Bin packing with fixed number of bins revisited
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Abstract

As BIN PACKING is NP-hard already for & = 2 bins, it is unlikely to be solvable in polynomial time
even if the number of bins is a fixed constant. However, if the sizes of the items are polynomially
bounded integers, then the problem can be solved in time n©®) for an input of length n by dynamic
programming. We show, by proving the W[1]-hardness of UNARY BIN PACKING (where the sizes are
given in unary encoding), that this running time cannot be improved to f(k) -2 for any function
f(E) (under standard complexity assumptions). On the other hand, we provide an algorithm for
BIN PACKING that obtains in time 20(*log” k) | O(n) a solution with additive error at most 1, i.e.,
either finds a packing into k + 1 bins or decides that k bins do not suffice.

Keywords: Bin Packing, parameterized complexity, additive approximation, W[1]-hardness

1. Introduction

The aim of this paper is to clarify the exact complexity of BIN PACKING for a small fixed number
of bins. An instance of BIN PACKING consists of a set of rational item sizes, the task is to partition
the items into a minimum number of bins with capacity 1. Equivalently, we can define the problem
such that the sizes are integers and the input contains an integer B, the capacity of the bins.

Complexity investigations usually distinguish two versions of BIN PACKING. In the general
version, the item sizes are arbitrary integers encoded in binary, thus they can be exponentially
large in the size n of the input. In the wnary version of the problem, the sizes are bounded by
a polynomial of the input size; formally, this version requires that the sizes are given in unary
encoding.
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In the general (not unary) case, a reduction from PARTITION shows that BIN PACKING is
NP-hard [8]. Thus it is hard to decide whether a given set of items can be packed into exactly
two bins. Apart from NP-hardness, this has a number of other known implications. First of all,
unless P = NP, it is impossible to achieve a better polynomial-time approximation ratio than 3/2,
matching the best known algorithm [20].

In contrast, however, there are much better approximation results when the optimum number
of bins is larger [7, 14]. Fernandez de la Vega and Lueker [7] found an asymptotic polynomial-
time approximation scheme (APTAS) for BIN PACKING with ratio (1 +¢)OPT(I)+ 1 and running
time O(n) + f(1/¢€) (if the items are sorted). To bound the function f, one has to consider the
integer linear program (ILP) used implicitly in [7]. This ILP has 20(1/¢1°e(1/€)) variables and
length 20(1/€log(1/€)) og . Using the algorithm by Lenstra [15] or Kannan [13], this ILP can be
solved within time 220(1/610g(1/6))0(log n) < 920 (/elos /)y O(log?n). Thus, the algorithm of [7]
can be implemented such that the additive term f(1/¢) in the running time is double exponential
in 1/e. Setting € = m, this algorithm computes a packing into at most OPT(I) + 1 bins in

time O(Tl) 4 22()PT(I) log(OPT(I))
Using ideas in [5, 12], the algorithm of Fernandez de la Vega and Lueker can be improved to run
in time O(n) + 201/ 108(1/€)  Setting again € =

that runs in O(n) 4 20(OPT(1)*log(OPT()) time,

Karmarkar and Karp [14] gave an asymptotic fully polynomial-time approximation scheme
(AFPTAS) that packs the items into (1 + €)OPT(I) + O(1/€?) bins. The AFPTAS runs in time
polynomial in n and 1/e, but has a larger additive term O(1/€?). Plotkin, Shmoys and Tardos [17]
achieved a running time of O(n log(1/€)+¢~%)log®(1/¢)) and a smaller additive term O(1/elog(1/€)).

BIN PACKING remains NP-hard in the unary case as well [8]. However, for every fixed k, UNARY
BIN PACKING with k bins can be solved in polynomial time: a standard dynamic programming
approach gives an n®*) time algorithm. Although the running time of this algorithm is polynomial
for every fixed value of k, it is practically useless even for, say, k = 10, as an n'? time algorithm
is usually not considered efficient. Our first result is an algorithm with significantly better running
time that approximates the optimum within an additive constant of 1:

m, we obtain an additive 1-approximation

Theorem 1. There is an algorithm for BIN PACKING which computes for each instance I of
length n a packing into at most OPT(I) 4+ 1 bins in time

90(OPT(I) log? OPT(I)) + O(n)

Note that the algorithm works not only for the unary version, but also for the general BIN PACKING
as well, where the item sizes can be exponentially large.

It is an obvious question whether the algorithm of Theorem 1 can be improved to an exact
algorithm with a similar running time. As the general version of BIN PACKING is NP-hard for £ = 2,
the question makes sense only for the unary version of the problem. By proving that UNARY BIN
PACKING is W[1]-hard parameterized by the number k of bins, we show that there is no exact
algorithm with running time f(k)-n©®") for any function f(k) (assuming the standard complexity
hypothesis FPT # W][1]).

Theorem 2. UNARY BIN PACKING is W[1]-hard, parameterized by the number of bins.

Thus no significant improvement over the n®*) dynamic programming algorithm is possible for
UNARY BIN PACKING.
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Figure 1: The original and the rounded instances for the interval (2’<T+1)7 277

Furthermore, we also prove that assuming the Exponential Time Hypothesis (saying that 3SAT
over n variables cannot be solved in 2°(™) time) no algorithm can solve UNARY BIN PACKING in
f(k)nok/108k) time for any function f.

2. Additive 1-approximation for Bin Packing in FPT time

This section deals with the following version of BIN PACKING: given an integer k and a set I of
items with rational item sizes (encoded in binary), and the task is to pack the items into k£ bins of
capacity 1. We prove Theorem 1 by describing an algorithm for this problem which uses at most
k + 1 bins for each I, provided that OPT(I) = k, where OPT(I) is the minimum number of bins
needed for 1.

Our algorithm computes a packing into k or k + 1 bins. We suppose k > 2; otherwise we pack
all items into a single bin. We divide the instance I into three groups:

1 1
DNarge = {a € I |size(a) > 233} ,

log (k)
11 1 1
Im ium — I|—— S 5 S a5 ’
ed {a erl] ok size(a) 5 log(k)}

11
Tsman = €I |si < ==0,
I {a | size(a) ; k}

where x,y are positive constants specified later. In the first phase of our algorithm we consider the
large items. Since each bin has at most |2z log(k) | large items and OPT(I) = k, the total number of
large items in I is at most k|2xlog(k)|. Suppose that liaree = {a1,...,a¢} where £ < k[2xlog(k)].
We can assign large items to bins via a mapping f : {1,...,¢} — {1,...,k}. A mapping f is feasible
if and only if Zi‘f(i):j size(a;) < 1 for all j = 1,...,k. The total number of feasible mappings or
assignments of large items to bins is at most kF[2zles(k)] — ZO(klogz(k)), since x is constant. Each
feasible mapping f generates a pre-assignment preass(b;) € [0,1] for the bins b; € {b,...,bx};
Le. preass(b;) = 3, r()—;size(a;) < 1. Notice that at least one of the 20(k 108> (k) mappings
corresponds to a packing of the large items in an optimum solution.

In the second phase we use a geometric rounding for the medium items. This method was
introduced by Karmarkar and Karp [14] for the BIN PACKING problem. Let I, be the set of



all items from Iegium Whose sizes lie in (271 277 We let r(0) be the integer for which
ﬁ@ € (1/2rO+1 1/270)]. Similarly, we let r(1) be the index with ok € (2= r(M)+1) 2=r(1)],
Then, the number of indices r € {r(0),...,7(1)} is equal to the number of intervals (2-("+1 2-"]
which may contain a medium item. (See Fig. 1(a) for an example I, where we have divided the
set I, into groups of size (#gr(k)]) Note that the definitions of 7(0) and (1) imply the following

bounds:

1 1
o < Zlog(k)’ (1)
r(1) < [log(yk)]. (2)
For each r € {r(0),...,7(1)} let J, and J;. be the instances obtained by applying linear grouping
with group size g = [#g(k)] to I,.. To do this we divide each instance I,. into groups Gy,1,Gr.2, ..., Grgq,

such that G, contains the g largest items in I, G, 2 contains the next g largest items and so on
(see Fig. 1(a)). Each group of items is rounded up to the largest size within the group (see also
Fig. 1(b)). Let G7.; be the multi-set of items obtained by rounding the size of each item in G, ;.
Then, J. = ;5 G}.; and J. = G, ;.

Furthermore, let J = |JJ,. and J' = |JJ.. Then, J,. < I, < J. U J. where < is the partial
order on BIN PACKING instances with the interpretation that I, < Ig if there exists a one-to-one
function h : Iy — Ip such that size(a) < size(h(a)) for all items a € I4. Furthermore, J!. consists of
one group of items with the largest medium items in (2~("+1,2-7]. The cardinality of each group
(with exception of maybe the smallest group in I,.) is equal to [#gr(kﬂ

Lemma 1. For k > 2 and x > 4, we have size(J') < ioifgy(lz))

ProoF. Each non-empty set J,. contains at most f#gr(kﬂ items each of size at most 1/2". Hence

2" 1 1 1
size( ;) < (xlog(k;) + 1) > = zloglh) T2
This implies that the total size of J' is
- TZ(U - TZ(” 1 1
el = r=r(0) reldn) = r=r(0) (131(%(]5) * 27') :

The bound (1) for k > 2 yields 279 > zlog(k) > x, or equivalently, r(0) > log(z log(k)) > log(z).
For z > 4 we obtain 7(0) > 3. Using also the upper bound (2) on r(1), we have that

(1) —r(0)+1<r(l) —2 < |log(yk)| — 2. (3)

Now, by (1) and Z:(er),(o) 1/27 <1/270~1 we get

r(1)
size(J') < ([log(yk)] —2) ;(k) + Z o
(0)

xlo — 2r
< log(yk) — 2 1 < log(yk) — 2 2 < log(yk)
xlog(k) 2r(0)-1 = zlog(k) zlog(k) — xlog(k)’
This completes the proof. O



The lemma above implies OPT(J') =1 for > 4, k > 2 and log(y) < (x — 1), since these items
have total size at most 1. A possible choice is z =4 and y < 8.

By Ul o) 7r < Tmedium < UL ) (Jr UJ)) and J' = /W) 7 with OPT(J) = 1, we obtain:

Lemma 2.

r(1)
OPT([large ) U Jr ) Ismall) < OPT(Ilarge U Imedium U Ismall)
r=r(0)
r(1)
OPT(Ilarge U Imedium ) Ismall) S OPT(Ilarge U U Jr U Ismall) + 1.
r=r(0)

Lemma 3. There are O(klog(k)) different rounded sizes for medium items for x > 4 and k > 2.

PROOF. Let n(I.) be the number of medium items in I, and let m(l,) be the number of groups
(or rounded sizes) generated by the linear grouping for I,.. Then,

sae(1;) > () = g (1) - 0| 2 5]).

2"

z log(k)

Notice that one group may have less than | ] items. This implies that

7+1 .
m(1,) -1 < 2 3ellr) S;Ze(m
lrxlog(k)—‘
Using [a] > a for a > 0, we get
m(I) < 2z log(k)size(I,) + 1.

For z > 4 and k > 2, the bound (3) implies (1) — (0) + 1 < log(yk), which gives us that the total
number of rounded medium sizes is

(1) r(1) (1)
Z m(I,.) < Z (2z log(k)size(l,) + 1) < 2z log(k) Z size(I,.) + log(yk).

r=r(0) r=r(0) r=r(0)

Since all medium items fit into &k bins and x,y are constants, size(Inedium) = Z:(:lg(o) size(I,) < k
and
r(1)
Z m(I,) < 2zklog(k) +log(yk) = O(klog(k)).
r=r(0)

This completes the proof. g

Now we describe the third phase of our algorithm. The rounded medium item sizes lie in

the interval [yi,€7 m] and there are R = O(klog(k)) many different rounded item sizes. For

each j = 1,..., R let k; be the number of items for each rounded item size x;. Since z; > yik
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Figure 2: The dynamic program for rounded medium items J = U, J,

and OPT(I) = k, the number k; < k/x; < k?y for each item size z;. To describe a packing for one
bin b we use a mapping p : {1,..., R} — {0,...,yk} where p(j) gives the number of items of size xz;
in b. A mapping p is feasible if and only if 3, p(j)z; + preass(b) < 1, where preass(b) is the total
size of large items assigned to b in the first phase of the algorithm. The total number of feasible
mappings for one bin is at most (yk + 1)0(’“0%(’“)) = 20(klog”(K)) - Using a dynamic program we go
over the bins from by up to by. For each A =1,...,k, we compute a set Vy of vectors (ay,...,aR)
where a; gives the number of items of size x; used for the bins by,...,ba (see also Fig. 2). The
cardinality of each set V4 is at most (k2%y + 1)O(klog(k)) = 20(klog?(k)) | The update step from one
bin to the next (computing the next set Va41) can be implemented in time

9O(klog? (k) . 9O(klog?(k)) -poly(k) < 9O(klog?(k))

If there is a solution for our BIN PACKING instance I into k bins, then the set V, contains the
r(1) J

r=r(0) 7"
Notice that the other set U;(:lz(o) JJ. will be placed into the additional bin by1. We can also compute
a packing of the medium items into the bins as follows. First, we compute all vector sets V4
for A=1,... k. If for two vectors a = (a1,...,ax) € Va and o’ = (a},...,a},) € Vat1 the medium
items given by the difference a’ — a and the preassigned large items fit into bin bay1, we store the
corresponding pair (a,a’) in a set Sa4+1. By using a directed acyclic graph D = (V| E) with vertex
set V={[a,Alla € Va,A=1,...,k} and E = {([a, 4], [a', A+ 1))|(a,a’) € Sat1,A=1,...,k—1},
we may compute a feasible packing of large and medium rounded items into the bins by, ..., b.
This can be done via depth first search starting with the vector (nq,...,ng) € Vj that corresponds
to the number of rounded medium item sizes. The algorithm to compute the directed acyclic graph
and the backtracking algorithm can be implemented in time

vector (ny,...,ng) that corresponds to the number of rounded medium item sizes in | J

9O(k log? (k).

In the last phase of our algorithm we add the small items via a greedy algorithm to the bins.
Consider a process which starts with a given packing of the original large and medium items into
the bins by, ...,bk11. We insert the small items of size at most yik with the greedy algorithm Next
Fit (NF) into the bins b1, ..., bg+1. The correctness of this step is proved in the next lemma. Notice
that NF can be implemented in linear time with O(n) operations.

Lemma 4. IfOPT(I) =k, k > 2, and y > 2, then our algorithm packs all items into at most k+1
bins.



PROOF. Assume by contradiction that we use more than k + 1 bins for the small items. In this

case, the total size of the items packed into the bins is more than (k + 1)(1 — yik) =k+1- %
Note that k;kl < % < 1byy >2and k > 2. Thus, the total size of the items is larger than k,
yielding OPT(I) > k. O

The algorithm for BIN PACKING for OPT(I) = k works as follows:
(1) Set x =4, y =2 and divide the instance I into three groups liarge, Imedium, and Isma.
(2) Assign the large items to k bins considering all different feasible pre-assignments.

(3) Use geometric rounding on the sizes of the medium items; for each interval (2~("+1) 277]
apply linear grouping with group size [ —2-~] to the item set I, and compute rounded item

z log(k)
sets J, and J.

(4) For each pre-assignment apply the dynamic program to assign the medium items in |JJ, to
the bins by, ..., by, and place the set Uj J]. into the additional bin bj41.

(5) Take a feasible packing into k 4 1 bins for one pre-assignment (there is one by OPT(I) = k),
replace the rounded items by their original sizes and afterwards assign the small items via a
greedy algorithm to the bins by, ..., bg41.

3. Parameterized hardness of Bin Packing

The aim of this section is to prove that UNARY BIN PACKING is W[1]-hard, parameterized by
the number & of bins. In this version of BIN PACKING, we are given a set of integer item sizes
encoded in unary, and two integers b and k. The task is to decide whether the items can be packed
into k bins of capacity b.

To prove the W[1]-hardness of this problem when parameterized by the number of bins, we use
the hardness of an intermediate problem, a variant of UNARY BIN PACKING involving vectors of
constant length ¢ and bins of varying sizes.

Let [c] = {1,...,c} for any ¢ € N, and let N° be the set of vectors with ¢ coordinates, each
in N. We use boldface letters for vectors. Given vectors v, w € N¢, we write v < w, if v/ < w’ for
each j € [c], where v/ is the j-th coordinate of v. As usual, the addition of vectors is defined as the
addition of their corresponding components.

For a fixed ¢, we will call the following problem c-UNARY VECTOR BIN PACKING. We are
given a set of n items having sizes s1,s9,...,s, with each s; € N° encoded in unary, and k vec-
tors By, B, ..., By from N¢ representing bin sizes. The task is to decide whether [n] can be
partitioned into k sets Jy, Ja, ..., Ji such that Zhe}i sy, < B; for each i € [k].

Before proving Lemma 6 saying that c-UNARY VECTOR BIN PACKING for any constant ¢ can be
reduced to UNARY BIN PACKING by a parameterized reduction, we need some simple observations
about vectors. For integers b and c¢, we let the representation with base b of a vector v € N¢
be R(v,b) = v! +0v%b+ -+ 0vp L.

Proposition 5. (1) Suppose that for given vectors v,w € N° and for any j € [c — 1] it holds
that v/ < b and w? < b; the last coordinates of the vectors can be unbounded. Then R(v,b) = R(w,b)
holds if and only if v=w.

(2) For any vi,Va,...,vi € N¢ it holds that Zle R(v;,b) = R(Ele vi,b).



PrOOF. We prove (1) by induction on ¢, the case ¢ = 1 is trivial. So suppose ¢ > 1 and R(v,b) =
R(w,b). First, observe v* = R(v,b) mod b = R(w,b) mod b = w'. By v* < b and w! < b, this
implies v! = w!.

Now, let ¥ (and W) be the vector in N°~! whose coordinates are the last ¢ — 1 coordinates of v
(v, respectively). Clearly, we have R(v,b) = v! + bR(¥,b) and R(v,b) = v! + bR(¥,b). Using
also v! = w!, we obtain R(¥,b) = R(W,b). By induction, this yields ¥ = W, which finishes the
proof of (1). '

Claim (2) can be shown by an easy calculation: >, R(vi,b) = > ey 2jep B =

Zje[c] bj_l(zie[k] Ug) = R(Zie[k] vi, b). U

Lemma 6 below shows that Theorem 2 follows from the W[1]-hardness of c-UNARY VECTOR BIN
PACKING, for any fixed c¢. In Section 3.1, we introduce two concepts, k-non-averaging and k-sumfree
sets, that will be useful tools in the hardness proof. The reduction itself appears in Section 3.2.

Lemma 6. For every fized integer ¢ > 1, there is a parameterized reduction from c-UNARY VECTOR
BIN PACKING to UNARY BIN PACKING, where both problems are parameterized by the number of
bins.

PrOOF. Let Z be an instance of c-UNARY VECTOR BIN PACKING containing n items with item
sizes s1,89,...,8, in N¢ and k vectors B1, B, ..., By from N¢ representing bin sizes. Clearly, we
can assume that B; < Zhe[n] sy, for each i € [k], as otherwise the instance Z is trivially solvable.

We construct an instance Z' of UNARY BIN PACKING as follows. Let N be the maximum value
of the integers {s! | i € [n],j € [c]}, and let b = nN + 1. For each item appearing in Z with size s;
for some i € [n], we create a corresponding item in Z' whose size is the representation of s; with
base b. Let also B; be the representation of B; with base b, let B be the maximum among the
numbers B;, i € [k], and let us introduce a set T of k new items having sizes T; = 2B + 1 — B;
for each ¢ € [k]. We set the bin size to 2B + 1. Note that the number of items in the constructed
instance Z' is n + k.

We claim that the UNARY BIN PACKING instance Z' has a solution with & bins if and only if 7
is feasible. It is straightforward to see that any solution of Z can be transformed into a solution
of Z’ by putting the item of size T; into the i-th bin, as well as those items of Z’ with sizes R(sp, b)
for which the original item of size sy is put in the ¢-th bin. For the other direction, note that each
item in T has size at least B + 1, because B; < B for all i € [k] by the definition of B. Hence, two
items from 7T cannot be put in the same bin, so it can be assumed without loss of generality that a
solution of Z' puts the item having size T; into the i-th bin. Therefore, the total size of the items
not in 7" contained in the i-th bin is at most 2B + 1 — T; = B;. Using Proposition 5 and the fact
b > nN, it follows that for any S C [n] we have ), o R(sp,b) < B; if and only if ), _¢sp < B;.
Hence, the items of Z corresponding to the items of Z’ in the i-th bin have total size at most B;.

Finally, observe that the maximal integer in this instance is smaller than 2B +1 < 2(b%) + 1 =
2(nN + 1)¢ + 1. Clearly, N < |Z| (as Z is encoded in unary), and c is a fixed constant, so this is
polynomial in |Z|. Thus, the whole construction takes polynomial time. O

3.1. Non-averaging and sumfree sets

We call a set A k-non-averaging, if for any subset of at most k elements in A it holds that the
arithmetic mean of these elements is not contained in A. Such sets have already been studied by
several researchers [6, 2, 1, 4]. Below we describe a method that constructs a k-non-averaging set



having n elements. Although, up to our knowledge, the construction presented does not appear in
the literature in this form, it applies only standard techniques.

We will also use the concept of k-sumfree sets. A set B is called k-sumfree, if no two different
subsets of B having cardinality ¥’ < k can have the same sum. Such sets have been studied
extensively in the literature, also under the name Bj-sequences (which stands for integer sequences
whose elements form a k-sumfree set) [9]. For more on this area, see [11, 10, 18, 19].

Non-averaging sets. Given an integer k, we are going to construct a set A containing n non-

negative integers with the following property: for any k elements ai,as,...,a; in A it holds that
their arithmetical mean %Zle a; can only be contained in A if all of them are equal, i.e. a; =
ag - -+ = ag. Sets having this property will be called k-non-averaging.

First, let us fix an arbitrary integer d. (In fact, it will suffice to assume d = 2, but for com-
pleteness, we present the case for an arbitrary d.) Depending on d, let us choose m to be the
smallest integer for which m? > n, i.e. let m = [n'/?]. We construct a set X containing each
vector (21,2, ...,%4,y) where 0 < z; <m —1 for all ¢ € [d] and Z?:l z? = y. Clearly, |X| = m4,
so in particular, |X| > n.

k
Lemma 7. Ifuj,us,...,u; and v are elements of X and v = %Zi:l u;, thenu; =ug = -+ =
U = V.

PROOF. Let us define t; for each ¢ € [k] such that u; = v + t;. Note that t; is a vector whose
coordinates are possibly negative. We will show that all of its coordinates must be equal to zero.
Using that the j-th coordinates of kv and Zle u; are equal for each j = 1,...,d,d+ 1, we
obtain the followings. 4 4
First, if j € [d], then 3% (v7 + #7) = ko7, resulting in 2 #/ = 0. Second, observe that the

last coordinate of u; can be written in the form Z?Zl(vj + t7)2. Thus, we obtain kz;lzl(vj)z =

S 0 (7 + t])?, yielding the equation Y, S0, ((#)2 + 2v7t]) = 0. Using Y0, ] = 0 we
have Zle Z?Zl 207t = 0, implying Zle Z?Zl(tg)z — 0. But this can only hold if #/ = 0 for
every i € [k] and j € [d]. This altogether means that v/ = uz for each j € [d], so by v,u; € X we
have v = u; for each i, proving the lemma. O

Next, we construct a non-averaging set A from the set X.

Lemma 8. If b = k(m — 1) + 1, then the set A = {v* +v?b+ - + 0?1 | v € X} is k-non-
averaging. Moreover, the largest element N in A is smaller than 4d(2k)*n'*+2/4, and A can be
constructed in time linear in O(2%nN).

PRrROOF. Note that for any vector v = (x1,22,...,24,y) € X we have x; < m — 1 if ¢ € [d]. This
shows that the sum of any k vectors in X must have coordinates at most k(m — 1), except maybe
for the last coordinate. Therefore, if we set b such that b > k(m — 1), then by combining claims
(1) and (2) of Proposition 5, we obtain that for any k + 1 vectors uj, ug,...,u, v in X we have
that Zle u; = kv holds if and only if Zle R(u;,b) = kR(v,b). Thus, the bound on b guarantees
that the set A = {R(v,b) | v € X} is indeed k-non-averaging by Lemma 7.

Let us upper bound the maximal integer in A as a function of d, k, and n. First, it should be
clear that the maximal element N of A is R(w,b) for the vector w = (m—1,...,m—1,d(m —1)?).



Thus, N = (m — 1)1757—*11 +d(m —1)%b¢ < db¥m? < d(km)?m? by our assumption on b. Using the
definition of m = [n'/?], we have m < n'/? +1 < 2n'/?. Thus, we obtain N < 4d(2k)n'+2/4,
Finally, it is clear that any element of A can be constructed in O(dlog2 m) time, and its rep-
resentation can be obtained in O(b%d?logm) = O(N) time. By |X| = m? < 29n, we get that X
and A can be constructed in O(2¢9nN) time. O

Using Lemma 8 and setting d = 2, we can find a k-non-averaging set .4 having n elements such
that the maximal element in A is smaller than 2°k%n? = O(k?n?). Also, A can be constructed
in O(k*n3) time.

Sumfree sets. A set F is k-sumfree, if for any two subsets S1,Ss C F of the same size k' < k,
> wes; T =D 4cs, T holds if and only if Sy = Ss.

It is easy to verify that the set S = {(k+ 1)* | 0 < i < n} is a k-sumfree set of size n. To
see this, assume for the sake of contradiction that there exist two different subsets Si, S C S of
the same size &' < k with 3 g @ =) g 2. Notice that the elements of S are the (k + 1)-base
representations of those 0-1 vectors Vs in N™ that have exactly one coordinate of value 1. Let
us consider the two different subsets Vi,V C Vs of size k' containing precisely those vectors in
Vs whose (k + 1)-base representations are contained in the sets S; and Sy, respectively. Using
Y wes, T =D zes, © and claim (2) of Prop. 5, we get R(D_ oy, v,k +1) = R(D_ oy, v,k +1). As
both V7 and V, contain at most &k 0-1 vectors and our base is k+1 > k, claim (1) of Prop. 5 implies
> ver, V=2 _yey, V- But since no vector in N can be obtained in more than one different way as
the sum of at most k vectors from Vg, this contradicts V7 # V5. Hence, S is indeed k-sumfree. The
maximal element in the set S is of course (k + 1)"~ 1.

Although this will be sufficient for our purposes, we mention that a construction due to Bose
and Chowla [3] shows that a k-sumfree set of size n with maximum element at most (2n)* can also
be found (see also [11, Chapter I1]). If k is relatively small compared to n, the bound (2n)* is a
considerable reduction on the bound (k + 1)"~! of the construction above.

Lemma 9 ([3]). For any integers n and k, there exists a k-sumfree set having n elements, with
the mazimum element being at most (2n)*.

3.2. Hardness of the vector problem

The following lemma contains the main part of the hardness proof. By Lemma 6, it immediately
implies Theorem 2.

Lemma 10. 10-UNARY VECTOR BIN PACKING is W([1]-hard.

ProoF. We give an FPT reduction from SUBGRAPH ISOMORPHISM. Given graphs G and H, the
SUBGRAPH [SOMORPHISM problem asks whether G contains a subgraph which is isomorphic to H.
This problem is W[1]-hard when parameterized by the number |E(H)| of edges of H.

Let G = (V,E) and H = (U, F) be an instance of SUBGRAPH ISOMORPHISM. We assume
V =1n], |E| = m, U = {u1,us,...,us}, and |F| = k. Thus, the parameter value of the given
instance is k. W.l.o.g. we suppose ¢ = |U| < k, as otherwise we can obtain an equivalent problem
instance by adding a clique on A new vertices both to G and to H; setting A = max(¢,5) ensures the
smaller graph to have at least as many edges as vertices. We are going to construct an instance Z
of 10-UNARY VECTOR BIN PACKING with k£ + ¢+ 1 bins.
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Notation and other ingredients. We will write e; for the i-th edge of G according to some
arbitrary fixed ordering. Let P denote the set {(4,7) | w;u; € F and ¢ < j}, and let P’ denote the
set {(¢,7) | wsu; € F or i = j}. Note that |P| = k but |P’| = 2k + £. For each vertex u; in H we
define d = |{j | wju; € F,j < i}| to denote the number of edges going from u; to a vertex with
smaller index in H, and we also define d” = |{j | wju; € F,j > i}|.

To define the item sizes, we need to construct an £-non-averaging set A of size n, using Lemma 8.
Let A contain the elements a; < ap < --- < a,. Taking d = 2, by Lemma 8, we know a,, = O(£*n?).
Let A = Zve (n) Qo clearly A = O(?n3).

We also construct an ¢-sumfree set B containing 2k + ¢ elements, using Lemma 9. Let us index
the elements of B by the pairs contained in P’, so let B = {b; ; | (i,5) € P'}. We also assume that
bi, j1 < biy j, holds if and only if (i1,j1) is lexicographically smaller than (i2, j2). By Lemma 9, we
know that by x = O((2k + £)*) = O((3k)") holds. Again, we let B =Y, b, so B = O((3k)**?).
Moreover, we set B =37, ,cpbij and B =37 - pb;; for each i € [{].

Item sizes. We are going to define two sets of item sizes in Z, contained in the sets S and
T. The item sizes in S are further divided into sets S; ; where (4, ) ranges over all pairs in P,
ie. S=U jep Sij- Similarly, the item sizes in the set T are further divided into sets T} ; where
(i, j) ranges over all pairs in P’. Furthermore, in connection to the sets T; ; we distinguish between
three cases, depending on whether (¢,5) € P, or (j,i) € P, or 1 <i = j < £ holds; we define three
sets T<, T >7 and T= corresponding to these cases as shown below. Now, the set T is defined by
T=T=UT<UT~.

T= = Uiegg Tias
T< = U(i,j)eP T; ;, and
7> = (i,§)EP Tji-

For each pair (¢,7) € P, |S; j| = m will hold. Also, for each pair (¢, j) € P’, |T; ;| = n will hold.
Given a pair (4,j) € P, we put an item s; ;(e) into S, ; for each edge e in G, so we let §; ; =

Uecr 8i,j(e). Similarly, given a pair (i,j) € P’ we put an item t; j(v) into T} ; for each vertex v in

G, so we let T j = |J,cy ti,j(v). The exact values of s; j(e) and t; j(v) are the following 10-vectors:

sijle)=(ki+4,1,0,0,0,0,0,0, ap , a, ) if(ij)eP,e=ayck,
t;;(v)=( 0 ,0,b;;1, 0,0, 0 ,0,d” (i)ay,d<(i)a,) ifie[l],veV,
tij(v)=( 0 ,0,0,0,b;5,1,0,0, a, , 0 ) if(ij)eP,veV,
tj,i(?}) = ( 0 ,0,0,0,0 70,bj’i,1, 0 , a ) (27 ) eP,veV.

Bin capacities. We define £ + ¢ + 1 < 2k 4 1 bins as follows: we introduce bins p;; for
each (i,7) € P, bins q; for each ¢ € [¢], and one additional bin r. The capacities of the bins p; ;
and q; are given below (depending on ¢ and j).

pi; = (ki+ 7,1, 0 , 0 ,(n=1)b;,n—1,(n—-1)bj;,n—1, A , A )
a =( 0 ,0,(n—1)by,n—1, B ,d”>(i), BS ,d<(i),d”(i)A,d~(i)A)

Finally, we set the capacity of r in a way that the total capacity of the bins equals the total size of
the items. Hence, any solution must completely fill all bins.

It is easy to see that each component of r is non-negative. Observe that |[SUT| = mk+n(2k+7),
the unary encoding of the item sizes in S needs a total of O(mk?¢ + mkA) bits, and the unary
encoding of the item sizes in T needs a total of at most O(nB + kA) bits. By the bounds on A
and B, the reduction given is indeed an FPT reduction.
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Main idea. At a high-level abstraction, we think of the constructed instance as follows. First,
a bin q; requires n — 1 items from T; ;, which means that we need all items from T; ;, except for one
item t; ;(w). Choosing such an index w € [n] for each i € [¢] will correspond to choosing ¢ vertices
from G. Next, we have to fill up the bin q;, by taking altogether d<(i) + d~ (i) items from T'<
and T~ in a way such that the sum of their last two coordinates equals the last two coordinates
of t; ;(w). The sumfreeness of B and the non-averaging property of A will imply that each of the
chosen items must be of the form t; ;(w) or t;;(w) for some j.

This can be thought of as “copying” the information about the chosen vertices, since as a result,
each bin p; ; will miss only those items from 7; ; and from 7} ; that correspond to the i-th and j-
th chosen vertex in G. Suppose p;; contains all items from T;; and T}; except for the items,
say, t; j(he) and t;;(hy). Then, we must fill up the last two coordinates of p; ; exactly, by choosing
one item from S;;. But choosing the item s; ;(e) for some u,u; € F will only do if the edge
corresponding to e € F/ connects the vertices h, and hy in G corresponding to vertices u; and u; in
H. This ensures that whenever u; and u; are connected in H, the i-th and the j-th chosen vertices
in G are also connected. This means that H is indeed a subgraph of G.

Correctness. Now, let us show formally that Z is solvable if and only if G contains a subgraph
isomorphic to H. Clearly, Z is solvable if and only if each of the bins can be filled exactly. Thus, a
solution for 7 means that the items in S UT can be partitioned into sets {P; ; | (¢,7) € P}, {Q; |
i € [¢]}, and R such that

pij = Z v for each (i,5) € P (4)
VEP; ;
Q= Z v for each ¢ € [{], and (5)
veEQ;
=3 v )
vER

Next, we are going to count the number of items from S, T=, T<, and T~ that are contained in
one of the sets among {P; ; | (¢,5) € P}, {Q: | i € [¢]}, or R in an arbitrary solution. To argue in
general, let X denote the set of items that are contained in some particular bin x. Observing the
second, fourth, sixth, and eighth coordinates of the items in S U T and the capacity of the bin x,
we can immediately count the number of items from S, T=, T<, and T~ that are contained in X.
For example, the only items having a non-zero element on the second coordinate are the items in S;
since each of them have value 1 on this coordinate, we obtain that each bin p; ; contains exactly one
element from S (as the second coordinate of p; ; is 1), and each bin q; contains zero items from S
(as the second coordinate of q; is 0). Table 1 shows the information obtained by this argument for
each possible bin x.

Direction =. First, we argue that if G contains H as a subgraph, then 7 is solvable. Suppose
that H appears as a subgraph of G on the vertices ¢1, ¢, ..., ¢ in V such that for each ¢ € [¢] the
vertex u; can be mapped to ¢;, meaning that u;u; € F' implies ¢;c; € E. Let e; ; be the edge c;c;
of G for each (i,j) € P. We set P; ; for each (4,j) € P and Q; for each i € [¢] as follows, letting R
include all the remaining items.

Pij={ti;(v) [v#c}U{t;i(v) |v#ci}U{sijlei;)} (7)
Qi = {tij(ci) | (i,7) € PYU{t;i(ci) | (4,7) € PYU{tii(v) [ v # ¢} (8)

12



S = T< T>

P, ; for some (i,j) € P 1 0 n—1 n—1
Q; for some i € [{ 0 n—1 d>(4) d=(7)
R (m — 1)k ¢ 0 0

Table 1: The number of items contained in the different item sets S, T=, T<, and T, depicted for each bin. In
the table, each row corresponds to the items of one bin. Some entry for a particular bin x shows how many items
packed by some arbitrary solution into x are contained in the item set corresponding to the given column.

It is easy to see that the sets P; ; for some (4, j) € P and the sets Q; for some i € [{] are all pairwise
disjoint. Thus, in order to verify that this indeed yields a solution, it suffices to check that (4) and
(5) hold, since in that case (6) follows from the way r is defined. For any (¢, ) € P, using

d tijw)=>_( 0,000, by; , 1, 0 , 0, a , 0 )

v#cC; v#C;

= ( 0 ’07070’(n_1)bi7j7n_17 0 ) 0 aA_a/Cw 0 )7
th,i(v):Z( 0 7070703 0 ) 0 ) bj,i 9 1 9 0 ) Gy )
v#£c; v#c;

= ( 0 ,0,0,0, 0 , 0 ,(n=1bjsm—1, 0 ,A—a),
Si,j(ei,j): (ki+j717070u 0 ) 0 ) 0 ) 0 y  Qey 5 Qg )7

we get (4) by the definition of P; ;. To see (5), we only have to use the definition of @);, and sum
up the equations below:

Z ti,j<ci): Z (0707 0 , 0 7bi,j7 1,0, 0, G, s 0 )
j:(4,5)EP j:(1,5)EP
= (0,0, 0 ’ O 7Bi>’d>(i)? O bl 0 I d>(i)a’ci ’ 0 )’

> tiile)= > (00, 0 ., 0,0, 0 b, 1, 0 , ae, )
j:(i,4)EP j:(3,5)EP
= (0707 0 ) 0 707 0 7Bi<ud<(i)7 0 ’ d<(i)aci )7

Z ti,’i (U) = Z (07Oa bi,i B 1 B 0 ) 0 ) 0 ) 0 ) d> (i)av ) d< (i)a’v )
v#c; v#C;
= (Ovov(n_ 1)bi,i7n_]-v 0 ’ 0 ) 0 ’ 0 7d>(i)(A_aci)7d<(i)(A_a‘Ci))'

Direction <. To prove the other direction, suppose that a solution exists, meaning that some
sets {P;; | (¢,)) € ([g])}, {Qi | i € [k]} and R fulfill the conditions of (4), (5), and (6). We show
that this implies that G contains a subgraph isomorphic to H.

Let us observe that 7% = Eie[é] b; ;. This means that R contains exactly ¢ vectors from Uie[é] T
such that the third coordinate of their sum is Zie[@] bi;. But since B is {-sumfree, this can
only happen if R contains exactly one vector from each of T4 1,752,...,T;¢. Let these vectors
be {t;(c;) | ¢ € [£]}. We will argue that the vertices {c¢; | ¢ € [¢]} prove that H is a subgraph of G,
by showing c;c; € E for each (i,7) € P.
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Using g7 = (n—1)b;;, Table 1, and by 1 < ba s < --- < by we obtain that Q; must contain every
item in T;; \ {t;;(c;)}, for each ¢ € [¢]. Also, we know that (); must contain d~ (i) items from 7T'<
and d<(i) items from T, so from the values of ¢ and ¢/ and the fact that B is f-sumfree (note
d=(i) +d~ (i) < ¢), we also obtain that @; must contain exactly one item from each of the sets T;
where (i,7) € P or (j,4) € P. Observe that apart from these (n — 1) + d<(¢) 4+ d~ (i) items, Q;
cannot contain any other items.

Now, fix some i and note that the last two coordinates of the sum »_, . ti;(v) are exactly
d” (i)(A — a.,) and d<(i)(A — a.,). Since the last two coordinates of q; are d”(i)A and d<(i)A4,
we get that 3 o\, , v must have d”(i)a., and d=(i)a., at the last two coordinates. As argued
above, @; \ T;; contains exactly one item from each of the sets T; ; where (4,j) € P or (j,i) € P.
Let us define h; for each j # ¢ where (4,j) € P’ such that T;; N Q; = {t;;(h;)}. Then we
obtain > ; cpan; = d”(i)ac, and > ; ,cpan, = d<(i)ac,. But as A is f-non-averaging, this
yields h; = ¢; for each j. This means that (8) holds.

Next, let us consider the set P; ; for some (4, j) € P. First, the first two coordinates of p; ; imply
that P; ; must contain exactly one element of S; ;. Let us define e; ; such that P; ;N.S; ; = s; j(e;,)-
Furthermore, Table 1 shows that P; ; must contain (n — 1) items from both of the sets < and T~ .
Recall that {t;;(c;) | (i,5) € P',i # j} € U,eiq @i by the result (8), so from each set T;; where
i # j there can be at most n—1 items contained in P; ;. Using p? ; = (n—1)b; j and p ; = (n—1)b; ;,
and taking into account the ordering of the elements of B, it follows that (7) holds as well.

Finally, let us focus on the last two coordinates of the sum ZvePi,j v for some (i,j) € P. The
sum of the vectors in T; ; \ {t; ;(¢;)} has A—a,, and 0 as the last two coordinates, and similarly, the
sum of the vectors in 7} ; \ {t;i(c;)} has 0 and A — a,; in the last two coordinates. From this, (7)
and the definition of p; ; yield that s; ;(e; ;) must contain a., and ac; in the last two coordinates.
But by the definition of 5; ;, this can only hold if (¢;, ¢;) is an edge in G. This proves the second
direction of the correctness of the reduction. O

Lemmas 6 and 10 together prove Theorem 2, establishing the WJ[1]-hardness of UNARY BIN
PACKING when parameterized by the number of bins. Hence, unless the standard complexity-
theoretic assumption W[1] # FPT fails, there is no algorithm for UNARY BIN PACKING with
running time of the form f(k)n®®) for some function f.

Next, in Theorem 3 we show an even stronger lower bound on the running time of any algorithm
solving UNARY BIN PACKING, assuming the Exponential Time Hypothesis (ETH). This hypothesis
says that there is no 2°(™ time algorithm for n-variable 3SAT. Note that since ETH is a stronger
assumption than W[1] # FPT, Theorem 3 is not a direct consequence of Theorem 2. Instead, the
proof of Theorem 3 relies on a result by Marx [16] and makes use of the fact that the parameterized
reductions presented in Lemmas 6 and 10 are from SUBGRAPH [SOMORPHISM.

Theorem 3. There is no algorithm solving the UNARY BIN PACKING problem in f(k)n"(k/log k)
time for some function f, where k is the number of bins in the input and n is the input length,
unless ETH fails.

PROOF. Suppose that we are given an input I; of the SUBGRAPH ISOMORPHISM problem where
ny is the length of the input given and k; is the number of edges of the smaller graph. By the
reductions present in Lemmas 6 and 10, we can construct an equivalent instance I of UNARY BIN
PACKING in f(k:l)nlo(l) time with k3 = ©(ky) bins. This shows that if UNARY BIN PACKING can
be solved in f'(ky)|Io|°*2/1°8%2) time for some function f’, then SUBGRAPH ISOMORPHISM can be
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solved in f”(k:l)ni’(kl/logkl) time for some function f”. By Theorem 1.5 in [16], this would imply
that ETH fails. 0

We would like to remark that both Theorems 2 and 3 remain true for the special version of
UNARY BIN PACKING where the total size of the items equals the total capacity of the bins.
Finally, let us mention that, by the generality of UNARY BIN PACKING, our hardness results might
be useful when proving hardness of other problems as well.

4. Conclusion

We studied the parameterized complexity of BIN PACKING where the parameter is the number
k of bins. We presented an algorithm with running time 20 log? k) 4 O(n) that provides a packing
with additive error 1, where n denotes the input size. This result is an improvement over the
additive 1-approximation that can be derived using the APTAS given by Fernandez de la Vega and
Lueker [7]. Improving the running time further, perhaps to 20(k) O time, is an obvious direction
for further research. Let us recall here that it is a long-standing open question whether there is a
polynomial-time additive 1-approximation for BIN PACKING.

We also examined UNARY BIN PACKING where each item size is encoded in unary. We focused
on the question whether the well-known dynamic programming algorithm running in n°®*) time
can be improved considerably. We proved the W[1]-hardness of this problem when parameterized
by k. This rules out the possibility of giving an f (k)no(l) algorithm for any computable function
f, supposing W[1]£AFPT. The reduction at some point uses certain number-theoretic constructions
(k-non-averaging and k-sumfree sets), which might be useful in other hardness proofs. Using the
Exponential Time Hypothesis (which is a stronger assumption than W[1]#FPT), we proved that
there is no algorithm for UNARY BIN PACKING running in time n°(*/1°6%) " One can notice that our
results leave open the question whether there exists an algorithm for UNARY BIN PACKING that
runs in n°*) time. Also, it might be possible to prove stronger parameterized hardness results for
this problem such as W[2]-hardness, or even W/[t]-hardness for every t.
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