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I. INTRODUCTION

The problem of empirical vector quantizer design is an important
issue in data compression, since in many practical situations good
source models are not available, but it is possible to collect source
samples, called the training data, to gain information about the source
statistics. Then the goal is to design a quantizer of a given rate, based
on this data, whose average distortion on the source is as close to
the distortion of the optimal quantizer (that is, one with minimum
distortion) of the same rate as possible.

The usual, quite intuitive approach to this problem is empirical error
minimization, which is based on the concept that if the training data de-
scribes the source statistics accurately, then a quantizer that performs
well on the training samples should also have a good performance on
the real source. Most existing design algorithms employ this principle,
and search for an empirically optimal quantizer, i.e., a quantizer min-
imizing the empirical error on the training data, expecting that it will
have near-optimal performance when applied to the real source. (The
reader is referred to Gersho and Gray [8] for a good summary of such
algorithms.) Indeed, under general conditions on the source distribu-
tion, Pollard [20], [21] showed that this method is consistent when the
training data consists of n consecutive elements of a stationary and er-
godic sequence drawn according to the source distribution: he proved
that the mean-squared error (MSE) distortion D(Q},) of the empiri-
cally optimal quantizer @}, (when applied to the real source) converges
with probability one to the minimum MSE D™ achieved by an optimal
quantizer.

Obviously, the above consistency result does not provide any infor-
mation on how many training samples are needed to ensure that the
distortion of the empirically optimal quantizer is close to the optimum.
This question can be answered by analyzing the rate of convergence in
D(Q;,) — D™, that is, by giving finite sample upper bounds for the
distortion redundancy D(Q;,) — D™. Linder et al. [16] showed that the
expected distortion redundancy (with respect to the training data) can
be bounded as ED(Q;}) — D* < ¢/+/n for some appropriate constant
¢ for all source distributions over a given bounded region. More pre-
cisely, in [16], only O(y/log n/n) rate was shown, supported with a
discussion on how to improve the convergence rate to O(1//n), but
in the latter case the resulting constant was impractically large. A prac-
tically applicable constant can be obtained by combining the results of
[16] with recent results of Linder [14]. (See also [15] for a summary.)
This result has been extended in many ways. An extension to vector
quantizers designed for noisy channels or for “noisy” sources was given
by Linder et al. [17], an extension to unbounded sources was provided
by Merhav and Ziv [19], while the case of dependent (mixing) training
data was examined by Zeevi [24].

Bartlett et al. [3] showed that the O(1/+/n) bound on the expected
distortion redundancy is tight in the minimax sense. They proved that
(for at least three quantization levels) for any empirical quantizer de-
sign method, that is, when the resulting quantizer (),, is an arbitrary
function of the training data, and for any n large enough, there is a
distribution in the class of distributions over a bounded region such
that ED(Q,.) — D* > c/+/n. These “bad” distributions are quite
simple, e.g., the distributions used in the proof are concentrated on
finitely many atoms. However, the minimax lower bound gives infor-
mation about the maximum distortion within the class, but not about the
behavior of the distortion for a single fixed source distribution, as the
sample size n increases. Moreover, the chosen “bad” distributions in
the proof of the above result are different for all n, allowing the possi-
bility that the upper bound may be improved in an individual sense, that
is, a faster rate of convergence may be achievable, where the constant
in the bound also depends on the (fixed) source distribution. Finding
the best such individual rate (or weak rate) for the class of sources over
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a bounded region was labeled in [3] as an interesting and challenging
problem.

There are some results suggesting that the convergence rate can be
improved to O(1/n): In the special case of a one-level quantizer, the
code point of the empirically (MSE) optimal quantizer is simply the
average of the training samples, and it is easy to see that in this case
ED(Q}) — D* = ¢/n, where c is the variance of the source. Also,
based on another result of Pollard [22] showing that for sources with
continuous densities satisfying certain regularity properties the suitably
scaled difference of the code points of the optimal and the empirically
optimal quantizers has asymptotically multidimensional normal distri-
bution, Chou [4] pointed out that for such sources the distortion redun-
dancy decreases as O(1/n) in probability.

In this correspondence, we provide improved upper bounds for the
convergence rate of the expected distortion redundancy individually for
source distributions within the class of distributions over a bounded re-
gion. In Theorem 1, we show that ED(Q;,) — D* < ¢(p, N)/n for
all source distributions ;¢ concentrated on a finite set, where the con-
stant c(, N') depends on the actual source distribution and the number
of quantization levels V. The convergence rate for general source dis-
tributions is considered in Theorem 2. It is shown that for source dis-
tributions over a bounded region satisfying a certain regularity con-
dition, the expected distortion redundancy can be upper-bounded by
e(pt, N)logn/n, where the actual value of the constant again depends
on the actual source distribution. In Corollary 1, we prove that source
distributions with bounded support satisfying essentially the same con-
ditions as in [22] satisfy the requirements of Theorem 2, and in Corol-
lary 2 we show that the conditions of Corollary 1 hold for scalar sources
having strictly log-concave densities with bounded support (such as the
truncated Gaussian distribution), and for the uniform distribution, im-
plying O(log n/n) expected distortion redundancy. To give more in-
sight to the problem we also illustrate that similar conditions of Har-
tigan [10] (that are valid only in one dimension) also imply the condi-
tion in Theorem 2.

Comparing our results with [3], it follows that the problem of em-
pirical quantizer design is an interesting example of the unusual event
when the orders of the minimax lower bound and the individual upper
bound are different.

II. EMPIRICAL VECTOR QUANTIZER DESIGN

A d-dimensional N -level vector quantizer is a measurable mapping
Q : R* — C, where the codebook C = {y1....,yn} C R%isa
collection of N distinct d-vectors, called the code points. The quantizer
is completely characterized by its codebook and the sets

S,;:{:cEHd:Q(I):y,;}, i=1,....N
called the cells or partition cells (as they form a partition of R?) via the
rule
Qx) = v, ife €5;.

The set {Si,..., S~} is called the partition of (). Throughout this
correspondence, unless explicitly stated otherwise, all quantizers are
assumed to be d-dimensional with N code points.

The source to be quantized is a random vector X € R? with distribu-
tion ;. We assume E{|| X ||*} < oo, where || - || denotes the Euclidean

norm. The performance of the quantizer () in quantizing X is measured
by the average (mean-squared) distortion

D(Q) = E{||X — Q(X)|I*}.
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A quantizer Q™ achieving the minimum distortion D™ is called optimal.
Thus, in this case

D* =D(Q") < D(Q), forall @ € Qn
where Qn denotes the set of all N-level quantizers. It is well known
(see, e.g., [13], [8]) that any optimal quantizer satisfies the centroid and
nearest neighbor conditions, also known as the Lloyd—Max conditions.

The quantizer () satisfies the centroid condition if each code point is
chosen to minimize the distortion over its associated cell, that is,

E{|X -yl X €5} = min E{|X —y[[| X €5} (D
and so
yi = E{X|X € 5}

foralli =1,..., N.A partition {S1,..., Sy} is optimal if the quan-
tizer ) with cells Sy, ..., Sy satisfying the centroid condition is op-
timal. @) is called a nearest neighbor quantizer, if it satisfies

|z — Q(x)|| = m}n [z — yill, for all » € R”. (2)

Note that

i) a nearest neighbor quantizer is determined by its codebook
{y1,...,y~} with ties arbitrarily broken;

ii) for any nonnearest neighbor quantizer ()', a nearest neighbor
quantizer () with the same codebook has at most the same dis-
tortion as @', that is, D(Q) < D(Q'"), regardless of the distri-
bution of X.

Thus, any optimal quantizer can be assumed to be nearest neighbor,
and so finding an optimal quantizer is equivalent to finding its code-
book. Using this observation, Pollard [21] proved that if E{|| X ||*} <
oo, then there exists an optimal quantizer (which may not be unique).

In many situations, the distribution y is unknown, and the only avail-
able information about it is given in the form of training data, that is,
a sequence X' = Xy,..., X, of n independent and identically dis-
tributed (i.i.d.) copies of X . The sequence X|' is also assumed to be
independent of X. X' is used to construct an empirically designed
quantizer Q.. () = Q»(-,X1,...,X,), which is a random function
depending on the training data. The goal is to produce such quantizers
with performance near D*. The performance of @, in quantizing X is
measured by the fest distortion

D(Qn) = E{|IX — Qu(X)II"|X1'} = / lz = Qn(2)]I* p(dx).
JRA

Note that D((@,,) is a random variable.
The empirical distortion (or training distortion) of any () is given by
its MSE in quantizing the training data

1 n
DA(Q) = - 31K - QX
i=1

Note that although () is a deterministic mapping, the empirical dis-
tortion D, (()) is also a random variable depending on the training
data X7'.

Assume that ()7, minimizes the empirical distortion, that is,

D.(Qn) = min Du(Q).
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Then @, (which is a specific empirically designed quantizer) is called
an empirically optimal vector quantizer. ();, is an optimal quantizer for
the empirical distribution p,, of the training data given as

1 n
m(A) = — Iix.
fin (A) n; {X;€1}

for every Borel set 4 C Hd, where Iz denotes the indicator function
of the event E. Note that 0, always exists (although it is not neces-
sarily unique), and we can assume that it is a nearest neighbor quantizer.
Using @;, as an approximation of the optimal Q™ is consistent in the
sense that its test distortion converges to the optimal distortion, that is,

lim D(Q;) = D"

17— 00

almost surely for any N > 1if E{||X||*} < oo, see [20], [21].

III. RATE OF CONVERGENCE

To determine the number of training samples necessary to achieve
a preassigned level of distortion, the finite sample behavior of the ex-
pected distortion redundancy

ED(Q}) - D
has to be analyzed. To do this we assume the peak power constraint
P{|X]<B} =1 3)

and this assumption will be in effect throughout the correspondence. In
other words, the distribution p of the source X is an element of P(B),
the family of distributions supported on the sphere

S(B)={r€R’: ||| < B}.

An important consequence of (3) is that it is sufficient for our purpose
to consider only quantizers with code points in the sphere S(B), since
otherwise projecting a code point that is not in S(B) to the surface of
S(B) clearly reduces the distortion.

It is of interest how fast ED(Q;,) converges to D*. To our knowl-
edge, the best accessible upper bound can be obtained by combining
results of [16] with recent developments of [14], implying

Nd

0< sup (ED(Qr)—D") < c,B*— )
nEP(RB) n
for all n > 1, where ¢, = 192. A natural question is whether there

exists a method, perhaps different from empirical distortion minimiza-
tion, which provides an empirically designed quantizer with substan-
tially smaller test distortion. In case of NV = 1, it is easy to see that

_ Var(X)

n

ED(Q,)-D"

Thus, the convergence rate is O(1/n), substantially faster than the
O(1//n) rate above. However, for N > 3, the lower bound in [3]
shows that the O(1/4/n) convergence rate above cannot be improved
in the minimax sense: There it is proved that if N > 3, then for any
empirically designed quantizer @,, trained on n > no = 10* N sam-
ples, we have

. 9 N1-4/d
sup (ED(Q.)—D")> /B
nEP(B) n

(&)
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where ¢; & 2.67-107*. This result has recently been improved in [1],
extending the results to the case N = 2, and improving the constant ¢;
to approximately 1.68 - 10~ and the constant no to 8N.

The results (4) and (5) imply that there exist positive constants
ci(N, B,d) and ¢, (N, B, d) depending on N, B, and d such that

a(N,B.d) _. . .
Tgmf sup (ED(Qn)— D) <

@n pep(B)

cu (N, B, d)
NG

where the infimum is taken over all empirically designed quantizers
Q@ (recall that Q, = @, (-,X1,...,X,) is a function @), : R? x
R — R?). That is, the minimax bounds on the rate of convergence are
©(1/+/n). The minimax lower bound expresses the minimum achiev-
able worst case error which is achievable for a given sample size n for
the distribution class P(B), by describing the behavior of any quan-
tizer design method for a source distribution which is the least suitable
for the given n and the given design method.

The “bad” distributions achieving the supremum of the expected dis-
tortion redundancy in (5) may be different for each ». Indeed, in the
construction of [3] (or [1]), although the bad distributions are concen-
trated on the same finitely many atoms for each n, the exact probability
mass function of the bad distribution depends on »n. Thus, the bound
does not tell the behavior of the distortion redundancy for a single fixed
source distribution j. For example, it does not exclude the possibility
that for some sequence of empirical quantizers {Q, }, ED(Q,)— D*
converges to 0 at O(1/n) rate for every fixed pu, that is, it may be pos-
sible to get faster individual upper bounds of the form

e(p, N)
n

ED(Qn)_D*S (6)

foreach u € P(B)andn > 1, where the constant ¢(u, V') depends on
the source distribution. This type of upper bounds is the main purpose
of this correspondence. Next we show (6) for discrete distributions, and
with an additional factor log n for general distributions satisfying some
regularity condition. The proofs are deferred to the next section.

Our first result shows that the expected distortion redundancy con-
verges to 0 at a rate O(1/n) for any fixed source distribution concen-
trated on a finite set of points in RY.

Theorem 1: Assume that the source distribution ¢ is concentrated
on finitely many atoms. Then

ED(Q;) - D" < )

- n
where the constant c(u, V) depends on p and N.

The main idea in the proof is that with high probability, the empirical
and the real source distributions are so close that the corresponding op-
timal quantizer partitions coincide, and in this case we only need to find
the centroid of these partitions. Proving similar rate of convergence re-
sults for more general source distributions is significantly harder, since
the partitions of optimal quantizers for “close” distributions are dif-
ferent in general.

Next we give conditions on the source distribution g which en-
sure that the expected distortion redundancy converges to () at rate
O(logn/n). For a nearest neighbor quantizer ) let

Ao(a) = fle = QI = llz = Qi)

for all # € S(B), where Q) is the “closest” optimal nearest neighbor
quantizer to @ in the sense that it achieves the minimum

min

_min Var{||X - Q(X)|* - X - Q(X)|I*}. D
Q:D(Q)=D*

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 11, NOVEMBER 2005

If the minimizing Q is not unique, ¢, can be chosen arbitrarily from
among the optimal nearest neighbor quantizers realizing the above min-
imum. Note that the minimum can always be achieved as can be seen
by a continuity-compactness type argument. This minimization is in-
troduced to avoid problems that occur if the optimal quantizer Q™ is
not unique.

Theorem 2: Assume that P{||X|| < B} = 1, and let @}, be an
empirically optimal quantizer. Assume furthermore that

E{Ao(X)}
A= e 8
Q:D(ch;)l)>D+ Var{Aqg(X)} > ®)
where the infimum is taken over all nonoptimal nearest neighbor quan-
tizers having all their code points in the sphere S(B). Then

c1logn n c2

ED(Q,)—- D" < ©)

n

with constants

—2 .
c1 = 4dN max{eA—_,Lle}

and
> — 2
co = 4N max{ FA—, 4B? } log V( 3eB

N+v/d max { 6;2 ,4B? })

where log denotes the natural logarithm and V' denotes the volume of
the sphere S(B).

The proof of the theorem is based on a proof of [17] combined with
a technique developed by Barron [2] and Lee et al. [12] (see also, e.g.,
[9, Ch. 16]). The essence of the latter, which is an interesting result
itself, is formulated in Lemma 1 in the next section.

Remark 1: It is expected that at the expense of a more complicated
analysis, the logn term can be removed from the upper bound (9),
giving the desired O(1/n) rate.

Remark 2: The constants in the preceding theorem can slightly be
improved to

16d N B?
G—1(4AB?)

16N B2 ) <3@G—1 (4ABQ))"
o= ——F—log| V| ————
G—1(4AB?) 4BNVd

where G™! is the inverse of the function G' given as

cp =

and

for ¢ > 0. (10)

This is shown at the end of the proof of the theorem.

Condition (8) is hard to check for general source distributions, there-
fore, the scope of Theorem 2 is not clear. The next corollary shows that
the theorem is valid for sources with continuous densities satisfying
certain regularity properties.

Let {y7,...,y~n} be the code points of an optimal quantizer for
p and let {S7,...,S%} denote the corresponding nearest neighbor
cells. It is known (see [22, Lemma C and Theorem]) that if p has
a continuous density f with bounded support, then the distortion
D(yi,...,yn) = D(Q) of the nearest neighbor quantizer () with
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code points {y1,...,y~} is a continuous function of the vector

(y1,...,y~) which has a second derivative block matrix

at(y7,...,y~n) made up of d x d blocks (see the equation at the bottom
of the page) where F; is the (possibly empty) common face of S} and
S7 (it is a convex set in a (d — 1)-dimensional hyperplane), I is the
d x d identity matrix, and Aq—; is the (d — 1)-dimensional Lebesgue
measure.! It is clear that since {y7,...,y~} is an optimal codebook,
the matrix T'(y7,...,yx) is positive semidefinite. The next corollary
shows that if T'(y7,...,yn) is also positive definite, then the desired
O(log n/n) convergence rate can be established.

Corollary 1: Assume that the random variable X has a continuous
density supported in S(B), and the matrix I'(y7,...,yx) is positive
definite for all optimal codebooks. Then

ED(Q;) - D" =0 <1°g'"'> :

n

The conditions of Corollary 1 on the distribution are essentially the
same as those of Pollard [22] (and of Chou [4]). The conditions in [22]
are weaker in the sense that there the usual assumption of X having a
bounded support is replaced by a tail condition. This extension might be
possible for Corollary 1 and Theorem 2 at the expense of some com-
plication in the proof. On the other hand, while Pollard assumes the
uniqueness of an optimal quantizer, we allow multiple optima. How-
ever, if the set of optimal quantizers (each represented by the N -vector
of its codebook) has an accumulation point, then usually I is not pos-
itive definite for all optimal codebooks. Thus, Corollary 1 is not ap-
plicable, for example, for a multidimensional truncated Gaussian dis-
tribution (although we suspect that the results can be sharpened to in-
clude such cases, as well). Nevertheless, there are cases when the op-
timal quantizer is not unique and the set of optimal codebooks does
not have an accumulation point. For example, for scalar sources with
symmetric, not log-concave densities with a large spike in the middle
usually two asymmetric optimal two-level quantizers exist (if the den-
sity is log-concave, then the optimal quantizer is unique [7], [23]).

Note that Corollary 1 implies Chou’s result for bounded distributions
with the additional log n factor. However, the other direction would
require some kind of uniform integrability of the random variables
{n(D(Q7,) — D*)}.>1, which can be arbitrary large as n goes to in-
finity, even for bounded source distributions.

Although it is not easy to determine in general whether or not the
matrix T'(y7, ..., yx) is positive definite, sufficient conditions can be
obtained easily in the scalar case. For example, it is easy to show that
T(yt,...,yxn) is positive definite for the uniform distribution, where
the unique optimal quantizer is the N -level uniform quantizer. More
general, sufficient conditions can be given based on a result of Fleis-
cher [7], who, while proving the uniqueness of an optimal quantizer,
also showed that if the source has a density f for which the deriva-
tive d” log f(2)/dx? is negative over its total support, then the matrix
L(y7,...,yxn) is positive definite for all optimal codebooks, and hence

INote that Pollard [22] made a slight error in the derivation of I';; for i # 7,
and arrived to a formula with an incorrect sign.
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for the unique optimal codebook. A slight modification of Fleischer’s
original proof allows us to replace the condition on the second deriva-
tive by the assumption that log f () is a strictly concave function (then
f is called a strictly log-concave function). Thus, we obtain the fol-
lowing result.

Corollary 2: Assume that the scalar random variable X has a
strictly log-concave density f supported in the interval [— B, B] (that
is, log f(x) is strictly concave over its support), or X is uniformly
distributed in [— B, B]. Then

BD(Q3) - D" =0 ().

n

We note here that the result of Fleischer proving that the matrix
T(y7,...,yn) is positive definite proves that scalar sources with
strictly log-concave densities and sufficiently light tails (such as one
with Gaussian distribution) satisfy the conditions of Pollard’s central
limit theorem [22] (this fact escaped Pollard’s attention), which also
implies that for such sources the distortion redundancy is O(1/n) in
probability by [4].

While Corollary 1 uses the nearest neighbor condition to capture op-
timality of quantizers, another approach is to use the centroid condition
instead. This approach was used by Hartigan [10], a precursor of [22]
for one dimension, who applied differentiation with respect to the quan-
tization thresholds instead of differentiation with respect to the code
points. This method is illustrated in the next example for the scalar
case when N = 2.

Example 1: Ford =1 and N = 2, define the split function
D(t) = Var{X | X < t}P{X < t} + Var{X | X > t}P{X >t}

that is, the minimal distortion corresponding to the partition
{(—oc,t),[t,o0)},and let t* = (yi +y3)/2 denote the cell boundary
(or threshold) of an optimal quantizer with codebook {y7, y5 }. Then
if the scalar random variable X has a continuous density in the interval
[-B, B], and d;Té) (t*) is positive for any optimal threshold ¢*, then

EDQ)-D" =0 <logn> -

n

To see this, rewrite D(t) as
D(t)=E{X*}-E*{X|X < t}P{X < t}

—E*(X|X > t}P{X > t}.
Then

2
TR = 1) i) 2

3 F(t) (s = yi) >
2P{X < t*|P{X >t}

d*>D
dt2

2011 (1, ys) = 4P{X <"} — F(t")(y3 — 1)
> AP{X < ©YP{X 2 1) — F() (05 — o)
= det T(y}.43)
>0

and the assumption (t*) > 0 implies that

and thus T'(y7, y5 ) is positive definite for any optimal codebook, thus
the result follows by Corollary 1. ]

i, @@y E=vDT X ()

2u(SHIa— 25"
* * I+
Tij(yl, ... yn) = &

_fpij P =y )@=y T dAg_1()

- forj =1
T, J

(1<ij<N)

lly; =yl

, forj #i
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Finally, a comparison of the results in this section with [3] shows that
the problem of empirical quantizer design is an interesting example of
the unusual event when the orders of the minimax lower bound and the
individual upper bound are different (the latter being smaller).

IV. PROOFS

Proof of Theorem 1: Let S = {xy,...,z,,} C R? denote the

support of p with corresponding probability mass p; = P{X = x;} >
0, =1,...,m.Assume m > N + 1, since otherwise
ED(Q;) < 4B° Z(l —p)"
i=1

by the power constraint (3).

Let I, be the set of optimal partitions for p. Let P, =
{831,---, 5, n} denote the partition of an empirically optimal
quantizer @Q;,. Clearly, P; € II, . By the centroid rule (1) the code
point ¥, ; associated with the cell Sy, ; is the average of samples falling
into this cell. This can be computed whenever g, (S, ;), the ratio of
samples falling into the cell is positive. Without loss of generality, we
can assume that otherwise S}, ; = ) in which case the definition of
y»; is immaterial, since keeping only the code points corresponding
to the nonempty cells can only increase the test distortion of @7;, and
hence increase the expected distortion redundancy.

Decompose the expected distortion redundancy of @, in the fol-
lowing way:

ED(Q;)— D" = E{Itp:cu,y(D(Qy) — D)}
+E {Iipgn, 3 (D(@Q1) = D)} (1D
Lety,; = E{X|X € S} ,} for all i; now if P; € I, then the
quantizer with partition I and codebook {9n 1. Un }isoptimal
for 4, and so for the first term of (11) we have

E{I{p:cu, (D(Qr)—D")}

=E {I{Pﬁeuu} Z(yn i yn z) N(Sn z)}

N
=E{I{p:eu,l}ZI{H,L<S;-;J>>D}<y:,i—y:i,»zu(s,t,i)}. (12)

=1
For any partition P = {S1,...,Sx} € II,, let y.. ; be the average
of samples falling into S; (it can be defined arbitrarily if z,,(S;) = 0)
and let j; = E{X | X € S;}. Then (12) can be continued as

N
E {I{P;euu} ZI{N,,(S;?)>D}(Z/;J - yZ,i)Qﬂr(SZ,i)}

=1

N
Z Z I{un(S,)>0}(yn,7: -

PiPEll, i=1

]\r
> ZE{I{M(&»O}

PiPelly, i=1

X E {(yni—7)° | Iixiesys- - Lix,esi ) }//,(5;)

N - N
Var{X|X € §;
5 3BT SEERE S s

<E §i)1(Si)

P:PEll, i=1
I
= ¥ ZE{ {BB>O}}Var{X|Y € Si}nu(Ss)
PPell,
2Var{X|X € S;}
< Y Z—ﬂ e} (13)
PiPelly, i=1
2B2| 10, |N a4

n+1
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where B; has a binomial distribution with parameters » and p(.S;),
(13) holds by Devroye et al. ([6, Lemma A.2]), and |II,,| denotes the
cardinality of the set II,,.

We also need to give a bound on the second term of (11). Pollard
[21] proved that the set of optimal partitions is continuous with re-
spect to the L, Wasserstein distance of the distributions (defined by
pw(p,p') = inf x ) (E[| X =Y 2y1/2 \where the infimum is taken
over all joint distributions of (X,Y") such that X and Y™ have distribu-
tions z and p’, respectively), where a sequence of sets I of partitions
converges to 1I if the corresponding characteristic functions converge,
that is, Iyperr,y — I{pemy as k — oo for each partition P of S.
Moreover, it follows from [18] that the Lo metric

m 1/2
plp. ') = <Z(N(~‘v:’) - ;1,’(;5,-))2>
=1

for the family of distributions concentrated on S is as strong as
the Wasserstein distance, that is, p(ptn,pt) — 0 if and only if
pw (ftn, ) — 0. Therefore, if p(pt,,, 1) — 0 for the sequence {u,, }
of the empirical distributions, then II,,, — II,,. Since the number of
possible partitions of S is finite, this implies that there is a 6, > 0
such that

My, = s for p(fin. pt) < 6.

Since P; € II,,,,, this and the power constraint (3) imply
E{I{p.gn,(D(Q}) = D)} < 4B°P{P} ¢ T}
<AB*P{p(jin. 1) > 6}
Applying Markov’s inequality we obtain

P{p(pn,p) > 6.} =P {Z(un(wi) —-pi)’ > 62,}

=1
E{Zl in () — pi)? Y
67
_ iy pi(l=pi)

- V)
noz

1
~ néd? )

Thus, from (11), (12), and (14) we obtain
ED(Q}) - D* < 2B’ MJF 2 < (. N)
né2 n

n+1
where

e(p, N) =2B*(|11,

N +2/62).
(Note that |II,| is bounded above by some function of N and m.) O

The proof of Theorem 2 is based on the following lemma.

Lemma 1: Let X;;,¢ = 1,...,n, j = 1,... N be random vari-
ables such that for each fixed j, le, ..., Xy are i.i.d. such that for
eachsg > s > 0

s X 202
E{e’"ii} <e” 7i.
For 6; > 0, put

_ b
Q= min 2

<N @
Then
{max ( ZXLJ e J )} & (15)
<N ~ min{a, so}n
If
E{X;;}=0
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and
|Xi| < K

then, for any L > 0

1« Klog N
E {max | — ZX,']' — 65 < o8 S (16)
JEN A\ M min {Koc* CLET" L} n
where
* . 05
Q= min ————.
i<N Var(X;;)
Proof: For the notation
1 n
Y, = = X.. — &
’ n Z “ J
=1
we have that for any so > s > 0
E{esan} _ E {65“(% 27:1 Xij—ﬁj)}
_ efsnéj (E{esxlj})n
—sné; ns2e?
<e Je i
S e—snuo“]z.-&-szna'f.
Thus,
cé?nE{maijN Y;} < E {(isn max;<n Y }
=FE {max c'qnyj}
J<N
S Z E{esan}
JEN
2
< Z €7sna'j(afs)'
JEN
For s = min{«, s¢} it implies that
1 —sno(a—s 1 N
E {maxY; » < —log Zn snejla=s) | < __osiy
<N sno min{a, so }n

JEN
In order to prove the second half of the lemma, notice that, for any

L > 0 and |z| < L we have the inequality

o -2
6I21+:L’+;L’QZ$

=2

1
. e Li72
oy /»Z
1+ x4+ ZZ 5
el —1-1
1.2

IN

1—1—17—{—:02

therefore, 0 < s < so = L/K implies that s|X;;| < L, so

T
s X _ _ —-1-L
e N < 145X+ (‘?X”)QET
Thus,
T L
y . 2" —1—L 2Var(X, ) er=1=L
E{e} < 145" Var (Xi) < VT
so (16) follows from (15). O
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Remark 3: Equation (16) implies different bounds for different
choice of L. If L = 1 then

Klog N _ K log N

T min{Ka*/(e—=2),1} n

{(i -2 ,} log N
=max{ ——, K =,
«

min{ K o* ﬁ Lin

n

Hamers and Kohler [11] derived a similar bound

1 +% log N
200* 3 n

There is a better choice of L. Introduce the function

L
2 —L -1
GL)="""2""" forL>0
L
and choose L such that
L'.Z

Ka* =1L

L el —1-1L
ie.,

Ko™ =G(L)

ie.,

L=G YKo
then (16) implies the bound

Klog N
—_—, 17
G—'(Ka*)n a7
Remark 4: In its spirit, Lemma 1 is similar to the inequality of De-

vroye and Lugosi [5] with the essential difference that they considered
the maximum of zero mean random variables

1 — log N
E ax | — E Xy < 2maxo; .
{321‘35 <n ]> } - Sngll\x 75 n

=1

Proof of Theorem 2: Following the proof of [17] consider a cubic
grid of width § in S(B) with the minimum number of grid points. It
can be seen that if the origin of the grid is uniformly distributed in
the d-dimensional cube with edge length é centered at the origin of
the sphere, then the expected number of grid points inside the ball is
V' /6. Thus, the grid in S(B) with minimum number of points has at
most V/67 points. Let Q' denote the set of IV -level nearest neighbor
quantizers which have all their code points on this grid. Since for any
y € S(B) there is an y’ on the grid such that ||y — ¢’|| < 6v/d, for any
quantizer () with code points inside S(B) there is a Q' € Q'x such
that

sup_ |l = Q@)II* = [l — Q' (a)|*| < 46BV/.

2€S(B)

Letting e = 46 B+\/d, specifically there is a quantizer Q}, € Q'y satis-
fying

sup |lle = Q@) = lv = Qu(@)|I*| < e
z€S(B)
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with probability 1, since the code points of an empirically optimal
quantizer are almost surely concentrated in S(B). Concerning the car-
dinality of Q% we have

v N ; N
o< (f) =viaBvaetsay)

For Q = Q.,, let @ » denote the optimal quantizer achieving the min-
imum in (7). Using the empirical optimality of (J;, we proceed with the
following decomposition:
E{|X - Q.(X)I*IX7'} - D
< E{|IX - Qu(X)|*|X7} - E{|1X -

9 n . N }
- > (IX: = QLX) = 11X = Qu (X))
=1

Qu (X7 1X7'}

< 3e+ B{||IX — Qu(X)IPIX7'} - B{IIX — Q. (X)II°1X7}

2 < ~
= 22 X = QUKD - I1X = Qu(XI) a9
i=1
with probability 1. Then
E{|X - Q.(X)|"} - D"
<E{E{||X Qu(X)IPIXT} = E{IX = Qu(X)|I*|1X7'}
- ;Z X = QL(XDI” = 1K = Qu(X)lI)} + 3¢
n 2 T
=E {E{A% (X)X7} -~ ;AQ%(X,)} + 3e
2 n
<E {Qnehgj\, <E{AQ(X)} - ;AQ(XZ')>} + 3¢
1 n
=E{ max | =Y 2E{Aq(X)} - Ao(X;
{Qnelggv <n; (B{Aq(X)} — Aq(Xy))
- E{AQ(X)}>} + 3¢

— o | O

< 4111ax{€ 2,432} log |Q | + 3e (20)
A n
_ ol /7‘1\/ dN —dN

< 4max{€ 2,43‘—’} log(VY (4BVd) e ) 43¢ @1

n

where (20) follows from Lemma 1 with L = 1 and
Xiq =2(E{Aq(X)} — Aq(Xy))

and 6 = E{Aq(X)};and (21) follows form (18). Choosing

— '
e—2 ,4B* ﬂ
A 3n

completes the proof of the theorem.

The improved constants of Remark 2 can be obtained if one uses the
improved version of Lemma 1 with bound (17) instead of with L = 1
in (20). O

€= 4max{

Proof of Corollary 1: 'We only need to show that condition (8) is
satisfied under the assumptions of the corollary; then the result follows
by Theorem 2. It is easy to see that if (8) does not hold, then there is
a sequence of strictly suboptimal quantizers (), € Qn converging to
an optimal quantizer Q* in the sense that y,, ; — y; for all 7, where
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{Yn,1s--+Yn,N} denotes the codebook of @, and {y7,...,yx} de-
notes the codebook of (™, such that
E{Aq,(X)}
lim z = 22
M Var{Ag, (X)) 22
In what follows, we will show that
r X 2 3V [12
fmint B = QuOOIP X =@ OIP)

n—co Var{||X — Qn(X)[]* = |X - @*(X)[I*}

which readily implies that (22) cannot hold, proving the corollary.
Since

- QX)|I”}

(y17 L 7yN) € HdN
Yy~ ), where () is a nearest
sy~ } 221, D(y1,. .., JYN)

D(yi,...,yn) = E{||X
is twice differentiable according to the vector y =
in a neighborhood of ¥* = (y7....,
neighbor quantizer with codebook {y1, . ..
has the following Taylor expansion:

dD(y") .
T(U y)

3= Ty +olly— 4 |F)

D(y1,--yyn) = D(yi,...,yn) +

where dD(y*)/dy denotes the vector formed by the partial derivatives
of D according to its variables at ™. It is also shown in [22] that the
derivative d D (y)/dy is made up of the d-vectors

OD(y1....,yn)/0yi = —2E{I{xes, (X —yi)}.

However, since y* minimizes D(y), dD(y")/dy = O (here O denotes

the zero vector), and so

E{|X - QX)II* = IX = Q" (X)[I*}
= D(yJ~3 A '?y:\r) - D(y] A w’-y}k\/r)
1 *\ Ly * * * ()2
=5 =9 Ty -y +ollly =4 II").
Furthermore, since T'(y*) is positive definite by assumption, its
smallest eigenvalue A is positive, and for any @ € R we have

‘T(y")a > Alal®
which in turn implies that
E{IX - QQO|I” = |IX — Q"(X)II”}
> Uy =1 +olly — 1)
Q)I* = 1X - @ (X)II”}.

Q(2)]]* can be decomposed as

N

ZHI - yi||21{xe5j}
z:]N
+> D

=1 1N G

24

Next we bound the variance Var{|| X —
Notice that ||z —

Iz = Q()|I* =

(e = yill* = e = will*) zes,ns7y

where, as usual, S; denotes the cell of ) corresponding to the code
point y;. Therefore,

e = QI = lle = Q" (]
N
= Z(llw = uill” = lle = wi ) Tesy
zflj\r
DINDY

i=1 1<j<N,j#i

SDIIEES MDY

1=1 1<5<N, j#1

(e = yill* = lle = il ) zes;ns;y

K; ;(x)
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and so by the Cauchy—Schwarz inequality
Var{||X — Q(X)II2 — X = Q"(X)II}

= Var ZJ(Y)+Z Z

=1 1<j<N,j#1

Ifiyj(X)

N N
SN Var{Z(X)}+d . > Var{K (X))}
i=1 i=1 1<<N,j#i
(25)
First we bound Var{.J;(X)} as
Var{J;(X)} < E{J?(X)}

< EB{((X—y) (X —y)— (X —y)" (X =y}
= B{(2X -y —v)) (i —wi))?}
< B{l12X —yi — 7 1Pllyi — will*} (26)
<16B*|ly; - yill® 27)

where (26) follows from the Cauchy—Schwarz inequality, and (27) by
the fact that ||2X — y; — y7|| < 4B by the triangle inequality if
X[ < B.

Bounding the terms Var{L; ;(X)} is somewhat more complicated.
Let X; ; denote the orthogonal projection of X to the line connecting y;
and y;. Then, for k = AP = 15X =yl X = X017,
and so

Var{K, ;(X)} < E{K?;(X)}
=E{(|IX —y;|* - |IX - yf||2)21'{xes nse1)
= E{(|1Xii—y,lI* =1 Xis—yill) Iixes,nsey }
= E{[2X., —y: — y,I IIyi — 9l I{xes,nsy}

<AB’E{|12X:; — yi — y;l I{xes;nszy b (28)

where the last equality holds because y;, y; and X ; lie in the same
line (otherwise, it would be an inequality as in (26)).
Next we prove that the expectation in (28) is

Ollys = wi 11> + Ny = w; I”).
Let

d
Hi;={xeR": ||z —yj|l < |l —vill}
and

Hj={e €R": |lv =g/l < o = g5}

First we show thatif X € H;; N H; ;.|| X|| < B, and ||y; —
ly; — v}l are sufficiently small (relative to ||y; — y7||), then

yi || and

yi +y;
2

X5 —

2B 1 . .
< (22 +T>(||?li—;1lf||+||y'—?l*'||)-
(HU;, _yj” 2 ! !

29)

To see this, let ; ; and A ; denote the hyperplanes corresponding to
H;,; and H ;, respectively, let h; ; denote the hyperplane containing
the point (y; + y;)/2 parallel to h;;, and let H} ; denote the corre-
sponding shifted version of the halfspace H ; ;. Furthermore, let p(z, 1)
denote the Eucledian distance of the point = € R? from the hyperplane
h C R?. Then, since (y; 4+ y;)/2 € h;.i, for any 2 between the hyper-
planes h;,; and h} ;, we have

yi tyi Yty

plx, hji) < 5 5

(30)

4021
and for any (other) x € R?, we have
plehi) < ‘ PR YR RECI)

Let « denote the angle of the vectors (y; —y;) and (y; —y7 ). Itis easy
to see that if ||y; — o7 || and ||y; — y7|| are small enough (relative to
lyf —y;|), then0<a<7/2,and so foralla € H; ; N H ;. ||z||<B
we have

¥ty
e Ty
2

! . .
pl, hy ;) < sin v < 2B sin «

since ||(y; + y;)/2|| < B. Furthermore, in this case

lly: = vill +llvi = o, |l

sina < " -
lly; — y;ll

andsoforanyx € H; ;NH; ,, ||z|| < B, and ||y; —y] || and ||y; —
sufficiently small, by (31) we have

il

Yyi +yy
H‘r’id — y2—y] =p(x, hj;)
< ’ vt ys it 2By = yil+ Dy = 931D
< 5 2 lly; — y;li

(32)

2B 1 .
<(22 . 7) (i — i+ Nl — w11
<||y7; -yl 2 s

where z; ; denotes the orthogonal projection of x to the line connecting
y: and y;. Now since if » € Hj; then it is either between % ;; and
h;v,i, orx € H},i (or both), (30) implies that (32) is valid for all
x € H;; N H;,||z|| < B. This implies (29).

Therefore, since S; C H;,; and S; C H/ ;, for small enough ||y; —
yi 1y — ;. we have

79

E{12X:; — vi — y; I Lixes,nsey )
< E{|2X., -

Yi — UJ'HZI{)(EHJJﬁHf‘j}}
2B * * p
(” e ) s — 21+ llws — o 1)?
2B . .
(” ot ) Qs — w21 + s — v ).

Thus, from (28)

Var{l{i,j(X)}
2B ° . .
<228 (2 + ) (=il s = 1)
. 2B . *)
SSQB“) (— ) (lyi — vs ||2+||yj_yj||2)
min,z, |y — 3|

which, together with (25) and (27), implies

Var{||X - Q(X)|I” ~ [IX - Q" (X)[I"}

. 2
S B21V2 16 +64(]\’Y _ 1) < i 2B 5 + 1)
11y £y ||yu - ULH 2

J\T
xS My = v 1P
=1

N *12
=Clly—y"|

if ||y — y*|| is sufficiently small, where

. 2B 1\’
C=B’N?[16+64(N — 1) | — —+ =
mingz, |lys —yi||? 2
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is a positive constant. Now for such ¢’s, (24) yields

E{||X - Q)| - IX - " (X)|I*} A

Aoy —y'11*)
Var{[|[X — Q(X)[]*> - [|X - @*(X)[*} = 2C

ly — ||

and hence (23) holds, completing the proof. Note that carrying out the
same proof in one dimension, that is, when d = 1, the constant C' has
the much simpler form C' = 32(2N — 1)B 2 thus, in that case C' does
not depend on Q*. d
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Improved Minimax Bounds on the Test and
Training Distortion of Empirically Designed
Vector Quantizers

Andras Antos

Abstract—It has been shown by earlier results that the minimax expected
(test) distortion redundancy of empirical vector quantizers with three or
more levels designed from 7 independent and identically distributed (i.i.d.)
data points is at least ©2(1 / /) for the class of distributions on a bounded
set. In this correspondence, a much simpler construction and proof for this
are given with much better constants. There are similar bounds for the
training distortion of the empirically optimal vector quantizer with three
or more levels. These rates, however, do not hold for a one-level quantizer.
Here, the two-level quantizer case is clarified, showing that it already shares
the behavior of the general case. Given that the minimax bounds are proved
using a construction that involves discrete distributions, one suspects that
for the class of distributions with uniformly bounded continuous densi-
ties, the expected distortion redundancy might decrease as o(1/+/7) uni-
formly. It is shown as well that this is not so, proving that the lower bound
for the expected test distortion remains true for these subclasses.

Index Terms—Clustering methods, distortion, empirical design, lower
bounds, minimax control, redundancy, training, vector quantization.

I. INTRODUCTION

Designing empirical vector quantizers is an important problem in
data compression. In many practical situations we do not have a good
source model in hand, but we are able to collect source samples, usually
referred to as the training data, to get information on the source distri-
bution. Here our aim is to design a quantizer with a given rate, based
on these samples, whose expected distortion on the source distribution
is as close to the distortion of an optimal quantizer (that is, one with
minimum distortion) of the same rate as possible.

One intuitive approach to this problem is, for example, the empirical
distortion minimization, supported by the idea that if the samples are
from the real source distribution, then a quantizer that performs well on
the training data (that is, that has small training distortion) should have
a good performance on this source distribution, as well. In fact, Pollard
[1], [2] showed that this method is consistent under general conditions
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