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M�N�O E<P8Q�R�6TSUEGVW;YX�Z:P5Q[EGP5Q]\U1DE<1^B_CG`:VaEGP:E<B3b V c:E<6d1^Z:9e1^fG9 a ; b ; c f<B d EGVaEGHgEGha9DE a + b + c + d = 0 A�ijE<VaQ8EG6
hkPd28CG286lHghk40m�hkPn25Co25V�p8I�I0hYp8VaVkqa1^p8BDZ86g657:CGR0V+r
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t#b|y{P:28C x E8;�X�Z8P8Q a, b, c, d Vkhk40E#p89_hkB^254lSUR�P:P:E}1^VaEG4�r m�b|~�p84dQ�m�hkHgEG40CGhk�8B|28C 〈a, b, c, d〉 P:E<4�EG9Dp8Va1�28V�1^f<93r�vN
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��N�w E<P8Q:E<4�28C a ; b ; c c:E<6d1^Z:9_9DEG40m�BDC<EG9�Vkha4�E#p89_hkBD284
SUR�P:P:E}1^VaEG4�E<P8Q V c8EG6d1^Z89_1^f<9DI�EG4YA0y{Pd28C x E8;�X�Z:P8Q�EG6 x
68Z:9�25C a+b ; b+c ; c+a c:EG6d1DZ:9D9_EG4�m�B_CGE<9�haBvI�hkC}1^Z:BD284
Vkha4�E#p89_hkBD284lSUR�P:P8E<1^VaEG4�r�\��Y~K;�=8>:>:�0A�m�EGt<EGHJI�EG9K?:A�b�YNY� haCGZ:4dQ�qa1DBD��6gI�E5;�X�Z:P5QlE<P8Q��:�Jm0hkHgEG4�C<hk�:B�c:EG6 x
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2-4��0VkVac8EG6d1^Z89_1^�8VJ6�R�Vk7:4�I�7:CG`-657:CG78B�E<VkE<H�E5��\��Y~K;
=8>:>d=�A�Z:6d1^�:I�EG9�L�?:A�b

 vN�O EGP8Q�R�6!SUEGVW;�X�Z8P8Q&28C u1, u2, . . . , um
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1^7:I�I0h�Vkha4�E#p89_hkB�68Z:HJI0hk4
p8t<hk���D2568fG4d1GAvij�01^28BDB_��6¥HgEGP�;�X�Z:P8QjEG6�68Z89KE<C�2�c:EG6d1DZ:9�tGBD286�hkBK2�4���VkV�c:EG6d1DZ:9�VkE<X�E<1G�
\��Y~o;�=5>:>:�0A�Z:6d1^�:I�EG9�=8>0A�b¦ N§w E<P8Q:E<4¨28m0Z81D1�2[1^f<9DI�EG4¨25C a = (2, 5, 1) f<Bl2 b = (1,−1, 3) c8EG6d1^Z:9<A�©ª7:4d1^B_R�6�EGV�;�X�Z:P8Q�25C 〈a, b〉
P:EG4�E<9^p8V�1�28V�1^fG9�EGP8Q8EG4�E<B_1�c528P8Q�BDqa68Z81�X
2�13p89_Z:C x EªHgEGPnfGB|qa9U�_��6nSUE<Vv2¡6�28F�Z81D1|P8EGZ:HgE<1D9Dh�25h�25V�286�C#2�1§EGP5Q:EG40VkE<1Df<1
c825P8Q�EGP5Q:EG40VkE<1D9DE<4�m�BDC<EG9_f<1#A�\��Y~K;�=8>:>:«�A0Z:6d1^�8I�E<9ª=�?:A�b¬vN� P8Q R
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251^p89DZ:C<m�H�E<PgE<4�4�E<6�28CK28Va1DfG9D40EG6�2�m�haH�E<4�CGha���Dp51#�¸vN¹w E<P8Q:E<4�EG6 v1, v2, . . . , vn
EGP5Q \U1DE<1^B_CG`:VaEGP:E<B3b V c:E<6�1DZ:9_1DfG9ºc:E<6d1^Z:9D28h�A[»�E<CGEGB_BDR�6¼I�E½28C u1 = v1 ;

u2 = v1 + v2 ; u3 = v1 + v2 + v3 ;§A<AGA<; u
n

= v1 + v2 + . . . + v
n
c:E<6�1DZ:9DZ8652�1#A � haCGZ:4dQ�qa1DBD��6&I�E5;�X�Z:P5Q

X
2£28C u1, u2, . . . , un
c8EG6d1^Z89DZ:6�Vkha4�E#p59DhkBD284¢SUR�P:P:E}1^VaEG4�E<6�;�286�65Z:9�2 v1, v2, . . . , vn

c:E<6d1^Z:9_Z:6�hkBgVkhk40E#p89_hkB^254
SUR�P:P:E}1^VkE<4�EG6�A¾\W�Y~o;�=8>8>:«0A�Z:6d1D�:I�E<9�=�?:A�bM�¿vN�w EGP8Q8EG4�E<6 v1, v2, . . . , vk

Vkha4�E#p89_hkBD284�SUR0P:P:E<1DVkE<4£c:E<6�1DZ:9DZ86�A � m��_��6�H�E<P[2 c F
289D28H�f}1^E<9¡7:B_BDCGE<BnZ:VaQ:284
c825Vk�:B�fG9e1^fG65f<1G;0HgEGVaQ�9_E�2 v1 − v2, v2 − v3, . . . , vk−1 − v

k
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k
− cv1 c8EG6d1^Z89DZ:6gVkha4�E#p89_hkBD284nSUR�P:P:E}1^VkE<4�EG6���\��Y~K;?@�:�:«0A04�Z@c:EGH¡I�E<9À��A�bM�M
N�w EGP8Q8EG4�E<6 u ; v f<B w 2 V \U1DE<1^B_CG`:VaEGP:E<B3bvc:EG6d1DZ:9_1DfG9�Vahk4�EGp89DhaB^284�SUR�P8P:E<1DVkEG4�c:E<6d1^Z:9D28h�A � p c528Vk�8B¾F�289^28Hgf<1DEG9

H�haVaQ:E<4�fG9_1DfG65EGhk9_Eo1DEGVÁ�_E<BDR�VW;�X�Z:P5Q·28C a = u − v ; b = u + w ; c = u + v − w ; d = p · u + v + w c:E<6d1^Z:9_Z:6
BDCGha4d1^fG4jVkha4�E#p89_hkBD284lSUR�P:P8E<1^VaEG4�E<6�r�\��Y~K;�=8>:>8Â0A�m�EGt<EGHJI�EG9�?#Â0A�bM�uYN 2db O E<P8Q�R�6�SUEGV�;�X�Z:P5Ql2 v1, v2, . . . , vn

c:EG6d1DZ:9DZ:6�P:EG40EG9^p�1^Z:9_9DEG40m�BDC<EG9_1|28Vk65Z81^4
256�2 V \U1DE<1^B_CG`:VaEGP:E<B3bÃc:EG6 x
1^Z:9e1^fG9_I�E<4YA w E<P8Q:E<4·1DZ�c5p8I0I
p u ∈ V ; u 6= 0 2J4���VaVac8EG6d1^Z:9e1^�:V�6�R�Vk784�I�7:C<`�;�1DE<1^B_CG`:VaEGP:E<Bzc:E<6d1^Z:9<A � hkC<Z:4dQ�qa1^B_��6
I�E5;�X0Z:P8Q�Vaf<1^E<CGha6lZ:V�Qd284 1 ≤ i ≤ n ;�28H�E<VaQ�9DE�2 v1, . . . , vi−1, u, v

i+1, . . . , vn
c:E<6d1^Z:9_Z:6�BDC<hk4d1^f<4TP:E<4�EG9Dp51^Z:9 x

9DEG40m�BDC<EG9_1À28Vk65Z81^4�286���\��Y~K;�=8>:>:��A�Z:6d1^�:I�EG9�=5�0A�b
I�b O E<P8Q�R�6¹SUEGVW;�X�Z:P5Q¹2 v1, v2, . . . , vn

c:EG6d1DZ:9DZ:6£Vkhk40E#p89_hkB^254&SUR�P:P8E<1^VaEG4�E<6¹2 V \U1DE<1DBDCG`8VkEGP8EGB3boc8EG6d1^Z89 x
1^fG9_I�E<4YA w E<P8Q:E<4£1^Z@c5p8I�I�p u ∈ V ; u 6= 0 2j4���VkV�c:E<6�1DZ:9_1D�:V�6�R�Vk7:4�I�7:CG`0;Y1^E<1DBDC<`:VkE<P:EGBKc:EG6d1DZ:9GA � hkC<Z:4dQ�qa1^B_��6
I�E5;�X�Z8P8Q·Vkf<1DEGC<hk6�Z:V�Qd284 1 ≤ i ≤ n ;�28HgEGV�Q�9_E¡2 v1, . . . , vi−1, u, v

i+1, . . . , vn
c8EG6d1^Z89DZ:6·BDC<hk4d1^f<4¥Vkhk40E#p89_hkB^254

SUR�P:P:E}1^VkE<4�EG6��¾\W�Y~o;�=8>8>:�0A�4�Z@c8EGHJI�EG9��0A�bM���Ä�N ijE<Pd28m�X�251^� x E R
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