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Abstract

Efficient computability is an important property of solution concepts. We consider
the computational complexity of finding and verifying various solution concepts in trad-
ing networks—multi-sided matching markets with bilateral contracts and without trans-
ferable utility—under the assumption of full substitutability of agents’ preferences. It is
known that outcomes that satisfy trail stability always exist and can be found in linear
time. However, we show that the existence of stable outcomes—immune to deviations
by arbitrary sets of agents—is an NP-hard problem in trading networks. We also show
that even verifying whether a given outcome is stable is NP-hard in trading networks.
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1 Introduction

One of the most important features of the marriage market or the college admissions
problems is that (pairwise) stable outcomes can always be found efficiently using the cele-
brated Deferred Acceptance algorithm (Gale and Shapley, 1962). Efficient computability is
key for practical applications of the Deferred Acceptance algorithm and its variants (Roth,
1984, Abdulkadiroglu and Sénmez, 2003, Sonmez and Switzer, 2013, Hatfield and Kominers,
2014). Moreover, since in standard (one-to-one) marriage markets or (many-to-one) college
admissions problems (pairwise) stable outcomes coincide with the core, there is no obvious
need to select among various solution concepts.

However, in more complex, many-to-many matching markets there are many different,
yet economically natural and interpretable solution concepts (Blair, 1988, Sotomayor, 1999,
Echenique and Oviedo, 2006, Klaus and Walzl, 2009). For example, pairwise stable outcomes
do not coincide with the core (Blair, 1988). What makes a good solution concept? At the
very least, it should make falsifiable predictions. But in economics good solution concepts
often derive their appeal for normative reasons: they have sensible properties and make
intuitive sense in particular settings. Efficient computability can serve as one such desirable

property. As Papadimitriou (2007, pp. 29-30) argues:

The reason is simple: If an equilibrium concept is not efficiently computable,
much of its credibility as a prediction of the behavior of rational agents is lost
— after all, there is no clear reason why a group of agents cannot be simulated
by a machine. Efficient computability is an important modelling prerequisite for

solution concepts.

If agents cannot efficiently find certain deviations from an outcome in a matching market,
then a stability concept that is based on these deviations may be too strong. On the other
hand, if it is computationally hard to verify whether an outcome satisfying a particular
solution concept exists, then this limits the applicability of this solution concept for matching
market design. Finding a solution concept with attractive computational as well as economic
properties would allow trading networks to be deployed in a variety of empirical (Fox, 2017)

and practical applications (Morstyn et al., 2018).

Our model and its connections to previous work. In this paper, we consider the com-
putational complexity of various solution concepts in trading networks. A trading network is
a matching market in which heterogeneous agents (firms) can sign many contracts that spec-
ify the terms of the trade, quality of the product, price etc. with their suppliers (upstream)
and with their buyers (downstream). Following a seminal contribution by Ostrovsky (2008),



we assume that agents’ preferences are fully substitutable, that is, upstream and downstream
contracts are complements, but contracts on the same side are substitutes. Following Ostro-
vsky (2008), Westkamp (2010) and Hatfield and Kominers (2012), contracts in our model are
discrete and utility is not transferable.! However, the model is general enough to capture not
only wealth effects, but also distortionary frictions, such as sales taxes or bargaining costs
(see, for example, Fleiner, Jagadeesan, Janko, and Teytelboym (2019)).

We allow firms to enter into upstream or downstream contracts (or both) with any other
firm. Hence, we impose no restrictions on the structure of the trading network contrast to
models of supply chains (Ostrovsky, 2008, Westkamp, 2010, Hatfield and Kominers, 2012)
where no firm can be simultaneously upstream and downstream from another (that is, where
the trading network has an acyclic structure).

However, the generality of our setting comes at a price: in our model, stable outcomes,
i.e., those immune to arbitrary blocks by sets of firms, do not necessarily exist (Hatfield
and Kominers, 2012). The non-existence of stable outcomes in our model starkly contrasts
models of supply chains where stable outcomes always exist (Hatfield and Kominers, 2012),
as well as the models with continuous prices without frictions where stable outcomes not
only exist but also coincide with competitive equilibrium outcomes (Hatfield et al., 2013,
Candogan et al., 2016, Fleiner et al., 2019).

Our contribution. Following Fleiner, Jank6, Tamura, and Teytelboym (2016), we first
point out that outcomes satisfying trail stability, an extension of pairwise or chain stability
(Ostrovsky, 2008), always exist and can be found in linear time (in the number of contracts)
by an extension of the Deferred Acceptance algorithm (Theorem 1). Trail-stable outcomes
are immune to locally blocking trails (sequences of distinct contracts in which a buyer of one
contract is the seller in the next). In a locally blocking trail, agents simultaneously accept
pairs of upstream and downstream contracts along the trail, but there must also be agents
that “kick off” (and “complete”) the blocking trail by unilaterally offering (or “accepting”)
a single downstream (or a single upstream) contract. One can think of an agent in locally
blocking trail as a manager in a firm receiving a phone call with offer to buy inputs. The
manager keeps the offer on hold until she is able to find a new sale contract. If she is
successful, the locally blocking trail continues and if trail comes back to the firm, another
manager picks up the phone. Trail stability is an attractive solution concept in settings

where agents are myopic or have only partial commitment power.?

1Several papers have studied trading networks in a perfectly transferable (Hatfield et al., 2013, Candogan
et al., 2016) and imperfectly transferable utility settings (Fleiner, Jagadeesan, Janko, and Teytelboym, 2019).
Hatfield et al. (2020) offer the most general model that generalizes settings with and without transfers.

2In a setting with continuous prices and distortionary frictions, trail-stable outcomes essentially coincide
with competitive equilibrium outcomes (Fleiner, Jagadeesan, Janko, and Teytelboym, 2019).



Considering stable outcomes, we prove that deciding whether a stable outcome exists in
a trading network is NP-hard.In fact, we prove a stronger result by showing that deciding
if a stable outcome exists is NP-complete even in a flow network (Fleiner, 2014), which is a
special case of a trading network (Corollary 1).

To obtain these hardness results, we use a relaxed stability concept that we call path-
or-cycle stability and that can be derived from trail stability by relaxing the requirement of
locally blocking trails that agents can only make an upstream (downstream) offer following
the receipt of a downstream (upstream) offer. Thus we allow agents to offer an upstream
and a downstream contract simultaneously, forming blocking cycles. In this setting, path-or-
cycle-stable outcomes are immune to blocking sets in the form of paths (trails in which every
agent is distinct) or cycles. The key motivation for this concept is that in flow networks path-
or-cycle-stable outcomes coincide with stable outcomes (Theorem 3), because any blocking
set in a flow network can be decomposed into a set of blocking cycles and blocking paths.
This idea is analogous to a result by Hatfield et al. (2020) showing that in trading networks
blocking sets can be decomposed into certain ordered blocking sets (that they call chains)
under a monotonicity condition.

Path-or-cycle-stable outcomes do not always exist in trading networks. We show that
the decision problem of whether a path-or-cycle-stable outcome (or, equivalently, a stable
outcome) exists in a flow network is NP-complete (Theorem 2). Therefore, the ability to
minimally coordinate upstream and downstream contract offers renders the computational
problem for existence intractable. The proof gives a reduction to this problem from the
problem of partitioning a directed graph into two acyclic sets, which is known to be NP-
complete (Bokal et al., 2004). Our result superficially resembles the problems of determining
the existence of pairwise stable outcomes in two-sided hospital-resident markets with couples
(McDermid and Manlove, 2010), with sizes (Delacrétaz, 2019), or with multidimensional
constraints (Delacrétaz et al., 2016): in these models, as in ours, finding stable outcomes is
hard due to the presence of various constraints. However, as far we know, none of our results
has appeared elsewhere in the literature.

Finally, we show that even werifying that a particular outcome is not stable is NP-
complete (Theorem 4). The proof provides a reduction from the set partition problem,
which is known to be (weakly) NP-complete.

Our hardness results do not extend to more restricted models, such as the case of acyclic
trading networks, or to alternative models with continuous prices without frictions. Deter-

mining computability properties of solution concepts in such settings is an open question.

Organization. Section 2 introduces the full model of trading networks and the special case

of flow networks (2.3). In Section 3, we introduce trail stability (3.1), path-or-cycle stability



(3.2), and stability (3.3), and state the main results about the computational complexity
of finding outcomes that satisfy these solution concepts. Section 4 leaves an open question
concerning another solution concept—weak trail stability—introduced by Fleiner, Janko,
Tamura, and Teytelboym (2016).

2 Preliminaries

Our notation follows Fleiner, Janko, Tamura, and Teytelboym (2016).

2.1 Owur model

In a trading network, there is a finite set of agents (firms or consumers) F' and a finite
set of contracts X. A contract x € X is a bilateral agreement between a buyer b(z) € F' and
a seller s(z) € F. Hence, F(z) := {s(z),b(x)} is the set of firms associated with contract =
and, more generally, F'(Y') is the set of firms associated with contract set Y C X. Given a set
Y C X of contracts, call Y/ == {z € Y | b(z) = f} and YJ := {z € Y | s(x) = f} the sets of
f’s upstream and downstream contracts in Y — for which f is a buyer and a seller, respectively.
Clearly, Yg and YSf form a partition over the set of contracts Y/ := {y € Y | f € F(y)}
which involve f, since an agent cannot be a buyer and a seller in the same contract. A
firm f is a terminal seller if there are no upstream contracts for f in the network and f
is a terminal buyer if the network does not contain any downstream contracts for f. An
agent who is either a terminal buyer or a terminal seller is called a terminal agent. In an
acyclic trading network, no agent can simultaneously buy and sell from another agent, even
via intermediaries.

Every firm has a choice function C¥, such that Cf(Y/) C Y/ for any Y/ C X7/.> We say
that choice functions of f € F satisfy the irrelevance of rejected contracts (IRC) condition
if for any Y C X and C/(Y) C Z C Y we have that C/(Z) = C/(Y) (Blair, 1988, Alkan,
2002, Fleiner, 2003, Echenique, 2007, Aygiin and Sénmez, 2013).

For any Y C X and Z C X, define the chosen set of upstream contracts

CL(v|2) = cf(viuzl)nx) (2.1)

which is the set of contracts f chooses as a buyer when f has access to upstream contracts

Y and downstream contracts Z. Analogously, define the chosen set of downstream contracts

clz|y) =cf(zLuyl) nxi. (2.2)

3Since firms only care about their own contracts, we can write C7(Y) to mean Cf(Y/).



For brevity and by abuse of notation, we will also use C/(Y|Z) = (CL(Y|2)|CL(Z|Y)),
so C/(Y|Z) = (Y'|Z'") means that if f is offered upstream and downstream contracts Y
and Z, respectively, then Y’ and Z’ are those among them that f chooses (with Y/ C YV
and Z' C Z). We also define the rejected sets of contracts RL(Y|Z) := Y/ \ CL(Y|Z) and
RL(Z|Y) == Z'\ CL(Z|Y). An outcome A C X is a set of contracts.

An outcome A C X is individually rational for an agent f € F if C/(A7) = A/, We call
A acceptable if A is individually rational for all agents f € F'. For outcomes W, A C X, we
say that A is (W, f)-acceptable if AT C CH(WIUAT), i.e., if the agent f chooses all contracts
from set A/ whenever she is offered A alongside W. An outcome A is W -acceptable if A
is (W, f)-acceptable for all agents f € F. Note that outcome A is individually rational for
agent f if and only if it is (), f)-acceptable.

2.2 Assumptions on choice functions

We can now state our key assumption on choice functions introduced by Ostrovsky (2008).

Definition 1. The choice function of f € F is fully substitutable if for all Y’ CY C X and
Z'CZCXitis:

1. Same-side substitutable (SSS): 2. Cross-side complementary (CSC):
(a) RR(Y'|Z) C Ry(Y|2) (a) Rp(Y]Z) C RL(Y|Z')
(b) RY(Z'|Y) C RL(Z]Y) (b) RL(Z|Y) € R§(Z]Y")

Contracts are substitutable if every firm regards any of its upstream or any of its down-
stream contracts as substitutes, but its upstream and downstream contracts as complements.
Hence, rejected downstream (upstream) contracts continue to be rejected whenever the set
of offered downstream (upstream) contracts expands or whenever the set of offered upstream
(downstream) contracts shrinks.

Hatfield et al. (2012) showed that testing substitutability can be performed in polynomial
time if there is a preference relation over the contracts, but may require an exponential

number of queries if we have access only to the choice functions of the agents.

2.3 Special case: flow networks and flow-based choice functions

We first define flow-based choice functions. Flow-based choice functions work differently
for terminal and non-terminal agents. A terminal agent has a flow-based choice function if it
always accepts all offered contracts. However, a non-terminal agent has a flow-based choice

function if it accepts as many upstream and downstream contracts as it can (using a linear



preference ordering) subject to the constraint that the number of accepted upstream and

downstream contracts is the same.
Definition 2. C7 is flow-based if
e whenever f € F is a terminal agent, C/(Y/) =Y/ for any Y C X;

e whenever f € F' is not a terminal agent

— f has linear-order preferences =% over X} and linear-order preferences >§ over

Xg, and

— given access to upstream contracts Y C X l’; and downstream contracts Z C X g ,
a firm f with flow-based choice function will choose its k most preferred upstream
contracts from Y according to =% and k most preferred downstream contracts
from Z according to >4 where k := min{|Y],]Z|}.

Since non-terminal agents with flow-based choice functions always pick the same num-
ber of upstream and downstream contracts, their preferences satisfy the so-called Kirchhoff
equality.* It is immediate that flow-based choice functions defined in this way are fully
substitutable and satisfy the IRC condition.

A flow network is a trading network in which there are exactly two terminal agents (and

the remaining agents are non-terminal) and all choice functions are flow-based (Fleiner,
2014).5

2.4 Computational complexity

Computational complexity theory deals with assessing the intrinsic hardness of compu-
tational problems. Most often we deal with a decision problem () where for each input
instance I, expressed as a string, there is a correct answer: ‘yes’ or ‘no’; consequently we
talk about ‘yes’- and ‘no’-instances of ). To measure how hard or easy a certain compu-
tational problem is, we consider the resources, in terms of time and space, necessary for
an algorithm that answers the problem correctly. The running time of a given algorithm is
described by a function T'(n), denoting the maximum number of basic computational steps
that the algorithm may perform on any input instance of length n.

We consider an algorithm efficient, if its running time can be upper-bounded by a poly-

nomial of constant degree. Decision problems that can be solved by such an algorithm are

4Flow-based choice functions are a special case of “separable” choice functions (Fleiner, Janko, Tamura,
and Teytelboym, 2016).

5In fact, what follows is a simplification of Fleiner’s flow network model where all capacities have value 1
and flow values must be integral.



said to be in P, the class of polynomial-time solvable problems. The class NP contains de-
cision problem for which the answer ‘yes’ can be efficiently verified given some short proof.
More precisely, a decision problem () belongs to the class NP, if for each ‘yes’-instance I of
the problem, there exists a proof (or witness) w whose length is polynomial in |I| and that
can be used to verify in polynomial time that I is indeed a ‘yes’-instance. As an example,
the reader might think of the problem of deciding if a Stable Roommates instance with ties
admits a stable matching (the SRT problem): in case of a ‘yes’-instance and a witness for
this in the form of a stable matching, we can easily verify its correctness by checking all
possible blocking pairs.

Although for numerous problems in NP, such as the SRT problem above, no polynomial-
time algorithm is known to exist, we currently have no solid proof showing that some problem
@ € NP is not in P. Nevertheless, we can infer the hardness of () by using polynomial-time
reductions: a problem () can be polynomially reduced to @), if for each instance I’ of Q)" we
can compute in polynomial time an instance I of () such that I is a ‘yes’-instance of @) if
and only if I’ is a ‘yes’-instance of )’. A problem @ is NP-hard, if any problem in NP can
be reduced to Q; and we say that ) is NP-complete, if it is NP-hard and contained in NP.
The first problem ever shown to be NP-hard (by Cook (1971)) was SAT, the problem of
checking whether a formula in propositional logic is satisfiable. Exploiting the transitivity of
polynomial-time reductions, we can prove that a problem () is NP-hard by giving a reduction
from SAT or any other problem already known to be NP-hard.

For a more detailed introduction into the area of computational complexity, we refer the
reader to the monograph by Garey and Johnson (1979), the book by Cormen et al. (2009)
or Sections 1 and 2 of the survey by Roughgarden (2010) specifically written in the context

of economics.

3 Solution concepts and their computational complexity

3.1 Trail stability

In order to explain our first solution concept, we first define a trail.

Definition 3. A sequence (z1,...,x)) of M distinct contracts for some M € NV is a trail
if b(x,,) = $(@m41) holds for all m € {1,..., M — 1}.

Note that a firm may appear several times along the trail (as opposed to contracts,
which may appear at most once). Further note that a trail 7" is a sequence of contracts;

however, since all contracts of a trail are distinct, we may sometimes use T to refer to the



set of contracts contained in 7', whenever this does not cause any confusion. The following

solution concept was introduced by Fleiner, Janko, Tamura, and Teytelboym (2016).
Definition 4. An outcome A C X is trail-stable if

1. A is acceptable.
2. There is no trail T' = (x1, 2o, ..., zy) such that T € (X \ A)M and

(a) {z1} is (A, f1)-acceptable for f; = s(z1), and
(b) {m—1,Tm}is (A, f)-acceptable for f,, = b(xy,—1) = s(z,,,) whenever 1 < m < M

and
(¢) {za} is (A, fars1)-acceptable for furi1 = b(xpy).
Such a trail T is called a locally blocking trail to A.

Trail stability is a natural solution concept when firms interact mainly with their buyers
and suppliers and deviations by arbitrary sets of firms are difficult to arrange. In a trail-stable
outcome, no agent wants to drop his contracts and there exists no sequence of consecutive
bilateral contracts comprising a trail such that any intermediate agent who is offered a
downstream (upstream) contract along the trail wants to choose it alongside the subsequent
upstream (downstream) contract in the trail. Importantly, we require that the first (final)
agent wants to unilaterally offer (accept) the first (final) contract in the trail.® For trail
stability, we do not require that intermediate agents simultaneously accept all the contracts
along the locally blocking trail. Instead they are simply required to myopically accept pairs
of upstream and downstream contracts, one pair at a time, as they appear along the trail.
We strengthen this requirement in Section 4.

Fleiner, Jank6, Tamura, and Teytelboym (2016) proved that under full substitutability
trail-stable outcomes always exist in trading networks and, under certain conditions, have
a familiar lattice structure. Trail-stable outcomes may not be Pareto-efficient. In a vari-
ant of our model with continuous prices, Fleiner, Jagadeesan, Janko, and Teytelboym (2019)
showed that in the economy, trail-stable outcomes essentially coincide with competitive equi-
librium outcomes even if distortionary frictions, such as sales taxes are present.” Here we

focus on the computability of trail-stable outcomes.

Theorem 1 (Fleiner, Janké, Tamura, and Teytelboym, 2016). Suppose that in a trading
network choice functions are fully substitutable and satisfy the IRC condition. Then a

trail-stable outcome exists and can be found in time linear in the number of contracts.

6The trail and the order of conditional acceptances can, of course, be reversed with fy;,1 offering the
first upstream contract to seller fj; and so on.
"The First Fundamental Welfare Theorem can, of course, fail in the presence of distortionary frictions.



The proof of Theorem 1 follows immediately from the proof of existence of trail-stable
outcomes provided by Fleiner, Janko, Tamura, and Teytelboym (2016) and Adachi (2017).
Trail-stable outcomes are found by a generalized Gale-Shapley algorithm defined in Fleiner,
Janko, Tamura, and Teytelboym (2016). In the generalized Gale-Shapley algorithm, at least
one contract is rejected at each step and since the number of contracts is finite, the number
of steps required to find a trail-stable outcome is bounded by the number of contracts.

We remark that the running time of the algorithm in Theorem 1 is optimal in the sense
that the number of steps necessary for simply reading all contracts is linear in the number
of contracts. Whether or not our linear-time algorithm is practical depends on the total
number of contracts. In some cases the number of contracts can be rather large because, for

example, the same trade at two different discrete prices creates two different contracts.

3.2 Path-or-cycle stability

The definition of trail stability requires that there be initial and final agents that would
unconditionally offer or accept an upstream or a downstream contract while all the interme-
diaries only make a downstream (upstream) offer after receiving an upstream (downstream)
offer. Let us now relax this condition and allow agents to form blocking cycles: now every
agent can offer an upstream and a downstream contract simultaneously without having to
accept them individually. This is a mild strengthening of trail stability (whenever there is
at most one contract between agents) that treats all blocking agents as intermediate agents
in the blocking trail, and thus allows for a small amount of additional coordination among
blocking agents.

For the sake of further simplicity, let us only focus on paths, i.e., trails in which all agents

are distinct.

Definition 5. A sequence (z1,...,xy) of M contracts for some M € N7 is a path if
o b(z,;) = $(xye1) holds for all m € {1,..., M — 1}, and
e all firms s(x1), s(xa),...,s(zn), and b(zy) are distinct.

Now, a trail that returns to its origin agent and goes through each of its agents only once

is a cycle. More precisely:

Definition 6. A sequence (x1,...,x)) of M contracts is a cycle if
e b(x,,) = s(xpyy1) holds for all m € {1,..., M — 1},
e b(xp) = s(xy), and

10



e all firms s(xy), s(x2),...,s(xy) are distinct.
Definition 7. An outcome A C X is path-or-cycle-stable if
1. A is acceptable.

2. There is no path or cycle B such that B € (X \ A)™ and B is (A, f)-acceptable for
each f € F(B).
Such paths or cycles are called blocking paths and blocking cycles.

An interesting property of flow-based choice functions is that given an outcome A C X,
any cycle C' disjoint from A is a blocking cycle, as any firm which is offered a pair of additional
upstream and downstream contracts will accept them. We will use this property to prove

our second key result.

Theorem 2. It is NP-complete to decide if a flow network admits a path-or-cycle-stable

outcome.

Proof. The problem is in NP, since given an outcome A, we can check in linear time (with
respect to the number of contracts) whether it admits a blocking path or a cycle: we only
have to check that the contracts X \ A do not contain a cycle or a path starting with an
(A, -)-acceptable contract and ending with an (A, -)-acceptable contract; both these tasks
can be decided using, e.g., some variant of the depth-first search (DFS) algorithm on the
directed graph representing X \ A (see the book by Cormen et al. (2009) for more details on
the DFS algorithm).

To prove NP-hardness, we present a polynomial reduction from the following problem:
given a directed graph D, decide whether it is possible to partition the vertices of D into
two acyclic sets V; and V5. Here, a set U of vertices is acyclic, if there is no directed cycle
in D[U]. This problem was proved to be NP-complete by Bokal et al. (2004).

Given our input D = (V, E), we construct a set X of contracts and a set F' of firms
with flow-based choice functions (see Fig. 1 for an illustration). There will be at most one
upstream contract and at most one downstream contract between any two firms, so we will
denote a contract x with s(z) = f; and b(z) = fy as fife. First, we introduce a node
gadget D, for each v € V; the set of firms in D, is {s,,a,,a,,b,, b, t,} and the set of
contracts in Dy is {s,ay, Syby, ayal, b,bl, alt,, bit,}. Next, we add terminal firms s and ¢,
together with the contracts ss, and t,t for each v € V. Finally, we add the contract set
Z ={d,ay,bib, | uv € E} where recall that F is the set of edges of the input graph D.

Instead of describing the full preferences of each firm over its upstream and downstream

contracts, we only define a partial ordering (and assume that the preferences of each firm

11



Figure 1: Illustration of two node gadgets, D, and D,, and the two contracts in Z connecting
them; the figure assumes wv € E. The number on some contract x written next to some

firm indicates the rank of the contract = in the preference ordering of the given firm.

respect this partial order). Namely, for each v € V', we let s, prefer s,a, to s,b,, and we let
t, prefer bit, to alt,. In Fig. 1, we indicate the rankings of the contracts with numbers 1
(highest rank), 2 (second highest) etc. Additionally, we let any firm in {a,,a,, b,, b, } prefer
all contracts not in Z to contracts in Z.

We claim that there exists an outcome in X admitting neither blocking paths nor blocking
cycles if and only if the vertices of D can be partitioned into two acyclic sets.

“=". Let us suppose that there exists an outcome A C X that does not admit any
blocking paths or cycles.

We show that Z N A = (). To see this, first consider a contract a,a, € Z, and suppose for
contradiction that al,a, € A. Since a, has only one downstream contract a,a,, this means
that the contract s,a, cannot be contained in A (because of the Kirchhoff equality for a,).
Note also that s,a, is (A4, a,)-acceptable, because it is a contract preferred by a, to a,a,.
Consider the path P from s through s, to a,. Clearly, if neither contract on P is in A, then
it is a blocking path, otherwise the contract s,a, is (4, s,)-acceptable and hence a blocking
path itself, a contradiction. So suppose now v),b, € A. Arguing analogously as before, we can
prove that either the path from b, through ¢, to ¢, or simply the contract ¥ t, is blocking.
Thus we obtain that A cannot contain any contracts from Z, and only contains contracts
within node gadgets and contracts where the seller or the buyer is the terminal agent s or
the terminal agent ¢, respectively.

Therefore, we know that for each v € V, at most one of the contracts a,al and b,b
can be contained in A (since s, can choose at most one of its downstream contracts by the
Kirchhoff equality). Let Q@ = {v € V | a,al, ¢ A}, and let R = V' \ Q; clearly b,b ¢ A for
any v € R. It is not hard to see that both () and R are acyclic. Indeed, any cycle within
vertices of () in D corresponds to a cycle using only contracts of Z and the contracts a,a’,

v € @, and such a cycle cannot exists as it would block A. The same argument works to

12



show the acyclicity of R, proving the first direction of our reduction.
“< Assume now that (Q and R are two acyclic subsets of V' forming a partition. We
define an outcome A C X that contains the contracts ss,, s,by,, bybl, b.t,, and t,t for each

v € @, and similarly, the contracts ss,, s,a,, a,a,, a,t,, and t,t for each v € R. We claim

v
that there is no blocking path or cycle for A.

To see this, observe that by the Kirchhoff equality a contract that is (A, -)-acceptable in
itself for some firm (but is not contained in A) must be either s,a,, for some u € Q or b.t, for
some v € R. Since there is no path starting with a contract s,a, and ending with a contract
bit,, we know that no path can block A.

To show that A admits no blocking cycles, we simply use that blocking cycles must be
disjoint from A. Note that any cycle has to use at least one contract of Z, as node gadgets
are acyclic. We partition the contracts in Z into four sets as follows; recall that AN Z = (.
Let Zg r denote those contracts in Z that leave a node gadget D, with u € ) and arrive at
a node gadget D, with v € R; we define Zr g, Zg g, and Zg g analogously. To see that no
contract xy € Zg rU Zpg,q can be part of a blocking cycle for A, note that A contains either
the unique upstream contract of z or the unique downstream contract of y, by the definition
of A. In either case, any cycle that contains the contract xy must also contain a contract in
A, and hence cannot be a blocking cycle.

By the same reasoning, no contract b, b, for some u,v € @) can be contained in a blocking
cycle, since both the unique upstream contract of b, and the unique downstream contract
of b, are contained in A. Therefore, any contract of Zg g used by a blocking cycle must be
of the form a,a, for some u,v € (). Similarly, any contract of Zg i used by a blocking cycle
must be of the form ¥ b, for some u,v € R. By the structure of the network, this implies
that no cycle can use contracts both from Zy o and from Zrr. However, any blocking
cycle that uses only contracts in Zg o and contracts of the form a,al, with u € @ directly
corresponds to a cycle within D[Q]. Similarly, any blocking cycle using only contracts in
Zp g and contracts of the form b,b), with u € R yields a cycle within D[R]. Therefore, the
acyclicity of () and R ensures that A admits no blocking cycle, proving the correctness of

our reduction. ]

If we translate Theorem 2 into the language of stable flows introduced by Fleiner (2014),
we obtain that it is NP-complete to decide whether a completely stable flow exists in a given
network with preferences, where a flow is completely stable if it admits neither blocking
paths nor blocking cycles. In fact, our statement holds not only in the discrete case (as
implied directly by Theorem 2), but also in the continuous case where the flow can take real
values as well; adjusting the proof of Theorem 2 to this case is straightforward. Hence we

settle a conjecture posed by Fleiner (2014).
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3.3 Stability

We now relax the assumption that blocking sets must be paths or cycles and consider
general set blocks in trading networks (Hatfield et al., 2020) and flow networks (Fleiner,
2014).

Definition 8. An outcome A C X is stable if:

1. A is acceptable.

2. There exists no non-empty set of contracts Z C X, such that ZN A = () and Z is
(A, f)-acceptable for all f € F(Z); such sets are called blocking.

Stable outcomes are immune to deviations by arbitrary groups of firms, which can re-
contract freely among themselves while keeping any of their existing contracts. Stable out-
comes always exist in acyclic networks if choice functions are fully substitutable. However,
Fleiner (2014) and Hatfield and Kominers (2012) showed that stable outcomes may not exist

in general trading networks.

3.3.1 Stability in flow networks

We next prove that in flow networks path-or-cycle-stable outcomes coincide with stable

outcomes.
Theorem 3. In a flow network an outcome is path-or-cycle-stable if and only if it is stable.

Proof. Let X be a set of firms in a flow network. Using the definitions, it is immediate that
a stable outcome A is also path-or-cycle-stable, as a blocking path or cycle is naturally a
blocking set as well.

For the opposite direction, assume that A is a path-or-cycle-stable outcome. Towards
contradiction, let us also assume that B C X is a blocking set for A. Suppose first that B
contains a cycle Bo. Then B is disjoint from A because Bo C B C X \ A. Moreover, B¢ is
(A, f)-acceptable for any firm f: if f is a terminal then it accepts all contracts offered, and
if f is non-terminal then, by the Kirchhoff equality, it accepts B¢ alongside with A since Bé
is either empty or it contains an upstream and a downstream contract for f. Hence, B¢ is
a blocking cycle for A. This proves that B cannot contain any cycles. Let us now consider
a path P = (x1,...,x,) in B that is maximal (in the sense that no contracts can be added
to P to obtain a longer path). By the acyclicity of B, s := s(x1) must be a firm with no

upstream contracts in B, and ¢ := b(z,) must be a firm with no downstream contracts in B.
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Since B is blocking for A, we know that B is (A, s)-acceptable. Recall that s has a flow-
based choice function. Therefore either s is a terminal firm (always accepting every offered
contract), or s must obey the Kirchhoff inequality, and therefore can accept the downstream
contract x; € X¢ N B only if there is a less preferred downstream contract in A. Note that
this means that the contract x; is (A4, s(x1))-acceptable. Using the fact that B is (A,t)-
acceptable, we can argue analogously to show that the contract z, is (A, b(z,))-acceptable.
Finally, consider any intermediary firm f lying on path P; assume that f = b(z;) = s(x;11)
for some i € {1,...,p — 1}. Again, either f is terminal (and thus accepts all offers) or it
is non-terminal and obeys the Kirchhoff equality. In the latter case, the path P is (A, f)-
acceptable because it contains exactly one upstream contract and one downstream contract

for f, namely z; and z;,1. Hence we get that P is a blocking path for A, a contradiction. [

Theorems 2 and 3 imply that deciding whether a stable outcome exists in a flow network

is NP-complete.

Corollary 1. It is NP-complete to decide if a flow network admits a stable outcome.

3.3.2 Stability in trading networks

We finally turn to the existence of stable outcomes in trading networks. Hatfield et al.
(2020) showed that stability is closely related to a solution concept similar to trail stability.
They define a chain as a set of contracts that can be ordered in a way that it forms a trail.
Chain-stable outcomes are immune to blocks that form a chain in which every firm can
simultaneously offer and accept all its contracts in the chain. Hatfield et al. (2020) show
that, under additional conditions, stability is equivalent to chain stability. Chain stability
contrasts to our definition of trail stability, which requires that firms only need to accept
pairs of contracts along the trail, one pair at a time. Since a set of contracts that forms a
path or a cycle is a chain, path-or-cycle stability is weaker than chain stability. Indeed, it is
easy to see that in general trading networks path-or-cycle stability does not imply stability.
But since flow networks are a special case of the trading networks (because flow-based choice
functions are fully substitutable and satisfy the IRC condition), Corollary 1 implies that

deciding whether a stable outcome exists is NP-hard in our trading networks model.

Corollary 2. It is NP-hard to decide if the trading network admits a stable outcome, even

if choice functions satisfy full substitutability and IRC conditions.

In fact, dealing with stable outcomes is even trickier in trading networks. Our last result

demonstrates that even verifying whether an outcome is stable is computationally intractable
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in general trading networks.®

Let INSTABILITY be the following decision problem. An instance of INSTABILITY is a
trading network with a set X of contracts and a set F' of agents with choice functions that
satisfy the conditions of full substitutability and IRC, and an outcome A C X. The answer
for an instance of INSTABILITY is YES if the particular outcome A is not stable (that is, if

there is a set Z of contracts that blocks A), otherwise the answer is NO.

Theorem 4. The INSTABILITY problem is NP-complete” even in the special case where the
input consists of a trading network N and an outcome A in N such that either A is the only
stable outcome in N, or there exists no stable outcome in N. Moreover, if choice functions
are represented by oracles, then finding the right answer for an instance of INSTABILITY

might require an exponential number of oracle calls.

Proof of Theorem 4. We present separate proofs for the theorem’s two statements.

Proving the first statement. The INSTABILITY problem clearly belongs to the complexity
class NP, as we can verify in polynomial time that a given set Z of contracts is a blocking
set for an outcome A.

To show that INSTABILITY is NP-hard we reduce the NP-complete PARTITION prob-
lem to INSTABILITY. An instance of the PARTITION problem is given by a k-tuple II =
(ay,as,...,a;) of positive integers such that a; < ay < ... < a; holds. The answer to this
problem is YES if and only if there is a subset I of {1,2,...,k} such that ., a; = s where
2s = Zle a;.

Intuition. In what follows, we will define a trading network with five agents, where certain
contracts between two agents, f and g (see Figure 2 for an illustration), will correspond to
the integers in II in a bijective manner. The main idea is that f and g can simultaneously
engage in trade only if they are able to select, from all contracts corresponding to II, a subset
of contracts whose corresponding integers sum up to s, yielding a solution to II. Hence, the
ability of f and ¢ to trade with each other depends on the solvability of our PARTITION
instance II. To obtain a reduction to INSTABILITY, we define an outcome in which only
the remaining three vertices of the trading network participate and in which f and ¢ do
not trade; such an outcome is stable exactly if the PARTITION instance II is not solvable,
meaning that f and g are not able to trade.

Reduction. Given our instance II of PARTITION, we define an instance of INSTABILITY
as follows. First, we construct a trading network N which is based on an example by

8The proof of Theorem 2 shows that in flow networks verifying whether an outcome is stable can be done
in time linear in the number of contracts.
9 Equivalently, the problem of verifying the stability of a given outcome is co-NP-complete.
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Figure 2: Illustration of the trading network constructed in the proof of Theorem 4.

Fleiner (2014). The trading network N has agent set {f,g,h1,he, hs} and contract set
{x1,29,...,2k,y,2,01,02,v3}. The sellers and buyers of these contracts are as shown in
Figure 2. Let hy, ho, and hs have flow-based choice functions as defined for non-terminal

agents, with h; preferring z to v3. Next, we define the choice function C’é for f with the
help of s = %Zle a; by

@10) ity =90,
Y|X) if Y ={y}and > {a;:z; € X} <s,
YIX Nn{z1,z9,...,2}) if Y = {y} and ¢ is such that
YH{aitzie X i<ty <s<d{aj:z;e X,i<t+1}

Cl(v|x) =

for any X C {zy,...,2;} and Y C {y}.

One can readily check that C’é satisfies the IRC condition. To see that it is also fully
substitutable, first notice that f never rejects any upstream contracts, so it satisfies the
conditions of both SSS and CSC with f as a buyer (that is, conditions 1(a) and 2(a) in
Definition 1). To check the requirements for same-side substitutability with f taking the role
of a seller (that is, condition 1(b) in Definition 1), let us fix a set Y of upstream contracts. If
Y =), then f rejects all downstream contracts. Otherwise (that is, if Y = {y}), suppose that
f rejects some x; from a set X of offered downstream contracts. This means that there exists
an index t < j such that Y {a; : x; € X,i <t} <s <> {a;:x; € X,i <t+1}. But then,
for any superset X’ O X of downstream contracts offered to f, the same condition will hold
for some ¢’ <t < j, and thus x; will again be rejected. This proves same-side substitutability
with f being a seller. To verify that C’{; also satisfies cross-side complementarity with f as
a seller (that is, condition 2(b) in Definition 1), it suffices to observe that any downstream
contract rejected while Y = {y} is offered to f will get rejected again when Y’ = () is offered
to f. Hence, we get that C’é is fully substitutable.
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Next, define Cj} by

(X|W) if Y {a;:z; € X} >,

Cu(X|W) = { (X10) if > {a;i:r € X} <s

for any X C{zy,..., 2} and W C {y, z}.

It is straightforward to check that CY; satisfies the condition of IRC, so let us check
whether it is fully substitutable as well. First, since g always accepts all upstream contracts,
both SSS and CSC clearly hold for g as a buyer. To check SSS as a seller for g, let us consider
a fixed set X of upstream contracts offered for g. Then g either accepts all downstream
contracts (in case X is such that > {a; : x; € X} > s) or it rejects every downstream
contract (otherwise); in either case, the set of contracts rejected by g as a seller satisfies the
conditions of SSS. To check cross-side complementarity as a seller for g, note that if g rejects
a set W C {y, z} of contracts, then it must be the case that  {a; : ; € X} < s for the
offered set X of upstream contracts. But then g will reject W for any subset X’ C X too,
so CSC holds as well. Hence, Cf; is fully substitutable.

Note that for any set of downstream contracts accepted by f, the corresponding set of
integers in Il sum up to at most s; by contrast, agent g accepts a nonempty set of downstream
contracts only if it receives a set of upstream contracts for which the corresponding set of
integers in II sum up to at least s. This will result in the key property of this trading
network to ‘“recognize” whether there is a set of elements in Il summing up to ezactly s.
Such recognition will be manifested here by the stability or instability of a certain outcome.

So far, based on our instance II of PARTITION, we have determined a trading network N.

To finish the construction of our INSTABILITY instance, we set an outcome A = {vy, v, v3}.

Correctness of the reduction. We have to show that the answer to our instance of the
PARTITION problem is YES if and only if A is not stable, and furthermore, that N and A

satisfy the conditions claimed in the theorem. To this end, we first prove the following claim.

Claim 5. If Z C {zy,25...,2x,y, 2} is a set of contracts acceptable for f and g, then either
Z=0or>{a;:z €2} =s.

Proof of Claim 5. Define I = {i : x; € Z} and X; := {x; : x; € Z}. Since Z is acceptable for
f and g, we have C{(Z N {y}|X;) = (ZN{y}| X)) and CY(X;|ZN{y, z}) = (X1|ZN{y, 2}).
If ZN{y,z} =0, then (ZN{y}|X;) = CL(ZN{y}|X;) = CL(0|X;) = (0,0) implies X; = 0,
which yields Z = 0. If ZN{y,z} # 0, then (X;|Z N{y,z}) = CL(X;|Z N {y,=}) # (X1|0)
which implies ), ., a; > 5. As a consequence, X; # ). Using this, we get CHZn{y}| X)) =
(Z " {y}|Xr) # (0|0) which implies )., a; < s. Consequently ) ., a; = s. O
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Assume now that the answer to our instance II of PARTITION is YES, that is, ) .,
for some I C {1,2,...,k}. Define X; := {z; : i € I} and W = {y,z}. By definition,
CEUWYXD) = ({yYX)), CUX W) = (X;|W), and since hy prefers z to vs, hy chooses
{z,v1} from AU W. Hence X; U W blocks A, so A is not stable.

For the other direction, assume now that A is not stable. This means that there is a
blocking set Z for A. Clearly, Z must be acceptable for f and g (because A = A9 = ().
Moreover, since AN Z = (), we know that Z C {xy,xs,..., 2k, vy, 2}. Hence, Claim 5 implies
that Y {a; : 2; € Z} = s, and the answer to the PARTITION problem is YES.

a; =S

It remains to show that either there exists no stable outcome in N, or A is the unique
stable outcome in N. Let S be any stable outcome in N. Now, if SN {xy,zo,...,2k,y,2} =
(), then since each agent in {hy, hs, h3} must choose the same number of upstream and
downstream contracts, we know that either S = (), or S = A. It is easy to see that A
blocks the empty outcome, so only S = A is possible in this case. Suppose now zg :=
Sn{xy,za,...,x,y,2} # (. Using again that agents hy, hy and hz have flow-based choice
functions as defined for non-terminal vertices, we get that z ¢ S. On the one hand, if
A C S, then {z} blocks S: hy prefers z to v3 € A, and by applying Claim 5 to Zg we know
Y {a; : z; € S} = s which implies z € CJ(S U{z}). On the other hand, if A Z S, then
S must be disjoint from A by the flow-based choice functions of agents hy, he and hz. But
then A blocks S, proving that A is indeed the only outcome that can be stable.

Proving the second statement. To prove the second part of the theorem, define a trading
network with agents f and g and with contracts y and z; such that f = b(y) = s(z;) and
g = s(y) = b(z;) for 1 <i < 2n. Define the following choice function for f:

@0y Y =0,
CHY|X) = (Y|X) ifY ={y}and |X| < n, (3.1)
YIX n{x1,29,...,2¢}) UY ={y}and |[{z; € X :i <t} =n.

As Cf = C{I for II = (1,1,...,1), C/ satisfies the conditions of full substitutability and IRC.

Next, define the following choice function

g _ ) (XY) if | X]>n+1,
00(X|Y>—{ (x|0) if X < n. (3.2)

For any I C {1,2,...,2n} with |I| = n, define X :={z; : 7 € I} and let

X|Y) if | X|>n+1orif X =X,
clxpyy =14 ¢ ’
r(XJY) { (X|0) if | X|<nand X # X;.
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It is straightforward to check that choice functions Cf and C7 above are also fully substi-
tutable and satisfy the condition of IRC.

Now assume that an instance of INSTABILITY is given by the above network and an
outcome A = (). Assume that the choice functions are not given explicitly, but by value-
returning oracles. Moreover, we know exactly that the choice function of f is the one defined
in (3.1) and we know that the choice function of g is either C§ or CY for some I. It is easy
to check that A is not stable if and only if C9 = C7 for some I, and in this case the only
blocking set is Z = X;U{y}. So if one has to decide stability of A, then one must determine
the C9(Z) values for all such possible Z, and this means (2:) oracle calls. O

Let us stress that in the INSTABILITY problem we assume that every choice function
is fully substitutable. This assumption allows us to concentrate on the computational in-
tractability of the INSTABILITY problem itself since we do not have to take into account the
time necessary to recognize whether agents have fully substitutable choice functions. There-
fore, the second statement of Theorem 4 is unrelated to an important result by Hatfield et al.
(2012) which shows that any algorithm that can decide if some agent f has a substitutable
choice function Cf must perform an expected number of oracle calls accessing C7 that is
exponential in the number of contracts. Analogously, the statement of Corollary 2 is also

unrelated to testing substitutability of choice functions.

4 Open question

Fleiner, Janko, Tamura, and Teytelboym (2016) introduce another solution concept,
called weak trail stability. Let us consider a trail T" = {zy,...,2p} whose elements are
arranged in a sequence (1, ..., xyr) and define Tém = {z1,...,7, }NT7 to be firm f’s contracts
out of the first m contracts in the trail and Tgm = {Zm, ..., xar }NT7 to be firm f’s contracts
out of the last M —m + 1 contracts in the trail (where m € {1,..., M}).

Definition 9. An outcome A C X is weakly trail-stable if
1. A is acceptable.
2. There is no trail T = {x1,xs,..., x5}, such that TN A = () and

(a) {z1} is (A, f1)-acceptable for f; = s(x;) and
(b) At least one of the following two options holds:
i Tg’ﬁb is (A, fi)-acceptable for f,, = b(x;,—1) = s(x,,) whenever 1 < m < M,

or
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ii. Tg’;‘%l is (A, fm)-acceptable for f,, = b(zm-1) = s(zp,) whenever 1 <m < M

(¢) {zn}is (A, fari1)-acceptable for furi1 = b(xpy).
The above trail T is called a sequentially blocking trail to A.

Like trail stability, weak trail stability also has an intuitive economic interpretation. But
note that as the sequentially blocking trail grows, we ensure that each intermediate agent
wants to choose all his contracts along the sequentially blocking trail. We did not impose
this requirement for trail stability. As Fleiner, Jank6, Tamura, and Teytelboym (2016)
argue weak trail stability might be a good solution concept in markets where contracts are
not executed quickly. Fleiner, Janko, Tamura, and Teytelboym (2016) also show that weak
trail stability is a weaker solution concept than trail stability in trading networks under full
substitutability (though not in general). However, unlike trail-stable outcomes, the set of
weakly trail-stable outcomes does not appear to have a structure that allows for efficient

computability.

Conjecture 1. Suppose that in a trading network choice functions satisfy the conditions of
full substitutability and IRC. Then it is NP-complete to decide whether there exists a weakly

trail-stable outcome that is not trail-stable.
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