
(C1)

:=<>E8ED<�w¨-��
V <�w T 6¶: |W | ≥ d / 3 z

E,F
/10$,@0768�P6Dz T 57vm, 3 ED,C5

W ′
�h,/¨-{,C5+<1:

d
zU6D-7576 3 2C5	,CED,CB~, 3 5$-�<1:

V (E)∩V (F )
�

R <>0¨/ 3 J
u ∈ V (E)−V (F )

/ 3 z
v ∈ V (F )−V (E)

T
K(W ′+u+ v))

6D-/
Kd+2

/ 3 zNvm, 3 2.,K/�2C680$2C9"685��
�vm,C0$,»:=<>0$,

uv ∈ cl(K(W )− uv) ⊆ cl(E ∪ F )
�
(C2)

:=<>E8ED<�w¨-��
2

Ë*ÌKW
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�vm,�:¹<>E8ED<}w;6 3 ��57vm,.<>0$,CB / 3 -7w�,C0$-~57vm,�5Rw@<��_9m,.-7576D< 3 -�/1�*<�yL,�/ 3 z½X"0$<}y_6Dz",.-N2$vW/10{/>2C5$,C0768|}/1576D< 3 -�<1:
d Q zU68B~, 3 -76D< 3 /1E	/1�m-$570{/>2C5¨0768�P6DzU6854J�B�/1570$<>6Dz"-;:=<>0�/ 3 J

d ≥ 2
�

�����
	��� � Ë 6 � ; / =.¼ ´�´ ¼���® ¯_µ ±2143:1 / ³ / ¯ 1 ± 3�� / /�� º ® � 3>´ / ¯ 1 =.¼ �G3 ³ 3:1�� ¼>®=· Ad ¼>¯
K E

(i) Ad
® ±G3

d
ÃÄ·>® ³ / ¯ ± ®=¼>¯ 3P´ 3dÅ²±�1��A3 ? 1�� ®¶µP®¹·>® 1¹¸ ³ 3:1�� ¼>®=·N¼>¯

K E
(ii)

8 ´�´
Kd+2 �

± ®�¯
K

3�� / ? ® � ? º ® 1 ± ¼>= Ad 3 ¯[· 3P´�´ �0/ �21 / �
±�143��²± ³�® ¯ º ±

(d− 1) / ·�µ / ± 3�� / ? ¼ ? ® � ? º ® 1 ±
¼A= Ad E

(iii)
8 ´ ´

Kd+2 �
± ®�¯

K
3�� / ? ® � ? º ® 1 ± ¼A= Ad 3 ¯[·

rAd(K(U)) = d|U | − d(d+1)/2
=.¼ � /��0/ �»¸ U ⊆ V��® 1<; |U | ≥ d+ 1 E

(iv)
8 ´�´

Kd+2 �
± ® ¯

K
3�� /#? ® � ? º ® 1 ± ¼>= Ad 3 ¯[·

rAd(K) = d|V | − d(d + 1)/2 E
� � ¼�¼A=
¡ L 6 M ⇒ L 68686 M4¢O¾:

U ⊆ V / 3 z |U | ≥ d+ 1
T 57vm, 3 :¹0$<>B L � M <1: .È,CB�B�/  w�,�vW/�yL,

rAd(K(U)) ≥ d|V (U)| − d(d+
1)/2

�UO4:
rAd(K(U)) ≥ d|V (U)|−d(d+1)/2+1

57vm, 3 ED,C5
BU

�*,@/��W/>-$,@<1:
K(U)

� � X"X"E8J_6 3 �
d Q yP/1ED, 3 2.,

O Q ,�5U5$, 3 -76D< 3 < 3
BU

T w@,~<>�"5{/16 3 / 3 6 3 z",CX*, 3 z", 3 5�-79"�m-$,C5�<1:
K

w;6857v�/15�ED,�/>-75
d|V | − d(d + 1)/2 + 1,.zU�L,.- T /�2.< 3 570{/>zU6D2C576D< 3 ��vm,C0$,»:=<>0$, T

rAd(K(U)) = d|V (U)| − d(d+ 1)/2
�

�vm, :=/>2C5�57vW/15
Kd+2

6D-¨/~2C680$2C9"685;:¹<>E8ED<}w¨-;:¹0$<>B 57vm,�X"0$<H<1:	<1:U.©,CB�B�/  �

¡ L 68686 M ⇒ L 686 M4¢
��� ��� ����6�� = Ad ±23:1 ® ± ° / ± (iii)  1<; / ¯ Ad ±23�1 ® ± ° / ± (2)

® ¯"! / ³�³ 3�� E
� � ¼�¼A= .È,C5

E ⊆ K
�*,&/ 3 6 3 z",CX*, 3 z", 3 5�-$,C5�<1: Ad / 3 z

v ∈ V − V (E)
� � z"zU6 3 ��/1X"X"0$<>X"076£/15$,�,.zU�L,.-

5$<
E

T w�,�<>�"5{/16 3 /K�W/>-$,
B

<1:
K(V −v) ���vm, 3 |B| = d|V −v|−d(d+1)/2 = r(Ad)−d

���vm,C0$,»:=<>0$, T
57vm,C0$,�,�5H6D-$5

d
,.zU�L,.-

vx1, . . . , vxd
6 3
δ(v)

-$9m2$v�57vW/15
B′ = B + vx1 + . . . + vxd

6D-�/��W/>-$,«<1:
K

� .©,C5
y ∈ V − {v, x1, . . . , xd}

�¤F_6 3 2.,
K({y, v, x1, . . . , xd})

6D-�/�2C680$2C9"685¨6 3 Ad T
B′ + vy − vxi

6D-¨/��W/>-$,�<1:
K

:=<>0¨,CyL,C07J
1 ≤ i ≤ d �

.È,C5
y1, . . . , yd

�h,
d

zU6D-7576 3 2C5�yL,C07576D2.,.-~<1:
V − v � � X"X"E8JH6 3 ��57vm,�/1�*<�yL,x/107�P9"B~, 3 5 T w�,ª2�/ 3 0$,CX"E£/>2.,

vx1, . . . , vxd
6 3 57vm, �W/>-$,

B′
�_J

vy1, . . . , vyd
5$<�<>�"5{/16 3 / 3 <>57vm,C0;�W/>-$,K<1:

K
���vm, 3 L � M :=<>E8ED<�w¨-��

2

F_9"X"Xh<P-{,
v, v1, . . . , vd−1 ∈ V

����,�w;68E8E+-$vm<�w 57vW/15
C∗v = δ(v) − {vv1, . . . , vvd−1}

6D-�/�2.<H2C680$2C9"685
<1: Ad ��F_6 3 2., L 68686 M vm<>EDz"- T

rAd(K − δ(v)) = r(K) − d ��T�, 3 2.,
rAd(K − C∗v ) = rAd(K − δ(v) +

{vv1, . . . , vvd−1}) ≤ rAd(K)− d+ (d− 1) < rAd(K)
w;v"6D2$vªB~,�/ 3 -57vW/15

C∗v
6D-�2.<Hz",CX*, 3 z", 3 5��9T <�w Q,CyL,C0 T :¹<>0¨/ 3 J

vd ∈ V − {v, v1, . . . , vvd−1}
T
K − (C∗v − vvd) = K(V − v) + {vv1, . . . , vvd}

2.< 3 5{/16 3 -
/��W/>-$,�<1:

K
�dJ L � M <1:U.©,CB�B�/  / 3 z L 68686 M �§�vm,C0$,»:¹<>0$,

C∗v
6D-�/�2.<H2C680$2C9"685��

¡ L 686 M ⇒ L 6 M4¢��,KX"0$<�yL,&57vW/15¨6¶: Ad -{/1576D-$#W,.- L 686 M 57vm, 3 685�-{/1576D-$#W,.- L  NM / 3 z L � M 6 3 .©,CB�B�/  �
.©,C5

E ⊆ K
�h,«/ 3 J�6 3 z",CX*, 3 z", 3 5K-$,C5¨<1: Ad / 3 z

v ∈ V − V (E)
�¤��,«2�/ 3 />z"zª5$<

E
/1X"X"0$<>X"076£/15$,

,.zU�L,.-K5$<N�L,C5«/~�W/>-{,
B

<1:
K(V − v) � .©,C5

x1, . . . , xd ∈ V − v
�&F_6 3 2.,

δ(v) − {vx1, . . . , vxd} + vxi6D-K/~2.<H2C680$2C9"685�:¹<>0�,CyL,C07J
i ∈ {1, . . . , d} T B ′ = B + vx1 + . . . vxd

2.< 3 5{/16 3 -�/��W/>-$,�<1:
K

�"9"5 3 < 3 ,�<1:
B′ − vxi

2.< 3 5{/16 3 -K/��W/>-$,�<1:
K

���vm,C0$,»:=<>0$,
B′

6D-¨/��W/>-$,�<1:
K

���v_9m- L � M :=<>E8ED<�w¨-��
��,�X"0$<}yL,��_J~6 3 zU9m2C576D< 3 < 3 |U | ≥ d 57vW/15

rAd(K(U)) = d|V (U)| − d(d+1)/2
T :=<>0�,CyL,C07J

U ⊆ V T
|U | ≥ d

�N�v"6D-�vm<>EDz"-�:=<>0 |U | ≤ d + 2
-$6 3 2.,

Kd+2 É -&/10$,N2C680$2C9"685$-�� � -$-79"B~,~57v"6D-«vm<>EDz"-�:=<>0
U ⊆ V

T
|U | ≥ t ≥ d + 2

� .©,C5
v ∈ V − U

/ 3 z ED,C5
BU

�*,�/��W/>-{,�<1:
K(U)

T
x1, . . . xd+1 ∈ U

��F_6 3 2.,
C∗v (i) = δ(v) − {vx1, . . . , vxd} + vxi

6D- /�2.<_2C680$2C9"685�:¹<>0 ,CyL,C07J
i ∈ {1, . . . , d} / 3 zx6 3 /�B�/1570$<>6Dz�57vm,

2�/10$zU6 3 /1E8685RJ�<1:m57vm,�6 3 5$,C0$-$,.2C576D< 3 <1:h/�2C680$2C9"685�/ 3 z�/�2.<H2C680$2C9"685	2�/ 3�3 <>5	�*,¤< 3 , T
BU+vx1+. . .+vxd

6D-È6 3 Qz",CX*, 3 z", 3 5(6 3 Ad � � -
K({v, x1, . . . , xd+1})

6D-(/;2C680$2C9"685 T
vxd+1 ∈ cl(K({v, x1, . . . , xd+1})−vxd+1) ⊆

ËhÌ&%
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R 68�P9"0$,  ���� />2$vNyL,C075$,�5�6D-§2.< 3 Q3 ,.2C5$,.z�5$< :=<>9"0 3 ,�/10$,.-75�yL,C0 Q576D2.,.-�/ 3 z�685$-�<>X"Xh<P-7685$, yL,C075$,�5G�
|H| = 30 = r(K12)

6 3 G3(12)

cl(BU + vx1 + . . .+ vxd)
�9T , 3 2.,

BU + vx1 + . . .+ vxd
6D-¨/��W/>-$,K<1:

K(U + v)
T w;v"6D2{vx68B�X"E86D,.- L  NM �

¡ L 68686 M ⇒ L 68y M4¢���� �dyH6D<>9m-��

¡ L 68y M ⇒ L 68686 M4¢O4:(/1E8E
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G�G

��FH<~6¶:
H2 6D-¨/�B�6 3 68B&9"B v"6857576 3 ��-$,C5�<1:
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G�G
�
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T
w;vm,C0$,

η(G)
/ 3 z

ι(G)
z", 3 <>5$, T />zUw;68�L,C0 3 9"B&�*,C0�/ 3 z � O 3 9"B&�*,C0�<1:
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n
yL,C07576D2.,.- T

0$,.-$Xh,.2C5768yL,CE8J L V�<>5$,�57vW/15
Pn

6D-ª/�XW/157v <1:«ED, 3 �P57v
n − 1

M �  3 z
Kn1,n2,...,nk

z", 3 <>5$,.-x/�2.<>B�X"ED,C5$,
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• � ; / �"0{/1B&�"ED, 3 9"B&�*,C0«¼>=
G  · / ¯[¼ 1 / · Å»¸

bn(G)  ® ±@1<; / ³ 3 � ®�³ º ³ ¼ � · / � ¼>= 3>´ ´71 ¼ º ? ; / ·�= 3 ³�® ´ ® / ±
¼A=
G E

 -�B~, 3 576D< 3 ,.z�6 3 O 3 570$<HzU9m2C576D< 3 T FH,CJHB~<>9"0�/ 3 z��vm<>B�/>-�-7vm<�w�,.z�57vW/15�:=<>0&/��P0{/1X"v
G

T
bn(G) =

tw(G) + 1
¡ ��O ¢ ���vm,C0$,�6D-«/~�P0$,�/15&/>zUyP/ 3 5{/1�L,�5$<�9m-$,��"0{/1B&�"ED,�:=<>0K-7vm<�w;6 3 ��/�ED<�w�,C0«�h<>9 3 zA< 3 570$,., Qw;6DzU57v©� = ,.2�/19m-{, T w@,�2�/ 3 <>�"5{/16 3 2.< 3 -757079m2C5768yL,CE8J¬/ 3 ,Cy_6Dz", 3 2.,�<1:�/xED<�w@,C0��*<>9 3 z�< 3 570$,., Q w;6DzU57v½�dJ

5{/ J 6 3 ��-79"685{/1�"ED,��"0{/1B��"ED,�/ 3 zx,CyP/1E89W/1576 3 �~685$-¨<>0$z",C0��@��, 3 ,C0{/1E8E8J�-$Xh,�/ J 6 3 �~,Cy>/1E89W/1576D< 3 :¹<>0;57vm,&<>0$z",C0¨6D-
/�zU6 ��2C9"E85�5{/>- J �

OR5�-7vm<>9"EDz��h,«B~, 3 576D< 3 ,.z57vW/15�57vm,«:¹<>E8ED<}w;6 3 �N�P0{/1X"vXW/10{/1B~,C5$,C0 ´ ® ¯�� / ·>¯ / ±{± 6D-�-7570$< 3 �PE8Jª0$,CE£/15$,.z�5$<
� O 3 9"B&�*,C0��  2C579W/1E8E8J T 6 3 57v"6D-�XW/1Xh,C0 T w�,�w;68E8E�9m-$,�/ 3 6Dz",�/�6 3 vm,C0$, 3 5�6 3 57vm,N2.< 3 2.,CX"5�<1:�57vm,N�P0{/1X"v
XW/10{/1B~,C5$,C0KE86 3KJ ,.z 3 ,.-$- 6 3 <>0$z",C0K5$<N<>�"5{/16 3 /�ED<�w�,C0K�h<>9 3 z�:¹<>0

ι(G)
�K�vm,�z", # 3 68576D< 3 <1:¤E86 3KJ ,.z 3 ,.-{-�6D-

/>-:=<>E8ED<�w¨-��

� ��� � � � � 	 � Ë L ¡ Q T 0 ¢<M 6 8 ± º Å²± / 1 S ¼A=
V (G)

® ±
k
Ã�E86 3KJ ,.z ® =�=.¼ � 3 ¯ ¸�± / 1 X ⊆ V (G)

��® 1<; |X| < k  1<; / � / ® ± 3 ? ¼>³ � ¼P¯ / ¯ 1 ¼>=
G−X ? ¼>¯ 143 ®�¯m® ¯_µ�³~¼ � / 1<;B3 ¯ ;B3P´ =«¼>= 1<; / � / ��1 ® ?'/ ± ¼A=

S E � ; / E86 3KJ ,.z 3 ,.-$-�¼>=
G  · / ¯h¼ 1 / · Å»¸

λ(G)  ® ± 1<; / ´ 3�� µ / ±21 k =.¼ � � ; ® ? ; G ;B31±G3
k
Ã ´ ® ¯�� / · ± / 1 E

R <>0«,�/>2{v�-$,C5
X ⊆ V (G)

w;6857v |X| < k
T w�,�2�/1E8E+57vm,�2.<>B�X*< 3 , 3 5«2.< 3 5{/16 3 6 3 �xB~<>0$,�57vW/ 3 vW/1E¶:�<1:

57vm, yL,C07576D2.,.-¨<1:
S

�_J Å ®8µ ? ¼>³ � ¼>¯ / ¯ 1 ¼>=
G−X º ¯[· / � S �	�§JHX"6D2�/1EÈ,�5m/1B�X"ED,K<1:(E86 3KJ ,.z 3 ,.-$-;6D-�57vW/15;57vm,

E86 3KJ ,.z 3 ,.-$-�<1:;/ª2.<>B�X"ED,C5$,��P0{/1X"v
Kn

w;6857v
n

yL,C07576D2.,.-«6D- dn/2e L = ,.2�/19m-{,
V (Kn)

6D-&/ dn/2e Q E86 3KJ ,.z-$,C5 M �
	 � ���&� � ��6 � ; / ± / 1 ¼A= Å ®8µ ? ¼>³ � ¼>¯ / ¯ 1 ± º ¯[· / � S � 3 ® � ��® ± / ® ¯ 1 / �²± /A? 1¤± ®�¯ ?'/ / 3 ? ; ¼>= 1<; / ³ ;B3>± ³~¼ � /1<;B3 ¯ ;B3>´ =&¼>= 1<; /G�0/ ��1 ® ?'/ ± ¼A=

S E
	 � ���&� � Í 6�� ; / ¼ � · / � ¼>= 1<; / ± / 1 ¼>= Å ®¶µ ? ¼>³ � ¼>¯ / ¯ 1 ± º ¯[· / � 3 k Ã ´ ®�¯�� / · ± / 1 S ® ± 3:1	´ / 31±21

k E�
 /A? 3 º ± /
® = ¯h¼ 1  1<; / � / ® ± 3 ; ® 1 1 ®�¯_µ ± / 1 X ¼>= ± ®� / ´ / ±{±G1<;B3 ¯ k E�� � ¼>³ 1<; / · / °§¯m® 1 ®¹¼>¯  G−X ± ; ¼ º ´ · ;B3 � / 3�Å ®8µ
? ¼>³ � ¼P¯ / ¯ 1  3 ¯[· ? ´ / 3��²´ ¸ X 3 ¯h· 1<; / Å ®8µ ? ¼>³ � ¼>¯ / ¯ 1 ·L¼N¯[¼ 1 ® ¯ 1 / �²± / ? 1 E

F_6 3 2.,~,�/>2{v��"68�x2.<>B�X*< 3 , 3 5�6D-«2CED,�/107E8J�2.< 3"3 ,.2C5$,.z�/ 3 zA:¹0$<>B ' ,CB�/10 J ¥�57vm,CJAXW/16807w;6D-$,�6 3 5$,C0$-{,.2C5 T
57vm,�-$,C5<1:(�"68�~2.<>B�X*< 3 , 3 5$-;6D-¨/ 3 6 3 5$,C0$-$,.2C5;:¾/1B�68E8JL���vd9m-:¹0$<>B ' ,CB�/10 J � T w�,KvW/.yL,

λ(G) ≤ ι(G)
� O 3

FH,.2C576D< 3 � T w�,�w;68E8E§z",CB~< 3 -7570{/15$,�/�ED<}w@,C0��h<>9 3 z:=<>0 � O 3 9"B&�*,C0�<1:;/�2.<>B�X"ED,C5$,�B&9"E85768XW/10757685$,N�P0{/1X"v
�dJ�9m-76 3 ��/ 3 6Dz",�/�<>�m-$,C07yL,.zª6 3 ' ,CB�/10 J �m�


1A�
 ��J �#F��� G J/L 
 �3D	����� F
.©,C5

G1 = (V1, E1)
/ 3 z

G2 = (V2, E2)
�h,K�P0{/1X"vm-}� @ 3��21 / ± ® 3 ¯ � � ¼�· º ? 1 G1 �G2

6D-;57vm,��P0{/1X"v�w;vm<P-$,
yL,C075$,�5�-{,C5@6D-

V1× V2
T / 3 zª/ 3 J�54w�<�yL,C07576D2.,.-

(u1, v1)
/ 3 z

(u2, v2)
/10$,K/>z(>7/>2., 3 5;6 3

G1 �G2
6 �A,C6857vm,C0

¡
v1 = v2

/ 3 z {u1, u2} ∈ E1
¢ <>0&¡

u1 = u2
/ 3 z {v1, v2} ∈ E2

¢ �

Ë � �
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	 � � �&� � W 6 ! / 1 B1 = {B1
1 , B

1
2 , . . . , B

1
|B1|}

Å / 3 1 ¼ º ? ; / · = 3 ³�® ´ ¸ � ® E / E 3�Å �A3 ³ Å»´ / �A¼A= 3 µ �A3 � ; G13 ¯[·
B2 = {B2

1 , B
2
2 , . . . , B

2
|B2|}

Å / 3 1 ¼ º ? ; / · = 3 ³�® ´ ¸ ¼A= 3 µ �A3 � ; G2  
3 ¯[· ´ / 1 B1 × B2 := {Bi,j | 1 ≤

i ≤ |B1|, 1 ≤ j ≤ |B2|}  
� ; / � / Bi,j = {(u, v) | u ∈ B1

i , v ∈ B2
j } E � ; / ¯ =C¼ �21 º ¯ 3:1 / ´ ¸ B1 × B2

® ± 31 ¼ º ? ; / · = 3 ³�® ´ ¸ � ® E / E 3�Å �A3 ³ Å»´ / ��¼>=
G1 � G2 E�� ¯N=C¼ �21 º ¯ 3:1 / ´ ¸  ; ¼�� /��0/ �  B1 × B2

® ± ¯[¼ 1*3 1 ¼ º ? ; / ·= 3 ³�® ´ ¸ ¼A=
G1 �G2

®�¯ªµ / ¯ / �>3>´ E
O 3 57v"6D-;XW/1X*,C0 T 5$<�<>�"5{/16 3 /�5$<>9m2{vm,.z�:=/1B�68E8J L 6¾�¿,P�¤/��"0{/1B��"ED, M T w@,Kw;68E8E©2.< 3 -$6Dz",C0�/ L -$,C5 M �/1075$,.-76£/ 3

X"0$<HzU9m2C5(<1:W/ 3 6 3 5$,C0$-$,.2C576 3 ��:=/1B�68E8J«/ 3 z�/1>n<>6 3 ,.z«:=/1B�68E8JL� ��3 ,�B�/.J�w�< 3 z",C0(w;v_JK57vm,§XW/1680 { 6 3 5$,C0$-{,.2C576 3 � T
>7<>6 3 ,.z } 6D-È5{/ J , 3 T w;vW/15Èw;68E8E_vW/1X"Xh, 3 w;vm, 3 / 3 <>57vm,C0+XW/1680È6D-(5{/ J , 3 -79m2{v�/>- { 6 3 5$,C0$-$,.2C576 3 � T 6 3 5$,C0$-$,.2C576 3 � } Ê�vm,«0$,�/>-$< 3 2.<>B~,.-;:¹0$<>B 57vm,K:=<>E8ED<�w;6 3 �N0$,CB�/10 J �
	 � � �&� � % 6 � ¼ �

i ∈ {1, 2}  ´ / 1 Gi Å / 3 = 3 ? 1 ¼ � µ �A3 � ;  3 ¯[· ´ / 1 Fi Å / 3 ? ¼ ´ ´ / ? 1 ®¹¼P¯ª¼A= ? ¼>¯m¯ / ? 1 / · ± º Å²± / 1 ±
¼A=
V (Gi) E�� º �21<; / � ³�¼ � /  =C¼ � i ∈ {1, 2}  ´ / 1 Fi

Å / 3 1 ¼ º ? ; / · = 3 ³�® ´ ¸ ¼>=
Gi E � ; / ¯

• Å»¸ 143 �}®�¯Hµ
F1

3>± 3 ¯�®�¯ 1 / �{± /A? 1 ® ¯_µ�= 3 ³�® ´ ¸  ® 1 ? 3 ¯ Å / µ º 3��A3 ¯ 1 / / · 1<;B3:1 F1×F2

® ±�3#1 ¼ º ? ; / ·�= 3 ³�® ´ ¸��

• Å»¸ 143 �}® ¯_µ
F1

31±�3 � ¼P®�¯ / ·#= 3 ³�® ´ ¸  1<; / ¼ � · / � ¼>=
F1 × F2

? 3 ¯ Å / / 31± ® ´ ¸ · / 1 / � ³�® ¯ / · � ; / ¯ 1<; /
¼ � · / � ¼A=

F2

® ± �}¯[¼���¯ E
V�<>5$,	57vW/15È6 3 ' ,CB�/10 J M T

F1

/ 3 z
F2

/10$,§,�5"2$vW/ 3 �L,�/1�"ED,P�	�vm,�0$,�/>-$< 3 :=<>0G5{/ J 6 3 �;57vm,�XW/1680 { 6 3 5$,C0$-$,.2C576 3 � T
>7<>6 3 ,.z } �*,.2.<>B~,.-;B~<>0$,«2CED,�/10�/�:¹5$,C0¨0$,�/>zU6 3 �~57vm,«X"0$<_<1:�<1:	�vm,.<>0$,CB � 6 3 57vm, 3 ,�5U5�FH,.2C576D< 3 �

� � 9�� $�� )�9 : ��� � 9K��� � $U$ 	�� � �&�
	 9*� ! "K�W� $U+ � "*� � �K9 �;:��È���K��" � 	#+
O 3 57v"6D- -{,.2C576D< 3 T w�,��P68yL,�/�ED<�w�,C0��h<>9 3 z�: 9 3 2C576D< 3 :=<>0�570$,., Q w;6DzU57v�<1:��/1075$,.-$6£/ 3 X"0$<HzU9m2C5K�P0{/1X"vm-��  -
B~, 3 576D< 3 ,.zA6 3 F_9"�m-$,.2C576D< 3 �P�32 T .G9m2., 3 /�z",C5$,C07B�6 3 ,.z57vm,�,�5"/>2C5�570$,., Q w;6DzU57vA<1:§57vm, �/1075$,.-76£/ 3 X"0$<_zU9m2C5
�P0{/1X"vª<1:È5Rw@<�2.<>B�X"ED,C5$, �P0{/1X"vm-w;6857v

n
yL,C07576D2.,.-�¡ � ¢ T B~<>0$,�X"0$,.2C6D-$,CE8J T

tw(Kn �Kn) = n2/2 +n/2− 1:=<>0
n ≥ 3

� � 9"0�ED<�w�,C0��*<>9 3 z�: 9 3 2C576D< 3 2�/ 3 �*,�2.< 3 -$6Dz",C0$,.z�/>-/K:=<>07B&9"E£/1576D< 3 <1:©57v"6D-�0$,.-79"E85@<1: .©9m2., 3 /U�
O 3 :¾/>2C5 T /1X"X"E8J_6 3 ��<>9"0¤ED<}w@,C0�h<>9 3 z~: 9 3 2C576D< 3 5$<

Kn�Kn
w;6857v�<Hz"z

n
T 57vm,¨X"0$<H<1:È<1:G<>9"0�ED<�w�,C0@�*<>9 3 z

:¹9 3 2C576D< 3 6D-�2.<>6 3 2C6Dz", 3 5§w;6857v�57vm,X"0$<_<1:*<1:h57vm,�.G9m2., 3 / É -¤0$,.-79"E85�� R <>0§,CyL, 3
n

T <>9"0�ED<�w�,C0§�h<>9 3 z�:¹9 3 2C576D< 3
z"<H,.- 3 <>5�/>2$v"6D,CyL,K57vm,�<>X"5768B�/1EGyP/1E89m,P�9O 3 :¾/>2C5*.G9m2., 3 /�2.< 3 -757079m2C5$,.z�/&�"0{/1B��"ED,�6 3 B~<>0$,�-$<>X"v"6D-7576D2�/15$,.z
w/.J�:=<>0;57vm,«2�/>-$,�<1:�,CyL, 3

n
�

�����
	��� � Ì 6�! / 1 G1
3 ¯[·

G2
Å / µ �>3 � ;L± E � ; / ¯ bn(G1 �G2) ≥ η(G1)× ι(G2) E

� � ¼�¼A= .©,C5
J = {J1, . . . , Jη(G1)}

�*, / >n<>6 3 ,.zN:¾/1B�68E8J�<1:
G1

/ 3 z
I = {I1, . . . , I|I|}

�*,K/ 3 6 3 5$,C0$-$,.2C576 3 �
:¾/1B�68E8J <1:

G2
w;6857vÂ<>0$z",C0�<1:

ι(G2)
T / 3 z�ED,C5

B := {Bi,j | 1 ≤ i ≤ η(G1), 1 ≤ j ≤ |I|} T w;vm,C0$,
Bi,j = {(u, v) | u ∈ Ji, v ∈ Ij}

�
R 680$-75@w�,�-7vm<�w 57vW/15

B
6D-;/&�"0{/1B��"ED,«<1:

G1 �G2
���È<�-7vm<}w 57v"6D- T ED,C5;9m- #m0$-$5�yL,C076¶:¹J�57vW/15;,�/>2{v

Bi,j6D-�2.< 3"3 ,.2C5$,.zG� OR5;6D- J_3 <}w 3 57vW/15¨57vm,!�/1075$,.-76£/ 3 X"0$<HzU9m2C5¨<1:	54w@<~�P0{/1X"vm-¨6D-¨2.< 3"3 ,.2C5$,.zª6 �A�*<>57v�:=/>2C5$<>0$-
/10$,&2.< 3"3 ,.2C5$,.z L FH,.,«,P� �m�©¡¦M ¢<M ��FH<�,�/>2$v

Bi,j
6D-¨2.< 3"3 ,.2C5$,.zG�

.©,C5¤9m-@2$vm,.2 J 57vW/15�/ 3 J
Bi,j

/ 3 z
Bp,q

/10$,¨5$<>9m2{vm,.zG�@F_6 3 2.,
I
6D-@/ 3 6 3 5$,C0$-$,.2C576 3 ��:=/1B�68E8J T 57vm,C0$,�,�5U6D-75$-

/�yL,C075$,�5
u ∈ Ij ∩ Iq

�UO4:
i = p

T w@, vW/�yL,
(v, u) ∈ Bi,j ∩Bp,q

:=<>0;/ 3 J�yL,C075$,�5
v

6 3
Ji = Jp

T -$<
Bi,j

/ 3 z
Bp,q

6 3 5$,C0$-{,.2C5��UO¾:
i 6= p

T 57vm,C0$,;6D-¤/ 3 ,.zU�L, {v, w} 6 3
G1

-79m2$v~57vW/15
v ∈ Ji

/ 3 z
w ∈ Jp

T -$<
(v, u) ∈ Bi,j/ 3 z

(w, u) ∈ Bp,q
/10$,~/>z(>$/>2., 3 5�6 3

G1 � G2
�GOR5K6D-�w�<>0757v�5$< 3 <>5$,�57vW/15K685 6D-«/ 3 />zUyP/ 3 5{/1�L,�vm,C0$,�5$<

5{/ J ,
I L / 3 6 3 5$,C0$-$,.2C576 3 ��:¾/1B�68E8J M§3 <>5�/«�"0{/1B&�"ED, L /&5$<>9m2$vm,.zN:=/1B�68E8J M ' ,.2�/1E8E ' ,CB�/10 J S / 3 z ' ,CB�/10 J MU�
V�<}w w�,&-7vm<}w 57vW/15�57vm,&<>0$z",C0 <1:

B
6D-
η(G1)× ι(G2)

�;FH<�ED,C5�9m-�2.< 3 -76Dz",C0�57vm,�-$,C5
H := {(u, v) |

u ∈ HJ, v ∈ HI}
T w;vm,C0$,

HJ

/ 3 z
HI

/10$,«B�6 3 68B&9"B v"6857576 3 �N-$,C5$-¨<1:
J

/ 3 z
I
T 0$,.-7X*,.2C5768yL,CE8JL�

Ë � Í
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��� � � � � 6
H

® ±G3 ; ® 1 1 ® ¯_µ ± / 1 ¼>=
B E

� � ¼�¼>= ��,ªw;68E8E�-7vm<}w 57vW/15~:=<>0�/ 3 J
Bi,j ∈ B

T 57vm,C0$,x,�5H6D-$5$-�/ 3 ,CED,CB~, 3 5
(u, v) ∈ H ∩ Bi,j L 6¾�¿,P� T

(u, v) ∈ H 2.<}yL,C0$-
Bi,j

M � R <>0¨57v"6D- T 685;6D-�, 3 <>9"�Pv�5$<�2$vm,.2 J 57vW/15

L 6 M 57vm,C0$,&,�5H6D-75$-�/�yL,C075$,�5
u ∈ Ji ∩HI

T / 3 z

L 686 M 57vm,C0$,&,�5H6D-75$-�/�yL,C075$,�5
v ∈ Ij ∩HJ

�
�@ED,�/107E8Jª-79m2$v

u, v
,�5U6D-75¨-76 3 2.,

HI

/ 3 z
HJ

/10$,Kv"6857576 3 ��-$,C5$-;<1:
I

/ 3 z
J
T 0$,.-$Xh,.2C5768yL,CE8JL�

2V <>5$,�57vW/15 |HJ| = η(G1)
/ 3 z |HI| = ι(G2)

�
��� � � � � 6 � º ��1<; / � ³~¼ � / H ® ± ³�®�¯W®�³ º ³  1<;B3:1 ® ±  ® ¯�¼ � · / � 1 ¼ ? ¼ �0/ � /�� / �²¸�± / 1 ® ¯

B
3:1§´ / 3>±�1

η(G1)×
ι(G2)

�0/ �21 ® ?'/ ±#3�� / � /�� º ® � / · E
� � ¼�¼>= � /1075768576D< 3

B
6 3 5$< {B1,B2, . . . ,B|J|}

T w;vm,C0$,
Bi := {Bi,j | 1 ≤ j ≤ |I|} �&F_6 3 2.,

J
6D-�/>7<>6 3 ,.z

:¾/1B�68E8J<1:
G1

T
Ji ∩ Jj = ∅ :=<>0

i 6= j
� T , 3 2., T :¹<>0&/NyL,C075$,�5

u ∈ V (G1)
T
u ∈ Ji

68B�X"E86D,.-
u 6∈ Jj

:=<>0
j 6= i

� R 9"0757vm,C07B~<>0$, T :=<>0�/�yL,C075$,�5
v ∈ V (G2)

T 6¶:
(u, v)

2.<�yL,C0$-�/~-$,C5
Bi,k

6 3
Bi

:¹<>0¨-{<>B~,
k

57vm, 3 T :=<>0
/1E8E

j 6= i
T
(u, v)

2�/ 3"3 <>5 2.<�yL,C0�,CyL,C07Jª-$,C5
Bj,`

6 3
Bj

:=<>0
1 ≤ ` ≤ |I| �¤�vW/15�6D- T

(u, v)
2.< 3 570768�"9"5$,.- < 3 E8J

:=<>0
Bi

/ 3 z�2�/ 3"3 <>5�2.< 3 570768�"9"5$,&:¹<>0¨<>57vm,C0
Bj

:=<>0
j 6= i

�§�v_9m- T w�,�vW/.yL,

57vm,�<>0$z",C0�<1:
B =

∑

1≤i≤|J|

57vm,&<>0$z",C0�<1:
Bi.

�@ED,�/107E8J�57vm,¨<>0$z",C0@<1:
I
6D-
ι(G2)

T / 3 z�57vm,�<>0$z",C0@<1:
Bi

6D-�/15§ED,�/>-75§57vm,�<>0$z",C0@<1:
I
:¹<>0¤,�/>2{v

1 ≤ i ≤ |J|-76 3 2.,�,�/>2{v�B~,CB&�*,C0&<1:
Bi

6D-K57vm, �/1075$,.-76£/ 3 X"0$<_zU9m2C5&<1:-$<>B~,�-$,C5
Ij ∈ I

/ 3 z�57vm,�-$,C5
Ji

���v_9m- T w�,
vW/.yL, 57vm,«<>0$z",C0�<1:

(Ji, I) ≥ ι(G2)
:¹<>0,�/>2$v

1 ≤ i ≤ |J| �¤F_6 3 2., |J| = η(G1)
T 57vm,�<>0$z",C0;<1:

B
6D-;/15@ED,�/>-$5

η(G1)× ι(G2)
�

2OR5§-7vm<>9"EDz��*, 3 <>5$,.z�vm,C0$,;57vW/15�57vm,C0$,;6D-¤/ 3 />zUyP/ 3 5{/1�L,�5$<K5{/ J 6 3 �
J L /�>n<>6 3 ,.z�:=/1B�68E8J M(3 <>5@/ �"0{/1B&�"ED,

L /K5$<>9m2{vm,.z~:¾/1B�68E8J M T �*,.2�/19m-$, T 6 3 �L, 3 ,C0{/1E T 685§6D-¤vW/10$z~5$<«,.-$5768B�/15$,¨57vm,�<>0$z",C0�<1:
B

6¶:hw�,¨5$<H< J /��"0{/1B&�"ED,
6 3 -75$,�/>zx<1:

J L ' ,.2�/1E8E ' ,CB�/10 J M M �
 -�/�0$,.-79"E85 T w�,�vW/.yL,«57vW/15

bn(G1 �G2) ≥ η(G1)× ι(G2)
�

2

� ����� � � � ";� �<9*�#+
O 3 57v"6D-�-$,.2C576D< 3 T w@,�X"0{/>2C576D2�/1E8E8J½z",C5$,C07B�6 3 ,�57vm,�570$,., Q w;6DzU57v <1:�57vm, �/1075$,.-76£/ 3 X"0$<_zU9m2C5~<1: 2.<>B�X"ED,C5$,
�P0{/1X"vm-�/ 3 zª: 9 3 zm/1B~, 3 5{/1EÈ�P0{/1X"vm-�-$9m2$v�/>-;�P076Dz"-�/ 3 zx2.<>B�X"ED,C5$,�B&9"E85768XW/10757685$,��P0{/1X"v©�

��A0@ ��D � 
!�  F� � �&J�
 � ��J/L � ���,G � �
�vm,K:=<>E8ED<�w;6 3 ��:=/>2C5;6D-�/�:=<>E J ED<>0$,�0$,.-79"E85 L FH,.,«,P� �m�©¡ S ¢<M �
� � t1� N N 6 ! / 1 G Å / 3 ? ¼>¯W¯ /A? 1 / ·�µ �>3 � ; ��® 1<;

m ≥ 2 � / ��1 ® ?'/ ± E � ; / ¯ pw(Pn �G) ≤ m E
= Jx2.<>B&�"6 3 6 3 �x�vm,.<>0$,CB � / 3 z R />2C5���O T w@,�vW/.yL,��vm,.<>0$,CB ���&�P68yL, 3 �*,CED<�w«�  - -$,., 3 : 0$<>B 57vm,

X"0$<H<1: T �vm,.<>0$,CB ���«/1ED-$<�vm<>EDz"-;6¶:	w@,�0$,CX"E£/>2.,&570$,., Q w;6DzU57v
tw

w;6857vxXW/157v Q w;6DzU57v
pw

6 3 57vm,«-$5{/15$,CB~, 3 5��
� � � 	 � ��� N N 6 ! / 1 gridm,n Å / 3 m×n µ � ®¹·�µ �A3 � ; ��® 1<;

m ≥ n E � ; / ¯  `n−1 ≤ tw(K`�gridm,n) ≤
`n E

Ë � W



2 Q M ��)1� �©�W���;� ! %#"�% 8 ��� �
����� ���	�*� 8 �;�(� . �©�8- %�7;% ! % 2 �

� � ¼�¼A= R 680$-757E8J�685�6D-¤,�/>-7J�5$<�-$,.,;57vW/15
ι(gridm,n) ≥ min{m,n} �dJ�9m-76 3 ��/�-768B�68E£/10�/107�P9"B~, 3 5¤5$<&-7vm<�w

57vW/15
bn(gridm,n) = min{m,n}+ 1 L FH,.,�¡32 ¢<M �

F_6 3 2.,
K`�gridm,n

6D-	6D-$<>B~<>07X"v"6D2;5$<
(K`�Pn)�Pm

T :¹0$<>B R />2C5 ��O w@,vW/�yL,
tw(K`�gridn,m) ≤

pw(K` � gridn,m) = pw((K` � Pn) � Pm) ≤ |V (K` � Pn)| = ` · n � ��3 57vm,N<>57vm,C0�vW/ 3 z T :¹0$<>B
�vm,.<>0$,CB �HT w@,vW/�yL,

tw(K`�gridm,n) = bn(K`�gridm,n)−1 ≥ η(K`)×ι(gridm,n)−1 ≥ ` ·n−1
�

2

� 9"0�ED<�w�,C0¤�*<>9 3 z�: 9 3 2C576D< 3 6D-	5768�Pvd5§:=<>0�570$,., Q w;6DzU57vN<1: �/1075$,.-76£/ 3 X"0$<HzU9m2C5§<1:G2.<>B�X"ED,C5$,¨�P0{/1X"vm-¤/ 3 z
�P076Dz"-}� R <>0�,�5m/1B�X"ED, T /1X"X"E8JH6 3 �N�vm,.<>0$,CB ���&5$<

P2 � grid2,2
T w@,&vW/.yL,

3 ≤ tw(P2 � grid2,2) ≤ 4
� OR5

6D-�,�/>-7JN5$<~yL,C076¶: J�57vW/15
tw(P2 � grid2,2) = 3

�

��A�
 ��D � 
��  F� ���&J�
�� � J/L�� � D � 
��  F� � � � F&G�
�J �#F&G F� � �&J�
 � �
�vm,�:¹<>E8ED<}w;6 3 ��9"X"X*,C0¨�h<>9 3 z�ED,CB�B�/�2�/ 3 �h,KX"0$<}yL, 3 �_Jª/1X"X"E8JH6 3 ���vm,.<>0$,CB ¥U� ��6 3 ¡ S ¢ �
� � � ��� N Ë 6

tw(K` � Kn1,n2,...,nk) ≤ ` · (n − n1 + 1) − 1  � ; / � / n1 ≥ n2 ≥ · · · ≥ nk
3 ¯[·

n =
∑k

i=1 ni E
�È< ,.-75768B�/15$,@ED<�w@,C0��*<>9 3 z&:¹<>0(570$,., Q w;6DzU57v~<1: �/1075$,.-76£/ 3 X"0$<_zU9m2C5	<1:W2.<>B�X"ED,C5$,��P0{/1X"vm-	/ 3 z�2.<>B�X"ED,C5$,

B�9"E85768XW/10757685$,&�P0{/1X"vm- T w@,�w;68E8E(2.< 3 -76Dz",C0¨57vm,�5Rw@<~2�/>-$,.- �
n1 ≤ bn/2c

/ 3 z�<>57vm,C07w;6D-$,P�
� � � ��� N � 6 � =

n1 ≤ bn/2c  
1<; / ¯ ` · dn/2e − 1 ≤ tw(K` � Kn1,n2,...,nk) ≤ ` · n − n1  

� ; / � /
n1 ≥ n2 ≥ · · · ≥ nk

3 ¯[·
n =

∑k
i=1 ni E

� � ¼�¼A= �vm,�9"X"X*,C0«�*<>9 3 zA:=<>E8ED<�w¨-&: 0$<>B(.È,CB�B�/ ��2U���(<xz",C0768yL,N/ªED<�w@,C0��h<>9 3 z T w@,�w;68E8E¤,.-75768B�/15$,
η(K`)× ι(Kn1,n2,...,nk) L �vm,«<>57vm,C0�-$6Dz",

η(Kn1,n2,...,nk)× ι(K`)
�P68yL,.- /�w@,�/ J ,C0��*<>9 3 z M �

�È<�,.-$5768B�/15$,
ι(Kn1 ,n2,...,nk)

T 2.< 3 -76Dz",C0�/A-{,C5
S := {S ⊆ V (Kn1,n2,...,nk) | |S| = bn/2c + 1} �

R 680$-757E8J�685;6D-¨,�/>-7JN5$<~-$,., 57vW/15
S

6D-�/ 3 6 3 5$,C0$-$,.2C576 3 �~:¾/1B�68E8JL�9O 3 :¾/>2C5 T />-
n1 ≤ bn/2c

T / 3 J�-$,C5
S

6 3
S

6D-
2.< 3"3 ,.2C5$,.zª/ 3 zN2CED,�/107E8J�/ 3 J�54w�<�-{,C5$-§6 3

S
6 3 5$,C0$-$,.2C5�XW/16807w;6D-$,P�UV�<}wÀw�,�-7vm<}wÀ57vW/15@57vm,�<>0$z",C0@<1:

S
6D-�/15

ED,�/>-$5 dn/2e �F_9"X"Xh<P-$,«6¶: 3 <>5 T 57vm,C0$,&6D-�/�v"6857576 3 �N-{,C5
H

<1:�-768|�,«/15¨B~<P-$5 dn/2e − 1
�@�vm, 3

V (G) −HvW/>-�/15 ED,�/>-75 bn/2c + 1
yL,C07576D2.,.-����v_9m-

V (G) −H vW/>-�/N-$,C5�6 3
S

w;v"6D2{vA2�/ 3"3 <>5K�*,&2.<}yL,C0$,.zA�dJ
H

�
�vm,C0$,»:=<>0$,«w�,�vW/.yL,

ι(Kn1,n2,...,nk) ≥ dn/2e
�

�vd9m-¨: 0$<>B �vm,.<>0$,CB � w@,�vW/�yL,
` · dn/2e ≤ bn(K` �Kn1,n2,...,nk)

�
2

� � � ���JN Í 6 � =
n1 > bn/2c  

1<; / ¯ `·(n−n1)−1 ≤ tw(K`�Kn1,n2,...,nk)  
� ; / � / n1 ≥ n2 ≥ · · · ≥ nk3 ¯[·

n =
∑k

i=1 ni E
� � ¼�¼A= �È<,.-75768B�/15$,

ι(Kn1,n2,...,nk)
T 2.< 3 -76Dz",C0~/�-$,C5

S := {S ⊆ V (Kn1,n2,...,nk) | |S| = n1 + 1} ��vm, 3 685§6D-¤,�/>-$J�5$<&-$,.,;57vW/15
S

6D-�/ 3 6 3 5$,C0$-{,.2C576 3 �&:¾/1B�68E8J�w;6857v�57vm,¨<>0$z",C0
n−n1

�dJ�9m-76 3 ��/ 3 /107�P9"B~, 3 5
-$68B�68E£/10�5$<�57vW/15�6 3 57vm,�X"0$<H<1:�<1:G.©,CB�B�/ ��¥U� �vd9m- T : 0$<>B �vm,.<>0$,CB �HT w@,vW/�yL,

` · (n − n1) ≤
bn(K` �Kn1,n2,...,nk)

�
2

= JN2.<>B&�"6 3 6 3 � .©,CB�B�/>- ��¥ T � ��/ 3 z .©,CB�B�/ ��2 T w@,�vW/�yL,«57vm,K:=<>E8ED<�w;6 3 �~57vm,.<>0$,CBx�
�����
	��� � N W 6�! / 1 n1 ≥ n2 ≥ · · · ≥ nk

3 ¯[·
n =

∑k
i=1 ni E � ; / ¯

` · (n− n1 + 1)− 1 ≥ tw(K` �Kn1,n2,...,nk) ≥
{
` · dn/2e − 1

® =
n1 ≤ bn/2c,

` · (n− n1)− 1
¼ 1<; / � ��® ± / .

Ë � %
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��A�� � D �  ���?D ��L���� ��L�� F&G D L G*L F����� � D���� J � � G �� � L	� ���  �

R 0$<>B 57vm,Kz", # 3 68576D< 3 T 2CED,�/107E8J
η(G) ≤ bn(G)

vm<>EDz"- T / 3 z�685@6D- JH3 <�w 3 57vW/15@:¹<>0;/ 3 JN�P0{/1X"v
G

T
bn(G) ≤

2λ(G)
¡ Q ¢ T vm, 3 2.,

η(G)/2 ≤ λ(G)
���vd9m- T : 0$<>B �vm,.<>0$,CB �HT w@,�vW/�yL,�57vW/15

bn(G � G) ≥ η(G)2/2

L ' ,.2�/1E8EÈ57vW/15
λ(G) ≤ ι(G)

M �
� !59 �����<:#+ �<9*�
O 3 57v"6D-KXW/1X*,C0 T w@,�-7vm<�w�,.zA57vW/15K57vm,��"0{/1B��"ED, 3 9"B��h,C0«<1:¤57vm,��/1075$,.-76£/ 3 X"0$<HzU9m2C5�<1:¤�P0{/1X"vm-

G1
/ 3 z

G2
6D- /15¨ED,�/>-75¨57vm,&X"0$<_zU9m2C5 <1: TK/>zUw;68�L,C0 3 9"B&�*,C0 <1:

G1
/ 3 z � O 3 9"B��h,C0K<1:

G2
�  -;57vm,�/1X"X"E86D2�/1576D< 3

<1:(57v"6D-0$,.-$9"E85 T w@,KX"0{/>2C576D2�/1E8E8J�z",C5$,C07B�6 3 ,.zª57vm,K570$,., Q w;6DzU57v�<1: �/1075$,.-76£/ 3 X"0$<_zU9m2C5;<1:+2.<>B�X"ED,C5$,«�P0{/1X"vm-
/ 3 z�:¹9 3 zm/1B~, 3 5{/1E(�P0{/1X"vm-�-79m2{v�/>-;�P076Dz"-�/ 3 zx2.<>B�X"ED,C5$,&B&9"E85768XW/10757685$,&�P0{/1X"v©�

OR5�w@<>9"EDzÀ�h,�6 3 5$,C0$,.-7576 3 ��5$<�-7579mzUJ�/�P0{/1X"v
G

w;6857v
bn(G) = η(G)

�Â�v"6D-�6D-�B~<>5768yP/15$,.z½:¹0$<>B
TK/>zUw;68�L,C0«2.< 3 >n,.2C579"0$,P���vm,�2.< 3 >7,.2C579"0$,#H

η(G) ≥ χ(G)
:=<>0«/ 3 J�P0{/1X"v

G � 6D- J_3 <}w 3 />- T />zUw;68�L,C0 É -2.< 3 >7,.2C579"0$, T w;vm,C0$,
χ(G))

z", 3 <>5$,.-@57vm,�2{v"0$<>B�/1576D2 3 9"B&�*,C0�<1:
G

�  -§w@,�2�/ 3 -$,.,;: 0$<>B 57vm,�z", # 3 68576D< 3 - T
�"0{/1B&�"ED, 3 9"B&�*,C0«6D-�-$<>B~,Cw;vW/15«-$68B�68E£/10�5$<�TK/>zUw;68�L,C0 3 9"B��h,C0��~FH< T 685K6D- 3 /1579"0{/1E§5$<ª/>- J w;vm,C57vm,C0«<>0
3 <>5

bn(G) ≥ χ(G)
vm<>EDz"-�:¹<>0�/ 3 J��P0{/1X"v

G
�  2C579W/1E8E8J�57vm,�6 3 , �d9W/1E8685RJ�vm<>EDz"- :=<>0K/ 3 J��P0{/1X"v©���(<ª-$,.,

57v"6D- T 2.< 3 -76Dz",C0�/�2{vm<>0$zm/1E©�P0{/1X"v
G′

-$9m2$vª57vW/15
G′

6D-¨/�-79"Xh,C07�P0{/1X"vx<1:
G

/ 3 z
tw(G′) = tw(G)

�¤�vm, 3 T
-76 3 2.,

G′
6D-�/ª2{vm<>0$zm/1E@�P0{/1X"v T

χ(G′) = ω(G′)
vm<>EDz"- T w;vm,C0$,

ω(G′)
z", 3 <>5$,.-&57vm,N-768|�,~<1:;57vm,~E£/107�L,.-$5

2CE86 �_9m,�6 3
G′

��FH<�w�,«vW/.yL,
bn(G) = tw(G) + 1 = tw(G′) + 1 = ω(G′) = χ(G′) ≥ χ(G)

�¤�vm,C0$,»:=<>0$, TTK/>zUw;68�L,C0 É -�2.< 3 >7,.2C579"0$,�vm<>EDz"-;:=<>0�/
G

w;6857v
bn(G) = η(G)

�

� $��C$�� $�� � $U+
¡ � ¢ T�� .§� = <HzUE£/>, 3 z",C0 T(V � ' �(� 68E8�*,C075 T T���TK/�:¹-75$,C6 3 -{-$< 3 T / 3 z����©IKED< J -��  X"X"0$<C5U68B�/1576 3 �570$,.,Cw;6DzU57v T

XW/157v_w;6DzU57v T :¹0$< 3 5$-768|�, T / 3 zx-7vm<>075$,.-75¨,CE868B�6 3 /1576D< 3 570$,.,P�*, E 8 ´ µL¼ � ® 1<; ³ ± T � Q � 2P¥ Q	� 2 SPS T ��010 S �
¡32 ¢ T�� .§� = <HzUE£/>, 3 z",C0 T  �W�K0768�L<>076D,Cy T / 3 z  �¿?¬� � �  �WI�<P-75$,C0��§�È0$,.,Cw;6DzU57v�ED<}w@,C0��h<>9 3 z"-�w;6857vx�"0{/1B Q�"ED,.-�� 8 ´ µL¼ � ® 1<; ³�® ? 3 T S � � Q � � 0 Q T 2POPO Q �
¡¦¥ ¢ .§� Fh���@vW/ 3 zU0{/ 3 / 3 z#V��PF_68y>/>zm/>-²/ 3 � ��3 57vm,�T />zUw;68�L,C0 É -	2.< 3 >7,.2C579"0$,¤:=<>0+�P0{/1X"v�X"0$<HzU9m2C5$-�� . ® ± ? � / 1 /


 3�1<; E T ¥PO � � 2PMPM � 2 � ¥ T 2POPO � �
¡ � ¢ Fh��$�>n,CE8ED<>9"E¾���K0{/1X"vz",.2.<>B�X*<P-768576D< 3 -�:¹<>0 2�/1075$,.-76£/ 3 X"0$<_zU9m2C5$-}� F ´ /A? 1�� ¼>¯ E�
 ¼ 1 / ± . ® ± ? � / 1 / 
 3:1<; E T212 � ¥ � S	� ¥ Q � T 2POPO S �
¡ S ¢ Fh� $�>7,CE8ED<>9"E¾���©0$,.,Cw;6DzU57v�/ 3 z�ED<>�P6D2�/1E@z", # 3 /1�"68E8685RJ�<1:;�P0{/1X"v�X"0$<HzU9m2C5$-�� � ; / ¼ � / 1 E @ ¼>³ � º 1 E ) ? ® E T� ��O � M10PM � � ��O T 2POPO10U�
¡¦M ¢ � ��ORB�076D2$v¬/ 3 z¬Fh�©IKE£/.yH|}/10��"� � ¼�· º ? 1 µ �A3 � ;d±CD ) 1�� º ? 1 º � / 3 ¯[· B /A? ¼$µ>¯m® 1 ®¹¼P¯W� V <>v 3 �Á68ED,CJ T V ,Cw
�¤<>0 J T 2POPOPOU�

¡ � ¢ = � .©9m2., 3 /U�  2$v"6D,CyP/1�"ED,�-$,C5$- T �"0{/1B&�"ED,.- T / 3 z¬-7XW/10$-$,�570$,.,Cw;6DzU57v¬<>�m-$57079m2C576D< 3 -�� . ® ± ? � / 1 / 8 � � ´ E
 3�1<; E T � SPS � ��O SPS	� ��OPM S T 2POPO � �
¡ Q ¢ = �  � ' ,.,.zG��È0$,.,�w;6DzU57v�/ 3 z¬5{/ 3 �PED,.- � / 3 ,Cw 2.< 3"3 ,.2C5768yH6854J¬B~,�/>-79"0$,ª/ 3 z�-{<>B~,�/1X"X"E86D2�/1576D< 3 -}�

O 3 ' � = /168ED,CJ T ,.zU685$<>0 T/) º � � / ¸1± ®�¯ @ ¼>³ Å ® ¯ 3:1 ¼ � ® ? ± T XW/1�L,.- Q � � ��M12U� �/1B��"076DzU�L,�I 3 68yL,C0$-76854J � 0$,.-{- T
��010 � �
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¡ ��O ¢ � � $��WFH,CJHB~<>9"0�/ 3 z ' �"�vm<>B�/>-}�¤� 0{/1X"vx-$,�/10$2$v"6 3 ��/ 3 z�/�B�6 3 Q B�/�5�57vm,.<>0$,CB :¹<>0;570$,., Q w;6DzU57v©�*, E@ ¼>³ Å ® ¯ E � ; / ¼ �»¸ ) / � E 
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�! ' � � G ! � ##" ' � #
 E¶: 0%$.z ' $ 3 JH6�O 3 -$5768579"5$,«<1:	?A/157vm,CB�/1576D2.-
� � � � = � ��2 �HT = 9mzm/1X*,.-75*T Q ��¥PM � T T�9 3 �d/107J

)U\'& + \ eUaPe \ +dj Z(i4^ c

9 % G  ! =��~�=�!L�)(1�
 E¶:¹0%$.z ' $ 3 J_6�O 3 -75768579"5$,«<1:�?/157vm,CB�/1576D2.-
� � � � = � ��2 �HT = 9mzm/1Xh,.-75*T Q ��¥PM � T T�9 3 �d/107J

b \Ug % \#)L^ aPe \ +dj Z(i4^ c

* % !/� %(' 6 � 7 � ' =
��, 3 570{/1E � 9"0$<>Xh,�/ 3 I 3 68yL,C0$-$6854J

V,+>z"<>0;9©� 0 T = 9mzm/1Xh,.-75 T Q ��O S � T T�9 3 �d/107J
+.- \�f k + g a )Pfm`UZ - i{o k f

/ � # )10 % G 7 � #
 E¶:¹0%$.z ' $ 3 J_6�O 3 -75768579"5$,«<1:�?/157vm,CB�/1576D2.-
� � � � = � ��2 �HT = 9mzm/1Xh,.-75*T Q ��¥PM � T T�9 3 �d/107J
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57vm,�<>9"5$,C0�:¾/>2., M �¨�vm, � ¼ ´ ¸ ? ; � ¼P³ 3�1 ® ? ¯ º ³ Å / � <1:¤/~X"E£/ 3 ,��P0{/1X"v

G
6D-�57vm,N³ 3 � ® ³ º ³ 3 9"B&�*,C0

k
-79m2{v

57vW/15
G

/>zUB�685$-�/ Xh<>E8JU2$v"0$<>B�/1576D2
k Q 2.<>ED<>076 3 �)>_w�,¨z", 3 <>5$,;57v"6D- 3 9"B&�*,C0¤�_J
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1 2 1

R 68�P9"0$,�� � L / M w�,�/ J 0$,.2C5{/ 3 �PED, Q 0$,.-7X*,.2C576 3 �
4 Q 2.<>ED<>076 3 �~/ 3 z L � M -$570$< 3 �&0$,.2C5{/ 3 �PED, Q 0$,.-7X*,.2C576 3 �

4 Q 2.<>ED<>076 3 �
<1:§/��P9"68E8ED<>576 3 , Q XW/1075768576D< 3

57vm, ED, 3 �P57vx<1:+/�-7vm<>075$,.-$5@:¾/>2.,K<1:+/�X"E£/ 3 , �P0{/1X"v
G

T 57vm, 3
χf (G) ≥ b(3g − 5)/4c L 2CED,�/107E8J

χf (G) ≤ g M/ 3 z�-7vm<}w@,.z�57vW/15�57v"6D-¤�*<>9 3 z�6D--79 ��2C6D, 3 57E8J�5768�Pv_5���?�<>vW/10;/ 3 z�� J����2J�� y�� J�� ¡ ��2 ¢�� � � �"! �$#7v �&%'�(�)� Q�* �(+,�(�#7v �-�(���/.0�21)��� y � z�#7v435# � y �/�76 � �".81)+,��1)+ 3 !9� � � 3 1 v:3>z .8� #��;3 1<�(+"6 * v ���(. 35# � * 2 Q�* �(+,�(�7�"! �m� .235# �/� ==� � �
� #>3 + ��¡32 ¢?1)��� y � z@#7v � � ��� � �)+ #�w � #7v �(� #A#7v ��� � ���5% #7v �B%C�(�)� Q�* �(+,�(� #7v �-�(���/. �ST �(��� yD3 ! z@E � 3 J�� y�� JF�
¡30 ¢1)��� y � zG#7v435# � y �/�76H1)+ 3 !9� � � 3 1 v �5% z � � ���-� 35# .A� �7#

3
� #7v �/� #7v43 !

K4
3>z .8� #��83 1I�(+"6 * v ���(. 35# � *

3 Q�* �(+,�(�7�"! �m� T �(��� y � #J3 + �+¡ � ¢K1)��� y � zL#7v435# � y �/�76
2 Q�* �(!)!9� * # � z * � � � * � �"1 3 � # � # �$1)+ 3 !9� � � 3 1 v�3>z .8� #��M3

1I�(+"6 * v ���(. 35# � * 4 Q�* �(+,�(�7�"! �m�«�v � � ��� � �)+ # � �N# � �PvF# � � �"! * � 3 ! 6 � � * vA� � 3 1 v .O� �7# * �(! #P3 �"! 3 % 3 * �$�5% � � | �
%C�(�)� �

O ! 3B� �/�7�,� � �5%Q1 3 1<�/� �R#7v �$%C�(+"+,� w �"! �S� 1<� * � 3 + * 3(� � w=3(� * �(! � � z �/��� zG�  � /A? 143 ¯_µ º ´ 3�� � 3��21 ® 1 ®¹¼>¯ � �;3
1 3 � # � # �,�(!T�5% 3 ! 3�5 � � Q 1 3 � 3 +"+,�/+K��� * #P3 ! � +,�$�"! # � 3 ! 3 � � � # � 3 �76S! �). � �/�R�5%�!9�(! Q � y �/�7+ 3 1)1)�"! �S3�5 � � Q 1 3 � 3 +"+,�/+��� * #P3 ! � +,� �O� � * v�#7v435# !9�U%C�(�)�J��� * #P3 ! � +,� � .A�-� #;35#V3 * �(.8.A�(!T1I�(�"! #�� �N!9��. 3 6 y �,� wW3 ��� * #P3 ! � �)+ 3 �
1 3 � # � # �,�(! 3(�A3 1)+ 3 !9� � � 3 1 v½w;v � � � y �/� # � * � �A3 ��� #7v � * �(�7!9�/� � �5% #7v �B��� * #P3 ! � +,� �>3 ! z � zU� � ��3 ��� #7v �
+"�"!9� � � � .A�/! #�� * �(!)!9� * # �"! ��#7v � � � * �(�7!9�/� ���VX � * vH3N� � 3 1 vH3 + wQ3 6 � * �(! #P3 �"! �V3 * 6 * +,���5%�+,�/! �Y#7v

4
� #7v � �

χf (G) ≤ 4
� $ �"!)� #7| � #83 + �;¡ � ¢Z1)��� y � z@#7v435# � y �/�76[��� * #P3 ! � �)+ 3 �>1 3 � # � # �,�(! 3>z .8� #��>3 1<�(+"6 * v ���(. 35# � *

3 Q�* �(+,�(�7�"! �m�
==�\%'�(��� * �(! # �"!F�)�"! � �4+,� # � � �"! # ��� z � * � #Rw �8���/+ 35# � z * �(+,�(�7�"! � !9� # �,�(! ����� � z � # !9� 3 � / 3 � � /A? 143 ¯_µ ´ / Ã

� / ± �K/A? 1 ® ¯_µ
k
Ã ? ¼ ´ ¼ � ®�¯_µ �5% 3 ��� * #P3 ! � �)+ 3 �=1 3 � # � # �,�(! 3(�Q3

k Q�* �(+,�(�7�"! � �5% #7v � y �/� # � * � �=3(� %'�(+"+,� w?� �]�^% k ≤ 4
�

#7v �/!_%'�(�A� 3 * v ��� * #P3 ! � +,�
S

� 593 * # +"6 k * �(+,�(� � .V� �7#U3 1)1I� 3 �>�(! #7v � y �/� # � * � � �5% #7v ��Å ¼ º ¯[· 3��²¸0�5%
S3 ! z �^%

k ≥ 4
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S
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S
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�5% 3 1<�(+"6 * v ���(. 35# � * k Q�* �(+,�(�7�"! �H3(� � y �/�76T��� * #P3 ! � �)+ 3 ��1 3 � # � # �,�(! * �(! #P3 �"! �83 ��� * #P3 ! � +,� L � � � ��3 * 6 * +,�NMw � #7v � 5)3 * # +"6�%C�(�)� y �/� # � * � � �(!0� #��¨� �(�)! z93 �76 � R �)� #7v �/�7.A�(���Y� w � z � # !9� 3 ±21�� ¼P¯_µ � / ? 143 ¯_µ ´ / Ã � / ± �K/A? 1 ® ¯_µ
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Ã ? ¼ ´ ¼ � ® ¯_µ �5% 3 ��� * #P3 ! � �)+ 3 �J1 3 � # � # �,�(! 3(�J3

k Q�* �(+,�(�7�"! � �5% #7v � y �/� # � * � �R3(� %C�(+"+,� w?� ���^% k ≤ 4
� #7v �/!0%C�(�

� 3 * v ��� * #P3 ! � +,�
S

� 593 * # +"6 k * �(+,�(� � .V� ��#V3 1)1<� 3 �M�(! #7v � ? ¼ � ¯ / �²±J�5% S 3 ! z �^%
k ≥ 4

� #7v �/!�%'�(�M� 3 * v��� * #P3 ! � +,�
S
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4 * �(+,�(� � .O� �7#&3 1)1I� 3 �?�(! #7v � ? ¼ � ¯ / �{±=�5% S �	� �R���/. 3 �AJ #7v435#Z#7v � * 3(� � k = 4
� �

* �(! � � �7# �/! #�w � #7vx� � #7v �5% #7v �M��� � 1I� * # � y � * 3(� � � �"! � � #7v�z � # !)� # �,�(! �}�
V � # � #7v435#�3J�7# ���(! � ��� * #P3 ! � +,� Q ��� � 1I� * # �"! � * �(+,�(�7�"! � � � !9� * � ���P3 �7�"+"6 ��# ���(! � �/� #7v43 ! 3�w � 3 JV��� * #P3 ! � +,� Q��� � 1<� * # �"! � * �(+,�(�7�"! ��3(�M#7v � � �(�)! z93 �76��5% 3 ��� * #P3 ! � +,�A�"! * +"� z � � � #�� %C�(�)� * �(�7!9�/� ���~�v � � �`�"! #7v � * 3(� �

k ≤ 4
� 3��7# ���(! � ��� * #P3 ! � +,� Q ��� � 1<� * # �"! �

k Q�* �(+,�(�7�"! ��� � y � �V3 1I�(+"6 * v ���(. 35# � * k Q�* �(+,�(�7�"! �m��X �-� R � � �)��� �
%C�(�&� 593 .81)+,� ���

R �(� k ≥ 4
�(� # � � * +,� 3 � #7v435#]#7v �Q� 5 � �7# �/! * �Q�5% 3�w � 3 J L ��� � 1 �5�7# ���(! � M`��� * #P3 ! � +,� Q ��� � 1I� * # �"! �

k Q�* �(+,�(�7�"! �
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(k + 1) Q�* �(+,�(�7�"! � L > � �7# � � !9�(���
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3>z"z � # �,�(! 3 + * �(+,�(� � M � R �)� #7v �/�7.A�(���Y�=%C�(�
k ≤ 4

#7v � � 5 � �7# �/! * � �5% 3�w � 3 J L ��� � 1 ��7# ���(! � M���� * #P3 ! � +,� Q��� � 1I� * # �"! �
k Q�* �(+,�(�7�"! � �".81)+"�,� �Z#7v �M� 5 � �7# �/! * �M�5% 3�w � 3 J L ��� � 1 �)��# ���(! � M��� * #P3 ! � +,� Q ��� � 1<� * # �"! �

(k − 1) Q
* �(+,�(�7�"! �m���v � � � w � �7v �(�)+ z %C� * � � �(�)� 35#7# �/! # �,�(![�(! # ! z �"! �ªw � 3 J 3 ! zL��# ���(! � ��� * #P3 ! � +,� Q ��� � 1<� * # �"! �
k Q�* �(+,�(�7�"! ��� %C�(�

k
3(� * +,� � � # � 4

3(� 1<� �P� � � +,� �
 ��� * #P3 ! � �)+ 3 ��1 3 � # � # �,�(!_� �)#P3 �"!9� z¬� 6:��� * �)� � � y �/+"6 * � #7# �"! �H3 ��� * #P3 ! � +,�U�"! # � #4w � � � � ��� * #P3 ! � +,� �

� 6H�/� #7v �/� 3ªy �/� # � * 3 +Q�(� 3ªv �(�7� | �(! #P3 ++"�"!9�>� � * 3 +"+,� zD3xµ º ® ´ ´ ¼ 1 ®�¯ / Ã � 3���1 ® 1 ®¹¼P¯W� T �(��� y � #O3 + �@¡�� ¢1)���������
#��435# �����/�76��/+,�/.A�/! # �5% #�� � �Z� ��� * + 3(�P� �5%K��� * #P3 !��Y�)+ 3 �?1 3 � # � # �,�(! �J3 ��.8� #&3O��# ���(!��8��� * #P3 !��Y+,� Q ��� � 1<� * # �"!��
4 Q�* �(+,�(�7�"!�� L 3 !�� � �/! * � 3 1I�(+"6 * � ���(. 35# � * 4 Q�* �(+,�(�7�"!�� M�� ' � * �/! # +"6�� $ �".8� # ����� � #U3 +�� ¡¦¥ ¢N1)��������� #��435#
3 ! 68��� * #P3 !��Y�)+ 3 �Q1 3 � # � # �,�(! 3 ��.8� #��=3M�7# ���(!��O��� * #P3 !��Y+,� Q ��� � 1I� * # �"!�� 4 Q�* �(+,�(�7�"!��9��� � �"!�� 3;#�� �-�(���/. 3 �I�(� #
1)+ 3 !9���Y� 3 1 �9� �! L�(���-�����/� � #�� � � � * �(!�� 3 � #�� �(�&�5% #�� �R1)��� � �/! # 1 3 1I�/�Z1)��������� 3 ! 35# �)� 3 +����/!9�/� 3 +"�#" 35# �,�(!
�5% #�� � � ��� � �)+ # %C�(�

n
���".A�/! � �,�(! 3 +��Y�)�"+"+,� # �"!9� Q 1 3 � # � # �,�(! ��¡ ��$ ¢%�

O ! #�� � 3 �I������1 3 1<�/� �K#�� � ��� � �)+ #��]3 ��� ��� �7# �7� * # ��� # �Z1 3 � # � # �,�(! ��&'� �/����!9�?%'�(�)�2��� * #P3 !��Y+,� ��3 ��� 3 +"+,� & ���# �8.A�-� #R35#N3 * �(.8.A�(! * �(�7!9�/��� O ! #�� � � * 3(� � #�� � �7# ���(!���� �7# 1<� �P� �#�)+,� �7#P35# �/.A�/! #(� �(+)� �R3 !���� � 1)��������� �
! 3 .A�/+"6 #�� �Z� 5 � ��# �/! * �?�5% 3M��# ���(!��M��� * #P3 !��Y+,� Q ��� � 1<� * # �"!�� 4 Q�* �(+,�(�7�"!�� L ��� �*� 3 1I�(+"6 * � ���(. 35# � * 4 Q�* �(+,�(�7�"!�� M��O % & � 3 +"+,� & %'�(�)�M��� * #P3 !��Y+,� �M# �B.A�-� #V35#;3 * �(.8.A�(! * �(�7!9�/�M�"! #�� ��1 3 � # � # �,�(!+�)� � * �7�#�I��� 3 �<�����Y� #�� �/!
& � �43 ��� 3�µ / ¯ / �>3P´ � 3��21 ® 1 ®=¼>¯ � �,� �N!9� # �,�(! � �5% & � 3 J 3 !�� �7# ���(!������ * #P3 !��Y+,� Q ��� � 1I� * # �"!�� k Q�* �(+,�(�7�"!�� �?3 ���! 35# �)� 3 +"+"6�� 5�# �/!�� 3 �)+,� # � #�� � � .A�(���-���/!9�/� 3 + � � # � 35# �,�(!�� O ! ¡¦¥ ¢ #�� � 3 � #�� �(� � * �(! ��# �7� * #V3 ��� * #P3 !��Y�)+ 3 �1 3 � # � # �,�(! #��435#��43(� !9� ��# ���(!��U��� * #P3 !��Y+,� Q ��� � 1I� * # �"!�� 4 Q�* �(+,�(�7�"!���� �,� � 3 � #�� �(� � * �(! # �"!F�9�.� 6 3(� JF�"!����^%
�����/�76/���/!9�/� 3 + 1 3 � # � # �,�(! �43(�V30& � 3 JL��� * #P3 !��Y+,� Q ��� � 1<� * # �"!�� 4 Q�* �(+,�(�7�"!����-1H� 3 ! ��& �/� #�� � � � �9� �7# �,�(!��"!
#�� �Q!9��� 35# �#���,� 6 * �(! �7# �7� * # �"!�� 3 ���/!9�/� 3 +)1 3 � # � # �,�(! #��435#2�43(� !9� & � 3 JV��� * #P3 !��Y+,� Q ��� � 1<� * # �"!�� 4 Q�* �(+,�(�7�"!����O !�% 3 * # � #�� � * �(! �7# �7� * # ���3���/!9�/� 3 +`1 3 � # � # �,�(! � �?3 + � � 3 �Y�)�"+"+,� # �"!9� Q 1 3 � # � # �,�(! 3 !�� #�� �/���\%C�(��� 3 ! ��& �/� �&#�� �
� �9� �7# �,�(!0!9��� 35# �#���/+"6������/!0�"! #�� � �&� 1<� * � 3 + * 3(� �*�
� � � 	 � ��� N 6�� ; / � / / � ® ±21 ± 3 µ / ¯ / �A3>´ � 3���1 ® 1 ®¹¼P¯���® 1<; ¯[¼"� / 3 � � /A? 143 ¯Hµ ´ / Ã � / ± �K/ ? 1 ®�¯Hµ
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Ã ? ¼ ´ ¼ � ® ¯_µ � ® E / E¯[¼ � ¼ ´ ¸ ? ; � ¼>³ 3:1 ® ? 4

Ã ? ¼ ´ ¼ � ® ¯_µ � E
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� � � 	 � ��� Ë 6 . /A? ®=·>®�¯Hµ � ; / 1<; / �G3 µ / ¯ / �A3>´ � 3��21 ® 1 ®¹¼>¯ 3 ·>³�® 1 ± 3 � / 3 � � /A? 143 ¯_µ ´ / Ã � / ± � /A? 1 ® ¯_µ
4
Ã ? ¼ ´ ¼ � ® ¯_µ

® ±5436 Ã ? ¼P³ � ´ / 1 / E
�,� �B1)�����5%N� � � 6[������� * # �,�(!D% ���(. 0 G
� � �H#87:9C:<;'= &'� � * �>&Q3(� 1)��������� # �/�I�?436 Q�* �(.81)+,� # �@� 6

. � * � # �/! �7# �/�"! ¡ ��� ¢%�A1H� �(.8� #A#�� � 1)���F�5%R%'���(. #�� � �>��� �(� # �/!9���B���/� � �,�(! �5% #�� ��1 3 1I�/� L � �-� ¡�C ¢?%C�(� 3
�)� #P3 �"+,��� � J�� # * � �5% #�� �R1)���F�5%�M��

�,� �8!9��� 35# �#��� 3 ! ��& �/�;% ���(. �,� �-�(���/. � �Y�#��� � �7� � � # � #�� �A1)����)+,�/. �5% # !����"!�� #�� ��+ 3 ����� �7#
k
%C�(�

&'� � * �@� � * � * �(+,�(�7�"!�� 3 + &Q3 6 � � 5 � �7#�� �D1H� ��� � & #��435#�� � * �_3 * �(+,�(�7�"!�� & � #�� 3 * �(+,�(� �A3 + &=3 6 � � 5 � ��#�� �
V � # � #��435#?#�� �M��� � �)+ # �5% $ �"!)� # "V� #&3 +�� ¡ � ¢ %C�(+"+,� &?� �
6 �	 4 	 � �>� � 	 � � 6 F �0/ �»¸ µ / ¯ / �A3>´ � 3��21 ® 1 ®=¼>¯ 3 ·>³�® 1 ± 3 � / 3 � � /A? 143 ¯Hµ ´ / Ã � / ± �K/ ? 1 ®�¯Hµ
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Ã ? ¼ ´ ¼ � ®�¯_µ � ® E / E 3� ¼ ´ ¸ ? ; � ¼>³ 3:1 ® ? 3

Ã ? ¼ ´ ¼ � ®�¯_µ � E
�,� � �?#�� �R%C�(+"+,� & �"!��U1)���(1<� � � # �,�(! 3 ! ��& �/� �&#�� �R���/. 3 �"!)�"!�� * 3(� � � �

6 �	 4 	 � �>� � 	 � Í 6 F �0/ �»¸ µ / ¯ / �A3>´ � 3���1 ® 1 ®=¼>¯ 3 ·>³�® 1 ±G3 � / 3 � � /A? 143 ¯_µ ´ / Ã � / ± �K/A? 1 ®�¯_µ
5
Ã ? ¼ ´ ¼ � ® ¯_µ E

V � & +,� # � �># �)�7! �(�)� 35#7# �/! # �,�(! # � #�� � ���/. 3 �"!)�"!�� � �9� �7# �,�(! � %'�(� �7# ���(!��G��� * #P3 !��Y+,� Q ��� � 1<� * # �"!��
k Q�* �(+,�(�7�"!�� � �!1H� �E� � & #�� �;� 5 � �7# �/! * �;�5% �7# ���(!��8��� * #P3 !��Y+,� Q ��� � 1I� * # �"!�� 2 Q 3 !�� 6 Q�* �(+,�(�7�"!�� � �
6 �	 4 	 � �>� � 	 � W 6 F �0/ �»¸ µ / ¯ / �A3>´ � 3���1 ® 1 ®=¼>¯ 3 ·>³�® 1 ±G3~±�1�� ¼>¯_µ � / ? 143 ¯_µ ´ / Ã � / ± �K/A? 1 ® ¯_µ
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Ã ? ¼ ´ ¼ � ®�¯Hµ E
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T

3 !�� #%& �	��� � �/���/! # * �(+,�(�7�"!�� �
6 � 	 4 	 � �>� � 	 � % 6 F � / �²¸ µ / ¯ / �>3>´ � 3��21 ® 1 ®=¼>¯ 3 ·>³�® 1 ± 3~±�1�� ¼>¯_µ � /A? 143 ¯Hµ ´ / Ã � / ± �K/ ? 1 ®�¯Hµ
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Ã ? ¼ ´ ¼ � ® ¯_µ E
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�,� �V� 5 � �7# �/! * �V�5% �7# ���(!��>��� * #P3 !��Y+,� Q ��� � 1<� * # �"!�� 3 Q 3 !�� 5 Q�* �(+,�(�7�"!�� � ���/. 3 �"! � �)!KJ�!9� & !��
6 � 	 � � � � Ì 6 . ¼ / ± /�� / �²¸ µ / ¯ / �>3>´ � 3��21 ® 1 ®=¼>¯ 3 ·>³�® 1 3~±�1�� ¼>¯_µ � / ? 143 ¯_µ ´ / Ã � / ± �K/A? 1 ® ¯_µ
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Ã ? ¼ ´ ¼ � ® ¯_µ��

6 � 	 � � � �	� 6 . ¼ / ± /�� / �²¸ µ / ¯ / �>3>´ � 3��21 ® 1 ®=¼>¯ 3 ·>³�® 1 3~±�1�� ¼>¯_µ � / ? 143 ¯_µ ´ / Ã � / ± �K/A? 1 ® ¯_µ
5
Ã ? ¼ ´ ¼ � ® ¯_µ��
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� $ �/!9� # �-� 6 G #�� �

3 × 3�Y�7�)� L ��� �*��%C�(�)� � � � 3 ��� � M 3 !�� � 6 T #�� �M1 3 � # � # �,�(!L�� #P3 �"!9����%'���(. 3
3× 3

�Y�7�)�3� 6�.A�/���Y�"!�� #�� �R�)1)1I�/�
# & � � � � 3 ��� � L � �-� R �#�Y�)��� 2 M��-1 � �/!:���\%'�/�7�7�"!�� # � 3 ±
	 · / �5% #�� ��1 3 � # � # �,�(! G �(�

T
& �8.A� 3 ! #�� � � � #

�5% ���/� # � * � � �(! #�� � * �(�7��� � 1I�(!����"!�� ���/� # � * 3 +2�(� � �(�7�#" �(! #P3 +��I�(�)!�� 3 �76B�5% #�� �R1 3 � # � # �,�(! L �*� ���)+,�\% # ���7�#� � # ��)1)1I�/� �<+,� & �/� M�� L T �/��� 3 !�� #�� ���(��� � �(� #R#�� �V1 3 1I�/� &'� �/! & �O���\%C�/� # � � �(.A� #�� �"!��0�I�/�"!�� * �(+,�(����� & � #��
k * �(+,�(� � � & �M.A� 3 ! / � 3 ? 1¹´ ¸ k ��� �7# �"! * # * �(+,�(� � � M 1H� �I���Y�"! & � #�� � �(.A� � �".81)+,�V�� � �/��� 35# �,�(! � �
��� � � �� � � � 	 � � 6 � = 3 � / 3 � � /A? 143�� µ ´ / Ã � / ± �K/ ? 1�	�� µ
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Ã ? ¼ ´ ¼ �
	�� µN¼>= 1<; / 3× 3

µ ��	 · G 31±{±
	 µ �m± 1<; � / /G? ¼ ´ ¼ �{±1 ¼ 1<; / ´ / = 1 � � / ± � E º ���K/ � � ±�	 · / ¼>= G  1<; / � 1<; / ±C3 ³ / 1<; � / /�? ¼ ´ ¼ �²± 3 ���K/ 3�� ¼ �P1<; / �
	 µ ; 1 � � / ± � E ´ ¼�� / � �
±
	 · / ¼A= G E
��� � � �� � � � 	 � N N 6@8 � / 3 � � /A? 143�� µ ´ / Ã � / ± � /A? 1�	�� µ

4
Ã ? ¼ ´ ¼ �
	�� µ~¼>= 3

3×3
µ �
	 · G ? 3���� ¼ 1È±
	 ³ º ´ 143�� / ¼ º ±²´ ¸

3>±{±�	 µ � 1<; � / / ? ¼ ´ ¼ �²±G1 ¼ 1<; / ´ / = 1 � ¼ � �
	 µ ;B1 � 3�� · ´ ¼�� / � � ¼ � º ���K/ � � ±
	 · / ± E
��� � � �� � � � 	 � N N 6@8 � / 3 � � /A? 143�� µ ´ / Ã � / ± �K/A? 1�	�� µ
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Ã ? ¼ ´ ¼ ��	�� µ~¼A=
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31±{±
	 µ �m±@1<;
� / / ? ¼ ´ ¼ �{± 1 ¼ 1<; / ´ / = 1(±�	 · /

¼ � ��	 µ ; 1§±�	 · / ¼>=
T E L X �-� R �#�Y�)��� 2 � M. � # � � �)� # !9� 3 !9� & 1 3 � # � # �,�(! Q 3(� %C�(+"+,� &?� � �7#P3 � #!& � #���3
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R �#�Y�)��� � ��� � �R1 3 � # � # �,�(! Q 3 !�� � ���)1 3 � # � # �,�(! �
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µ �
	 · 	�� 1<; / º � �K/ � Ã ´ / = 1 � � / ± � E º � �K/ � Ã �
	 µ ;B1 � ? ¼ �
� / � ¼>= Q E8 � / 3 � � /A? 143�� µ ´ / Ã � / ± �K/A? 1�	�� µ
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G3 L ��� � 1�� G4

M �<� #�� �
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T #0#+*
A1, A2

#0���
n× n 4,#0 ���� + ���(I��! -

r(A1|A2) = n.
'S% +Z- # �0/ �� ���4 ���"!%��������#  ��

# �4#0#��
n
4,#0 ������V* M(A1|A2)

�e1 ���
R
E

� / ��#�� ���"! - # + ���  - � #���#&^3����� ��#  ���� ��� �0/  - � 4,#0 ���� �
(A1|A2)

I��! - # - 5 � C �4#0� + # -!- / �!#+*%�"!'��#+*%��#  
 ��4#0#�� + ��#+*%��#  4# - �� - ��#  - � #��"I 4,#0 ���� �

(A′1|A′2)
I�� -!- ���"!%����� ��#  b# #��"I 4,#0 ������V*�I - #0 �I � � - # -!- *%��#��� ��

C / P(A1|A2).
h.- � ��4,#0 ������V* 4,#[/ ��� 4,#�/ #��� C �R* �`_ ������#  �/ ����4 M(A1|A2),

� ��� �/�&#04! - ��� ?J#0#+* �
�0/�' � +  �� ��# � � �����Z!'� +  ��21 � - / E

L �������e1 ���3�i*T%��  ��� - � �4#0#�� + ��#+* �! �� ��#��& - ����� � �#0 - ��#��� ��#�� #���#����!#&57% - #0�
n × n 4,#0 ���� �

T
���

 - #0 
T (A1|A2)

I�� -!- C � (1|A)
# /  �����# �0%%�! 4# C - �D! ����4�%% 4#0 �� ��# �0/  - �

2n
+ � - %%4 #����PI - �����

1
� �  - �

%%#%�! 3/ 4,#0 ���� ��� E 'S% +Z- #  ��4#0#��1/ ����4,#0 �� ��#��PI - � +Z- 4,#�/ C �X*%�����!�4# C - �  �� *%� + ����#����  - � �� ����4#	5 � �0!$# + �
�0/ - �D*%��� + ���2!% �� ��# �0/. - �

n
�q! ���� C / � ��� � + #0#%#��� +4- #0#&5 � M C %% 6�! + #0# ��#���� - / +Z- #0#&5 � P E !����

���+#04! - ��� � /
R1R4 = R2R3

- � - *%�&/2���� - � ���q!'���� �0/ ���+#04! - � ? �0/Y' � +  �� ��# � - ��#6 - �� ��4#0#��1/ ����4,#0 �� ��#
T =

(
R3/R1 −1
1/R1 0

) I�� -!-�- ��#6*  �� M = P.
 ��# + ���i#0 - ��#���  - �������� �� + # -!- / ��I � 4,#[/ +�- #������ / /  - � - �!#���#0��*%�"1 � + ����5��21 ��# C / 4,#0 ���� + ��� �0/�/2����4

(A1|A2)
���  - #0 �0% +4- #0#

n
�q!'���� 

• � �6�0/� - #���� ? � /  - ����� ��� � �� ��,#0 - ��#��� ��#�� #���#����!#&57% - #0�
n × n

4,#0 ���� �
T
���  - #0 

T (A1|A2)
C � + ��46��� (1|A)

# /2 �����# �0%%�! 4# C - �! ����4�%% 4#0 �� ��# �0/  - �
2n

+ � - %%4 #��N#0#+* M(A1|A2) = P(1|A)- � - *%��	

• � ���0/�� - #���� � � / �! �� ��#��� �0/ +�- #���� ? C %% � - ����� ��� � �� ���#0 - ��#��� ���#�� #���#����!#&57% - #0� n× n 4,#0 ���� �
T���  - #0 M(A1|A2) = P(T (A1|A2))

- � - *%��	

• � ���0/�� - #���� � � / �! �� ��#����! - ��� �0/�� - #���� ?#���� �0/�� - #���� � E
. -!-  - �����q!'���� ��J#0��� �0/�� - #���� ?��'���+#04! - ��� /2���

n
�q!'���� ��

(n > 2)
�0/& - � �� - ��� =I � +�- #�� ����� + #0# C �/ �6%%#+* �!#Mc�? �edYI - �����)# �0%%�0!%��� ���!#&564,#0 ������V*+# -�+Z- #0�4# +  ������2^e#0 �� ��# �0/� - ��� � +�- #�������� + #0#8# - � � C �./ �6%%#+*��7 8 �+: ; � ��� � , �� 

N C �W# - �!#���#0��4)% -  ��2!'���� J#0#+* M(N) C �  - � 4,#0 ������V* ���"!%��������#  ��[* C /D#0#9/ �0/�! �� 4,#0 ���� �X*%��� + ���2!% �� ��#�� E�h.- ��#
�C? �

N
� ���0/�� - #���� ?� /i#0#+* ��# - / � / M(N)

� �a# /P%%#+*+#046��#  4# -  ��4#0#��01 �����H# - 4,#0 ������V*��0/��4#0#��
n
	

� ���
N
� � �0/�� - #���� � � /�#0#+* ��# - / � / M(N)

� �.#  ��4#0#��01 �����4# - C %% #��� �/P%%#+*+#046��#  4# -  ��4#0#��01 �����4# - 4,#0 ������V*�0/ �4#0#��
n
	

� � �
N

� � �0/�� - #�� � � � /i#0#+*���# - / � / M(N)
� �a# 4,#0 ������V*��0/)�4#0#��

n
�%���"!%��������#  4# C - � ��1 ��� R

#0#+* � ��#��� 
 ��4#0#��Z1 �����4# -qE

2

	 ���!������"�����

c�?gd � 
'�)*$#%#'& � � � � � . #�� + �����4#0�0/ + ��#+* �! �� ��# / ��� + ��4! - �� �� ��� - 16# C � - �! 3/ �0/ � , � h #��� =I ���(� �3�)(+*,*,*
- 0 2 " � 2 �$4	��� " �%� " � � 0(�/. ��4 -$0 � �10�� � �C? � �����21 743 � � �*& ����� & � � E

c���d�" �657& � 7 � 2 ��8�� �)( ��9 �;:"� h.- �
A
� 4,#0 ���� �"�0/ - �!#���#0�R!$#������21 � ��� + �2!%��� + # - #��� =I ���(� �3� �$�6. 0 " 2 � �+<

4 0 �2= 0 2 " � � � ">(�" �@4	��4?.*4 ��� �C? � �6@�� �9� F �*& � ?�� &�? � E

FBA �



� � � 	 � �� �������� � ? ?

c � d�: ���=� � ����� ( � �b'S/ �� ���46� �0/i* � �� ��!# +  ���"!%��������#  4#0 ��21 ���W#0#+* - �!#���#0�(# - 5 � C �4# � ��� I �����
	 2 4��)��. 0(� 2 .
� 4 2 " 	 2 0(	�� �C? � � �'�� A � � @=&�?�� @=& � E

c &6d�� :2& 7�&�� �+���L�/��& *��E�)7'&�� � ��4 C �!#$#0 ������K# - ��� - # �&#0 �� ��## - 5 �����! - 4 / ����4 � �%�[*W! � - / #���4 �K# - 4,#0 ���� + ���	�
, 2 4 0 � �32 4	�� 2 ��� 0 �  0 2�� � � "  � ��0�� � � � @ ��� ? �?��� � � � � � � � ? E

c���d ( � � �e� � � 2 �F& ���G"��G�����M7U� ��� ��4! - ��� �! 3/ �0/�4,#0 ������V*@!%���6!'���� 3/@# - 5 �����! - 46�3� � ( �!, �$�6. 0 " 2 � � "
� � ��� .*4	� "$ �C? � � @�� A;A ��? � &���? � � E

c � d��� ���5 �6� �
�����6>H� ��� C ����* � � . %*� ���0%%#&5J*%���"! - ��� +Z- %%#&5 ��#��S#	% /�I � - +Z- ��4,#0# C ���&*%��� � #  ������Z% +Z- %%#
�5 ��# *%��� - �!#���#0����#$#&���� - ��� - %%#&5 59# - 17#0#%� � +Z- ���@'  ��%��46�@5 � /�& - �� NI��!�Z*�� ���   � " 	 � 0(' � " " 2 � � " 	+��0
� 0 � �#� �). " 	 � 0 � � �� �C? � &$�'�������*& � � � � ��� E

c �ed��*) �  1+� 4H� � , �!#�� �0/ �� ���46�W#0#+*�*%�� �����4 �!#$#0#  �� � �!# �%%#&59#0���K#0#;� � , 2 4 0 � �32 4	��� 2 ��,�� - ��0 � ,��%- �@4 �
4?.�	 � �/. " � �
0 0@4 ���21�443 � �C? �*?���� F F � @'@*?�� @'@�� E

c � d�S#�FA � ���5�-SV� � D # *%�� �����4 �!#$#0#  ��3�&4,#0 +Z- �!#&5 #0#+* �4#0#+*%��4 # - 5 �����! - 46�3� � 0 � ���6�(	 � "$ � �+< =�. " 	 2 �
� � " 4 2 � � � < � � ��� .*4 2 4	��� " -$0 � �10�� � . �6#6*%��4 � �6#&��� - #	5�� � ��� - �!#���? � ��� � � � ��� � � & E

c���d�S#�FA � ���5�'S�� �.' � - � +  ��!#&5 �!#+*%�"! ��#+*%��#  - �!#�����/2����4 # /q#04 � - / �0/ - �!#���� �!#8# �Z!$# + ��� � �$4 2 � � �4� , 2 4 0 �
7 " ��
8� � - �  �(	 �C? � ��� � ������? @*?���? � ? E

c�? � d�S#�FA � ���5��SV� � L #0 ������V* 4,#0 +Z- �!#&5 #0#+* ����46��#	!&! - � + #0 �� ��#��	� �$�6. 0 " 2 � � < � � �:9 � " 2 4 � 0�� 2 � -$0 � �10��
� �@0�� � �C? � ��� �!� ;�� @ ��� � @ ��� E

c�? ?gd�&  �<9 �=���& �L& � �5!��#����4# - !$#������21 � #��� =I ���(� �$�)' � - 16# C � - �! 3/ � *%�"5 ��#����4# + � ����#0#+* ���Z*%��� �0/ + ��4! - ��� �! 3/ �(+*,*�*�- 0 2 " � 2 �$4	�	� " � � " � ��0(�/.$�54 � 2 " 	 � ����4 � � � �C? � � & �
1?>A@ 3 � A ��? � � ��? ��� E
c�? @�d�& *��E�)7'&B�?�/� � � ����4 � � � � " 2 ��� �#� � 9 �DC 0 2E��0 � 2 " 	 , 2 450 � �5	���F � 450 .*� 4?.�0 2 � � ��� 
 2G9 � � �545� 2 " 	 � � " �

450 ��� � 2�9 � � ��45� � 'S!%���!#&5 ���3� � ��� - �!#���? � � � E
c�? � d�& *��E�)7'&B���/����& �H�I�U � '  ��0% +  0%%�4# - � � - 16# C � - �! 3/ �0/ �0/ �� ���46�6�0/ �$#9%$#0 �� ��#��@� . 4,#0 - ��4,#0 �� + # -

/ ����4�% - #0 �� ��# / ���,* � �� ��!#&57%%� � - �!#&5 # +�+ %%�4#0 ���#0#+* �!#$# +�+ %%�4#0 �� #9%%4 C ����� �!# �� ��0% +  0%%�4# - #0#$# - / ��� � �0/
�0/ �� ���46�3� � 2E�*2 " ���$��� �6.�0 " 2 � < � �J� � ��(	 , 2 4 0 � �32 4	��#��� �C? � � ���!��� @=&$� � @ � ? E

c�?@&6d)8)�95��	�B K� � � ��'S%*) + � ��#  + ��#+* �! �� ��#�� / ���  - �%%#%� #S%��6��� - 17# C � - �! =/ �0/ - �!#���#0� #��� =I ���(� � + ��#  4#0�!#%�!#&5
46��46���0/ - �����
@��q! ���� ��3� � ��0C�!.$�54 -$0 � �10�� 2 " 	 � �J� � �� 2 4	��� " � �C? � ��� �L; ������? ��� E

c�?���d)8)�95��	�B K� � � � � #%� #9%��)��� - 17# C � - �! =/ �0/ - �!#���#0��46��46���0/ - ������#��� =I ���(� �6�R#��0%%�01 �"/ �7(+*,*,* - 0 2 " � 2 � 4	�	� " �
� " � ��0C�/. �54 � 2 " 	 � ����4 � � � �C? � � & �41?>A@ 3 FBA � �=&�� � � � E

c�? � d)8)�95��	�B K� � � � , 2 450 � �	 -$0 � �10�� 2 " 	���4 � � �J� � �� 2 4	��� " ��� " * ���(� 450���B	9�@4�M �10 � -$0 � �10 � 2 " 	 � " � 4 2 4	��#���
'S!%���!#&5 ���3� � ��� - �!# #0#+* . �7#6*�N�4 �K#0�  �K#6*�O%� � %+*+#	! ���� 3��? � ��� E

c�? �ed)8)�95��	�B K� � ��� & �"�I�U �QP �� 3I ���(�  - �����0/�#0#+*  ��4#0#��01 �����4# - 4,#0 ������V*%�	� .%� �$�@06�@4 � � �J� � � �(	 , 2 4 0 ���
�32 4	��#� �C? � ��� � � � ? ?�� � @ � E

F A�A



� ����i���i����� � �t���i���(���	��
���R���,�t��� � �

�+��<�7 � �  ����U���� 
�.�"!$#0�� �46��#  �0/ L #0 - ��4,#0 �� + �

� #%�21 �������! 3/ �0/ � -!- �!#���� ��#0 � � C #0#$#�� � - #04!$#0�25�#� � C #0#$# � � -!- �!#���� �3� � ' .#0#+*
. - /2�%N[* �HN�#S/ � � #��� ��! 0%% �� �0/ L #0 - ��4,#0 �� + �

a%%#&59#0���K#0# .�+ #6*%��4�/ �0/�' + � ��# + ���
� %+*+#	! ���� 3� a%%#&59#0�0/

����������� � :�! >�"$#&%(' � : �*) ' �����

� 7F7U �<'& ��&�<9 †
. - / �%N[* ��N�#9/ � � #��� ��! 0%% �� �0/ L #0 - ��4,#0 �� + �

�%%#&59#0���K#0# .�+ #6*%��4)/ �0/i' + � ��# + ���
� %+*+#	! ���� 3� a%%#&59#0�0/
+ "�, :�! �-�$.&/ : '0% �

> ?�A21 ;=��3 1 4 .
k
�q%%#%� /2����4 - / !'���05��4#	! -

(X, E) � � � � + � - ��� + ���! �� + # - � /&�! � ��#��� @�� + � - ���4# C - ���
C %% /2����# -!- E ∈ E  - � - / !'���05��4#	! - (X, E \ {E}) � � @�� + � - ���4# C - � E , ��1 5��0^J!%����1 �[* �!#�?76 � � �
 - #0 |E| ≤ ( n

k−1

) /2���,# � � + � - ��� + ���! �� + # -
k
�q%%#%� /2����4 - / !'���05��4#	! - I��! - |X| = n

E  �����
I ��!%���e1 �D#0# ���Z*%�����[* 1 ������� ��#  - #0 � �#"� - #0�0! ��#%�!#&5 �0/ , �e1$5��0^�8������0% -  E , �� E ⊆

([n]
k

)

C �8# k �q%%#%� / ����4 ���� �0/ �� ���4 ��# #0# %%#+*%��� - / �!#&5 ���� 
X

�0/
n
� - ��46��#  �� E , �� �%��3��� #0#

���Z*%�����!#&5
E1, E2, . . . Et

�0/ E #0#+*M#X!%����� + ��� C �[*�!$#0�� ��! �� ��#
Ai ∪ Bi = Ei

�
Ai ∩ Bi = ∅ �/ ��� ��# +4- 46��4 C ��� �0/ E E . ���0%%46�  - #0 /2����# -!-

i = 1, 2, . . . , t
 - ����� ��� � �� ���#8!$#0�� ��! �� ��#

Ci ∪ Di = X
�
Ci ∩ Di = ∅ � ��0% +Z-  - #0 

Ei ∩ Ci = Ai
#0#+*

Ei ∩ Di = Bi
� C %% 

Ej ∩ Ci 6= Aj
#0#+*

Ej ∩ Ci 6= Bj
/ ����# -!-

j < i
E � h.- #0 � �	�� - �

i
 - !$#0�� ��! �� ��# + %% ��

 - �
i
 - � �� X#�� �! � ��!%����� + ��� C �[*�� C %% Q*%� ��� #��� + %% Q#0#S/ ��#0� - � ��� ���� �!%���6!'��� - / E � h.- ��#

t ≤
(n−1
k−1

)
+
(n−1
k−2

)
+ . . . +

(n−1
0

)
=
( n
k−1

)
+ O(nk−3)

E h.- � � � � � - #0�0! / ���
k = 2, 3

E
!&%%�� - ����46������� � /

Ai = Ei
#0#+*

Bi = ∅ / ���X# -!- i �� - ��# t ≤
( n
k−1

) E:9 � # - � �M5��21 � #
+ ��#��� ��0% +  �� ��#"�0/����2^3� ( n

k−1

) E
3 : � : ;�;*� ��; 1�<=1�< :*>?3+; <=1�< 3 ��� 8A@ � �+;�B<;=��� 8DC � < > �+��; ���=B � ? ; ��� � 1 8 :FE

G H7" �;� � � � � �*I ��"

J�#0�� ��! �� ��# + ���! �� + # -t- / !'���05��4#	! - � + #046�@%&! �!#  - � + ��#  ����  �0/�/2��� C �V*&*%��# + ��#*�+57%%�4#0 �� ��#  - ��������46�5/2���
���!4! - �

0 − 1
4,#0 ���� + ����c�?"d Eah.- �"/8#0���)5 ��#����4# - �2^e#0 �� ��#�� �0/ � � + ���! �� + # -B- /S! ���05��4#	! - � E'D %%��!#  ��������� - �����

� ���!#  - � 4,# � �!4�%%4 #S%%4 C ��� �0/)�[*T5 �����!#f# k �q%%#%� / ����4 `
� + ���! �� + # -k- / !'���05��4#	! -YE

� ���K> <=1�< :*> A � �
k
� . " � < � 0 � 0 � � ��0  0 2E��0 H ���

`
� + ���! �� + # - � < ��4 � � " � 4

`−1
� � ��� �10 2�9 � ��� 9 .*4/	+��� �@4	� "  2 " �

�6	  � �10�
1��0�4 �ML 0(��� . � 4 � � " 2
`− 1

�C� ��� �10 2�9 � � 0 � � ��0  0 2E��0 �
h �0/2 a!%���e1 �[* c &6d� - #0 /2���

k, ` > 3
���%�[*��

n → ∞ �  - ����� ∃k �q%%#%� /2����4 `
� + ���! �� + # -�- /S! ���05��4#	! - ��#

n1 ���� �� + �����0/����2^3�
Ω(nk)

EKN %% b# -!- � � + ���! �� + # -
k
�q%%#%� / ����4 - /S! ���05��4#	! - � - #[1 � ���2^3�

o(nk).
.�(#��6� �[*�� 9 - #0 

� �. - � 4,# � �!4�%%4 ���2^3� �0/t# � � + ���! �� + # -
k
�q%%#%� / ����4 - / !'���05��4#	! - G , ��1 5��0^Qc � d�59#[1 �  - �5/2� -!- �eI��!#&5�%&!&! ���

C �6%%#+* E
† O�j�lOj0n4oqp=r(s�lklOv	w	w7x4oOyqj0za{[|a�KPF�i�

FBA �



�+��<�7 � �  ����U���� K� ����� � ������� � � � ? �

7 8 �+: ; � � � �	� �@4 H 9 � 2 N �C�@0#��4	�� 2 � k � . " � < �10 � 0 � � ��0  0 2E��0 � " 2 "
n
�C��� � � � " 4 . " 	+��0�� � � "$ � �@4�� -$0 � "

|E(H)| ≤
(

n

k − 1

)
.

�C? E ? �
J�#0�� ��! �� ��# + ���! �� + # -k- / !'���05��4#	! - �(#0���J5 ��#����4# - �2^e#0 �� ��#�� �0/ + � - ��� + ���! �� + # - ��#���� E

� � � > < 1�< :A> F ��

k
� . " � < �10 � 0 � � ��0  0 2E��0 E ⊆ ([n]

k

) � " 2 " . " 	+�@0���� � "$ �$�@4
X

� <
n

��� � � � " 4 � � �
� 2 � � �(	 !$#0�� ��! �� ��# + ���! �� + # -�� < 4 0 ��< ��� � �8M � "$ � 0 ��� 	�� -$0 ��0(� � L � �@4 � 2 " � 0C	+�@0�� "$ 

E1, E2, . . . Et
� < E 2 " 	 2

� 06���@�$0�� 9 �(	 �*2 0@4	��4	��� "
Ai∪Bi = Ei

�
Ai∩Bi = ∅  < �10 � 2 � 0�� � �:9 �@0��+< E � .�� 0 4 0 2 4 < �10 2 � � i = 1, 2, . . . , t4 0 ��06� �ML � �@4 � 2 ��2 0�4	�54	��� "

Ci ∪Di = X
�
Ci ∩Di = ∅  � � .*� 0 4 0 2 4

Ei ∩ Ci = Ai
2 " 	

Ei ∩Di = Bi
�

9 .*4
Ej ∩Ci 6= Aj

2 " 	
Ej ∩Ci 6= Bj

< �10 2 � �
j < i

� � -$0 2 4 ����� 4 0 �
i
4 0?�*2 0@4	��4	��� " �/.*4 � 4 0 �

i
4 0 �$�$4 2 � ��4

��� � 0(���$�@0#� 9 �6	 � 9 . 4 	 � ��� " � 4E�/.*4 2 " � � 2 0�� ��@0%�$�$4 � 0 � � ��0����J�
. � � + ���! �� + # - - / !'���05��4#	! - � � + ���� 4#0�!# - /W!$#0�� ��! �� ��# + ���! �� + # - � #��YI � -!-qE � #+*%���[*��	/ ����#0#�#0� C �! ��4#0�0/ ���Z*%�����!#&5�0/� - ��[*T5 ���

E1, E2, . . . Et
�0/ E �  - �(!$#0�� ��! �� ��# Ai = Ei

�
Bi = ∅ I ���(� � / ��� # -!- �[*T5 ��� E�h.- %��3�TI �4,#[/�!#  ���� *T% + �  - �./ � -!- ��I��!#&5�*%����#%�! �� ��# E

� � � > < 1�< :A> � ��
 �*2 0@4	��4	��� " �@0��54	�� 2 � 0 � � �@0  0 2E��0 E ⊆ ([n]
k

) ��� � 2 � ���6	 ���Z*%�����[* � � + ���! �� + # - � <
Ai = Ei

�
Bi = ∅ < �10 2 � � �(	  ��� Ei ∈ E

�
h.- �/ � -!- ��I��!#&5  - ��������4 � ��# �� �����#&5� - ��#%�!#&5 �0/ , ��1 5��0^�8� - ��������4 E

7 8 �+: ; � � > ��� �@4 E ⊆ ([n]
k

) 9 � 2 " �10C	���0(�6	 N � �$0��54	�5� 2 � k � . " � < � 0 � 0 � � ��0  0 2E�;0 � -$0 � "

|E| ≤
(

n

k − 1

)
.

�C? E @��
= � 0 2 " 2 0 9 �5450 2 0 � �*2 0@4	��4	��� " �@0#��4	�� 2 �

k
� . " � < �10 � 0 � � ��0  0 2E��0 ME� 0 2 
=�

|E| ≤
(
n− 1

k − 1

)
+

(
n− 1

k − 2

)
+ . . .+

(
n− 1

0

)
.

�C? E � �
0 ����	������ �6. " 	 � P � N  � ��� 0 2 0 � < �10

k − 2, 3
� =�. 0�4 0 ��0 � �106���B< �10 2 � �

n ≥ 2k − 1
2 " 	

k ≥ 2
4 0 ��06�3� L ����4

�*2 0@4	�54	�	� " �@0#��4	�� 2 �
k
� . " � < �10 � 0 � � ��0  0 2E��0 � � < ��� - � ( n

k−1

)
.

h.- �J!%��� �0/)�0/� - �J%&!&! ��� C �6%%#+* �C? E @�� � � C #����[*���#  - �J!'� - / #���4 �K# - 46�� - � * �6%% - �!#��[* �!#Mc @�d E

� ����� ����� � � " ��

, �� W%�� ������ + ��#����V*%���  - � �!#��$#S%$# - �! =/ �C? E @�� E 9 �*%����#��
n
�q16#0���K# C - ��! � - / #���4 �K# - � Pi(x1, x2, . . . xn) ∈

R[x1, x2, . . . xn]
/ ��� # -!-

Ei ∈ E
� /P%%�� - ����46�����

QH(x1, x2, . . . xn) ∈ R[x1, x2, . . . xn]
/ ���b# -!-

H ( X =
{1, 2, . . . , n} I��! - |H| ≤ k − 2

E , �� 
Pi C �J*%����#��[* C /

Pi(x1, x2, . . . xn) =
∏

1≤m≤k−1




∑

v∈Ci
xv


−m


 ,

� @ E ? �

I - �����
Ci

� ����#������V*%���0/% - �i!$#0�� ��! �� ��#
Ci∪Di = X

 - #0 C � - ��#&5 �� �� �[*T5 � Ei # +�+ ���Z* �!#&5. ��������#%�! �� ��# � ED #  - � �� - ��� - #0#+*��
QH

� � *%����#��[* C /

QH(x1, x2, . . . xn) =
∏

h∈H
xh




n∑

j=1

xi − k


 .

� @ E @��

F A F



� ?@& ���
< 7 � ��� ���U���� K� ����� � ������� � �

, �� 
Ŷ
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P̃i(Ŷ ) = Pi(Ŷ )
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P̃i(Êj) = 0

/ ���
i < j

�Y#���! RIt#�� � C � ���01 �[* # C ��1 � ENh.- %��	�  - �17# - %�� �0/ � @ E � �b#0 
Êj

� �
P̃j(Êj) 6= 0

�+# + ��#  ��4#6* � +  �� ��#�#	59#0�!# E
2

 ��# + �. - �.#9%%4 C �����0/B!'� - / #���4 �K# - ���!# P � � #0 �46���� � - �R* �!46��#���� ��# �0/  - � - �!#���#0���0!$# + ��0/ 4)% -  �� �
- �!#���#0�a!'� - / #���4 �K# - ���0/�*%�"5������)#0 �46���� 

k − 1
�0/
n
17#0���K# C - ��� Eih.- %��	�

|{Q̃H : H ( X, |H| ≤ k − 2}|+ t = |P| ≤
(

n

k − 1

)
+

(
n

k − 2

)
+ . . .+

(
n

0

)
,

� @ E & �

I - � +4- �!4! - � ��� �C? E @�� E
!����@#0� C �! ��4#0�0/ !%����� + ��� C �[* !$#0�� ��! �� ��#�� �C? E � � � ��!%���e1 �[* %����!#&5  - �D!'� - / #���4 �K# - �,*%��� + ��� C �[* �!# c�?"d E

PR#046� - / �+*%����#��N#N!'� - / #���4 �K# -
pi(x) ∈ R[x1, x2, . . . , xn]

/ ������# +Z-
Ei

#���/ � -!- ��I�� E

pi(x1, x2, . . . , xn) =
∏

a∈Ai
(1− xa)

∏

b∈Bi
xb + (−1)k+1

∏

a∈Ai
xa
∏

b∈Bi
(1− xb)

� @ E ���

J�� - / #���4 �K# - � *%����#��[* C / � @ E ���t#0��� 4�% -  �� - �!#���#0���0/�*%�"5������J#0 �46���� 
k− 1

� ���!# + �. - ��!%��� *T% +  ∏
e∈Ei xe+ #0# + � - � C / - � + � ��) + � ��#  (−1)k+1 E �  + #0# C �&��#���� - / +Z- � + � �[*  - #0 pj(Ĉi) = 0

� /
j < i

#0#+*
pi(Ĉi) 6= 0

E
, �� )%��N#����0%%46��I��! - �6%% - ����� �0/.5 ��#����4# - �! 3/  - #0  - �,!$#0�� ��! �� ��#��

Ci ∪ Di = X
#0��� ���� - #0 

n ∈ Di- � - *%��/2�����"1 ���0/
i = 1, 2, . . . , t

E , �� ! � - / #���4 �K# - �
qi C �J*%����#��[* C /

qi(x1, x2, . . . , xn−1) = pi(x1, x2, . . . , xn)|xn=0 ∈ R[x1, x2, . . . , xn−1].
� @ E � �

, �� 
C ′i = Ci|{1,2,...,n−1}

E�h.- ��#
qj(Ĉ ′i) = pj(Ĉi)

/ ���)# -!-
j ≤ i

E@h.- %��  - �,!'� - / #���4 �K# - ��*%����#��[* �!#
� @ E � � #0��� - �!#���#0� - / �!#+*%�"!'��#+*%��#  ���!4 � - #0� - /  �� � - #0�!4 � � �C? E � � /2� -!- �eI�� E

FBA �



����<�7 � ��� ���U���� K� ����� � ������� � � � ?��
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� #  - � � ��� +  �� ��# I � � - ��I  - #0 �!#��$#9%$# - �! 3/ �C? E � �5� � � - #0�0! / ���
k = 2, 3

#0#+* + ��#��� ��0% +  ,#
k
�q%%#%� / ����4

!$#0�� ��! �� ��# + ���! �� + # -k- / !'���05��4#	! -
(X, E) ��#  - �J%%#+*%��� - / �!#&5 ���� X = {1, 2, . . . , n} �0/)���2^3� ( n

k−1

) E
!����

k = 2
 - � � � + ���! �� + # - � - /S! ��� �35��4#	! - �a#0���  - � � *&* + / +�- ����#0#+*  - �"/ ����# +Z- �$#9%$# - �! 3/ �!# �C? E � � E

!����
k = 3

� + ��#����V*%���  - �"/2� -!- �eI��!#&5 - / ! ���05��4#	! -
(X, E �(I - ����� X = {1, 2, . . . , n} #0#+* E =

E1 ∪ E2 ∪ {{2, 4, 5}}
E E1

+ ��#���� �� �� �0/�# -!-  ����2! - �� ��  - #0 + ��#  4#0�!#
1
E E2 = {{2, 3, 4}, {3, 4, 5}, . . . , {n−

2, n − 1, n}, {n − 1, n, 2}, {n, 2, 3}} E h.- �8!%����� + ��� C �[* !$#0�� ��! �� ��# �0/
E ∈ E1

� � {1} ∪ (E \ {1}) �I - � - � {i, i + 1, i + 2} � �)*%� + ��4!'�����[* #�� {i} ∪ {i + 1, i + 2} = {i, i + 1, i + 2} � i + 1
#0#+*

i + 2� - �6% - * C �@%%#+*%������ �� �S* + / +�- � + # -!- / �& - #0 5� �
n + 1 ≡ 2

#0#+*
n + 2 ≡ 3

E !��!#$# -!- / � {2, 4, 5} � � + %% #��
∅ ∪ {2, 4, 5} = {2, 4, 5} ERh.- � ���Z*%�����!#&5 �0/& - �5�[*T5 ���.�!# E � �  - #0 .�[*T5 ��� �!# E1

#0��� ������ .�!# #0� C �! ��4#0�0/���Z*%���3�. - ��# + ��46� �[*T5 ��� �!# E2
# - ��� #0� C �! ��4#0��� - / ������ ��[*�����#$# -!- / � {2, 4, 5} � �  - � - #��� �[*T5 � E h.- �

!$#0�� ��! �� ��# �0/  - �(%%#+*%��� - / �!#&56���� �/ ��� {1, i, j} ∈ E1
� � {i, j} ∪ (X \ {i, j} E�h.- #0 /2��� {i+ 1, i+ 2} ∈ E2� � {i} ∪ (X \ {i} �*��#$# -!- /  - � - #��� t!$#0�� ��! �� ��# �  - #0 C � - ��#&5 �� �� {2, 4, 5} ��� � ∅ ∪X E �  �� ����#��0/  �� +Z- � + �

 - #0 � - � ���H#0 �� �C� ���� - � + ��#+* �! �� ��#�� �0/ �����#%�! �� ��# � E
h.- �/ � -!- ��I��!#&5@!%���6!'�����! �� ��# � ����#��0/ ��� ��� + � � � E

� ;=:<� : A�<=1�< :*> � ��� �$4
a ≤ b ≤ m

2

� -$0 ��06� � L ����4 � 2 �32 4 � 0 � "$ < 0 � � ([m]
a

) 4 � ([m]
a

) � � 4 0 2 4 � <
A ∈

([m]
a

)
��� �32 4 � 0 �(	 4 �

B ∈
([m]
a

) 4 0 � "
A ⊆ B �

2

h.- � �[*T5 �6� �� E � �W#X* � ���1���!#  J%%#%� ��# E = E1 ∪ E2 ∪ . . . ∪ Ek
I - ����� Ei � � ��#  - ��%%#+*%��� - / �!#&5����� 

Xi = {i, i + 1, . . . , n} (( X)
E , �� Ei + ��#���� �� .�0/& - � k � ���� ���0/ Xi

4,#0 +Z- �[* C / J)���6!'�����! �� ��#��  ��  - �
+ � -!- � +  �� ��# �0/

k − i+ 1
� ���� ��.�0/

Xi
 - #0 + ��#  4#0�!#  - �5� - ��46��#  

i
E.h.- %��3� |Ei| = (n−ik−i

) E � /
F ∈ Ei

�  - ��#
 - ����� ��� � �� ��

i ∈ GF ( Xi
�%�0% +Z-  - #0 |GF | = k − i+ 1

#0#+*
GF ⊆ F

E , �� � - �J!$#0�� ��! �� ��#8!%����� + ��� C �[* ��
F C � F = (GF \ {i}) ∪ (F \GF ∪ {i})

E�h.- �(!$#0�� ��! �� ��#��0/� - �R%%#+*%��� - / �!#&56���� 
X

 - #0 C � - ��#&5 �� ��
F ∈ Ei

� �
X = (GF \ {i}) ∪ (X \GF ∪ {i})

E h.- �5���Z*%�����!#&5 �0/&�[*T5 ��� �!# E � �� - #0 E ∈ Ei � � C � / ������0/
F ∈ Ej

� /
i < j

�&I��! - �!#  - � �4#046� Ei #0� C �! ��4#0�0/ E
19��� < � ; � -$0 � 0 � � �@0  0 2E��0

(X, E) 	���� " �(	 2�9 � 
=� ��� ��2 0�4	�54	��� " �$0��54	�5� 2 � �

� 0 � � < , �� �%��9������ + ��#����V*%��� �[*T5 ���
E

#0#+*
F
�Z% +Z-  - #0 

E ∈ Ei
#0#+*

F ∈ Ej
I��! -

i < j
E h.- �

!%����� + ��� C �[*X!$#0�� ��! �� ��# �0/ E � �
E = (GE \ {i}) ∪ (E \GE ∪ {i})

�&I - � - � - �(!$#0�� ��! �� ��# �0/
X C � - ��#&5��!#&5 ��

F
� �
X = (GF \ {j}) ∪ (X \ GF ∪ {j})

E
k − j = |GF \ {j}| < |GE \ {i}| = k − i

� - ��# + �
(GF \ {j}) ∩ E 6= GE \ {i}

E D #  - � �� - ��� - #0#+*��
i ∈ (E \ GE ∪ {i} C %% i 6∈ GF \ {j})

�� - %��
E \ GE ∪ {i} 6= E ∩ (GF \ {j})

E D #  - � �� - ��� - #0#+*���� /
E

#0#+*
F C � - ��#&5� ��  - �6�4#046� Ei �� - ��#+�- ��#0� - /

(GF \ {i}) ∩E 6= GE \ {i}
���!# + �

GF 6= GE
E !&%%�� - ����46�������

E \GE ∪ {i} 6= E ∩ (GF \ {i})
�

���!# + �
i
� � + ��#  4#0�!#��[* �!#� - � - � /  - #0#+*����V*%��� C %% �#��� ��!#  - � ���25 -  - #0#+* ���V*%� Eh.- %��3�'� /

E
� � C � /2����� F �!#  - � ���Z*%�����!#&5 �0/� - �5�[*T5 ���	�  - ��#" - �)!$#0�� ��! �� ��# �0/

X C � - ��#&5��!#&5  �� F*%� ����#��� + %% 
E
!%���6! ��� - / E

2

h.- � ���2^3� �0/ E � �

|E| =
k∑

i=1

|Ei| =
k∑

i=1

(
n− i
k − i

)
=

(
n

k − 1

)
.

� � E ? �

�  5� � +�- ��#0�  - #0 ��#�� + #0#%#��� ,#6*&* #0#S/ #��"I �[*T5 ����# /2 ����  - � ��� � �� ��!#&5 ��#���� �!#  - � ���Z*%���3� ���!# + �Q#0#9/
!$#0�� ��! �� ��# �0/

X
+ %% �� ����46� �[*T5 �����!# E �!#� - �R!%����� + ��� C �[*DIt#[/ ED9 � + ��#���� +  0%%���  - #0 � - � + ��#��� ��0% +  �� ��#

� �����  �����4,# - �% - #0 �� �� - �R%&!&! ��� C �6%%#+* / ����# k �q%%#%� /2����4 !$#0�� ��! �� ��# + ���! �� + # -U- / !'���05��4#	! -
(X, E) ��#  - �%%#+*%��� - / �!#&5 ���� 

X = {1, 2, . . . , n} � ��# +  0%$# -!- / ( n
k−1

) E

F A >



� ? � ���
< 7 � ��� ���U���� K� ����� � ������� � �

P �� ��  - #0 � / - /S! ���05��4#	! - �WI��! - �[*T5 � ���2^3�%2 4 � � ��4
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#0��� + ��#����V*%�����[* �!#��� ���#6* �0/

k
�q%%#%� / ����4 - / �
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� - #0�0! /2���W# -!-

k
�k#�� - � /2� -!- �eI��!#&5 + ��#��� ��0% +  �� ��# � - �eI�� E E =

⋃k
i=1 Ei

�UI - ����� Ei � � - � + � -!- � +  �� ��# �0/

i
� � - ��46��#  �0% C ���� ���0/ X  - #0 + ��#  4#0�!# � - ��46��#  ? ERh.- � ���Z*%�����!#&5 �0/� - �5�[*T5 ���.� ����  - #0 / ���

E ∈ Ei#0#+*
F ∈ Ej E

� � C � /2����� F �`_
j < i

��I - � - ��I��! - �!#  - � �H#046� Ei  - � ���Z*%�����!#&5 � �#0� C �! ��4#0�0/ E�h.- �
!%����� + ��� C �[* !$#0�� ��! �� ��# �0/
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X

 - #0 
C � - ��#&5 �� �� E � �
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E
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{ :��j|�} �m~U|C����[�hje8c6k`g��m[d] 	 �%	^]`g)[d_ ��e^f �m]n[j[da �m_`g��U[�knh��6["�$#miJgJc�� �m]ne � i)[dabk �qgJ_���hje8c�_`]ne8i��i 	 � i)[��m]ne<hj[jknk`gJc���_`gJab[jk�e8c 	�kngJc��Ci)[�a 	8h��mgJc6[ 	^c ��e8c�g��m[dc�_`g)h
	^iN� #mcmg�f�e8]`a �	^]�	^iJi)[di\a 	��
h��mgJc6[jk�s � �6[d]n[(_��6[(e �T� [jhd_`g��U[(g)kq_ne�a�gJcmgJa�g���[(_��6[(_ne8_�	^irhje8a �m]n[jknk`g)e8c�hjeCkn_
��Fzco_��mg)k �	 �-[d]�s��[ �m]ne%�.eCkn[�f�	8k`_ �Tg��<g��m[�� 	^c �<�zhje8c6� #6[d] 	^i��Ue8]`gJ_��mabk�f�e8]�_��6[jkn[�knh��6["�$#miJgJc�� �m]ne � i)[dabk
� � #m]
	 ���m]ne 	8h���g)k � 	8kn["��e8c�_��6[be � kn[d]�� 	^_`g)e8c�_��	^_�[
	8h���knh��6["�$#miJgJc����m]ne � i)[da ��[ �Tg)knh�#6knk�h
	^c
� [�f�e8]`a #mi 	^_n["� 	8k 	 �.e8i��Aa 	^_`]ne8g���e%�m_`gJa�g���	^_`g)e8c �m]ne � i)[da ����[ �m[ �U[di)e%� 	+c6e �U[di �Tg��Ag��m[��
	^c �<�zhje8c6� #6[d]"_n[jh��mcmg)� #6[�f�e8]\_��6[ �-e8i��<a 	^_`]ne8g���e%�m_`gJa�g���	^_`g)e8c �m]ne � i)[da 	^c ��_��6[dc 	 ���mi���gJ_
_ne�[
	8h���knh��6["�$#miJgJc�� �m]ne � i)[da �+��[bk��6e���_��	^_�[
	8h���kYh��6["�$#miJgJc�� �m]ne � i)[da�h
	^c � [bkne8i��U["�gJc

O(Tfeas(n) × log n)
_`gJab[ � � #6k`gJc���e%#m] �Tg��Ag��m[�� 	^c �<�zhje8c6� #6[d]�_n[jh��mcmg)� #6[Cs � �6[d]n[

n
g)k

_��6[�c #ma � [d]�e^f � e � k 	^c � Tfeas(n)
�m[dc6e8_n[jk�_��6[b_`gJab[�hje8a �mi)[NM<gJ_ ��e^fq_��6[�hje8]`]n[jk��.e8c �TgJc��

f�[
	8k`g � i)[�knh��6["�$#miJgJc�� �m]ne � i)[da �qgJ_��
n � e � k
� � �mg)k 	 ���m]ne 	8h�� �<g)[di��mk\f�	8k`_n[d] 	^i��Ue8]`gJ_��mabk"f�e8]

abeCkn_�e^f/_��6["kYh��6["�$#miJgJc�� �m]ne � i)[dabk �Tg)knh�#6knkY["�+gJco_��mg)k �	 �.[d]
�
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¡N�<¢ � $ � � � ���@�(? � � � �J5 � L �B� ? � � � � � DN� � � �\»*?=�=5 �T���1� � ����6��DN� � � � � � � �T� ? � � �(?� � �!¼Tg)knhd½6knkY[j¼�gJc_`¾mg)kl¿1À^¿-[d]pÀ^]n[�¼m[jknhd]`g � [j¼�À8k f�e8iJi)e%Á k�ÂÃ��[(¾1À �U[ n � e � k�s6Áq¾mg)hY¾�À^]n[�_ne � ["¿m]neAhj[jkYkn[j¼�e8c m a�À8hn¾mgJc6[jk�Â
�Ã¾6[okn[d_nkbe^f � e � k�À^c6¼Äa�À8hn¾mgJc6[jk�À^]n[�¼m[dc6e8_n[j¼ ��Å N = {1, 2, . . . , n} À^c6¼ �AÅ M = {1, 2, . . . ,m} s
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]n[jkn¿-[jhd_`g��U[di Å Â ,¦À8hY¾ � e�� j ¾1À8k � � � � � ��� ? � � � �! �&? � � � � �1� p(j) Â!Fzf m = 1
s�Á�[�¾1À"�U[�À �@?� � � � a�À8hn¾mgJc6[$#e8_`¾6[d]`Áqg)kY["Á�["¾1À%�U[

m (≥ 2)
��� � ��� � � �/a�À8hn¾mgJc6[jk%Â�&Ã¾6[p¿1À^]YÀ^iJi)[diPa�À8hY¾mgJc6[jk\À^]n["h�À^iJi)[j¼ ? L � ���(?�� � �Mg�f/_`¾6[dgJ]kn¿-[j[j¼mk�À^]n[�[j�A½1À^i'#re8_`¾6[d]`Áqg)kY[CsP_`¾6[�a�À8hn¾mgJc6[jk·À^]n[�h�À^iJi)[j¼ �B�E? �;� � � À^c6¼�a�À8hY¾mgJc6[

i
¾1À8k(À+k`¿.[j[j¼

si
sPkne

_`¾1À^_l¿m]neAhj[jkYk`gJc)(�À � e�� j e8c�a�À8hn¾mgJc6[ i f�e8] τ _`gJab[(½mcmgJ_nk�]n[j¼T½6hj[jk�gJ_nk e��U[d]YÀ^iJiM¿m]ne<hj[jknk`gJc)(�]n[j��½mgJ]n[dab[dcA_� Å siτ ÂFzc+_`¾6[\¿m]ne<hj[jknk`gJc)(be^f/[�À8hY¾ � e�� � � � � �<�A�(? ����g)k À^iJi)e�Á�[j¼�s1kne·_`¾1À^_q_`¾6[p¿m]ne<hj[jknk`gJc)(�e^f
À^c Å�� e��oh�À^c*�-[gJcA_n[d]`]`½m¿m_n[j¼oÀ^_�À^c Å _`gJab[\À^c6¼b]n[jk`½mab[j¼�i¨À^_n[d]�s<¿-eCknkng��mi Å e8c+À^c6e8_`¾6[d]�a�À8hY¾mgJc6[CÂ�Kle � e���g)k�À^iJi)e�Á�[j¼�_ne+�-[¿m]ne<hj[jknkn[j¼oe8cokn[,�U[d]YÀ^i�a�À8hY¾mgJc6[jklÀ^_ À·_`gJab[Cs6À^c6¼o[�À8hn¾oa�À8hY¾mgJc6["¿m]ne<hj[jknkn[jk À^_qabeCk`_qe8c6[ � e��oÀ^_�À�_`gJab[CÂ-�e��
j
À^i)kne�¾1À8k � � � � ��� � L � � � r(j) À^c6¼ L � � L � � � d(j) sMÀ^c6¼�À^c Å ¿mg)[jhj[�e^f � e�� j k`¾6e8½mi)¼.�-[�knhY¾6[j¼T½mi)[j¼�.[d_zÁ�[j[dc�_`¾6["_`gJab[(gJc�_n[d]!�CÀ^i

[r(j), d(j)]
Â

/ ½m¿m¿-eCkY[�_`¾1À^_"_`¾6[�¿m]ne<hj[jknk`gJc)(+]n[j�A½mgJ]n[dab[dc�_
p(j) (j ∈ N)

h�À^cmc6e8_0�.[�f�[�À8k`g��mi Å knhn¾6[j¼T½mi)[j¼�e8c�_`¾6[a�À8hY¾mgJc6[jk�Â1&Ã¾6[dcPsÃÁ�[�h�À^c ]n[j¼T½6hj[�_`¾6[�¿m]neAhj[jkYk`gJc)(�]n[j�A½mgJ]n[dab[dc�_
p(j)

_ne
p(j) (≤ p(j))

� Å ¿1À Å gJc)(_`¾6[�hjeCk`_
w(j)(p(j) − p(j))

kne�_`¾1À^_ � e��6kbh�À^c2�-[�f�[�À8k`g��mi Å knhn¾6[j¼T½mi)[j¼�Â���[o¾6[d]n[�À8knk`½mab[o_`¾1À^_�_`¾6[
i)e%Á�[d]3�.e8½mc6¼

p(j)
e^fP_`¾6[\¿m]ne<hj[jknk`gJc)(·]n[j��½mgJ]n[dab[dcA_

p(j)
g)k4(Cg��U[dcoÀ^c6¼

p(j) ≥ p(j) k`¾6e8½mi)¼5�.[�kYÀ^_`g)k R1[j¼�Â&Ã¾6[+e�� � [jhd_`g��U[�g)k�_ne�a�gJcmgJa�g�6�[�_`¾6[�_ne8_YÀ^iÃhjeCkn_ ∑n
j=1w(j)(p(j) − p(j)) k`½)� � [jhd_�_ne�_`¾6[+hje8c6k`_`]YÀ^gJc�_nk_`¾1À^_ >¤g ?·¿m]ne<hj[jknk`gJc)(�]n[j�A½mgJ]n[dab[dc�_

p(j) (j ∈ N)
h�À^c7�.[+f�[�À8k`g��mi Å kYhn¾6[j¼T½mi)[j¼ e8c m

a�À8hn¾mgJc6[jk�sqÀ^c6¼
>¤gJg ?

p(j) ≤ p(j) ≤ p(j) (j ∈ N)
Â Fzc�_`¾mg)k·¿1À^¿-[d]�s/Á�[�a�À^gJcmi Å hje8c6kng)¼m[d]�À^cÄ[j��½mg��CÀ^i)[dc�_·¿m]ne��mi)[da e^f

a�À MTgJa�g�6jgJc)( ∑n
j=1w(j)p(j)

½mc6¼m[d] _`¾6[�kYÀ^ab[(hje8c6k`_`]YÀ^gJcA_nk >¤g ?qÀ^c6¼ >¤gJg ?�Â!��[p]n[�f�[d] _ne9860%:<;�f�e8]�hje8a�¿m]n[��
¾6[dc6kng��U[p_`]n[�À^_`ab[dc�_le^f/_`¾mg)kÃ¿m]ne��mi)[da�Â FX_qk`¾6e8½mi)¼=�-[\c6e8_n[j¼o_`¾1À^_q¿m]n[j[da�¿m_`g��U[(kYhn¾6[j¼T½miJgJc)(b¿m]ne��mi)[da ÁqgJ_`¾
hje8cA_`]ne8iJi¨À>�mi)[\¿m]neAhj[jknkngJc)((_`gJab[jk!g)k�À^i)kne P<c6e�Áqc?� Å ¼Tg?>.[d]n[dcA_¦c1À^ab[jk�ÁqgJ_`¾�¼Tg?>.[d]n[dcA_�gJcA_n[d]`¿m]n[d_YÀ^_`g)e8c6kÃk`½6hn¾À8k � ��5 � L �B� ?� � �F� ? ��� � � ��?� � �T�������
�����(? ��� ���(� �
� >�kY[j[Csy[CÂ (6ÂJs�8Y"TsN0%:Ts)0�HTsA"$:Ts@"�0@;A#.kn[j[·À^i)kne.860�M<;=? À^c6¼ �=5 �� ��5 � L �E� ?� � � ?�E? � ?69�?� � �=5 � » � ? � 5 � � L ���B�VD ��� � �3��� � L � ���(� � �B�E?!� � >�kn[j[Cs6[CÂ (6ÂJsB8 M<sL0 0,;=?�Â

&Ã¾6[d]n["À^]n[�a�À^c Å P<gJc6¼mk�e^fM¿m]n[j[da�¿m_`g��U["knhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabkÃÁqgJ_`¾ohje8c�_`]ne8iJi¨À>�mi)[p¿m]ne<hj[jknk`gJc)(·_`gJab[jk�s¼m[d¿.[dc6¼TgJc)(�e8c®_`¾6[okY[d_`_`gJc)(�e^f\_`¾6[+½mc6¼m[d]`i Å gJc)(�knhY¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk�ÂÄ��[�hje8c6k`g)¼m[d]b_`¾m]n[j[+_ Å ¿.[jkbe^fa�À8hY¾mgJc6[jk � À·k`gJc)(Ci)[\a�À8hn¾mgJc6[CsTg)¼m[dcA_`g)h�À^i�¿1À^]YÀ^iJi)[di�a�À8hn¾mgJc6[jk�s6À^c6¼�½mcmg�f�e8]`a ¿1À^]YÀ^iJi)[di�a�À8hn¾mgJc6[jk�Â ��["À^i)kne
hje8c6kng)¼m[d]¦_`¾6[ h�À8kn[jk!Áq¾6[d]n[q]n[di)[�À8kn[%�^¼T½6[�¼6À^_n[jk�e^f � e��6k¦À^]n[q_`¾6[qkÌÀ^ab[ e8]�À^]!�mgJ_`]YÀ^] Å Â
��[�À8knkn½mab[ r(j) = 0>¤]n[jkn¿PÂJs

d(j) = d (> 0)
?�f�e8]�À^iJi

j ∈ N g�f
À^iJi � e��6kq¾1À%�U["_`¾6[(kYÀ^ab[p]n[di)[�À8kY[(¼6À^_n[jk >¤]n[jk`¿PÂJs1¼T½6["¼6À^_n[jk4?�Â
��[(¼m[dc6e8_n[([�À8hY¾�¿m]ne��mi)[da À8kDC / gJc)(Ci)[Cs5FE¼m[Cs60lcmgFEj�!C / À^ab["G�s�Rl]!�HG0Ej�!C / À^ab[jZ�s1Rl]!�6ZIE�Â �6e8]l[NMmÀ^a��

¿mi)[Cs0FE¼m[�� / À^ab["Gq� Rl]!�6Z�¼m[dc6e8_n[jk\_`¾6[�g)¼m[dc�_`g)h�À^i
¿1À^]YÀ^iJi)[di
a�À8hn¾mgJc6[�knhn¾6[j¼T½miJgJc)(+¿m]ne��mi)[da ÁqgJ_`¾�_`¾6[�kYÀ^ab[
r(j)

À^c6¼�À^]!�mgJ_`]YÀ^] Å d(j) Â ��[lc6e8_n[�_`¾1À^_�_`¾6[ ¿m]ne��mi)[daJC / gJc)(Ci)[Cs FE¼m[CsA0lcmgFEj� / À^ab["Gq� Rl]!�6Z g)k�[j��½mg��CÀ^i)[dc�_
_neKC / gJc)(Ci)[Cs�FE¼m[Cs60lcmgFEj� R�]!�HG � / À^ab[jZ >�kn[j[Csy[CÂ (6ÂJsB854Ts#0!6ms%0%L<;=?�syÀ^c6¼�_`¾6[d]n[�f�e8]n[(c6[j[j¼�c6e8_M�.[(hje8c6k`g)¼m[d]n[j¼�Â
G\[dc6hj[CsmÁ�[(¼m[�À^iPÁqgJ_`¾�cmgJc6["¿m]ne��mi)[dabk�gJc�_`¾mg)kq¿1À^¿.[d]�Â
º�}���§r£ �$CBN ���ON�C/¡¨|%N ��[�]n[,�<g)[dÁ�_`¾6[lhd½m]`]n[dcA_Ãf�À8k`_n[jkn_�À^i�(Ue8]`gJ_`¾mabk�f�e8]�_`¾6[lcmgJc6[lkYhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk�Â
&Ã¾6[�k`½ma�a�À^] Å g)k3(Cg��U[dc�gJcK&MÀ>�mi)[ 0CÂ

/ gJc)(Ci)[�� / À^ab["Gq� / À^ab[jZ h�À^c9�.[([�À8k`gJi Å kne8i��U[j¼ogJc O(n)
_`gJab[CÂP-�À^cmg¨À(P�À^c6¼�2le%�CÀ^i Å e%�Q8YH<;rf�e8]`a�½mi¨À^_n[/ gJc)(Ci)[�� / À^ab["G � R�]!�6Z�À8k�À�iJgJc6[�À^]�¿m]ne�(C]YÀ^a À^c6¼ k`¾6e%Á�_`¾1À^_b_`¾6[�iJgJc6[�À^]�¿m]ne�(C]YÀ^a h�À^cR�.[�kne8i��U[j¼ gJc

O(n log n)
_`gJab[CÂ��6e8] / gJc)(Ci)[�� Rl]!�HGq� Rl]!�6Z�s%SP[d½mc)(�[d_·À^iGÂ4860 0@;�k`iJg�(C¾A_`i Å gJa�¿m]ne%�U[�_`¾6[�À^c1À^i Å k`g)k�e^fÃ_`¾6[

O(n2)
�G_`gJab[+(C]n[j[j¼ Å À^i�(Ue8]`gJ_`¾ma gJcS8Y"$:>;/À^c6¼�e��m_YÀ^gJc�ÀT�.[d_`_n[d]M�.e8½mc6¼

O(n log n+ κn)
s6Áq¾6[d]n[

κ
g)k�_`¾6[

cA½ma+�.[d] e^f1¼Tg)k`_`gJc6hd_
w(j)

Â / ¾mgJ¾·[d_
À^iGÂO860�H<;<¿m]ne8¿-eCkn[ÃÀ^c
O(n log n)

�G_`gJab[�¼Tg��Ag)¼m[��XÀ^c6¼<�zhje8c6�A½6[d]!À^i�(Ue8]`gJ_`¾ma
f�e8] / gJc)(Ci)[�� Rl]!�HGq� Rl]!�6Z�smÁq¾mg)hn¾�Á�e8]>PTk e8cmi Å f�e8]qgJc6k`_YÀ^c6hj[jk�(Cg��U[dc9� Å gJc�_n[,(U[d]nk%ÂFX¼m[�� / À^ab["G � / À^ab[jZ h�À^cU�-[�f�e8]`a�½mi¨À^_n[j¼�À8k _`¾6[qhje8c�_`gJcA½6e8½6k P<c1À^¿6kYÀ8h"P·¿m]ne��mi)[daV860%W>;zsAÀ^c6¼�_`¾6[d]n[�f�e8]n[
h�À^c=�.[ kne8i��U[j¼bgJc

O(n)
_`gJab[ >�kY[j[D860�M<;=?�Â�X�h ��e8]`a�g)hTP9860�"<;-kn¾6e�Á k�_`¾1À^_1FE¼m[�� R�]!�HG � R�]!�6Z >�À^c6¼�À^i)kne FE¼m[��

/ À^ab["G � R�]!�6Z3?�h�À^c9�.[pf�e8]`a�½mi¨À^_n[j¼�À8k\À�¿1À^]YÀ^ab[d_`]`g)h·a�À M �1e�Á ¿m]ne��mi)[da�s.À^c6¼�À^¿m¿miJg)[jkl_`¾6[�À^i�(Ue8]`gJ_`¾ma
e^f37"À^iJi)e�[d_�À^iGÂP856>;zs Áq¾6[d]n[+_`¾6[+_`gJab[ohje8a�¿mi)[NMTgJ_ Å ¼m[d¿.[dc6¼mk�e8c®_`¾6[ok`g�6�[+e^fl_`¾6[+½mc6¼m[d]`i Å gJc)(�c6[d_zÁ�e8]>P�1e%Á f�e8]`a�½mi¨À^_`g)e8cY#�g�f¦_`¾6[�c6[d_zÁ�e8]>P �1e%Á f�e8]`a�½mi¨À^_`g)e8c�gJc ��¾�½mc)(�[d_"À^iGÂT8Y"Ts@"�0@;
g)k\½6kn[j¼�s-_`¾6[dc�_`¾6[�_`gJab[
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hje8a�¿mi)[NMTgJ_ Å g)k O(n2(log n)2)
Â

0lcmg�� / À^ab["Gq� / À^ab[jZ h�À^c.�-[·kne8i��U[j¼ � Å À?(C]n[j[j¼ Å À^i�(Ue8]`gJ_`¾ma gJc
O(mn+ n log n)

_`gJab[5860JI$;zÂ X�h��
��e8]`a�g)h"P 860�">;!k`¾6e%Á k"_`¾1À^_�0lcmg�� R�]!�HG � R�]!�6Z >�À^c6¼�À^i)kneo0lcmg�� / À^ab["Gq� Rl]!�6Z3?ph�À^c �.[�f�e8]`a�½mi¨À^_n[j¼�À8k(À
¿1À^]YÀ^ab[d_`]`g)h·a�À M �1e�Á ¿m]ne��mi)[da e8c�ÀU�mgJ¿1À^]`_`gJ_n[�c6[d_zÁ�e8]>P-s�À^c6¼�À^¿m¿miJg)[jk�_`¾6[�À^i�(Ue8]`gJ_`¾ma e^f Rl¾�½ � Àb[d_pÀ^iGÂ860@;r_nebÀ8hY¾mg)[,�U[(_`¾6["_`gJab[(hje8a�¿mi)[NMTgJ_ Å O(mn3)

Â
¹ Cr} { �/�M} � �m~8¬ �6ªM� ���ON�CM¡N|%N &Ã¾6[�k`½ma�a�À^] Å e^f e8½m] ]n[jk`½miJ_nk g)k3(Cg��U[dc�gJc9&/À>�mi)[ 0CÂ � ½m]�À^¿m¿m]neUÀ8hn¾
g)k �1À8kY[j¼be8cb_`¾6[ e��6kn[d]!�CÀ^_`g)e8c�_`¾1À^_�[�À8hn¾�e^f-_`¾6[�cmgJc6[ knhn¾6[j¼T½miJgJc)(·¿m]ne��mi)[dabk�¼Tg)knhd½6knkn[j¼�gJc�_`¾mg)k!¿1À^¿.[d]¦h�À^c
�.[\f�e8]`a�½mi¨À^_n[j¼�À8k�À·¿.e8i Å a�À^_`]ne8g)¼�e8¿m_`gJa�g�6%À^_`g)e8c�¿m]ne��mi)[da e^fM_`¾6[pf�e8iJi)e�ÁqgJc)(�f�e8]`a �

>!S��T?PX�À MTgJa�g�6�[ n∑

j=1

w(j)p(j)
kn½)� � [jhd_q_ne p(Y ) ≤ ϕ(Y ) (Y ∈ 2N ), p(j) ≤ p(j) ≤ p̄(j) (j ∈ N),

Áq¾6[d]n[
w ∈ Rn

+

s�� ≤ p ≤ p̄ sUÀ^c6¼ ϕ : 2N → R+
g)k!À\¿-e8i Å a�À^_`]ne8g)¼�]YÀ^cSP�f�½mc6hd_`g)e8cPsCgGÂ3[CÂJs�À\c6e8c6¼m[jhd]n[�À8kngJc)(k`½)�mabe<¼T½mi¨À^]�f¤½mc6hd_`g)e8c ÁqgJ_`¾

ϕ(∅) = 0
Â�G\[d]n[Cs!Á�[o¼m[dc6e8_n[

p(Y ) =
∑

j∈Y p(j)
f�e8]

Y ∈ 2N
ÂS&Ã¾mg)k

e��6kn[d]!�CÀ^_`g)e8c�g)k�À^iJ]n[�À8¼ Å a�À8¼m[�gJc7860�"ms 0�M<s 0!4<;�À^c6¼�½6kY[j¼�_neok`¾6e�Á�_`¾6[T�CÀ^iJg)¼TgJ_ Å e^fP(C]n[j[j¼ Å À^i�(Ue8]`gJ_`¾mabkf�e8]�_`¾6[·knhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk�Â � c�_`¾6[·e8_`¾6[d]l¾1À^c6¼�syÁ�[�½6kn[(_`¾mg)k\e��6kn[d]!�CÀ^_`g)e8c�gJc�Àb¼Tg?>�[d]n[dc�_\Á�À Å #.Á�[¼m[,�U[di)e8¿·À c6e%�U[di<¼Tg��Ag)¼m[��XÀ^c6¼<�zhje8c6�A½6[d]
_n[jhn¾mcmg)�A½6[!f�e8]P_`¾6[!¿m]ne��mi)[da >!S��T?�s8À^c6¼�À^¿m¿mi Å gJ_P_ne�_`¾6[¦knhY¾6[j¼T½miJgJc)(¿m]ne��mi)[dabk _ne�e��m_YÀ^gJcof�À8kn_n[d]�À^i�(Ue8]`gJ_`¾mabk�Â
��[(¼m[NR6c6[�À�f¤½mc6hd_`g)e8c

ϕ̃ : 2N → R
� Å

ϕ̃(X) = min{ϕ(Y ) + p(X \ Y )− p(Y \X) | Y ∈ 2N} (X ∈ 2N ).
&Ã¾6[dcPs

ϕ̃
g)k"À^i)kne+À�¿-e8i Å a�À^_`]ne8g)¼�]YÀ^cSPof¤½mc6hd_`g)e8cPsPÀ^c6¼�_`¾6[·kn[d_pe^f¦a�À M<gJa�À^i/f�[�À8k`g��mi)[�kne8iJ½m_`g)e8c6kpe^f >!S��T?g)k3(Cg��U[dc�À8k

{p ∈ Rn | p(Y ) ≤ ϕ̃(Y ) (∀Y ∈ 2N ), p(N)=ϕ̃(N)} >F0CÂ60 ?
>�h�f`Â 8 I6s / [jhd_�Â WTÂ60�> ��?A;=?�Â � ½m]!¼Tg��<g)¼m[��XÀ^c6¼<�zhje8c6�A½6[d]!_n[jhn¾mcmg)�A½6[Ãg)k	�1À8kn[j¼�e8c�_`¾6[¦f�e8iJi)e�ÁqgJc)("¿m]ne8¿.[d]`_ Å s�Áq¾6[d]n[_`¾6["¿m]ne<e^f/g)k�(Cg��U[dc�gJc / [jhd_�Â1" �
� ¬M� �y}��<¢ ���
	 � � N ′ D � �����8D�� � �?�F� N �4� ��5 �=5
� �

minj′∈N ′ w(j′) ≥ maxj∈N\N ′ w(j)
; � �

X∗ ∈ 2N�J���(?I��� � �
ϕ̃(N ′) = ϕ(X∗) + p(N ′ \X∗)− p(X∗ \N ′),

>F0CÂY"�?
�=5 � � �=5 ��� � �� ?��� �G��� ���@�(?� ��� �;��� ���(? ���

q ∈ Rn �F���=5 � � � ��D�� � � >!S��T?O�J� �(?� � �7?� �
q(X∗) = ϕ(X∗)

�

q(j) = p(j) (∀j ∈ N ′ \X∗)
� ��� L

q(j) = p(j) (∀j ∈ X∗ \N ′)
;

� Å &Ã¾6[je8]n[da 0CsT_`¾6[p¿m]ne��mi)[da >!S��T?Ãh�À^c*�.["¼m[jhje8a�¿.eCkn[j¼+gJc�_ne�_XÁ�ebkn½)�m¿m]ne��mi)[dabk e^f
kngJa�gJi¨À^] k`_`]`½6h��
_`½m]n[CsAÁq¾6[d]n[�_`¾6[le8c6[�g)k¦ÁqgJ_`¾�]n[jk`¿.[jhd_¦_ne�_`¾6[��CÀ^]`g¨À>�mi)[jk {p(j) | j ∈ X∗} À^c6¼�_`¾6[�e8_`¾6[d]�ÁqgJ_`¾�]n[jkn¿-[jhd_�_ne
{p(j) | j ∈ N \X∗}

Â�X�e8]n[je%�U[d]�s�&Ã¾6[je8]n[da 0"k`¾6e�Á k�_`¾1À^_ kne8ab[(e^f/_`¾6[0�8À^]`g¨À>�mi)[jk�h�À^cK�-[CRSMm[j¼�sTÁq¾mg)hn¾
gJa�¿miJg)[jk�_`¾1À^_�[�À8hY¾�e^fP_`¾6[l_zÁ�e�k`½)�m¿m]ne��mi)[dabkÃhje8c�_YÀ^gJc6kqÀ^_�abeCkn_

n/2
c6e8cT� RSMm[j¼?�CÀ^]`g¨À>�mi)[jk�g�f |N ′| = n/2

Â
G\[dc6hj[Cs�_`¾6[�¼m[d¿m_`¾·e^f6]n[jhd½m]nkng)e8c�g)k

O(log n)
Áq¾6[dc�_`¾mg)k/¼m[jhje8a�¿.eCk`gJ_`g)e8c�_n[jhY¾mcmg)��½6[�g)k
À^¿m¿miJg)[j¼�]n[jhd½m]nk`g��U[di Å_ne�>!S��T?�Â

��[bÀ^i)kne+k`¾6e%Á�_`¾1À^_�À�k`½)�6kn[d_
X∗ ∈ 2N

kÌÀ^_`g)k?f Å gJc)( >F0CÂY"�?\h�À^c �-[�hje8a�¿m½m_n[j¼�gJc
O(Tfeas(n))

_`gJab[
f�e8]p[�À8hY¾�e^f�_`¾6[�kYhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[da�srÁq¾6[d]n[

Tfeas(n)
¼m[dc6e8_n[jk"_`¾6[�_`gJab[�hje8a�¿mi)[NM<gJ_ Å f�e8](hje8a�¿m½m_`gJc)(À�f�[�À8k`g��mi)[·knhn¾6[j¼T½mi)[�ÁqgJ_`¾

n � e��6k�s-[NMmhj[d¿m_ f�e8]�_`¾6[�_`gJab[�]n[j�A½mgJ]n[j¼�f�e8]lkYe8]`_`gJc)(�_`¾6[�gJcm¿m½m_lcA½ma+�.[d]nkB>�kY[j[
&MÀ>�mi)[ 0Ãf�e8] _`¾6[�À8hd_`½1À^i1_`gJab[ hje8a�¿mi)[NMTgJ_ Å f�e8]!hje8a�¿m½m_`gJc)(·Àpf�[�À8k`g��mi)[�knhn¾6[j¼T½mi)[ ?�Â�&Ã¾mg)k¦gJa�¿miJg)[jk!_`¾1À^_¦[�À8hY¾knhY¾6[j¼T½miJgJc)(�¿m]ne��mi)[da h�À^c �.[�kne8i��U[j¼�gJc

O(Tfeas(n) × log n)
_`gJab[U� Å ½6k`gJc)(�e8½m](¼Tg��<g)¼m[��XÀ^c6¼<�zhje8c6��½6[d]_n[jhn¾mcmg)�A½6[CÂ�� Å À^¿m¿mi Å gJc)(�_`¾mg)koÀ^¿m¿m]neUÀ8hY¾PslÁ�[�h�À^c e��m_YÀ^gJc�fGÀ8k`_n[d]+À^i�(Ue8]`gJ_`¾mabk�f�e8]�f�e8½m]+e^f�_`¾6[�cmgJc6[

knhY¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk�¼Tg)kYhd½6knkn[j¼+gJc�_`¾mg)kq¿1À^¿.[d] >�kn[j[0&/À>�mi)[V0 ?�Â

Z�Z��
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&MÀ>�mi)[ 0 ��/ ½ma�a�À^] Å e^f � ½m]MGl[jk`½miJ_nk�À^c6¼ � ]n[,�<g)e8½6kMGl[jk`½miJ_nk�Â
� £�ªMy¡¤� �P���)N%£':
£¤¡�£N|Y� ¹ �r|%£�¢�£����T|%£ �-ª º�} � :/¡¤�A¢

º(} �6:
¡¤�A¢ º(}^�U§r£ � C�N ��� N�C/¡N|%N � ¬M£ N�º �m�!��}
kYÀ^ab[

r(j), d(j) Θ(n)
>¤_`]`g��Ag¨À^i ?

Θ(n)
>¤_`]`g��<g¨À^i ? �

kYÀ^ab[
r(j) O(n log n)

860%W<;
Θ(n log n)

8YH<; �
À^]!�PÂ

d(j)À^]!�PÂ
r(j), d(j) O(n log n)

854<;
O(n log n+ κn)

860 0@;
Θ(n log n)>

O(n)
Ál�^ebkne8]`_`gJc)( ?

Θ(n log n)
>Nf�e8]

Z
? 860�H>;

�d�M�<ª-|%£N~��6¡
kYÀ^ab[

r(j), d(j) Θ(n)
860%W>;

Θ(n)
860�M<; �

kYÀ^ab[
r(j) O(n log n)

860!6<;
O(n2(log n)2)

860�"<;
O(n logm log n)À^]!�PÂ

d(j)
>
O(n logm)

Ál�^e�kne8]`_`gJc)( ?
À^]!�PÂ

r(j), d(j) O(n2(log n)2)
>�h�f`Â 8Y"Ts1"�0@;=?

O(n2(log n)2)
860�"<; �

��ª/£¤¯ �1}8¢
kYÀ^ab[

r(j), d(j) O(m logm+ n)
8 L�;

O(mn+ n log n)
860JI ;

O(min{n log n,
n+m logm log n})kYÀ^ab[

r(j) O(mn+ n log n)
860%L>;

O(mn3)
860�">;

O(mn log n)À^]!�PÂ
d(j)

>
O(mn)

Ál�^e�kne8]`_`gJc)( ?
À^]!�PÂ

r(j), d(j) O(mn3)
8 W<;

O(mn3)
860�">; �

&Ã¾6[\_`gJab[\hje8a�¿mi)[NM<gJ_ Å ÁqgJ_`¾	�zÁl�^e�kYe8]`_`gJc)(�
�ab[�À^c6k�_`¾6[�_`gJab[\hje8a�¿mi)[NM<gJ_ Å [NMmhj[d¿m_�f�e8]¦_`¾6[l_`gJab[l]n[j��½mgJ]n[j¼f�e8]�kne8]`_`gJc)(�gJcm¿m½m_�c�½ma+�.[d]nk\e^f
k`g�6�[
O(n)

k`½6hY¾�À8k
w(j), r(j), d(j)

Â

¹ }^ �6ª/£����T|%£ �-ª �y¯ � ¬/£ Nqº �m�!�A} FXc / [jhd_�Â "qÁ�[¦[NMT¿mi¨À^gJc�e8½m]M¼Tg��Ag)¼m[��XÀ^c6¼<�zhje8c6�A½6[d]
À^i�(Ue8]`gJ_`¾ma f�e8]T>!S��T?�Â
��[+_`¾6[dc À^¿m¿mi Å _`¾6[+¼Tg��Ag)¼m[��XÀ^c6¼<�zhje8c6�A½6[d]�_n[jhY¾mcmg)��½6[+_ne�[�À8hn¾ knhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[da gJcÄ_`¾6[�f�e8iJi)e�ÁqgJc)(
kY[jhd_`g)e8c6k�Â���[ R6]nk`_�(Cg��U[·À^c

O(n log n)
�G_`gJab[�À^i�(Ue8]`gJ_`¾ma�f�e8] / gJc)(Ci)[�� Rl]!�HGq� Rl]!�6Z gJc / [jhd_�Â�WTÂ���[(k`¾6e�Á

gJc / [jhd_�ÂLI�_`¾1À^_ FE¼m[�� / À^ab["Gq� Rl]!�6Z À^c6¼�0lcmg�� / À^ab["Gq� Rl]!�6Z h�À^c �-[�kYe8i��U[j¼�gJc
O(n logm log n)

_`gJab[
À^c6¼

O(mn log n)
_`gJab[Cs.]n[jk`¿.[jhd_`g��U[di Å s�gJc / [jhd_�ÂAI6Â3�/gJc1À^iJi Å s�_zÁ�e�À^i�(Ue8]`gJ_`¾mabkpf�e8]"0lcmg�� / À^ab["Gq� / À^ab[jZ�sÁq¾mg)hY¾b]`½mc�gJc

O(n log n)
_`gJab[ À^c6¼

O(n+m logm log n)
_`gJab[CsU]n[jkn¿-[jhd_`g��U[di Å s�À^]n[Ã¿m]n[jkY[dc�_n[j¼�gJc / [jhd_�Â 6TÂ/ e8ab[(¿m]neAe^f�k�À^]n[(e8a�gJ_`_n[j¼�¼T½6[(_ne�_`¾6[p¿1À>(U["iJgJa�gJ_YÀ^_`g)e8cPÂ

� �¸��"¸n´������ ²·´������ ²��pµ��
³���� ¶! ·²·¸"�pµ��$#%� ³'&(�*)"+�,-�/.1³!��¸n´1032�.y¸4, ¸"56�7.y¸4� ²
��[Ã[98T¿mi¨À^gJc�e8½m]/¼Tg��<g)¼m[9:XÀ^c6¼;:zhje8c6��½6[d]¦_n[jhn¾mcmg)�A½6[¦f�e8]/_`¾6[�¿m]ne��mi)[da >!S�� ?�Â$&Ã¾6[�¼Tg)knhd½6kYk`g)e8c�gJc�_`¾mg)k
kn[jhd_`g)e8c
g)k��1À8kn[j¼�e8cK�1À8k`g)hp¿m]ne8¿.[d]`_`g)[jk�e^f
¿.e8i Å a�À^_`]ne8g)¼mk\À^c6¼�k`½)�mabe<¼T½mi¨À^] ¿-e8i Å ¾6[j¼T]YÀ�>�kn[j[Csm[CÂ (6ÂJsB8 I�;=?�Â

��[bk`½m¿m¿.eCkn[�_`¾1À^_�Àokn½)�6kn[d_
F ⊆ N

k`½6hY¾�_`¾1À^_
p(j) = p(j) (j ∈ F )

g)kD(Cg��U[dcPsrgGÂ3[Csr_`¾6[U�8À^]`g¨À>�mi)[
p(j)

f�e8]l[�À8hY¾ � e�� j ∈ F g)kpÀ^iJ]n[�À8¼ Å=< 8m[j¼�ÂM&Ã¾6[·kn[d_ F g)k\h�À^iJi)[j¼�À � �>�?A@CB%D D�E > ��s�À^c6¼�ÁqgJiJi	�-[�½6kn[j¼�gJc_`¾6[�¼Tg��<g)¼m[9:XÀ^c6¼;:zhje8c6�A½6[d]·À^i�(Ue8]`gJ_`¾ma�Â·��[�¼m[dc6e8_n[T� Å n̂ _`¾6[�cA½ma+�.[d]�e^f�c6e8cF: < 8m[j¼ �8À^]`g¨À>�mi)[jk(gJc >!S��T?�s
gGÂ3[CÂJs

n̂ = n− |F | Â��[ < ]nk`_�k`¾6e%Á ¾6e�Á _neb¼m[jhje8a�¿.eCkn["_`¾6["¿m]ne��mi)[da >!S��T?�gJcA_ne�k`½)�m¿m]ne��mi)[dabk�ÂTSP[d_
N ′

�-[(À�kn½)�6kn[d_ e^f
N
k`½6hY¾o_`¾1À^_

min
j′∈N ′

w(j′) ≥ max
j∈N\N ′

w(j), |N ′ \ F | = bn̂/2c. > "TÂ60 ?
/ ½m¿m¿.eCkn[�_`¾1À^_

X∗ ∈ 2N
kYÀ^_`g)k < [jk·_`¾6[�hje8c6¼TgJ_`g)e8c >F0CÂY"�?�Â �qÀ8kn[j¼�e8c &Ã¾6[je8]n[da 0Cs
Á�[�¼m[jhje8a�¿-eCkY[�_`¾6[

Z1ZHG
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¿m]ne��mi)[da >!S �T?�gJc�_neb_`¾6[pf�e8iJi)e%ÁqgJc)(�_XÁ�ebk`½)�m¿m]ne��mi)[dabk\e^f k`a�À^iJi)[d]�k`g�6�[��
> / S �M0 ?
X�À 8�Â ∑

j∈X∗

w(j)p(j)

kn½)�PÂT_ne
p(Y ) ≤ ϕ1(Y ) (Y ∈ 2X∗),
p(j) ≤ p(j) ≤ p̄(j) (j ∈ X∗ ∩N ′),
p(j) = p(j) (j ∈ X∗ \N ′),

> / S�� "�?
X�À 8�Â ∑

j∈N\X∗

w(j)p(j)

k`½)�PÂ
_ne
p(Y ) ≤ ϕ2(Y ) (Y ∈ 2N\X∗),
p(j) ≤ p(j) ≤ p̄(j) (j ∈ N \ (N ′ ∪X∗)),
p(j) = p(j) (j ∈ N ′ \X∗),

Áq¾6[d]n[
ϕ1 : 2X∗ → R

À^c6¼
ϕ2 : 2N\X∗ → R

À^]n[(¼m[ < c6[j¼�À8k

ϕ1(Y ) = ϕ(Y ) (Y ∈ 2X∗), ϕ2(Y ) = ϕ(Y ∪X∗)− ϕ(X∗) (Y ∈ 2N\X∗).

K\e8_n[�_`¾1À^_"_`¾6[�kn½)�m¿m]ne��mi)[dabkV> / S��M0 ?"À^c6¼ > / S��T"�? >�À^c6¼�_`¾6[dgJ](hje8]`]n[jk`¿.e8c6¼TgJc)(�knhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk�?
¾1À"�U[�À�k`_`]`½6hd_`½m]n[(k`gJa�gJi¨À^]�_ne�_`¾1À^_�e^f/_`¾6[�e8]`g�(CgJc1À^iP¿m]ne��mi)[da >!S�� ?�Â
!�<¢�¢���� ���1����� D E > �=5
� �

p1 ∈ RX∗ � �"> E�� ;�� p2 ∈ RN\X∗ ��� E ��� D �@� ��� ���6E D � ��� � D � D � > / S��<0 ?�» � �=5
p1(X∗) = ϕ1(X∗) � �"> E � ;�� > / S��T"�?�» � �=5 p2(N \ X∗) = ϕ2(N \ X∗) � ; . 5 > � � �=5 >=? � �"> � � E�� � p =
p1 ⊕ p2 ∈ Rn D � p1

��� ? p2
?�> �!� >�? D#"

(p1 ⊕ p2)(j) =

{
p1(j) (j ∈ X∗),
p2(j) (j ∈ N \X∗)

� E3��� D �A� ��� ��� E D � ��� � D � D � >!S��T?�» � �=5 p(N) = ϕ(N)
;

&Ã¾6[ < 8T[j¼;: � e�� kY[d_nkbf�e8] > / S��<0 ?�À^c6¼ > / S�� "�?�À^]n[ (Cg��U[dc2� Å F1 = (F ∩ X∗) ∪ (X∗ \ N ′)
À^c6¼

F2 = (F \X∗) ∪ (N ′ \X∗)
sT]n[jk`¿.[jhd_`g��U[di Å Â / gJc6hj[

|X∗ \ F1| ≤ |N ′ \ F | = bn̂/2c, |(N \X∗) \ F2| ≤ |(N \N ′) \ F | = dn̂/2e,
> "TÂY"�?

_`¾6[�c�½maI�-[d]nk�e^fyc6e8cF: < 8m[j¼T�8À^]`g¨À>�mi)[jk
gJc�> / S��M0 ?!À^c6¼�gJcG> / S � "�?
À^]n[ À^_
abeCk`_
¾1À^i�f-e^fy_`¾1À^_ gJc�>!S�� ?�Â$&Ã¾mg)k
gJa�¿miJg)[jk _`¾1À^_�_`¾6["¼m[d¿m_`¾�e^f
]n[jhd½m]nk`g)e8c�g)k

O(log n)
Áq¾6[dc�_`¾mg)kl¼m[jhje8a�¿-eCk`gJ_`g)e8c�g)k�À^¿m¿miJg)[j¼�]n[jhd½m]nk`g��U[di Å Â��["_`¾6[dc�[98<¿mi¨À^gJc�¾6e%Á _ne�hje8a�¿m½m_n[

X∗ ∈ 2N
kYÀ^_`g)k`f Å gJc)(G>F0CÂY"�?�Â ��[p¾1À"�U[

ϕ̃(N ′) = −p(N \N ′) + min{ϕ(X) + p(N ′ \X) + p((N \N ′) \X) | X ∈ 2N}, > "TÂ W�?
À^c6¼�_`¾6[lkY[jhje8c6¼�_n[d]`a gJc+_`¾6[l]`g�(C¾�_ :G¾1À^c6¼�k`g)¼m[\e^f > "TÂ W�?¦g)kÃ[j��½1À^i-_ne·_`¾6[le8¿m_`gJa�À^i �CÀ^iJ½6[\e^fr_`¾6[lf�e8iJi)e%ÁqgJc)(
¿m]ne��mi)[da >�h�f`Â 8 I6s / [jhd_�Â�WTÂ60V> ��?A;=?#�

>�0 S��T?PX�À 8<gJa�g�6�[ n∑

j=1

p(j)
kn½)� � [jhd_q_ne p(X) ≤ ϕ(X) (X ∈ 2N ), 0 ≤ p(j) ≤ u(j) (j ∈ N),

Áq¾6[d]n[
u(j) =

{
p(j) (j ∈ N ′),
p(j) (j ∈ N \N ′).

&Ã¾6[b¿m]ne��mi)[da >�0 S��T?pg)k�Àok`¿.[jhdg¨À^i�h�À8kY[�e^f >!S��T?(Áq¾6[d]n[b_`¾6[�e�� � [jhd_`g��U[�f¤½mc6hd_`g)e8c�g)k(½mcAÁ�[dg�(C¾�_n[j¼�s¦gGÂ3[CÂJs
w(j) = 1 (j ∈ N)

sqÀ^c6¼®_`¾6[oi)e�Á�[d]5�.e8½mc6¼ e^fp_`¾6[*�CÀ^]`g¨À>�mi)[
p(j) (j ∈ N)

g)kb[j��½1À^i�_ne 6�[d]nemsqÀ^c6¼
_`¾6[d]n[�f�e8]n[�[�À8k`g)[d]�_ne�kne8i��U[CÂ*&Ã¾6[�knhn¾6[j¼T½miJgJc)(�¿m]ne��mi)[da�hje8]`]n[jk`¿-e8c6¼TgJc)(�_ne >�0 S��T?"g)k(_ne�a�À 8<gJa�g�6�[�_`¾6[
k`½ma e^f ¿m]ne<hj[jknk`gJc)(�]n[j�A½mgJ]n[dab[dc�_nkl½mc6¼m[d] _`¾6["½m¿m¿.[d]��-e8½mc6¼�hje8c6k`_`]YÀ^gJc�_pÀ^c6¼o_`¾6[pf�[�À8k`g��mgJiJgJ_ Å hje8c6k`_`]YÀ^gJcA_

Z�Z%$
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_`¾1À^_�_`¾6[�¿m]ne<hj[jknk`gJc)(�]n[j�A½mgJ]n[dab[dc�_nk·h�À^c �.[�f�[�À8kng��mi Å knhY¾6[j¼T½mi)[j¼�e8c�a�À8hY¾mgJc6[jk�s À^c6¼�h�À^c �.[bkne8i��U[j¼�gJc
O(Tfeas(n))

_`gJab[CsmgJc�À�k`gJa�gJi¨À^] ÁÃÀ Å À8k hje8a�¿m½m_`gJc)(+À�f�[�À8k`g��mi)[�knhn¾6[j¼T½mi)[CÂSP[d_
q ∈ Rn �-[\À^c�e8¿m_`gJa�À^i�kne8iJ½m_`g)e8c+e^fT>�0�S�� ?�sTÀ^c6¼

X∗ ∈ 2N
�.[lÀ�kn[d_�kÌÀ^_`g)k?f Å gJc)( q(X∗) = ϕ(X∗)À^c6¼

q(j) = u(j)
f�e8]

j ∈ N \X∗
Â�&Ã¾6[dcPsT_`¾6["¼m[ < cmgJ_`g)e8c�e^f u gJa�¿miJg)[jkq_`¾1À^_ q(j) = p(j) (j ∈ N ′ \X∗)À^c6¼

q(j) = p(j) (j ∈ (N \ N ′) \ X∗)
s/gGÂ3[CÂJs

X∗
kYÀ^_`g)k < [jk(_`¾6[�hje8c6¼TgJ_`g)e8c >F0CÂY"�?�Â��X_(g)k·k`¾6e�Áqc�gJc�_`¾6[

f�e8iJi)e�ÁqgJc)(�kn[jhd_`g)e8c6k _`¾1À^_lk`½6hn¾
X∗

h�À^cK�.["hje8a�¿m½m_n[j¼�gJc
O(Tfeas(n))

_`gJab[CÂ
�/gJc1À^iJi Å s
Á�[+À^c1À^i Å 6�[�_`¾6[b_`gJab[�hje8a�¿mi)[98<gJ_ Å e^f�e8½m]·¼Tg��Ag)¼m[9:XÀ^c6¼;:zhje8c6�A½6[d]�À^i�(Ue8]`gJ_`¾ma�Â Sr[d_

T (n, n̂)�.[\_`¾6[\_`gJab["hje8a�¿mi)[98<gJ_ Å f�e8]�kYe8i��AgJc)(�_`¾6[\¿m]ne��mi)[da >!S��T?�ÁqgJ_`¾
n
�8À^]`g¨À>�mi)[jk À^c6¼

n̂
c6e8cF: < 8T[j¼=�CÀ^]`g¨À>�mi)[jk�s[98mhj[d¿m_qf�e8]q_`¾6["_`gJab["]n[j�A½mgJ]n[j¼+f�e8] kne8]`_`gJc)(bgJcm¿m½m_ cA½ma+�.[d]nk�Â�&Ã¾6[dcPsmÁ�["¾1À"�U[

T (n, n̂) = O(Tfeas(n)) + T (n1, n
′
1) + T (n2, n

′
2),Áq¾6[d]n[

n1 + n2 = n
s
n′1 ≤ min{n1, bn̂/2c}

s
À^c6¼
n′2 ≤ min{n2, dn̂/2e}

Â � Å kne8i��<gJc)(o_`¾6[�]n[jhd½m]nk`g��U[[j�A½1À^_`g)e8cPs6Á�["¾1À"�U[
T (n, n̂) = O(Tfeas(n)× log n)

Â
� ¬r���1}^�A¢ Z � �1����� D E > �=5
� � X∗ ∈ 2N

EC� � � E=� " � ���B>F0CÂY"�? � ��� D > �"D � ����� >�? � � O(Tfeas(n))
� ��� > ; . 5 > � �

� � D D � > � >!S��T? � ��� D > E D ��� >�? � � O(Tfeas(n)× log n)
� ��� > ;

�/gJc1À^iJi Å smÁ�[0(Cg��U[�À·¿m]neAe^f e^f�&Ã¾6[je8]n[da 0CÂ
$ � D D � 8 � ]ne<e^f(e^f0&Ã¾6[je8]n[da 0@; &Ã¾6[�kn[d_�e^f\a�À 8TgJa�À^i f�[�À8k`g��mi)[�kne8iJ½m_`g)e8c6k�e^fV>!S��T?·g)k?(Cg��U[dc À8k >F0CÂ60 ?�s
Áq¾mg)hY¾�g)k\À?�1À8kn[(¿.e8i Å ¾6[j¼T]ne8cPÂ
	\[dc6hj[Csy_`¾6[d]n[·[98Tg)k`_nk\À^c�e8¿m_`gJa�À^i kne8iJ½m_`g)e8c p∗ ∈ Rn e^f�>!S��T?�k`½6hY¾�_`¾1À^_
p∗(N ′) = ϕ̃(N ′)

>�h�f`ÂY8 I6s / [jhd_�Â�WTÂ60@;=?�Â / gJc6hj[
p∗
g)k�À�f�[�À8k`g��mi)["kne8iJ½m_`g)e8c�e^f
_`¾6["¿m]ne��mi)[da >!S��T?�smÁ�["¾1À"�U[

p∗(X∗) ≤ ϕ(X∗), p
∗(j) ≤ p(j) (j ∈ N ′ \X∗), −p∗(j) ≤ −p(j) (j ∈ X∗ \N ′).

> "TÂ I ?
� Å _`¾6[�¼m[ < cmgJ_`g)e8c�e^f p∗ sMÁ�[�¾1À"�U[ p∗(N ′) = ϕ̃(N ′) = ϕ(X∗) + p(N ′ \ X∗) − p(X∗ \ N ′)

srÁq¾mg)hY¾Ps
_ne�(U[d_`¾6[d]�ÁqgJ_`¾ > "TÂ I ?�sTgJa�¿miJg)[jkq_`¾1À^_�À^iJi._`¾6[pgJc6[j��½1À^iJgJ_`g)[jkqgJc > "TÂ I ?�¾6e8i)¼+ÁqgJ_`¾�[j�A½1À^iJgJ_ Å Â &Ã¾mg)k�k`¾6e�Á kÃ_`¾1À^__`¾6[D�U[jhd_ne8]

p∗
g)k�À^c�e8¿m_`gJa�À^i/kne8iJ½m_`g)e8c�kYÀ^_`g)k?f Å gJc)(·_`¾6[�¼m[jk`gJ]n[j¼�hje8c6¼TgJ_`g)e8cPÂ 2

� �"¸n²� )"��� � ¶  �¸n²���� ¸ .H �� ³���¸ .1³ �q³!+��'� )"� �
� ��� �µ��  �7.H���

��[�À^¿m¿mi Å _`¾6[o¼Tg��<g)¼m[9:XÀ^c6¼;:zhje8c6��½6[d]�_n[jhn¾mcmg)�A½6[ogJc / [jhd_�Â�"�_ne�_`¾6[+¿m]ne��mi)[da / gJc)(Ci)[9: Rl]!�HG/: Rl]!�6Z�Â &re
¼m[jkYhd]`g��-[�_`¾6[oÀ^i�(Ue8]`gJ_`¾ma�s!Á�[ohje8c6k`g)¼m[d]bÀ�]n[jkn_`]`g)hd_`g)e8c e8c�_`¾6[oÀ"�CÀ^gJi¨À>�mgJiJgJ_ Å e^f�_`¾6[�a�À8hY¾mgJc6[CÂ SP[d_

Ĩ =
{[gk, gk+1] | k = 1, 2, . . . , 2n− 1} �-[�Àbkn[d_�e^f _`gJab[�gJc�_n[d]!�CÀ^i)k�s6Áq¾6[d]n[ gk g)k _`¾6[ k :G_`¾�i¨À^]!(U[jk`_�cA½ma+�.[d]gJc {r(j), d(j) | j ∈ N} Â
��[\À^]n[�(Cg��U[dc+À(k`½)�6kn[d_ I = {[e1, f1], [e2, f2], . . . , [e`, f`]}

e^f
Ĩ
k`½6hn¾�_`¾1À^_¦_`¾6[

a�À8hY¾mgJc6[bg)k(À%�8À^gJi¨À>�mi)[be8cmi Å e8c�_`¾6[jkn[�_`gJab[�gJc�_n[d]!�CÀ^i)k�srÁq¾6[d]n[ e1 ≤ f1 ≤ · · · ≤ e` ≤ f`
Â��zc�À8¼m¼TgJ_`g)e8cPs

Á�[�À^]n[ (Cg��U[dc À�k`½)�6kY[d_
F
e^f � e��6kG> � �>�?A@CB%D D�E > � ?�k`½6hY¾®_`¾1À^_ p(j) = p(j)

f�e8]
j ∈ F

ÂÄ��[o¼m[dc6e8_n[
_`¾mg)kI�CÀ^]`g¨À^c�_�e^fÃ_`¾6[b¿m]ne��mi)[da / gJc)(Ci)[9: R�]!�HG*: R�]!�6Z � Å �<>

I,N, F
?�Â�R�c Å kn½)�m¿m]ne��mi)[da Áq¾mg)hn¾®À^¿m¿.[�À^]nk

¼T½m]`gJc)(�_`¾6[p]n[jhd½m]nk`g��U["¼m[jhje8a�¿-eCkngJ_`g)e8c�e^fM_`¾6[p¿m]ne��mi)[da / gJc)(Ci)[9: Rl]!�HG/: Rl]!�6Z g)kqe^fM_`¾6[\f�e8]`a �<>
I,N, F

?@#
gJc�¿1À^]`_`g)hd½mi¨À^]�s6_`¾6[(e8]`g�(CgJc1À^iP¿m]ne��mi)[da hje8gJc6hdg)¼m[jk ÁqgJ_`¾ ��>

Ĩ , N, ∅ ?�Â&Ã¾6[�¿m]ne��mi)[da �<>
I,N, F

?lh�À^c �.["f�e8]`a�½mi¨À^_n[j¼�À8kl_`¾6[�¿m]ne��mi)[da >!S��T? ÁqgJ_`¾�_`¾6[�¿.e8i Å a�À^_`]ne8g)¼�]YÀ^c��f�½mc6hd_`g)e8c
ϕ : 2N → R

(Cg��U[dcK� Å
ϕ(X) =

∑
{fk − ek | 1 ≤ k ≤ `, [ek, fk] ⊆ [r(j), d(j)]

f�e8] kne8ab[
j ∈ X} (X ∈ 2N ).

Sr[d_
N ′

�-[�À�k`½)�6kn[d_�e^f
N
kYÀ^_`g)k?f Å gJc)(o_`¾6[�hje8c6¼TgJ_`g)e8c > "TÂ60 ?�Â / ½m¿m¿.eCkn[�_`¾1À^_

X∗ ∈ 2N
kÌÀ^_`g)k < [jk >F0CÂY"�?�Â

&Ã¾6[dcPs �<>
I,N, F

?!g)k¦¼m[jhje8a�¿.eCkn[j¼�gJcA_ne(_`¾6[lk`½)�m¿m]ne��mi)[dabk �
(I1, X∗, F1)

À^c6¼ �
(I2, N \X∗, F2)

sAÁq¾6[d]n[
{
I1 = {[ek, fk] | 1 ≤ k ≤ `, [ek, fk] ⊆ [r(j), d(j)]

f�e8] kne8ab[
j ∈ X∗}, I2 = I \ I1,

F1 = (F ∩X∗) ∪ (X∗ \N ′), F2 = (F \X∗) ∪ (N ′ \X∗).

Z1Z��
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�Xc�À8¼m¼TgJ_`g)e8cPs6Á�[(½m¿-¼6À^_n[
p
À^c6¼

p
� Å

p(j) := p(j) (j ∈ X∗ \N ′), p(j) := p(j) (j ∈ N ′ \X∗).
> WTÂ60 ?

��[\¼m[jhje8a�¿-eCkn[\_`¾6[\¿m]ne��mi)[da �<>
I,N, F

?�]n[jhd½m]nk`g��U[di Å gJc+_`¾mg)k�Á�À Å À^c6¼+hje8a�¿m½m_n[pÀ^c+e8¿m_`gJa�À^iPkne8iJ½m_`g)e8cPÂ��[�c6e�Á [98<¿mi¨À^gJc�¾6e�Á _ne�hje8a�¿m½m_n[
X∗ ∈ 2N

kÌÀ^_`g)k?f Å gJc)( >F0CÂY"�? gJc
O(n)

_`gJab[CÂ
�X_�g)klÀ8kYk`½mab[j¼�_`¾1À^_
_`¾6[qcA½ma+�.[d]nk

r(j), d(j) (j ∈ N)
À^c6¼

ek, fk (k = 1, 2, . . . , `)
À^]n[�À^iJ]n[�À8¼ Å kne8]`_n[j¼�Â/��[ < ]nkn_`i Å hje8a�¿m½m_n[À^c�e8¿m_`gJa�À^iqkne8iJ½m_`g)e8c

q ∈ Rn e^f _`¾6[�¿m]ne��mi)[da >�0�S�� ?(hje8]`]n[jk`¿.e8c6¼TgJc)(�_ne �<>
I,N, F

?�s Áq¾mg)hY¾�h�À^cS�-[
¼me8c6[\gJc

O(Tfeas(n)) = O(n)
_`gJab[ 8 	Ts
"$:<;zÂ�&Ã¾6[dcPs<Á�[\hje8a�¿m½m_n[p¼Tg)k � e8gJc�_qk`½)�6kY[d_nk {N1, N2, . . . , Nv}

e^f
N
k`½6hY¾�_`¾1À^_

q(j) = u(j)
f�e8]

j ∈ N \ ⋃v
h=1Nh

À^c6¼
q(Nh) = ϕ(Nh) =

∑th
k=sh

(fk − ek)
f�e8]\kYe8ab[

sh, th (1 ≤ sh ≤ th ≤ `)
f�e8]�[�À8hY¾

h = 1, 2, . . . , v
s6Áq¾mg)hY¾�h�À^cK�.[(¼me8c6["gJc

O(n)
_`gJab[CÂ�&Ã¾6[dcPs6_`¾6[�kn[d_

X∗ =
⋃v
h=1Nh

kYÀ^_`g)k < [jk _`¾6[(hje8c6¼TgJ_`g)e8c >F0CÂY"�?�Â 	\[dc6hj[CsH&Ã¾6[je8]n[daJW·gJa�¿miJg)[jk�_`¾6[pf�e8iJi)e�ÁqgJc)(�]n[jkn½miJ_�Â
� ¬M� �y}��<¢ � � . 5 > � � D D � > � / gJc)(Ci)[9: Rl]!�HG/: Rl]!�6Z � ��� D > E D ��� >�? � � O(n log n)

� ��� > ;

� ±T´�� ² .-¸n¶�� )(&(�q³ �*)")"� ) � ��¶! ·¸n²���� � ¸ .H .H �� ��� ,-� � � )"� � �H�  �7.!��� � ²�´
�¸��	�
³ � ² . �µ��  �/.H���

&re·¼m[jknhd]`g��.[�_`¾6[\À^i�(Ue8]`gJ_`¾ma�sTÁ�[\hje8c6k`g)¼m[d]qÀ"]n[jk`_`]`g)hd_`g)e8c+e8c�_`¾6[pÀ"�CÀ^gJi¨À>�mgJiJgJ_ Å e^fP_`¾6[ a�À8hY¾mgJc6[jk�Â / ½m¿m¿.eCkn[Á�[+À^]n[5(Cg��U[dc�cA½ma+�.[d]nk
bi (i ∈ M)

À^c6¼
c
k`½6hn¾�_`¾1À^_·a�À8hn¾mgJc6[

i
g)k·À%�8À^gJi¨À>�mi)[+e8c�_`¾6[�_`gJab[�gJc�_n[d]!�CÀ^i

[bi, c]
Â �zc�À8¼m¼TgJ_`g)e8cPs.Á�[�À^]n[ (Cg��U[dc�À < 8m[j¼;: � e���kn[d_ F ⊆ N

Â\��[·¼m[dc6e8_n[·_`¾mg)k �CÀ^]`g¨À^c�_"e^f¦_`¾6[�¿m]ne��mi)[da
�E¼m[9: / À^ab["G/: Rl]!�6Z � Å ��>

m,B, c,N, F
?�s�Áq¾6[d]n[

B = {bi | i ∈ M} Â R�c Å k`½)�m¿m]ne��mi)[da�Áq¾mg)hn¾ À^¿F:
¿.[�À^]nk�¼T½m]`gJc)(�_`¾6[\]n[jhd½m]nk`g��U["¼m[jhje8a�¿.eCk`gJ_`g)e8c�e^f �E¼m[9: / À^ab["G/: Rl]!�6Z g)kqe^fr_`¾6[lf�e8]`a �<>

m,B, c,N, F
?@#mgJc

¿1À^]`_`g)hd½mi¨À^]�s6_`¾6[�e8]`g�(CgJc1À^iP¿m]ne��mi)[da�g)kq_`¾6["h�À8kY["Áq¾6[d]n[
bi = 0 (i ∈M)

s
c = maxj∈N d(j)

syÀ^c6¼
F = ∅ Â&Ã¾6[�¿m]ne��mi)[da �<>

m,B, c,N, F
? h�À^c �-[pf�e8]`a�½mi¨À^_n[j¼�À8k _`¾6[�¿m]ne��mi)[da >!S��T?qÁqgJ_`¾�_`¾6["¿.e8i Å a�À^_`]ne8g)¼]YÀ^c���f¤½mc6hd_`g)e8c

ϕ : 2N → R
(Cg��U[dc9� Å

ϕ(X) =

m∑

i=1

max{min{d(i), c} − bi, 0} (X ∈ 2N ),

Áq¾6[d]n["Á�[�À8knk`½mab["_`¾1À^_
b1 ≤ b2 ≤ · · · ≤ bm

À^c6¼+_`¾1À^_
d(i)

g)kq_`¾6[
i
:G_`¾�i¨À^]!(U[jk`_ cA½ma+�.[d]�gJc {d(j) | j ∈

N} f�e8] i = 1, . . . ,m
Â SP[d_

N ′
�.[(À·k`½)�6kn[d_ e^f

N
kYÀ^_`g)k?f Å gJc)(·_`¾6["hje8c6¼TgJ_`g)e8c > "TÂ60 ?�Â / ½m¿m¿-eCkY[p_`¾1À^_

X∗ ∈
2N

kYÀ^_`g)k < [jk >F0CÂY"�?�Â &Ã¾6[dcPs��<>
m,B, c,N, F

? g)k�¼m[jhje8a�¿.eCkn[j¼�gJc�_ne�k`½)�m¿m]ne��mi)[dabk ��>
m1, B1, c1, X∗, F1

?
À^c6¼ �<>

m2, B2, c2, N \X∗, F2
?�sTÁq¾6[d]n[

{
m1 = min{m, |X∗|}, B1 = {b1, b2, . . . , bm1}, c1 = min{c, d(jm1 )}, F1 = (F ∩X∗) ∪ (X∗ \Nk),
m2 = m, B2 = {d(j1), . . . , d(jm1 ), bm1+1, . . . , bm}, c2 = c, F2 = (F \X∗) ∪ (Nk \X∗),

Áq¾6[d]n[�Á�[�À8kYk`½mab[�_`¾1À^_ {j1, j2, . . . , jm1} ⊆ X∗
À^c6¼

d(ji) (i = 1, 2, . . . ,m1)
g)kb_`¾6[

i
:G_`¾ i¨À^]!(U[jkn_

c�½maI�-[d]�gJc {d(j) | j ∈ X∗} Â �Xc�À8¼m¼TgJ_`g)e8cPsrÁ�[�½m¿-¼6À^_n[ p À^c6¼ p � Å > WTÂ60 ?�Â��MgJc1À^iJi Å srÁ�[�¿m½m_ p(j) :=
p(j)−max{0, d(j) − d(jm1 )}

À^c6¼
p(j) := p(j)−max{0, d(j) − d(jm1 )}

f�e8]
j ∈ X∗

Â
/ ½m¿m¿.eCkn[�_`¾1À^_

p1 ∈ RX∗
>¤]n[jkn¿PÂJs

p2 ∈ RN\X∗
?\g)k�À^c�e8¿m_`gJa�À^i�kne8iJ½m_`g)e8c�e^f �<>

m1, B1, c1, N1, F1
?

>¤]n[jk`¿PÂJs ��>
m2, B2, c2, N2, F2

? ?�Â�&Ã¾6[dcPs1_`¾6[��U[jhd_ne8]
p∗ ∈ Rn ¼m[ < c6[j¼*� Å

p∗(j) =

{
p1(j) + max{0, d(j) − d(jm1)} (j ∈ X∗),
p2(j) (j ∈ N \X∗)

g)k�À^c�e8¿m_`gJa�À^i/kne8iJ½m_`g)e8c�e^f �<>
m,B, c,N, F

?�Â

Z�Z��
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��["c6e�Á [98<¿mi¨À^gJc�¾6e%Á _nebhje8a�¿m½m_n[
X∗ ∈ 2N

kYÀ^_`g)k?f Å gJc)(G>F0CÂY"�?ÃgJc
O(n logm)

_`gJab[CÂ �X_qg)klÀ8knkn½mab[j¼
_`¾1À^_
_`¾6[�c�½maI�-[d]nk

d(j) (j ∈ N)
À^]n[qÀ^iJ]n[�À8¼ Å kne8]`_n[j¼�Â � Å ½6kngJc)("Àlk`iJg�(C¾A_ abeA¼Tg < h�À^_`g)e8cbe^f1_`¾6[ÃÀ^i�(Ue8]`gJ_`¾ma� Å / À^¾mcmg�860��<;zsmÁ�[�h�À^c�hje8a�¿m½m_n[�À^c�e8¿m_`gJa�À^irkne8iJ½m_`g)e8c q ∈ Rn e^f
_`¾6[p¿m]ne��mi)[da >�0 S��T?Ãhje8]`]n[jkn¿-e8c6¼TgJc)(

_ne ��>
m,B, c,N, F

?
gJc
O(Tfeas(n)) = O(n logm)

_`gJab[CÂ
0\k`gJc)("_`¾6[P�U[jhd_ne8]
q
sUÁ�[qhje8a�¿m½m_n[�À

X∗ ∈ 2NÁqgJ_`¾�_`¾6[(hje8c6¼TgJ_`g)e8c >F0CÂY"�?�gJc
O(n logm)

_`gJab[CÂ
� ¬r���1}^�A¢ � � . 5 > � ��D D#� > � �E¼m[9: / À^ab["G/: Rl]!�6Z ��� � D > E D ��� >�? � � O(n logm log n)

� ��� > ;
��[�h�À^c®kne8i��U[�_`¾6[�¿m]ne��mi)[da 0�cmg : / À^ab["G*: R�]!�6Z gJc

O(mn log n)
_`gJab[�gJc À�k`gJa�gJi¨À^]�Á�À Å À8k �X¼m[9:/ À^ab["G*: R�]!�6Z � Å ½6k`gJc)(�_`¾6[�À^i�(Ue8]`gJ_`¾ma e^f / À^¾mcmgMÀ^c6¼���¾6e9860%L<;zÂ &Ã¾6["¼m[d_YÀ^gJi)klÀ^]n[(e8a�gJ_`_n[j¼�Â

� 	�²·¸"#%�q³ , &(�q³ �*)")"� )�� ��¶! ·¸n²���� � ¸ .H .H �� � � ,-� � � )"� � � ��� �µ��  �7.H���

��[qÀ^¿m¿mi Å _`¾6[Ã¼Tg��<g)¼m[9:XÀ^c6¼;:zhje8c6��½6[d] _n[jhY¾mcmg)��½6[ÃgJc / [jhd_�Â " _nel_`¾6[�¿m]ne��mi)[da 0�cmg : / À^ab["G*: / À^ab[jZ·Â �1e8]M_`¾6[
¼m[jkYhd]`gJ¿m_`g)e8c�e^fy_`¾6[�À^i�(Ue8]`gJ_`¾ma�s8Á�[�hje8c6kng)¼m[d]M_`¾6[�¿m]ne��mi)[da 0�cmg : / À^ab["G*: / À^ab[jZ ÁqgJ_`¾bÀ kn½)�6kn[d_

F
e�� � e��6k> � �>�?�@ B D D E > � ?!k`½6hn¾�_`¾1À^_ p(j) = p(j)

f�e8]
j ∈ F ÂM��[l¼m[dc6e8_n[ _`¾mg)k�¿m]ne��mi)[da � Å �<> M,N,F

?�s<Áq¾6[d]n[
MÀ^c6¼

N
¼m[dc6e8_n[·_`¾6[�kn[d_nk\e^f!a�À8hn¾mgJc6[jk(À^c6¼ � e��6k%s6]n[jk`¿.[jhd_`g��U[di Å Â<K\e8_n[�_`¾1À^_ �<> M,N, ∅ ?lhje8gJc6hdg)¼m[jk\ÁqgJ_`¾_`¾6[�e8]`g�(CgJc1À^i ¿m]ne��mi)[da�0lcmg : / À^ab["G/: / À^ab[jZ�Â �X_pg)kpÀ8kYk`½mab[j¼�_`¾1À^_\_`¾6[�kn¿-[j[j¼�e^f�a�À8hY¾mgJc6[jk�À^]n[�À^iJ]n[�À8¼ ÅkYe8]`_n[j¼�À^c6¼�kYÀ^_`g)k?f Å s1 ≥ s2 ≥ · · · ≥ sm

Â

��� �������������������! #"$���%�&��'
&Ã¾6[�¿m]ne��mi)[da �<>

M,N,F
?�h�À^c �-[�f�e8]`a�½mi¨À^_n[j¼ À8k�>!S��T?·ÁqgJ_`¾®_`¾6[+¿.e8i Å a�À^_`]ne8g)¼Ä]YÀ^c���f�½mc6hd_`g)e8c ϕ :

2N → R
(Cg��U[dc � Å ϕ(X) = dSmin{m,|X|} (X ∈ 2N )

s.Áq¾6[d]n[
Sh =

∑h
i=1 si (h = 1, . . . ,m)

Â��z_ph�À^c
�.[b¼m[jhje8a�¿.eCkn[j¼ >�e8](]n[j¼T½6hj[j¼1?"gJc�_ne�kn½)�m¿m]ne��mi)[dabk�e^f k`a�À^iJi)[d]�k`g�6�[CsMÀ8k"f�e8iJi)e�Á k�Â���[�À8knk`½mab[�_`¾1À^_(_`¾6[
cA½ma+�.[d]nk {p(j), p(j) | j ∈ N} g)k�À^iJ]n[�À8¼ Å kne8]`_n[j¼�ÂSP[d_

N ′
�-["À�k`½)�6kn[d_qe^f

N
kÌÀ^_`g)k?f Å gJc)(�_`¾6[phje8c6¼TgJ_`g)e8c >%(TÂ60 ?�Â / ½m¿m¿-eCkY[l_`¾1À^_

X∗ ∈ 2N
kYÀ^_`g)k < [jk3>F0CÂ)(�?�Â

/ ½6hY¾
X∗

h�À^c7�.[�[�À8kngJi Å hje8a�¿m½m_n[j¼ gJc O(n)
_`gJab[CÂ &Ã¾6[+c6[98<_�¿m]ne8¿.[d]`_ Å g)k�À�¼TgJ]n[jhd_�À^¿m¿miJg)h�À^_`g)e8c e^f&Ã¾6[je8]n[da 0p_ne�_`¾6["¿m]ne��mi)[da ��>

M,N,F
?�ÂTSP[d_

h = |X∗|
Â

¦�A¢�¢ � G � . 5 >+*"> >  � E-, E � � D/. , ��� � � E D �102, � D � q ∈ Rn D43 ,=5 >5.6* D D � > � �
(M,N,F )

E � , � E 3 " � � �7,=5 >
3%D ��� D » � ��� .8*�D/.�>+* , � > E:9
>¤g ? � 3 h < m

� ,=5 > � q(X∗) = dSh
�
q(j) = p(j) (∀j ∈ N ′ \X∗)

� � � ? q(j) = p(j) (∀j ∈ X∗ \N ′)
;

>¤gJg ?<; 3 h ≥ m � ,=5 > � q(N) = dSm
� � ? q(j) = p(j) (∀j ∈ N \N ′) ;

�Gf
h < m

sm_`¾6[dc�_`¾6["¿m]ne��mi)[da �<>
M,N,F

? h�À^c9�-[(¼m[jhje8a�¿.eCkn[j¼ogJcA_neb_`¾6[pf�e8iJi)e�ÁqgJc)(�_zÁ�e�k`½)�m¿m]ne��F:
i)[dabk �<>

M1, X∗, F1
?ÃÀ^c6¼ �<>

M2, N \X∗, F2
?�smÁq¾6[d]n[

{
M1 = {1, 2, . . . , h}, F1 = (F ∩X∗) ∪ (X∗ \N ′),
M2 = M \M1, F2 = (F \X∗) ∪ (N ′ \X∗).

�Xc�À8¼m¼TgJ_`g)e8cPs.Á�[·½m¿-¼6À^_n[
p
À^c6¼

p
� Å > WTÂ60 ?�Â
�Ã[�f�e8]n[�kYe8i��AgJc)(�_`¾6[�kn½)�m¿m]ne��mi)[dabk�s.Á�[·kne8]`_\_`¾6[�cA½ma+�.[d]nk

P1 ≡ {p(j), p(j) | j ∈ X∗}
À^c6¼ P2 ≡ {p(j), p(j) | j ∈ N \X∗}

s6Áq¾mg)hY¾�h�À^cK�.[(¼me8c6["gJc
O(n)

_`gJab[CÂ
	\[dc6hj[Csm_`¾6[(¼m[jhje8a�¿.eCk`gJ_`g)e8c�h�À^c*�-["¼me8c6["gJc

O(n)
_`gJab[CÂ

�Gf
h ≥ m

sr_`¾6[dc �<>
M,N,F

?(h�À^cQ�-[b]n[j¼T½6hj[j¼�_neo_`¾6[�k`½)�m¿m]ne��mi)[da �<>
M,N,F ∪ (N \ N ′) ?�Â �zcÀ8¼m¼TgJ_`g)e8cPs-Á�[�½m¿.¼6À^_n[

p
� Å p(j) := p(j) (j ∈ N \ N ′) Â 	\[dc6hj[Cs1_`¾6[�]n[j¼T½6hd_`g)e8c�h�À^c9�.[�¼me8c6[�gJc O(n)_`gJab[�À8kqÁ�[diJiGÂ

&Ã¾6[\f�e8iJi)e%ÁqgJc)(�]n[jk`½miJ_ f�e8iJi)e%Á kqf�]ne8a &Ã¾6[je8]n[daJW�À^c6¼o_`¾6["¼Tg)knhd½6kYk`g)e8c�À>�.e%�U[CÂ
� ¬r���1}^�A¢ $ � . 5 > � * E+, � � � D=* � ,=5 � E D ��� > E>,=5 >?.8*�D D#� > � 0�cmg : / À^ab["G*: / À^ab[jZ � � O(n log n)
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	 ���! $"#���%�&� '
&Ã¾6["]`½mcmcmgJc)(�_`gJab[�e^f
_`¾6[ < ]nk`_lÀ^i�(Ue8]`gJ_`¾ma g)k�¼me8a�gJc1À^_n[j¼K� Å _`¾6["_`gJab["f�e8] kne8]`_`gJc)(�_`¾6[(c�½ma+�.[d]nklgJc P Â&re�]n[j¼T½6hj[�_`¾6[�_`gJab[�hje8a�¿mi)[98TgJ_ Å s
Á�[babe<¼Tg�f Å _`¾6[ < ]nkn_�À^i�(Ue8]`gJ_`¾ma � Å ½6k`gJc)(�_`¾6[�gJcTf�e8]`a�À^_`g)e8cÄe^fq_`¾6[
< 8m[j¼;: � e��+kn[d_�sTkne�_`¾1À^_�gJ_q¼me<[jk¦c6e8_Ã]n[j�A½mgJ]n[�_`¾6[pkne8]`_n[j¼�iJg)k`_�Â
��[pÀ8knk`½mab[\_`¾1À^_�_`¾6[ min{m, |F |} i¨À^]!(U[jkn_c�½maI�-[d]nklgJc {p(j) | j ∈ F} À^c6¼o_`¾6[pcA½ma+�.[d] p(F )

À^]n[0(Cg��U[dc�gJc�À8¼��8À^c6hj[CÂ Gl[jh�À^iJiP_`¾1À^_
n̂ = n− |F | Â

!�<¢�¢�� � � � 0 .&.FD E > ,=5 � ,�,=5 > min{m, |F |} � � * � > E+, � 0 � D >+* E � � {p(j) | j ∈ F} � � ? ,=5 > � 0 � D >+*
p(F ) =

∑
j∈F p(j)

�=*"> � � � > � ;�� D=* � � " X ∈ 2N
� » >�� � � �4D � . 0 , > ,� > � � �10 > D43 ϕ̃(X) � � ? � E > ,

Y∗ ∈ 2N
» � ,� ϕ̃(X) = ϕ(Y∗) + p(X \ Y∗)− p(Y∗ \X) � � O(n̂+m logm)

, ��� >��
	\[dc6hj[Cs1Á�[�h�À^c�hje8a�¿m½m_n[

X∗ ∈ 2N
kYÀ^_`g)k?f Å gJc)(����CÂ)(�?ÃgJc O(n̂+m logm)

_`gJab[CÂl0lk`gJc)(�_`¾6[�kn[d_
X∗Á�[l¼m[jhje8a�¿-eCkY[���e8]!]n[j¼T½6hj[ ?
_`¾6[ ¿m]ne��mi)[da ���

M,N,F
?
gJcA_ne�k`½)�m¿m]ne��mi)[dabk�gJcb_`¾6[ kÌÀ^ab[qÁ�À Å À8k _`¾6[ < ]nk`_À^i�(Ue8]`gJ_`¾ma�Â

SP[d_
h = |X∗|

Â �zf
h < m

s�_`¾6[dc _`¾6[�¿m]ne��mi)[da ���
M,N,F

?�h�À^c �-[�¼m[jhje8a�¿.eCkn[j¼ gJc�_ne�_`¾6[
_zÁ�e®k`½)�m¿m]ne��mi)[dabk ���

M1, X∗, F1
?�À^c6¼ ���

M2, N\X∗, F2
?�Â &Ã¾6[�k`½)�m¿m]ne��mi)[da ���

M2, N\X∗, F2
?�g)k

kne8i��U[j¼ ]n[jhd½m]nkng��U[di Å � Å _`¾6[�kn[jhje8c6¼ À^i�(Ue8]`gJ_`¾ma�s(Áq¾mgJi)[ ���
M1, X∗, F1

?�g)k�kYe8i��U[j¼1� Å _`¾6[ < ]nkn_�À^i�(Ue :]`gJ_`¾ma�gJc
O(|M1| log |M1|) = O(m logm)

_`gJab[CÂ �Ã[�f�e8]n[�kne8i��<gJc)( ���
M2, N\X∗, F2

?�s�Á�[�hje8a�¿m½m_n[
_`¾6[

min{|M2|, |F2|}
i¨À^]!(U[jkn_¦c�½maI�-[d]nk�gJc {p(j) | j ∈ F2}

À^c6¼�_`¾6[ c�½maI�-[d]
p(F2)

s�Áq¾mg)hY¾�h�À^c5�-[l¼me8c6[
gJc

O(n̂+m logm)
_`gJab[CÂ

�zf
h ≥ m

s _`¾6[�¿m]ne��mi)[da ���
M,N,F

?�g)k·]n[j¼T½6hj[j¼Ä_ne�_`¾6[+k`½)�m¿m]ne��mi)[da ���
M,N,F ∪ (N \ N ′) ?�sÁq¾mg)hn¾+g)k�]n[jhd½m]nk`g��U[di Å kne8i��U[j¼?� Å _`¾6[lkn[jhje8c6¼+À^i�(Ue8]`gJ_`¾ma�Â �Ã[�f�e8]n[\kne8i��<gJc)(�_`¾6[\k`½)�m¿m]ne��mi)[da�s<Á�[\hje8a�¿m½m_n[_`¾6[

min{m, |F ∪ (N \ N ′)|} i¨À^]!(U[jkn_�c�½maI�-[d]nk+gJc {p(j) | j ∈ F ∪ (N \ N ′)} À^c6¼ _`¾6[�c�½maI�-[d]
p(F ∪ (N \N ′)) smÁq¾mg)hn¾�h�À^c9�-["¼me8c6["gJc O(n̂+m logm)

_`gJab[�À8k Á�[diJiGÂ
SP[d_

T2(m,n, n̂)
¼m[dc6e8_n[�_`¾6[�]`½mcmcmgJc)(�_`gJab[�e^f
_`¾6[�kn[jhje8c6¼�À^i�(Ue8]`gJ_`¾ma f�e8] ���

M,N,F
?�Â3&Ã¾6[dcPs1_`¾6[

f�e8iJi)e�ÁqgJc)(�]n[jhd½m]nkng��U[pf�e8]`a�½mi¨À�¾6e8i)¼mk �

T2(m,n, n̂) =





O(m logm) (
g�f
n̂ ≤ 1),

O(n̂+m logm) + T2(|M2|, |N \X∗|, |N \X∗| − |F2|) (
g�f
n̂ ≥ 2, h < m),

O(n̂+m logm) + T2(m,n, n− |F ∪ (N \N ′)|) (
g�f
n̂ ≥ 2, h ≥ m).

K\e8_n[(_`¾1À^_ |N2| − |F2| ≤ dn̂/2e
À^c6¼ |N1| − |F1| ≤ bn̂/2c

� Å �%(TÂ)(�?�Â
	\[dc6hj[Cs1Á�[·¾1À"�U[ T2(m,n, n̂) =
O(n̂+m logm log n̂)

Â Rlk À�¿m]n[d¿m]ne<hj[jknk`gJc)(6sTÁ�[pc6[j[j¼+_ne·hje8a�¿m½m_n[(_`¾6[
min{m, |F |} i¨À^]!(U[jk`_qcA½ma+�.[d]nkgJc {p(j) | j ∈ F} À^c6¼·_`¾6[�cA½ma+�.[d] p(F )

sCÁq¾mg)hn¾�]n[j�A½mgJ]n[jk
O(n+m logm)

_`gJab[CÂ 	\[dc6hj[CsC_`¾6[�f�e8iJi)e�ÁqgJc)(
]n[jk`½miJ_ ¾6e8i)¼mk%Â
� ¬M���y}��<¢ � ���� >�.8*�D D#� > � 0lcmg : / À^ab["G/: / À^ab[jZ � � � D > E D ��� >�? � � O(n+m logm log n)

, ��� > D#" ,� >
E > �"D � ? � � � D=* � ,� � �

� � #%�
³!� ²·¶����
8��@; Rl¾�½ � ÀTs�G�Â¦2�ÂJs��l]`iJgJcPs�-6Â �pÂJs / _n[dgJcPs �\ÂJs3&MÀ^] � À^cPsMG�Â�� Â � �Xa�¿m]ne%�U[j¼ À^i�(Ue8]`gJ_`¾mabk�f�e8]5�mgJ¿1À^]`_`gJ_n[

c6[d_XÁ�e8] � �1e�Á(Â / � R X -1Â8��e8a�¿m½m_�Â ($WTs1H$:$L"!
H$W$W#����H HPI ?
8)(<; ��¾A½mc)(6sO-6Â%$�ÂJs / ¾mgJ¾Ps�� Â :z2�ÂJs S�gJ½Ps -6ÂU� Â / ÂJs'&pgJiJiJg)[jk�sUZ�ÂC� Â � / hn¾6[j¼T½miJgJc)(·gJa�¿m]n[jhdg)kn[ hje8a�¿m½m_YÀ^_`g)e8c6k

_ne�a�gJcmgJa�g�6�[(_ne8_YÀ^ir[d]`]ne8]�ÂHX�g)hd]ne8¿m]neAhj[jknkngJc)(�À^c6¼KX�g)hd]ne8¿m]ne�(C]YÀ^a�a�gJc)( (
	<s 	�L
	�! 	�	QI�����H�� H�?
8 W<; �6[j¼m[d]!(C]`½6[dcPs R·ÂJs(&\]ne<[dc6[,�U[diJ_�s 	·Â � � ]n[j[da�¿m_`g��U[oknhY¾6[j¼T½miJgJc)(�e^f�½mcmg�f�e8]`a�a�À8hn¾mgJc6[jk � Å e8]n¼TgJc1À^] Åc6[d_XÁ�e8] � �1e�Á _n[jhn¾mcmg)�A½6[jk�Â�X�À^c1À>(U[dab[dc�_ / hdgGÂ�W (Ts�WPI)�*! WPI�H+����H��$L�?
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	 ����H H$:�?
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	QI ?
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¿m]ne��mi)[dabk�Â �Xc�� Sr[d½mc)(6s�-6Â)$ :A&"Â ��[j¼�Â ? 	\À^c6¼��.eAe �oe^f / hn¾6[j¼T½miJgJc)(6s#��¾1À^¿m_n[d]�WPI6Â6��¾1À^¿ma�À^c�� 	\À^iJiGs
�ÃeAh�ÀTG\À^_ne8c �%($:$:PI ?

8�� �@;BSP[d½mc)(6s)-6Â'$�Â :A&"ÂJs'$!½Ps��·ÂT2�Â)X�ÂJsT��[dgGsT� Â :zZ�Â ��X�gJcmgJa�g�6jgJc)(b_`¾6[pÁ�[dg�(C¾A_n[j¼oc�½maI�-[d]le^f/_YÀ^]n¼ Å _YÀ8k �½mcmgJ_nk�ÂmZ\g)knhd]n[d_n[3Rl¿m¿miGÂHX�À^_`¾PÂ � �Cs�W$:
	�! W �%L+����H HPI ?
8���(<;TX�h ��e8]`a�g)h �-s / Â3&"Â � �1À8k`_�À^i�(Ue8]`gJ_`¾mabkof�e8]o¿1À^]YÀ^ab[d_`]`g)h�kYhn¾6[j¼T½miJgJc)( hje8ab[�f¤]ne8a [98T_n[dc6k`g)e8c6k�_ne

¿1À^]YÀ^ab[d_`]`g)h(a�À 8TgJa�½ma �1e%Á(Â �l¿.[d]�Â)G�[jk�Â�I 	<s 	QI I%! 	=�$L+����H H H�?
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����H � H�?
8��JI�;BKle%Áqg)h �<gGs � ÂJs��-¼T]!6%À	� �CÀTs / Â �UR �mg)hd]`gJ_n[d]`g)e8c�À^¿m¿m]neUÀ8hn¾�_ne�¿m]n[j[da�¿m_`g��U[�knhY¾6[j¼T½miJgJc)(oe^f!¿1À^]YÀ^iJi)[diMa�À :

hn¾mgJc6[jk�ÁqgJ_`¾�hje8c�_`]ne8iJi¨À>�mi)[ � e���¿m]ne<hj[jknk`gJc)(�_`gJab[jk%Â6Z\g)knhd]n[d_n[ R�¿m¿miGÂ�X�À^_`¾PÂ�L$WTs ($W
	�! ( �$L#����H H ��?
8����<; / À^¾mcmgGs / Â � � ]n[j[da�¿m_`g��U[·knhn¾6[j¼T½miJgJc)(�ÁqgJ_`¾�¼T½6["¼6À^_n[jk�Â �l¿.[d]�ÂHGl[jk�Â (
	<s1H ( �"!
H$WPI#����H
	'H�?
8��%L<; / À^¾mcmg / ÂJs ��¾6ems $�Â � / hn¾6[j¼T½miJgJc)(�gJc6¼m[d¿.[dc6¼m[dc�_�_YÀ8k �<k·ÁqgJ_`¾®¼T½6[�_`gJab[jk�e8cÄÀ�½mcmg�f�e8]`a ¿m]ne<hj[jknkne8]

k Å k`_n[da�Â�-6Â�R � X (
	<s � �$:"! �$L$W ����H��$:�?
8�� 	�; / ¾1À �A¾mi)[,�<g)hn¾Ps)K�Â
��ÂJs / _`]`½6kn[,�<g)hn¾Ps��·ÂLR·Â � � ]n[9:z[da�¿m_`g��U[�knhY¾6[j¼T½miJgJc)(�¿m]ne��mi)[dabk(ÁqgJ_`¾�hje8cA_`]ne8iJi¨À>�mi)[

¿m]neAhj[jkYk`gJc)(�_`gJab[jk�ÂH-6Â / hY¾6[j¼�Â��Ts ($W$W"! ( �$W �%($:$: ��?�Â
8�� �<; / ¾1À �A¾mi)[,�<g)hn¾Ps1K�Â���ÂJs / _`]`½6kY[,�Ag)hY¾Ps�·Â�R·Â � � ]n[j[da�¿m_`g��U[�knhY¾6[j¼T½miJgJc)(be8co½mcmg�f�e8]`a ¿1À^]YÀ^iJi)[di�a�À8hY¾mgJc6[jk

ÁqgJ_`¾�hje8c�_`]ne8iJi¨À>�mi)[ � e��o¿m]ne<hj[jknk`gJc)(�_`gJab[jk�Â8R�i�(Ue8]`gJ_`¾ma�g)h�À�� �Cs8I�� �*!�I 	�W �%($:$:���?
8���H<; / ¾mgJ¾Ps-� Â :z2�ÂJsLSP[j[Cs#�\Â :AG�ÂJs &/À^c)(6s �\Â : 	·Â �MR fGÀ8k`_pÀ^i�(Ue8]`gJ_`¾ma f�e8]\kYhn¾6[j¼T½miJgJc)(ogJa�¿m]n[jhdg)kn[�hje8a�¿m½m_YÀ :

_`g)e8c6k"ÁqgJ_`¾�_`gJa�gJc)(�hje8c6k`_`]YÀ^gJcA_nk�_ne+a�gJcmgJa�g�6�[bÁ�[dg�(C¾�_n[j¼�[d]`]ne8]�Â �Xc�� ( �d_`¾ � ���
� G�[�À^i :A&ÃgJab[ / Å k`_�Â/ Å a�¿PÂJsT¿m¿PÂ�W$: �"! W �%:TÂ � ����� ��e8a�¿m½m_n[d] / eAhdg)[d_ Å s�SPeCk�R�i¨À^a�gJ_neCk��%($:$:$:�?
8)($:<; / ¾mgJ¾PsC� Â :z2�ÂJs�S�gJ½PsO-6Â8� Â / ÂJs ��¾�½mc)(6s -6Â : $�Â �NRli�(Ue8]`gJ_`¾mabk f�e8]!knhn¾6[j¼T½miJgJc)((gJa�¿m]n[jhdg)kY[ hje8a�¿m½m_YÀ^_`g)e8c6k

ÁqgJ_`¾o_`gJa�gJc)(�hje8c6k`_`]YÀ^gJcA_nk�Â / � R X -6Â8��e8a�¿m½m_�Â8($:Ts �$W
	�! � � (+����H H � ?
8)( �@; / ¾mgJ¾Ps<� Â :z2�ÂJs�S�gJ½Ps�-6Â<� Â / ÂJs ��¾�½mc)(6s)-1Â : $�ÂJs)&\gJiJiJg)[jk�sTZ�ÂA� Â � / hn¾6[j¼T½miJgJc)(�_YÀ8k �<k�ÁqgJ_`¾+]n[�À8¼ Å _`gJab[jkÀ^c6¼o¼m[�À8¼TiJgJc6[jk�_ne�a�gJcmgJa�g�6�[·À"�U[d]YÀ>(U[�[d]`]ne8]�Â�R � X / � & �
� / �l¿-[d]�Â / Å k`_�s)Gl[,�-Â ($WTs �JI%! (��+����H�� H�?
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�le8]`_`¾6[d]`c��l]`g�6�e8c1À�0lcmg��U[d]nk`gJ_ Å
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_`¾1À^_+À^c Å �U[d]`_n[98®g)kb]n[�À8hY¾1À>�mi)[�f�]ne8a À^c Å ¿.[,�)�mi)[�¼Tg)k`_`]`g��m½m_`g)e8c�e^f
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¿.[,�)�mi)[jk�Â G�[,(C½mi¨À^]

¿.[,�)�miJgJc)(b¿m]ne��mi)[dabk e8co½mcAÁ�[dg�(C¾A_n[j¼9(C]YÀ^¿m¾6k\À^]n["k`¿-[jhdg¨À^i�h�À8kn[jk Áq¾6[dco_`¾6[pÁ�[dg�(C¾�_\e8c�[,�U[d] Å[j¼�(U[�g)k (TÂ%� ]n[,(C½mi¨À^]�¿.[,�)�miJgJc)(�¿m]ne��mi)[da�e^f¤_n[dc�kngJa�¿miJg < [jk�_ne�Ào¿-[,�)�miJgJc)(�¿m]ne��mi)[da e8c�À
kngJa�¿mi)[d] Á�[dg�(C¾A_n[j¼9(C]YÀ^¿m¾PÂ
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� D � > ]n[dabe%�U[jk�_zÁ�e�¿.[,�)�mi)[jk"f�]ne8a À �U[d]`_n[98�À^c6¼�À8¼m¼mk�e8c6[�¿-[,�)�mi)[�À^_�À^c�À8¼ � À8hj[dc�_I�U[d]`_n[98.Â���[bh�À^c_`¾mgJc��+e^f/_`¾6["¿.[,�)�mi)[jk�À8kÃf�½6[diPhje8c�_YÀ^gJc6[d]nk%Â�&Ã¾6[dc�_`¾6[pi)eCknk�e^f/_`¾6[p¿.[,�)�mi)[(¼T½m]`gJc)(�À·abe��U["g)kq_`¾6[(hjeCk`_ e^f
_`]YÀ^c6k`¿.e8]`_YÀ^_`g)e8cPÂ(���U[d]`_n[98(g)kPh�À^iJi)[j¼ *�> �
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G
ÁqgJ_`¾�À·Á�[dg�(C¾�_lf¤½mc6hd_`g)e8c

ω : E(G)→ N
Â

� . >'&'& � >�3 0 � � , � D � e8c
G
g)k�À�f¤½mc6hd_`g)e8c
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Áq¾6[d]n[

p(v)
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v
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�/g�(C½m]n[ ��� / gJa�¿miJg < h�À^_`g)e8c�½6k`gJc)(\_`¾6[¦hd½m_	�U[d]`_n[98 v Â �Gf πt(Kω, v) = at+b
_`¾6[dc
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c6e8_YÀ^_`g)e8c
p(v1, . . . , vn, ∗) = (a1, . . . , an, q(∗))

_ne�gJc6¼Tg)h�À^_n[�_`¾1À^_
p(vi) = ai

f�e8]
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p(w) = q(w)
f�e8]�À^iJi

w ∈ V (G) \ {v1, . . . , vn}
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ω(vu)
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Â ��[�½6kn[�_`¾6[�c6e8_YÀ^_`g)e8c

π(Gω, x)
f�e8]

π1(Gω, x)
Â &Ã¾6[

t @ .�>'&'& � � ��� � 0 � &">+*
πt(Gω)

g)k
max{πt(Gω, x) | x ∈ V (G)} ÂK&Ã¾6[ . >'&'& � � � � � 0 � &">-* π(Gω)

g)k(_`¾6[ �9:G¿.[,�)�miJgJc)(�cA½ma+�.[d]
π1(Gω)
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�Gf
ω(e) = 2

f�e8]pÀ^iJi
e ∈ E(G)

_`¾6[dc
π(Gω) = π(G)

g)k\_`¾6[�½6k`½1À^i
½mcAÁ�[dg�(C¾�_n[j¼�¿-[,�)�miJgJc)(+c�½maI�-[d]�Â
/ e+Á�[�À^iJi)e�Á�_`¾6[·Á�[dg�(C¾A_"f�½mc6hd_`g)e8c
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_ne �.[�¼m[ < c6[j¼�e8cmi Å e8c�À�kn½)�6kn[d_"e^f V (G)

À^c6¼�½6kn[·_`¾6[�¼m[�fGÀ^½miJ_
Á�[dg�(C¾�_pe^f�(�f�e8] [j¼�(U[jk Áq¾6[d]n[

ω
g)k ½mc6¼m[ < c6[j¼�Â

� � µ . �*�
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&Ã¾6[�¿-[,�)�miJgJc)(�c�½maI�-[d]�e^fPÀ0(C]YÀ^¿m¾�ÁqgJ_`¾�À"hd½m_4�U[d]`_n[98be^f¤_n[dc�h�À^c5�-[qh�À^i)hd½mi¨À^_n[j¼�½6k`gJc)(�À(k`gJa�¿mi)[d]�(C]YÀ^¿m¾PÂ
&Ã¾mg)klk`gJa�¿miJg < h�À^_`g)e8c�gJcA_`]neA¼T½6hj[jk�c6[dÁ Á�[dg�(C¾A_nk�Â
º�}��y� ��N%£N|%£ �yª ��� 	 > , H � � ? K &"> �"D � � > � , >"? � * �/.  E E+0 � �,� � , V (H) ∩ V (K) = {v} � � ? v � E �
� 0 ,�� >+* , >�=D43 G = H ∪K � 	 > , ω &4> � » > � �%�, 3 0 � � , � D � D � E(G) �	� E4E/0 � > ,� � , πt(Kω, v) = at+ b3%D=* � ��� t ����> �!� > � � *4�+.  G̃ & " V (G̃) = V (H)∪̇{u} � � ? E(G̃) = E(H) ∪ {vu} ����> �!� > � » > � � �,
3 0 � � , � D � D � E(G̃) & "

ω̃(e) =
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a � 3 e = vu

ω(e) > � E > .

; 3 ,� > � D�� � � >-* , >� x � E � � V (H)
,� > � π(Gω, x) = π(G̃ω̃ , x) + b �

&Ã¾6[+¿m]ne8¿-eCkngJ_`g)e8c g)k�À^¿m¿miJg)h�À>�mi)[�gJc®a�À^c Å k`gJ_`½1À^_`g)e8c6k�kngJc6hj[o_`¾6[�f¤½mc6hd_`g)e8c t 7→ πt(G, x)
g)kbe^f�_n[dc
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πt(C2n) = t2n
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� � 0 .�.FD E >

,� � , a = ω(xv1) � E ,� > � �  ��� 0 � � � �10 > D43 ω � �� > � πt(Gω, x) = ta+
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Â(�\[98<_!Á�[ i)[d_
K
�.[ _`¾6[lk`½)�)(C]YÀ^¿m¾�e^f
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ΘÃ>

. 	-�T�/k�
=�' j � ��� �
Λ
s��
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.J%y'*=��B#&%-K 2�d =I, 2 � .G#<,/. ' H/.G, V % 8 'T.S'��D.JH/.G,
E
L�] .�'@. 843 ,/.�% 8 .S'��D.

e
7 # 3 ;

u
, 3

v �
A
uv
LWZ #/. � .G#/H/.y.S'��D. 3-7 e =>H�'@. 843 ,/.S' � A ē L �^2 .}= 8 =I,<=t% 6 � .G#<,/. ' % 8 'q,/.G#<;k= 8 % 6 � .G#<,/. '3-7

e
%-#/.y#/.SH<K_. 0 ,<= � . 6IA '@. 843 ,/.S' � A ∂+e

% 8 '
∂−e

C = L . LIC
∂+e = u

% 8 '
∂−e = v

L� =I;k= 6 %-# 6IADC$7U3 #
F ⊆ E

C '@. �48 .
∂+F = {v | v ∈ V C ∃e ∈ F C ∂+e = v} % 8 ' ∂−F = {v | v ∈ V C ∃e ∈ F C ∂−e = v} L%43 #

U ⊆ V
C$6 .G,

δ+U = {e | e ∈ E C ∂+e ∈ U} % 8 ' δ−U = {e | e ∈ E C ∂−e ∈ U} L�� . 843 ,/.
E[U ] = {e | e ∈ E C ∂+e, ∂−e ∈ U} L %+3 # x ∈ RE % 8 '

F ⊆ E C '@. 843 ,/. x(F ) =
∑

e∈F x(e)
L %43 #l, d`3

H/.G,/H
F1

% 8 '
F2
C , 2 .G=I#hH A ;k;�.G,<#<= 0 '*=��².G#/. 840 .

(F1 \ F2) ∪ (F2 \ F1)
=>Hl'@. 843 ,/.S' � A F14F2

L
Z H<) � H/.G, 3-7 .S'��D.SH {e1, . . . , ek}

=>HkH�%-=>'T, 3 � .J%yK+%-, 2 = 7 ∂+e1
C
∂−e1 = ∂+e2

C
∂−e2 = ∂+e3

C
LSLSLSC

∂−ek−1 = ∂+ek
% 8 '

∂−ek
%-#/.a'*=>H<,<= 840 , LaZ 0GA*0G6 .a=>H %wH<) � H/.G, 3-7 .S'��D.SH {e1, . . . , ek}

H<) 0&2 , 2 %-,
∂−e1 = ∂+e2

C
∂−e2 = ∂+e3

C`LSLSLSC
∂−ek−1 = ∂+ek

% 8 '
∂−ek = ∂+e1

%-#/.k'*=>H<,<= 840 , L�Z K+%-, 2v3 #m%
0GA*0G6 .

F = {e1, . . . , ek}
=>HlH&%-=>'�, 3 � . 3 '@'J= 7 k =>H 3 '@' C % 8 '�. � . 8 = 7 k =>Hl. � . 8�L %43 # F C V (F )

'@. 843 ,/.SH
, 2 . H/.G, 3-7 = 840 =>'@. 8 , � .G#<,<= 0 .SH ⋃k

i=1{∂+ei, ∂
−ei}

% 8 '
F̄
'@. 843 ,/.SH {ē1, . . . , ēk}

L
%98 , 2 =>HJK+%-K_.G# Chd .�= 8 '*= 0 %-,/.z%v;�%-,<# 3 =>' � A , 2 .�K+%-=I# 3-7 =I,/H �B# 3 ) 8 'WH/.G,�% 8 '�= 8 '@.GK_. 8 '@. 8 ,yH/.G,

7 %-;k= 6IADC H&% ADC
M = (V, I) L �^2 . #/.R%('@.G#/H$%-#/.m%(H&H<)@;�.S'J, 3 � . 7 %-;k= 6 =t%-# d =I, 2 � %(H<= 0 0S3(840 .GK@,/Hh= 8 ;�%-,<# 3 =>', 2 . 3 # A �  � �pC H<) 0/2 %(Hl, 2 .?#&% 8���7 ) 840 ,<= 3(8 ρ C , 2 . 0G6>3 H<)@#/. 7 ) 840 ,<= 3(8 cl

% 8 'y% 7 ) 8 '4%-;�. 8 ,&% 6b0 =I# 0 )@=I, d =I, 2
#/.SH<K_. 0 ,e, 3

I ∈ I % 8 ' v ∈ cl(I)
C '@. 843 ,/.S' � A C(I | v) L� .G,

M = (V, I) % 8 ' M′ = (V ′, I ′) � .m;�%-,<# 3 =>'@HFH<) 0&2 , 2 %-, V ∩ V ′ = ∅ Li] .?'@. 843 ,/.m, 2 .?'*=I#/. 0 ,H<)@; 3-7
M

% 8 '
M′ � A M⊕M′ L %+3 # U ⊆ V C , 2 .[#/.SH/,<#<= 0 ,<= 3(8�3-7 M , 3

U
=>He'@. 843 ,/.S' � A M | U C % 8 ', 2 . 0S3(8 ,<#&% 0 ,<= 3(8}3-7

U
7 # 3 ;

M
=>Hh'@. 843 ,/.S' � A M/U

L
� .G,

(G, c) �
. % d .G=�� 2 ,/.S'}'*=��B#&%-K 2}d =I, 2

G = (V,E)
% 8 '

c ∈ RE
+

L�ZF6 H 3@C@6 .G,
M+ = (V, I+)

% 8 '
M− = (V, I−) �

.[;�%-,<# 3 =>'@H L �^2 . 7:3(6I6>3�d = 8 ��=>He, 2 .m'@. �48 =I,<= 3(8�3-7 , 2 . 0 . 8 ,<#&% 6!3 � V<. 0 ,l= 8 , 2 =>HeK+%-K_.G# L

 J�"!$#&%(')%��*#,+ � %p8 '@.GK_. 8 '@. 8 ,w. � . 8T7 % 0 , 3 #/H �.-�/10 / � 032 +�4 .52 � � 260 M ⊆ E
�70 � � . � . 8�7 % 0 , 3 # � � G� . � + . 41, $ 06� � 2 , + 2�8:9 ���70 �34 � � + � 4 � � 2 � + � 4 � 4 .�7 � +! 0 � � �;2 � 2 � � � � � 2.0 "=< 41, 2 4:> 2 ,@? M A 0
08� ACB +D4�� 2 �FE

= 8 '@.GK_. 8 '@. 8 ,�. � . 8?7 % 0 , 3 # A E (G,M+,M−) A . M A 0��:EG2 > 2HE . �"I +D41,�J A +! ∂+M ∈ I+ �FE B ∂−M ∈ I− "
�^2 .?, 3 K@= 0?3-7 , 2 =>H$K+%-K_.G#F=>HF, 2 . d .G=�� 2 ,/.S'�= 8 '@.GK_. 8 '@. 8 , . � . 8}7 % 0 , 3 #FK@# 3 � 6 .G; � ]LK � %�M`��C '@.6N 8 .S'%(H 7U3(6I6>3Rd H L

2 Q � P �¬�5� � � ]LK � %�M`�.-�O 40, � J 2 AQP  + 2 BRB:AQP , � 7  (G, c)
�:E BTS � +-,�4 AUB 0 M+,M− ?FV E B �:E A E B 2 7	26E B 2HE +2 > 2HE . �"I +D40, M A E (G,M+,M−) +! � + S �W8 AXSYAQZ 2.0 c(M) "

ô � ô
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 � ��� �����	���
�

�^2 . ] K � %&M =>H � M �~2 %-#/'y. � . 8�7U3 #h, 2 .?H<K\. 0 =t% 6{0 %(H/. 3-7 , 2 . � %�M!C�8 %-;�. 6IADC c ∈ {0, 1}E % 8 ' � 3 , 2
M+ % 8 '

M− %-#/. 7 #/.S. L$Kp8w3 #/'@.G#^, 3m2 % � .F, 2 .$K@# 3 � 6 .G; ,<#&% 0 ,&% � 6 . C*d .[%(H/H<)@;�.F, 2 . 7:3(6I6>3�d = 8 �aK@# 3 K\.G#<, A
7U3 #l, 2 . �B= � . 8�d .G=�� 2 ,/.S'y'*=��B#&%-K 2�L

 J� !�#&%7')%���# ô � � '@' �p0GA*0G6 . � H A ;k;�.G,<#<= 0$d .G=�� 2 ,/.S'J'*=��B#&%-K 2 H �.-�/ B:AQP , � 7  G A 0i3 '@' �p0GA10G6 . � H A ;k;�.G,<#<= 0 A .2 > 2 ,�� 4 B B I � I��Q2 C  � 09� , 2 > 2 , 032
I � I�� 2 C̄ " / J 2 AQP  + 2 B BFA�P , � 7  (G, c) A 0l3 '@' �p0GA10G6 . � H A ;k;�.G,<#<= 0 A . G
A 0 4 B"B 9�I � I�� 269D0 � SYS 2 +-, A I6�:E B c(C) = c(C̄)

. 40, 2 > 2 ,��G4 B B I � I��Q2 C "
Kp8 , 2 . 7U3(6I6>3Rd = 8 �xH/. 0 ,<= 3(8 H COd .l'@.R% 64d =I, 2 , 2 . ]LK � %�M = 8�3 '@' �p0GA*0G6 . � H A ;k;�.G,<#<= 0ld .G=�� 2 ,/.S'w'*=��B#&%-K 2 Hd =I, 2 �D. 8 .G#&% 6 ;�%-,<# 3 =>'@H L ] .}#/.G;�%-# � , 2 %-,w, 2 . 0G6 %(H/H 3-7m3 '@' �p0GA10G6 . � H A ;k;�.G,<#<= 0�d .G=�� 2 ,/.S'�'*=��B#&%-K 2 H

=>H � # 3 %('v. 843 )�� 2z7U3 #m, 2 . d .G=�� 2 ,/.S'v;�%-, 0&2 = 8 ��% 8 ' d .G=�� 2 ,/.S'v;�%-,<# 3 =>'z= 8 ,/.G#/H/. 0 ,<= 3(8 K@# 3 � 6 .G;�H?, 3 � .
#/.S'*) 0 .S'�, 3@L

� �T� �
	���� �/��e� ���
� �3�e� ��������	 ���e�*� �����

�
��� �����
� �"!$#&%('*),+(�.-

� .G,
(G, c,M+,M−) �

.k% 8 = 8 H<,&% 840 . 3-7 , 2 . ]LK � %�M!C�de2 .G#/. G = (V,E)
C
c ∈ RE

+

C
M+ = (V, I+)% 8 '

M− = (V, I−)
L$Z H&H<)@;�.

(G, c)
=>H 3 '@' �p0GA*0G6 . � H A ;k;�.G,<#<= 0BL �^2 .?#&% 8��J7 ) 840 ,<= 3(8y3-7

M+ % 8 '
M−

=>H�'@. 843 ,/.S' � A ρ+ % 8 '
ρ−
C #/.SH<K\. 0 ,<= � . 6IADL  =I;k= 6 %-# 6IADCl3 � V<. 0 ,/H 3-7 M+ % 8 '

M− %-#/.}'@. 843 ,/.S' d =I, 2
H/)@K\.G#/H 0 #<=IK@,

+
% 8 ' − C #/.SH<K_. 0 ,<= � . 6IADC . L � L cl+(I)

C
C+(I | v) C cl−(I)

% 8 '
C−(I | v) L/ 3(8 H<=>'@.G#l, 2 . 7U3(6I6>3Rd = 8 � 6 = 8 .R%-#lK@# 3 �B#&%-; C4de2 .G#/. U = {U | U ⊆ V C |U | ≥ 3

=>H 3 '@' } 0

� M`� max.
∑

e∈E
c(e)x(e)

sub. to x
(
δ+U

)
≤ ρ+(U) U ⊆ V,

x
(
δ−U

)
≤ ρ−(U) U ⊆ V,

x (E[U ]) ≤ |U | − 1 U ∈ U ,
x(e) ≥ 0 e ∈ E.

� 3 ,/.�, 2 %-,a% 0/2 %-#&% 0 ,/.G#<=>H<,<= 0 � . 0 , 3 # 3-7 % 8 = 8 '@.GK_. 8 '@. 8 ,k. � . 8u7 % 0 , 3 #x= 8 (G,M+,M−)
=>Ha% 8 = 8 ,/."�D.G#

7 .R%(H<= � 6 . H 3(6 )@,<= 3(8J7:3 # � Mi��L �^2 . '*)+% 6 K@# 3 �B#&%-; 3-7 � M`� =>H

� � � min.
∑

U⊆V
(ρ+(U)y+(U) + ρ−(U)y−(U)) +

∑

U∈U
(|U | − 1)z(U)

sub. to
∑

U⊆V,
U3∂+e

y+(U) +
∑

U⊆V,
U3∂−e

y−(U) +
∑

U∈U ,
e∈E[U ]

z(U) ≥ c(e) e ∈ E, � � L ��

y+(U) ≥ 0 U ⊆ V, � � L �D�
y−(U) ≥ 0 U ⊆ V, � � L � �

z(U) ≥ 0 U ∈ U . � � L �5�

� . 843 ,/.
c′(e) =

∑
U3∂+e y

+(U) +
∑

U3∂−e y
−(U) +

∑
U∈U : e∈E[U ] z(U)− c(e) L �^2 . 0S3(8 H/,<#&%-= 8 ,

� � L �� =>H�#/. d #<=I,<,/. 8 %(H c′(e) ≥ 0
7:3 #

e ∈ E C % 8 '�, 2 . 0S3 ;kK 6 .G;�. 8 ,&%-# A H 6 % 0 �18 .SH/H � / @��0S3(8 '*=I,<= 3(8 H 3-7 � M`�

ô21��
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� ��� �

% 8 ' � � � %-#/.

x(e) > 0 =⇒ c′(e) = 0, � � L �D�
y+(U) > 0 =⇒ x

(
δ+U

)
= ρ+(U), � � L � �

y−(U) > 0 =⇒ x
(
δ−U

)
= ρ−(U), � � L��B�

z(U) > 0 =⇒ x(E[U ]) = |U | − 1. � � L��D�

� )@#F% 6 � 3 #<=I, 2 ; ;�%-= 8 ,&%-= 8 H% 8 = 8 '@.GK_. 8 '@. 8 ,[. � . 8J7 % 0 , 3 # M % 8 '�% 7 .R%(H<= � 6 . H 3(6 )@,<= 3(8�7U3 # � ���C % 8 ',/.G#<;k= 8 %-,/.SH de2 . 8u0S3(8 '*=I,<= 3(8 H � � L��D��� � � L��D� %-#/.�H&%-,<=>H�N+.S' Lw]X2 . 8 c =>H = 8 ,/."�D.G# C , 2 .w% 6 � 3 #<=I, 2 ; #/.G,<)@# 8 H
% 8 = 8 ,/."�D.G# 3 K@,<=I;�% 6 H 3(6 )@,<= 3(8X7U3 # � � ��L �^2 )4H C , 2 .�% 6 � 3 #<=I, 2 ; 0S3(8 H<,<#<) 0 ,<= � . 6IA K@# 3 � .SH�, 2 . 7:3(6I6>3�d = 8 �
= 8 ,/."�B#&% 6 =I, A , 2 . 3 #/.G; C*de2 = 0/2J0S3 #<#/.SH<K 3(8 '@H^, 3 , 2 . �e�TK , 2 . 3 #/.G;�H 7U3 #`;�%-, 0&2 = 8 � � �(� % 8 '�;�%-,<# 3 =>'w= 8 ,/.G# �
H/. 0 ,<= 3(8 �����pL?] .aH&% A , 2 %-,m%wH/.G, 7 %-;k= 6IA F =>H �	� SYA E
��� = 7 U1 ⊆ U2

C
U2 ⊆ U1

3 #
U1 ∩ U2 = ∅ 7U3 # % 6I6

U1, U2 ∈ F
LbZh6 H 3@C*d . H&% A , 2 %-, F =>H E 2.0� 2 B = 7 U1 ⊆ U2

3 #
U2 ⊆ U1

7:3 #h% 6I6
U1, U2 ∈ F

L
� � ��� Q �1� � -����

(G, c) A 0 4 B"B 9�I � I��Q2H9D0 � SYS 2��� A I ?   26E � M`�  � 0��FE A E� 2 P 2�� 4��  AXS � � 0 4 ���� A 4 E "T< 4 � 2H94:> 2�� ? A � (G, c) A 0 4 B"B 9�I � I��Q2H9D0 � SYS 2��� A I��:E B c A 0 A E� 2 P 2�� ? � � � � � 0 4  � 0!�:E A E� 2 P 2�� 4��  AXS � � 0 4 �"�# A 4 E
(y+, y−, z)

0��	I    �$ {U | y+(U) > 0} �:E B {U | y−(U) > 0} ����2 E*2.0� 2 B �:E B {U | z(U) > 0} A 0�	� SYA E��$� "
� ��% &('*) �,'*),+(� -,+ � -.- '*) �,� +0/1+
] .K@#/.SH/. 8 ,l, di3�3 K_.G#&%-,<= 3(8 H 3(8 ;�%-,<# 3 =>'@H C+de2 = 0/2 K 6 % A % � . A # 3(6 .[= 8 , 2 .m% 6 � 3 #<=I, 2 ; L

ô - � -X+ 2 �!Q %U#43 %X#M�5�+� % # %U#46!�87�� #46!� #*'!9R�"'
� .G,

M = (V, I) � .�%};�%-,<# 3 =>' L;:43 #�% 8 = 8 '@.GK\. 8 '@. 8 ,�H/.G, U ∈ I Cb0S3(8 H<,<#<) 0 ,�% 843 , 2 .G#k;�%-,<# 3 =>'o%(H7U3(6I6>3Rd H Lb� .G,
Ṽ = (V \U)∪ {w} C*de2 .G#/. w =>He% 8 . d . 6 .G;�. 8 , C % 8 '�'@.6N 8 .%mH<) � H&.G, 7 %-;k= 6IA Ĩ 3-7 Ṽ � A

Ĩ = {I | I ⊆ V \ U C ∃J ⊆ U C |J | = |U | − 1
C
I ∪ J ∈ I} ∪ {I ∪ {w} | I ⊆ V \ U C I ∪ U ∈ I}.

�^2 . 8�C
(Ṽ , Ĩ) =>Hh%x;�%-,<# 3 =>' C+de2 = 0/2 =>Hl#/. 7 .G#<#/.S'J, 3 %(He, 2 . 0  � A E=< A E P 4 � U L

> Q ��7?��9)%7')%@��#BABC �	D$D�� � H/.S. % 6 H 3 �	D � �¬�.-FEHG	2I�� � � 2 (Ṽ , Ĩ) � 4 � S 0I� S �J�� 4 ACB�K
�^2 =>H 3 K\.G#&%-,<= 3(8 0S3 #<#/.SH/K 3(8 '@H�, 3 H 2 #<= 8=L = 8 � 3NMa3 '@' � .G#<,/.�O�H/.G,/HJ= 8QP '*; 3(8 '@HSRe;�%-, 0/2 = 8 ��% 6 � 3NT

#<=I, 2 ; � � � % 8 ' M %-KUR Hm. � . 8;M % 0 , 3 #m% 6 � 3 #<=I, 2 ; ��V�,��pL
Kp8 , 2 .a= 8 '@.GK_. 8 '@. 8 ,x. � . 85M % 0 , 3 #m% 6 � 3 #<=I, 2 ; �	D$D��pC
d .x%-K@K 6IA H 2 #<= 8=L = 8 � 3NM

V (C)
, 3

M+ % 8 '
M− de2 . 8�d .mH 2 #<= 8=L % 8�3 '@' 0GA10G6 . C C = 8�3 #/'@.G#l, 3 '@.6N 8 .;�%-,<# 3 =>'@H 3(8 , 2 . � .G#<,/.�OJH&.G, 3NM , 2 .#/.SH/) 6 ,<= 8 ��'*=��B#&%-K 2�L

ô -XW -YW
p Z � %U#H� Q

� .G,
M = (V, I) � . %x;�%-,<# 3 =>'y% 8 ' 6 .G, p ∈ RV

+

L M %-#<,<=I,<= 3(8
V
= 8 , 3

V1, V2, . . . , Vk
H 3 , 2 %-,

Vi = {v | p(v) = πi}
M:3 #

i = 1, 2, . . . , k
C@de2 .G#/.

π1 > π2 > · · · > πk,
C � L � �

% 8 ' 6 .G,
Ui =

⋃i
j=1 Vj

MU3 #
i = 1, 2, . . . , k

L?[ .G#/. C '@.6N 8 .?%a;�%-,<# 3 =>'
Mp

C , 2 .
p
9 S�A E 4 � 4 � M

C � A

Mp = (M | V1)⊕ ((M/U1) | V2)⊕ · · · ⊕ ((M/Uk−2) | Vk−1)⊕ (M/Uk−1).

ô�1 A
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�^2 .x= 8 '@.GK_. 8 '@. 8 ,mH&.G, M %-;k= 6IADC , 2 . 0G6>3 H<)@#/. M ) 840 ,<= 3(8 % 8 '�% M ) 8 '4%-;�. 8 ,&% 6�0 =I# 0 )@=I, 3NM
Mp

%-#/.a'@. 843 ,/.S'
� A Ip C clp C

% 8 '
Cp(· | ·)

C #/.SH<K_. 0 ,<= � . 6IADL � 3 ,/.h, 2 %-,i% � %(H&. B 3NM
Mp

=>Hi% � %(H/. 3NM M ;�% O*=I;k=��S= 8 �
p(B)

L
�^2 . / �0S3(8 '*=I,<= 3(8 H C � L � � % 8 ' C � L��B��0 % 8 � .e#/.SH<,&%-,/.S'�= 8 ,/.G#<;�H 3NM M+

p

% 8 '
M−

p

C #/.SH/K\. 0 ,<= � . 6IADL� .G,

y(U) =





πi − πi+1 U = Ui
C
i = 1, . . . , k − 1

�
,

πk U = V,

0
3 , 2 .G# d =>H/.

.

C � L	D�,D�

�^2 . 8�C+d . 2 % � ., 2 . MU3(6I6>3Rd = 8 ��K@# 3 K 3 H<=I,<= 3(8�L

> Q ��7?��9)%7')%@��# 1 - O 4 �I�:E A E B 2 � 26E B 26E��2 > 26E � �"I  4 � M A E (G,M+,M−) ? A  G 4 � B 0I@G#�$

• A � ∂+M ∈ I+
p

�:E B p(v) = 0
� 4 � v ∈ V \ cl+p (∂+M) ? @G	26E C � L � � G 4 � B 01� 4 � y+ = y B 2 V E*2 B ���C � L	D�,D� ? �:E B

• A � ∂−M ∈ I−p �:E B p(v) = 0
� 4 � v ∈ V \ cl−p (∂−M) ? @G	26E C � L��B� G 4 � B 01� 4 � y− = y B 2 V E*2 B ���C � L	D�,D� K

� ��	����e� ����� � � �
�+�!� ��� �*���l�

� .G,
(Ĝ, c) �

.k% 8�3 '@' Tp0GA10G6 . T H A ;k;�.G,<#<= 0kd .G=�� 2 ,/.S'v'*=��B#&%-K 2�d =I, 2
Ĝ = (V̂ , Ê)

% 8 '
c ∈ RÊ

+

C % 8 ' 6 .G,
M̂+ = (V̂ , Î+)

% 8 '
M̂− = (V̂ , Î−) �

.?;�%-,<# 3 =>'@H L �^2 . 3 � V<. 0 ,<= � . 3NM , 2 =>H H&. 0 ,<= 3(8 =>H[, 3 K@#/.SH&. 8 ,?% 8
% 6 � 3 #<=I, 2 ; MU3 #$N 8 '*= 8 �k% 8 = 8 '@.GK_. 8 '@. 8 ,e. � . 8 M % 0 , 3 # M̂ = 8

(Ĝ, M̂+, M̂−)
;�% O*=I;k=��S= 8 �

c(M̂ )
L$K98�de2 %-,

MU3(6I6>3Rd H C
M̂+ C M̂− % 8 '

M̂
#/.GK@#/.SH/. 8 ,k, 2 . 3 � V<. 0 ,/Hk= 8 , 2 .�= 8 K@)@,�'*=��B#&%-K 2 Ĝ C�de2 = 6 . M+ C M− % 8 '

M
0S3 #<#/.SH<K 3(8 'v, 3 , 2 .�'*=��B#&%-K 2

G = (V,E)
= 8 K@# 350 .SH/H Cb3 � ,&%-= 8 .S' � A %-K@K 6IA = 8 ��, 2 .�K@# 310 .S'*)@#/.SH 3NM

H 2 #<= 8=L = 8 ��% 8 '�.�O1K+% 8 '*= 8 � 3NMb3 '@' 0GA10G6 .SHl#/.GK\.R%-,/.S' 6IADL
Kp8 , 2 .�% 6 � 3 #<=I, 2 ; C[d . 2 % � . M̂ ⊆ Ê

C
p+, p− ∈ RV̂

+

% 8 '
z ∈ RU

= 8�2 % 8 ' Lj] .�;�%-= 8 ,&%-= 8
, 2 %-,a, 2 . 0/2 %-#&% 0 ,/.G#<=>H<,<= 0 � . 0 , 3 # 3NM M̂ =>Ha% M .R%(H<= � 6 .wH 3(6 )@,<= 3(8 H M:3 # CUM`��C % 8 ' (p+, p−, z)

0S3 #<#/.SH<K 3(8 '@H
, 3 % M .R%(H<= � 6 .�H 3(6 )@,<= 3(8 (y+, y−, z)

MU3 # C:� ��C�de2 .G#/.
y+ % 8 '

y−
%-#/. 0S3(8 H<,<#<) 0 ,/.S' � A C � L	D�,D� M # 3 ; p+

% 8 '
p−
C #/.SH<K_. 0 ,<= � . 6IADL �^2 . � 3 % 6l3NM , 2 .�% 6 � 3 #<=I, 2 ; =>Hk, 3 % 0&2 =>. � . C � L��D���
C � L��D�GL � 3 ,/.J, 2 %-, c′(e) =

p+(∂+e) + p−(∂−e) +
∑

U∈U ,e∈E[U ] z(U)− c(e) L[ .G#/.F=>He%m'@.SH 0 #<=IK@,<= 3(8�3NM , 2 .[% 6 � 3 #<=I, 2 ; C#MU3(6I6>3Rd .S' � A '@.G,&%-= 6 .S'w.�O*K 3 H<=I,<= 3(8 H 3NM .R% 0/2 K@# 310 .S'*)@#/. L Kp8
de2 %-, M:3(6I6>3�d H C

vU
'@. 843 ,/.SHa%�K4H/.G)4' 3NT � .G#<,/.�Ou= 8 , 3�de2 = 0&2 U ⊆ V̂

=>H?H 2 #<) 8=L_L��^2 .
p+ T ;k= 843 # 3NM M̂+

% 8 '
p−
T ;k= 843 # 3NM

M̂− %-#/.�H/=I;kK 6IA '@. 843 ,/.S' � A M̂+
p = (V̂ , Î+

p )
% 8 '

M̂−
p = (V̂ , Î−p )

C #/.SH<K_. 0 ,<= � . 6IADL
 =I;k= 6 %-# 6IADC

M+
p = (V, I+

p )
% 8 '

M−
p = (V, I−p )

'@. 843 ,/.}, 2 .�;�%-,<# 3 =>'@H 3 � ,&%-= 8 .S' � A %-K@K 6IA = 8 �z, 2 .
K@# 310 .S'*)@#/.SH 3NM H 2 #<= 8=L = 8 � 3NMb0S3 #<#/.SH<K 3(8 '*= 8 � � .G#<,/.�O�H/) � H/.G,/He, 3 M̂+

p

% 8 '
M̂−

p

C #/.SH<K_. 0 ,<= � . 6IADL

�	� 
����� �������������

2 'R��7 +�-  .G,
G = Ĝ

C
M+ = M̂+ C M− = M̂− C M̂ = M = ∅ C p+(v) = max{c(e) | e ∈ δ+v} C

p−(v) = 0
% 8 '

z(U) = 0
L

ô21�1



������� � 
 � ���������	���
� ��� �

2 'R��7 W - / 3(8 H<,<#<) 0 ,F% 8 %-)�O*= 6 =t%-# A '*=��B#&%-K 2
G∗ = (V ∗, E∗;S+, S−)

%(H M:3(6I6>3�d H 0
V ∗ = V + ∪ V −, E∗ = E◦ ∪ M̄ ∪ J+ ∪ J−,de2 .G#/.
V + = {v+ | v ∈ V }, V − = {v− | v ∈ V },
E◦ = {u+v− | uv ∈ E \M C

c′(e) = 0}, M̄ = {v−u+ | uv ∈M},
J+ = {u+v+ | u ∈ ∂+M

C
v ∈ cl+p (∂+M) \ ∂+M

C
u ∈ C+

p (∂+M | v)},
J− = {u−v− | u ∈ cl−p (∂−M) \ ∂−M C

v ∈ ∂−M C
v ∈ C−p (∂−M | u)},

S+ = {u+ | u ∈ V \ cl+p (∂+M)
C
p+(u) > 0}

∪ {v+
U | U ∈ U

C
vU ∈ V \ cl+p (∂+M)

C
p+(u) > 0

MU3 #
u ∈ U \ ∂+M̂},

S− = {v− | v ∈ V \ cl−p (∂+M)}
∪ {u+ | u ∈ ∂+M

C
p+(u) = 0} ∪ {v+

U | U ∈ U
C
vU ∈ ∂+M

C ∃v ∈ U C p+(v) = 0}.
K�M
S+ = ∅ C , 2 . 8 .�O*K+% 8 '�. � .G# A K4H/.G)4' 3NT � .G#<,/.�O�% 8 ' 2 % 6 , L

2 'R��7 ô -n� .G,
R+ ⊆ V + % 8 '

R− ⊆ V − � .}, 2 .yH&.G,/H 3NM , 2 .y#/.R% 0/2 % � 6 . � .G#<,<= 0 .SH M # 3 ; S+ L K M
(R+ ∪R−) ∩ S− = ∅ C , 2 . 8 � 3 , 3  ,/.GK �1L

2 'R��7�� -n� .G,
P ∗ �

. %aK+%-, 2 M # 3 ;
S+ , 3

S−
d =I, 2 ;k= 8 =I;?)@; 8 )@; � .G# 3NM .S'��D.SH L�� .G, P ⊆ E � ., 2 .

.S'��D. H/.G,h= 8
G
de2 = 0/2y0S3 #<#/.SH<K 3(8 '@Hl, 3

P ∗ ∩ (E◦ ∪ M̄)
L K M

M4P ' 3 .SH 843 , 0S3(8 ,&%-= 8}3 '@' 0GA*0G6 .SH C , 2 . 8
%-K@K 6IA

Augment(M,P )
C .�O*K+% 8 '�. � .G# A K4H/.G)4' 3NT � .G#<,/.�O vU d =I, 2

z(U) = 0
C % 8 ' � 3 , 3  ,/.GK V*L

2 'R��7BA -�� .G,
C � .F% 8J3 '@' 0GA*0G6 . de2 = 0&2 =>Hi, 3 � .$H 2 #<) 8=L = M Shrink(M,P )

=>H^%-K@K 6 =>.S' L K�M , 2 .G#/.[.�O1=>H<,/H
v ∈ V (C)

H<) 0/2 , 2 %-,
v+ ∈ S− C , 2 . 8 %-K@K 6IA Modify(M,P )

C .�O*K+% 8 '�. � .G# A K4H/.G)4' 3NT � .G#<,/.�O vU d =I, 2
z(U) = 0

C % 8 ' � 3 , 3  ,/.GK V*L

2 'R��7 1 -�Z K@K 6IA
Shrink(M,P )

C % 8 'J, 2 . 8 � 3 , 3  ,/.GK V*L

2 'R��7���-�Z K@K 6IA	��
� �
�
����� � ��� C .�O*K+% 8 'z. � .G# A K4H/.G)4' 3NT � .G#<,/.�O vU H<) 0&2 , 2 %-,

z(U) = 0
C
v+
U 6∈ R+

% 8 '
v−U ∈ R−

C % 8 '�, 2 . 8 � 3 , 3  ,/.GK V*L

� ��� �.)$) ' +��������
Augment(M,P ) � Shrink(M,P )

' �1/
Modify(M,P )

� .G,
P ∗ �

.[%?H 243 #<,/.SH<,iK+%-, 2FM # 3 ;
S+ , 3

S−
Lb� .6N 8 .

P ⊆ E � A P = {uv | u+v− ∈ E◦ ∩P ∗} ∪ {uv |
v−u+ ∈ M̄ ∩ P ∗} % 8 ' 0S3(8 H<=>'@.G#x, 2 .�.S'��D.�H/.G, M ′ = M4P L�� � H&.G# � .�, 2 %-, |δ+v ∩M ′| ≤ 1

% 8 '
|δ−v∩M ′| ≤ 1

MU3 #!. � .G# A v ∈ V L{ZF6 H 3@C � A , 2 . 0G6 %(H/H<= 0 % 6 ;�%-,<# 3 =>'x= 8 ,/.G#/H/. 0 ,<= 3(8 %-# �B)@;�. 8 , C =I, 243(6 '@H{, 2 %-,
∂+M ′ ∈ I+

p

% 8 '
∂−M ′ ∈ I−p

L �^2 .G#/. M:3 #/. C
M ′

% 8 . d = 8 '@.GK_. 8 '@. 8 ,m. � . 8 M % 0 , 3 #[= M M ′ 0S3(8 ,&%-= 8 H 8433 '@' 0GA10G6 .SH C % 8 '}% 8 %(' � % 8 ,&%2�D. =>H^, 2 %-, |S+| '@. 0 #/.R%(H/.SH L �^2 =>HeK@# 350 .S'*)@#/. 3NMf3 � ,&%-= 8 = 8 � M ′ =>He#/. M .G#<#/.S', 3 %(H
Augment(M,P )

L
� 3Rd C H<)@K@K 3 H/.

M ′
0S3(8 ,&%-= 8 H 3 '@' 0GA*0G6 .SH L�� . 843 ,/.

P = {e1,m1, e2, . . . , el−1,ml−1, el}
Cide2 .G#/.

ei ∈ E \M
C
mi ∈M

% 8 'J, 2 .H<)*�!O@.SHe= 8 '*= 0 %-,/. , 2 . 3 #/'@.G# 3NM %-K@K_.R%-#&% 840 . = 8
P ∗
L1:43 #

i = 0, 1, . . . , l
C

'@.6N 8 .m%kH/) � H/.G, Pi 3NM P � A

Pi =





∅ i = 0,

{e1,m1, e2,m2, . . . , ei,mi} i = 1, . . . , l − 1,

P i = l,

ô�1 �



��� � ����������
 � ��� �����	���
�

% 8 ' 6 .G,
i∗ �

.x, 2 .x;k= 8 =I;m)@;|= 8 ,/."�D.G#
j
H<) 0&2 , 2 %-,

M4Pj
0S3(8 ,&%-= 8 H 3 '@' 0GA*0G6 .SH L � 3 ,/.a, 2 %-,

M4Pi∗0S3(8 ,&%-= 8 Hl%[) 8 = 35)4. 3 '@' 0GA*0G6 .
C
L �^2 . 3 K\.G#&%-,<= 3(8

Shrink(M,P )
0S3(8 H<=>H/,/H 3NM , 2 . MU3(6I6>3Rd = 8 �x, 2 #/.S.$H<,/.GK4H L

C % ��E K\'4%-,/.
M � A M := M4Pi∗−1

L
C � � / 3(8 ,<#&% 0 , V (C)

C , 2 %-,e=>H C )@K\'4%-,/.
G = (V,E)

% 8 '
M ⊆ E � A

V := (V \ V (C)) ∪ {w},
E := {uv | u, v ∈ V \ V (C)

C
uv ∈ E} ∪ {wv | v ∈ V \ V (C)

C ∃u ∈ V (C)
H<) 0&2 , 2 %-,

uv ∈ E}
∪ {uw | u ∈ V \ V (C)

C ∃v ∈ V (C)
H<) 0/2 , 2 %-,

uv ∈ E},
M := {uv | u, v ∈ V \ V (C)

C
uv ∈M} ∪ {wv | v ∈ V \ V (C)

C ∃u ∈ V (C)
H<) 0&2 , 2 %-,

uv ∈M}
∪ {uw | u ∈ V \ V (C)

C ∃v ∈ V (C)
H<) 0/2 , 2 %-,

uv ∈M}.
C:0���Z K@K 6IA , 2 . 3 K_.G#&%-,<= 3(8�3NM H 2 #<= 8=L = 8 � 3NM

V (C)
, 3

M+
p

% 8 '
M−

p

L
K M
v+ ∈ S− M:3 #`H 3 ;�. v ∈ V (C)

CO243Rd . � .G# C*d .h' 3m843 ,`.�O@. 0 )@,/. Shrink(M,P )
L�K98 H<,/.R%(' C % M ,/.G#  ,/.GK

C % ��C�d .k; 3 '*= M¬A , 2 .a.S'��D.SH 3NM
MC = M ∩ C L-6iA}3 '@' Tp0GA*0G6 . T H A ;k;�.G,<# A_C G∗ % 6 H 3�2 %(H C̄ C % 8 '�, 2 .G#/..�O*=>H<,/Ha% 8 .S'��D.wH/.G,

M ′C ⊆ C ∪ C̄ H<) 0&2 , 2 %-,
∂+M ′C = V (C) \ {v} % 8 ' ∂−M ′C = ∂−MC

L [ .G#/. C
d .�)@K_'4%-,/.

M � A (M \MC) ∪M ′C
L �^2 =>HK@# 350 .S'*)@#/.�=>H #/. M .G#<#/.S'�, 3 %(H

Modify(M,P )
L � 3 ,/.k, 2 %-,

Modify(M,P )
' 3 .SH 843 ,^= 840 #/.R%(H/. |M | C � )@,e'@. 0 #/.R%(H/.SH |S+| %(H d . 6I6 %(H Augment(M,P )

' 3 .SH L [ . 840 . C
= 8J0S3(8 � . 8 =>. 840 . d . 0 % 6I6 Augment(M,P )

% 8 '
Modify(M,P )

0S3(6I6 . 0 ,<= � . 6IA %(Hl% 8;��� PFS 2HE� �$ A 4 E+LbZF6 H 3@C
Augment(M,P )

C
Modify(M,P )

% 8 '
Shrink(M,P )

%-#/. 0S3(6I6 . 0 ,<= � . 6IA #/. M .G#<#/.S'w, 3 %(He% � � A7S � � I�G#�FE P 2GL: = 8 % 6I6IADC
6 .G, )4Hm;�% L .�% � #<=>. M #/.G;�%-# L�3(8 .�O*K+% 8 '*= 8 ��K4H/.G)4' 3NT � .G#<,<= 0 .SH L  )@K@K 3 H/.�, 2 %-,?%�K4H/.G)4' 3NT
� .G#<,/.�O�=>H`.�O1K+% 8 '@.S'�, 3 % � .G#<,/.�O�H/.G, U % 8 '�'@. 843 ,/.h, 2 . 0S3 #<#/.SH<K 3(8 '*= 8 � 3 '@' 0GA*0G6 . � A C L �^2 .lK@# 3 � 6 .G;=>Hi, 2 %-, de2 = 0/2J3NM |U | − 1

.S'��D.SH^= 8
E[U ]

%-#/.F= 8
M
L �^2 .SH/.F.S'��D.SH 0 % 8 � . 0&243 H/. 8�M # 3 ; C ∪ C̄ C H/.S. �	D$DG�

MU3 #h'@.G,&%-= 6 H ��L
�w�5��� Q 3 ��-�� � Shrink(M,P ) ? @G 2 A E A  A � � > 2��� 2 8 4 � P P 2�X0 4 �# 4 � S+ ? �:E B @G 2�E*2 J � � I���2 �$ 2 B � 0W2�� B 4 9> 2��� 2�8 w � 2�� 4 E P 0  4 S+ K EHG�� 0 ? A E I 4 E��� � 0�H 4 I�� � 0.0 A I � � J 2 A�P G# 2 BRS �JDI�G A E P �:E B S �$�� 4 AUB A E� 2��@0W2 I  A 4 E� � P 4 � A @G S 0 ? ∂+M̂ B 4 2.0�E 4  S �W8 AXSYAQZ 2 p+(∂+M̂)

� S 4 E P @G 2 A E B 2 � 2HE B 26E��032�X0 4 � 0 AQZ 2 |∂+M̂ | K�� 4:?
A E	0� 2 � B 4 ��<:2�2 � A E P ∂+M̂

 4 S �W8 A7SYA Z 2 p+(∂+M̂) ? J 2�<:2@2 � @G#�$ @G	2�� 2=2 8 A 0�X0 �:E A E B 2 � 26E B 26E� 032�
I ∈ Î+ S �W8 AXSYAQZ3A E P p+(I)

0�� I�GF@G#�$$I 4 E� � A E 0 ∂+M̂ ? A K 2 K ? ∂+M̂ ∈ Î+
p K

EHG A 0 A 0 � � 0 4 @G 2�� 2 �:0 4 E J G �J 2 G#� > 2 S− A E @G	2 V + 9D0 AUB 2 K
�&��% �.)$) '�� �
	������������������
Z����/310 =t%-,��S' d =I, 2

R+ % 8 '
R−

C '��6N 8 �
R̂+, R̂− ⊆ V̂ � A

R̂+ = {v ∈ V̂ | v+ ∈ R+ 3 #
v ∈ U MU3 # �/3 ; �[K � �G)4' 3NT � �G#<,���O vU �RL , L v+

U ∈ R+},
R̂− = {v ∈ V̂ | v− ∈ R− 3 # v ∈ U MU3 # �/3 ; �[K � �G)4' 3NT � �G#<,���O vU �RL , L v−U ∈ R−}.K98 ��
� �

�
� � � � � � C@d � )@K\'4%-,��, 2 �m'*)+% 6 � %-#<=t% � 6 � � � A

p+(v) :=

{
p+(v)− ε v ∈ R̂+,

p+(v)
3 , 2 �G# d = � �

,
p−(v) :=

{
p−(v) + ε v ∈ R̂−,
p−(v)

3 , 2 �G# d = � �
,

z(U) :=





z(U) + ε U ∈ U C v+
U ∈ R+ C v−U 6∈ R−,

z(U)− ε U ∈ U C v+
U 6∈ R+ C v−U ∈ R−,

z(U)
3 , 2 �G# d = � �

,

ô21"!
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 � ���������	���
� �����

de2 �G#��
ε = min{ε1, ε2, ε3, ε4, ε5}, ε1 = min{p+(v) | v ∈ R̂+},
ε2 = min{z(U) | U ∈ U C v+

U 6∈ R+ C v−U ∈ R−}, ε3 = min{c′(e) | e ∈ Ê C ∂+e ∈ R̂+ C ∂+e 6∈ R̂−},
ε4 = {p+(u)− p+(v) | u ∈ R̂+ C v 6∈ R̂+ C u ∈ C+(B̂+

p | v)},
ε5 = {p−(v)− p−(u) | u ∈ R̂− C v 6∈ R̂− C v ∈ C−(B̂−p | u)}.
[ �G#�� C

B̂+
p

= � % � % � � 3NM M̂+
p

0S3(8 ,&%-= 8 = 8 �
∂+M̂

C % 8 '
B̂−p

= � % � % � � 3NM M̂−
p

0S3(8 ,&%-= 8 = 8 �
∂−M̂

L�� � � �G# � �
, 2 %-, ��
� �

�
� � � � � � ;�%-= 8 ,&%-= 8�� , 2 %-,b, 2 �i'*)+% 6 � %-#<=t% � 6 � � %-#�� M �R% � = � 6 � MU3 # C:� � % 8 ' M = � % 8 = 8 '��GK � 8 '�� 8 ,

� � � 8 M % 0 , 3 #l= 8 (G,M+
p ,M

−
p )
L

� � � � � ' %�� + +0+
�^2 � MU3(6I6>3Rd = 8 ��K@# 3 K 3 � =I,<= 3(8�� %-#�� 843 ,h'*=®� 0 ) 6 ,l, 3 K@# 3 � � L
> Q ��7?��9)%7')%@��# ! -�EHG�� 4 � P G 4 �� �	� 
����� ����� ����� � ? C � L��D� ? C � L��B�I�FE B C � L��D� G 4 � B�K
> Q ��7?��9)%7')%@��#�� - EHG 2 � � 4 I@2 B �#��2.0 4 � Augment(M,P )

�:E B Modify(M,P )
����2���2.0 � 2�I  A > 2�� � 2 8 2 I �# 2 B�$ S 4 0� n  A7S 2.0 @G�� 4 � P G 4 �� �	� 
����� � ��� ������� K

> Q ��7?��9)%7')%@��# +�� -FEHG 2 � � 4 I@2 B �8��2 Shrink(M,P ) A 0R2 8 2 I��� 2 B O(n)
 A7S 2.0 � 2� J 2@26E ��� P:S 26E� �$ A 4 E	0 K

> Q ��7?��9)%7')%@��# +�+ -FEHG 2 � � 4 I@2 B �8��2 ��
� � � � ��� � � � A 0R2 8 2�I��# 2 B O(n)
 AXS 2.0 � 2� J 2�26E � � AXS � � I�G#�FE P 2.0 K

�^2 �^% � 3 � �iK@# 3 K 3 � =I,<= 3(8�� =I;kK 6IA , 2 %-, d � ��O�� 0 )@,�� O(n2)
,<=I; � �f3NM K@#<=I;�% 6@0/2 % 8 ��� � % 8 '

O(n3)
,<=I; � �

3NM ��
� �
�
����� � � � , 2 # 3 )�� 2 , 2 �y% 6 � 3 #<=I, 2 ; LXZ M ,��G#�%�K@#<=I;�% 6F0&2 % 8 ��� C^d ��#�� 0S3(8�� ,<#<) 0 ,�, 2 �}%-)�O1= 6 =t%-# A

�B#&%-K 2
G∗
C`de2 = 0/2X0 % 8 � �J' 3(8 �J= 8 O(n2γ)

,<=I; � �	D$DG�pL �F8 , 2 � 3 , 2 �G# 2 % 8 ' C % � = 8 � 6 �J=I,��G#&%-,<= 3(8q3NM
��
� �

�
� � � � � � % 8 'q, 2 � MU3(6I6>3Rd = 8 �v#�� 0S3(8�� ,<#<) 0 ,<= 3(8�3NM

G∗
,&% L � �

O(n2)
,<=I; � L �^2 �G#�� MU3 #�� C , 2 �}, 3 ,&% 6

0S3 ;kK 6 ��O*=I, A�3NM �	� 
����� ������������� = �
O(n4γ + n5)

L
	 � ��� Q �1� +=W - �	� 
����� � ��� ������� ��� E	0 A E O(n4γ + n5)

 AXS 2 K
ZF6 �/3@C � A M # 3 K 3 � =I,<= 3(8 � C , 2 � 0S3(8 '*=I,<= 3(8QC � L � �m243(6 ' �ade2 � 8 �	� 
����� � ��� ������� ,��G#<;k= 8 %-,�� �RC�de2 = 0&2
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