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>2I&I&58BKB#ØN;�ØNÖ450145&3F<2ÖdÜ�;2?KÖ4;d;dPEB#;@×wØNÖ45ÅI�Ý4?K?K5&1OØ�5&1EP43614<�Ú25&?NØN3¾I�5gB C ØNÖdÝEBaï'5¶I8>@1r<258145&?A>�ØK5ØNÖ45�?A>@1¿PU;2SÂ;2ÝUØNæ�145836<=ÖdÜ¿;=? � ØNÖE5�145�	dØ¶Ú=5&?NØN5�	 �';2×#5g>2IAÖºÙE>2?pØK3F>27wëE14<258?NÙE?N3F1OØ ê 9E;2?�5g>2IAÖÙE>@?NØN3¾>@72ëE14<258?NÙE?N3F1OØ:ï'5�>@7¾Bp;"ØK;=BKB$>(Ü43¾>2BN58P�I&;23F1�ØN;0PU5�ØK5&?KSk3F145'3{×436ØRÖE>=B:?K58>=IAÖ458PÅ36ØKB$ëE1E>@7



� � ���!� ��� � � !�ñm1EPU5�	U3614< �§5�	dØN58?N1E>27£Sr5&Sr;2?KL³Sr5�ØKÖ4;UP �
V hilÀ\^oO]fb@[OYÅµU]N_ÅX&v"�z]K_m\^hinA]KlÀhibÈ\^oO]�¹#]Kµ°y8_p`&ZOoE� N hilÀ\^oO]f_^]A¸@[=hu_^]�cÄb2[=YÅµU]K_0X8v'Ædb=yg]K_m·
Z2_^hib@\^l'v¾X8_"]�`8npo-�g]K_m\^]K´4¼4ËOX&_�`��g]K_m\^]K´ v � ��[2\p�Rc2yg]Al f v h$hil�\^oO]0lm]K\(X8vR�ihibO²@l"Xgb�Zd`&yg] v ¼E�#o=]\^]K�{]KZUX8_m\p`&\^hiX8b�nAXgb=lt\p`8b�\�X8v ¯$¯ j hil c ¼���d¬

u := 1 \^X V � ����d¬
i := 1 \^X N � �¯ `�\^oOl f (u − 1) · N + i h�¼ ¯ `&\^od~@\p`&_m\�� � u¯ `�\^oOl f (u − 1) · N + i h�¼ ¯ `&\^oO�$bOc	� � uËwh{b=yg]K_^Z2_^hib@\ f u h
� � ∅�������� ¯ `�\^oOl 6= ∅ � �lmX8_m\ ¯ `&\^o=laµ�} ¯ `�\^od�:bdc�������������� �"!�#$�&%'�(�*)�+,�&+�-*%�./�&-�%0#1�'�

���d¬
j := 1 \^X ¯ `&\^o=lA¼ �i]Ab=y8\^o � � �	�"�'23+,�4)5#��*�6�1-7���8�&91�*�:-�;=<>�?#�@BADC7�"�8�*��A�EF�G#
HI���J�

l := _p`&bdc=X8YLK ��[=\p�$c=y8]Al f ¯ `&\^oOl f j h�¼ ¯ `&\^oO�$bOc h�¼ �{]KbOy8\^o(MN����9'H6-D-������O%&�*��A7-*+P�0AQC7�Q�J�¯ `�\^oOl f j h�¼ ¯ `&\^od�:bdc�� � ��[=\p�$c=yg]Kl f ¯ `�\^oOl f j h�¼ ¯ `&\^oO�$bOc h f l hF�	�JR(%&-*)S-*�7C:#
H��NR��G#
HF�J�� � _p`&bdc=X8YLK�M�T c
« �U�?V �	��#
H?23�XW?�?C7�"%$R6%'23�6#Y�&��AD�=H��&%��Q�J�

ËwhibOy8]K_^Z=_^hib�\ f ¯ `&\^oOl f j h�¼ ¯ `&\^od~@\p`&_m\ h�¼ ZO[=lmo�K ¯ `�\^oOl f j h�¼ ¯ `&\^od�:bdcIM¯ `&\^o=lA¼ c=]A�i]K\^]QK j M
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1 − c
� ê Q"Ö43¾B(>@7F<2;2?K36ØNÖ4S 3¾B�×�;2?KS�>@7F36G858P�>2B � 76<=;2?K3{ØKÖ4S ä2ê
Q"Ö45|1dÝ4S�Ü�5&?:;2×Oñ���ð;=Ù¿58?K>@ØN3F;21EB�ØKÖ45|5�	dØK5&?K1E>@7@Sr58Sk;=?NL0Bp;=?pØK3614<"ØA>@Û=58Bw3¾B

D logM D Cï(Ö45&?K5
D
3FB#ØKÖ45�P4>@ØK>@Ü¿>2BN5"BN3FG&5�>@1¿P

M
3¾B#ØNÖ45�>zÚ�>2367¾>@Ü47F5"S�>@3F1kSr58Sk;=?NL ê Q"ÖdÝEB
ØNÖE5�ñ���?N5gî=ÝE36?K5&Sr5&1OØ(;@×RØNÖ45�BN;2?NØN3F14<kÙE>@?NØKB(I8>@1�Ü¿5�ÝEÙ4Ù¿58?�Ü�;2Ý41EP458P�ÜdL

∞∑

k=0

(1 − c)kNV logM ((1 − c)kNV ) =
1

c
NV logM (NV ) − Θ(NV )

ÝEBp3F14<-ØNÖ45k×§>=I�ØÅØNÖE>@Ø�>@× ØN58?
k
?K;2Ý41EPEB�ØKÖ45r5�	UÙ¿5gI�ØK58P°Bp3FG&5k;@×�ØKÖ45rà|>�ØNÖ¿BÅ>2?N?A>zL-3¾B

(1 −
c)kNV

�sH(58I8>@7F7RØKÖE>�Ø
V
>@1EP

N
PU5814;@ØK5�ØKÖ45r1OÝES�Ü�5&?AB¶;2×aÚ258?pØK3FI&58BÅ>@1EP½ëE14<258?NÙE?N3F1OØKB C?N5gBpÙ�58I�ØN3FÚ25&7FL � ê

ìÈ5f145&5gP >�BN;2?NØ¶;=1ÄØNÖ45kï(Ö4;=765f361EP45�	 P4>@ØK>@Ü¿>2BN5�ØN;�>zÚ2;23¾Pº?A>@1EPU;=Skæt>=I&I�5gBNB�ï(?N36ØN5gB
ØN;°ØNÖ45Ä9
3F14<258?NÙ4?K3F1=Ø³>2?N?A>zLUB ê � 7¾Bp; C Ý4Ù¿;=1 ÝEÙ�P4>@ØN3F14<°ØNÖ45Äà|>@ØNÖ � 1¿P Ú�>2?N3¾>@Ü47F58Bkï�5�P4;14;@Ø�ï(?K36ØN5½ØKÖ45½Ý41¿Bp;=?pØK58P à|>�ØKÖEB->2?N?A>zLðØK; PU3¾BpÛ C ÜEÝUØ-ÙE>=BNB�3{ØºPU3F?N5gI�ØN7FL ØN;ðØKÖ45 145�	dØBp;=?pØK3614<-B^ØA>@<25 ê Q"ÖdÝEB¶ØNÖ45fØN;2ØK>27Rñ��� 3¾BÅ>�ØÀSk;OB^Ø 1

cNV logM NV
Ù47FÝEB¶ØNÖ45k145gI�58BKBK>@?KL

58PU<=5�æmBNI8>@1EB ê
� 1U×�;=?pØKÝ41E>�ØK5&7FL�ØNÖE3FB�>276<=;2?K3{ØKÖ4S >@ÙEÙE>@?K5&1OØN7FL³?K58îOÝ43F?N5gB">2B"S�>@1dL³5gPU<25&ætBKI&>21EB">2B�ØNÖE5

765814<@ØKÖ ;@×'ØNÖ45k7F;214<=58BpØ0ëE1E<25&?KÙ4?K361OØÅÙE>�ØKÖ C ï(Ö43¾IAÖÈI&>21 Ü�5rÚ25&?KLº7F>2?N<=5�� Pr{
ØNÖ45k7F;214<=58BpØ

ëE14<258?NÙE?N3F1OØ�3FBfBpÖ4;=?pØK5&? C ØNÖE>21 L} = (1 − (1 − c)L)N ·V ê Q"ÖdÝEB�3F1EBpØN5g>2P�;@×�BKI&>214143F14<ØNÖ45�5gPU<25gB"361�ØNÖE5ÀëE1E>@7RB^ØA>@<25gB�;@×
ØNÖ45�>276<=;2?K3{ØKÖ4S C ï'5Àï(3F767$IAÖ¿>@14<=5ÅBpØN?A>�ØK5&<2L�ï(Ö45&1�ØNÖE5à#>@ØNÖEB'>@?K?K>zL�ÖE>2B|Ü�58I&;2Sr5¶BNÝ-6³I�3F5&1OØN7FLrBpS�>@7F7 ê � BKBNÝ4Sr5¶>�ÙE>2?pØK3F>27UëE14<=5&?KÙ4?N3F1OØ�ÙE>�ØKÖ³ÖE>=B3{ØAB¶I�ÝE?N?K5&1OØ�Ú258?pØK5�	Ä>�Ø
v ê Q"ÖE5&1ÄÝ4Ù�;21ÄØKÖ43¾B¶I�;=1EPU36ØN3F;21ºØKÖ45�PU3¾B^ØK?N3FÜ4ÝUØK36;=1Ä;@×#ØNÖE5�5&1¿Pº;@×ØNÖ43¾B"ÙE>�ØKÖ-3¾B�3FP45&1OØN3¾I&>27wØN;fØNÖ45�PU3¾B^ØK?N3FÜ4ÝUØK36;=1-;2×$ØKÖ45À5&1EP-;@×R>21dLrëE14<258?NÙE?N3F1OØ�;2×

v ê Q"ÖdÝEBØN;fëE143¾BpÖ�ØKÖ45ÅÙE>@?NØN3¾>@7¿ëE14<=5&?KÙ4?N3F1OØ'ï�50I8>@1³?K5�ØK?N3F5&Ú=5¶>@1�>@7F?N5g>2PULfëE143¾BpÖE58PrëE1E<25&?KÙ4?K361OØ�;@×



v ê � 76ØNÖ4;=Ý4<2ÖrØKÖ43FB�PU5gI�?K58>2BN58B
ØKÖ45�1dÝ4SfÜ¿58?a;@×:>zÚ�>@3F7¾>@Ü47F5"ëE14<=5&?KÙ4?N3F1OØKB
×�;=? v C ØNÖ43¾B'?N5gBpÝ476ØKB361º;21E76L�>kÚ=5&?KL�Bp7F3F<2ÖOØ(76;OBNB�;@×#Ù4?K58I&3FBN36;=1 ê �
� 14;2ØNÖ458?">2Ù4Ù4?K;=>=IAÖ�ØN;fØNÖ43¾B"Ù4?K;2Ü47F5&S 3¾B�ØN;fØN?KÝ41EI8>�ØK50ØKÖ45ÀÙE>�ØKÖEB">�Ø�>f<23FÚ25&1-765814<@ØKÖ
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8 � 8 �;����������� � ����� ��� ���������*� � ��� �����
ñm1 ØKÖ45³PU3¾B^ØK?N3FÜ4ÝUØK58P°I�;2SrÙ4Ý4ØN3F14<ºSk;UPU587|ï'5rï(3F767|3F1dÚ258?pØÅØNÖ45rÙ4?K5&Úd3F;2ÝEBÀ>2Ù4Ù4?K;=>2IAÖ C >21EP361EBpØN5g>2Pr;2×$Bp;=?pØK3614<ÀØKÖ45¶Ù¿>�ØNÖ�581EP4BaØN;�S�>@ØKIAÖ�ØKÖ45�58P4<25¶BN5�Ø�ï'5�ï(3F7F7¿ÙE>2?pØK3{ØK36;=1rØNÖ45058PU<=5
Bp5&Øf;@×(ØKÖ45�<=?K>2Ù4Öð3F1 BpÝ¿IAÖ >½ï">zL½ØKÖE>�Ør58>=IAÖðÙE>@?NØN3¾I�3FÙE>�ØK361E< I�;=SkÙEÝUØN58?fI&>21 Ö4;=7FPð36ØKB
ÙE>@?NØÅ;2×�ØNÖE5k5gPU<25gB¶3F1°Sr>2361ÈSr5&Sr;2?KL ê Td;º>�Ø�>@1dL�ØN3FSr5k36×�>-ÙE>2?pØK3F>27$ëE1E<25&?KÙ4?K361OØÀï(3{ØKÖI�Ý4?K?N581OØR5&1¿PU361E<0Ú=5&?NØN5�	

v
?K58îOÝ43F?N5gBR>0?A>@1EPU;=S ;2ÝUØNæ�5gPU<25';@×

v C 3{Ø|I&>21f>2BNÛÅØNÖ45"?K58BNÙ¿5gI�ØK36Ú=5I�;2SrÙ4Ý4ØN5&?RØN;Å<258145&?A>�ØK5a;=145 ê Q"Ö43¾BRï(3F7F7O?K58îOÝ43F?K5a14;ÀPU3¾BpÛ�>2I8I�5gBNB C ;=147FL�145�Ø^ï�;2?KÛ¶ØK?K>21EBp×�5&? ê
�Ä;2?K5�Ù4?K58I&3FBN5&7FL C 58>2IAÖ�ÙE>@?NØN3¾I�3FÙE>�ØK361E<�I�;=SkÙEÝUØN58?'ï(3F767�ÖE>zÚ=5¶Bp58Ú258?K>27¿îOÝ45&ÝE58B�ÖE;27¾PU361E<

��à|>�ØKÖ¿TOØK>2?pØ C à|>�ØKÖ � 1EP �|ÙE>236?AB �2;2145 �§7F>2?N<=5#�
3F14Ù4ÝUØ"îOÝ45&Ý45 C >21EPf×�;2?a5g>2IAÖ�I�;=SrÙ4ÝUØN58?�;21E5BpS�>@7F7£;2Ý4ØNÙ4ÝUØ¶îOÝ458Ý45�� êQ"Ö45�I�;=SkÙEÝUØK>@ØN3F;21�BpØK>@?NØKB:ï(3{ØKÖ�58>2IAÖ�I&;2SrÙ4ÝUØK5&?£ëE7F7F3614<�ØNÖ45836?R;�ï(1Å3F14Ù4Ý4Ø
îOÝ45&ÝE5�ï(3{ØKÖ
N
I�;2ÙE365gB�;@×#ØKÖ45�3F1436ØN3¾>@7$Ù¿>@?NØN3¾>@7:ë¿14<258?NÙ4?K3F1=ØAB

(v, v) C ×�;2?058>2IAÖÄÚ=5&?NØN5�	 v
Ü�5&7F;21E<23F14<rØN;

ØNÖ45�?K58BNÙ¿5gI�ØK36Ú=5ÀI&;2SrÙ4ÝUØK5&?(3F1�ØNÖ45�Ú=5&?NØN5�	³Ù¿>@?NØN36ØN3F;21 êQ"Ö45&1�361�ØKÖ45�361EÙ4ÝUØ¶îOÝ45&ÝE5�Ù4?N;UI&58BKBp3F14<k76;d;2Ùº>kÙE>@?NØN3¾I�3FÙE>@ØN3F14<�I�;2SrÙ4Ý4ØN5&?"ØA>@Û=58B�ØNÖE5
145�	dØ�3F14Ù4ÝUØfÙE>@3F? C <=5&1458?K>@ØN5gB�>º?K>21EPU;2S ;2ÝUØNæ�5gPU<25r×�?K;2S à#>@ØNÖ � 1EP C P458I�3¾PU5gB�ï(Ö45�ØKÖ45&?ØNÖ45ÀëE1E<25&?KÙ4?K361OØ"5&1EPEB�ØNÖ458?N5 C >@1EP-3{×#36Ø¶PU;d58B"14;2Ø C ØNÖE5&1ºÙ47¾>2I�5gB'ØNÖ45�ÙE>236?"3F1�ØNÖ45�;=ÝUØNÙ4Ý4Øî=ÝE5&Ý45�PU5�ØK5&?KSk3F145gP�ÜdLÅØNÖ45�145�	dØ#Ú258?pØK5�	K�^ÝEB^Ø#<258145&?A>�ØK58P ê � ñt×EØNÖ45';2ÝUØKÙ4ÝUØ|î=ÝE5&Ý45�?N5g>2IAÖ45gBØNÖ45¶BN3FG&5�;2×£>À1E5�Ø^ï�;2?KÛ�ÙE>=IAÛ25�Øgß BaBp3FG&5 C ØNÖ4581³36Øa3FB EÝEBNÖ458P�>21EPkØN?A>@1¿B^×�58?N?K58P�ØN;�ØKÖ45�3F14Ù4ÝUØî=ÝE5&Ý45�;2×$ØNÖE5�PU58BpØN3F1E>�ØK36;=1�I&;2SrÙ4ÝUØK5&? êQ"Ö45(ØN;2ØK>27�BN36G85�;@×$>2767EØNÖ450361EÙ4ÝUØ(>@1EPr;=ÝUØNÙ4Ý4Ø"îOÝ458Ý458Ba58îOÝE>@7¾B|ØKÖ450BN3FG&5�;2×£ØNÖ450à#>@ØNÖEB
>@?K?K>zL½3F1 ØKÖ45�ÙE?N58ÚO3F;2Ý¿B�>@Ù4ÙE?N;O>2IAÖð>�× ØK5&?fØNÖ45-?N5gBpÙ�58I�ØN3FÚ25³1dÝ4SfÜ¿58?�;@×�36ØN58?K>@ØN3F;21EB ê Q"ÖE5ØN;@ØA>@7(145&Ø^ï';=?NÛ�ØK?K>21EBp×�5&?³I&>21 Ü�5ÄÝ4Ù4Ù�5&?�Ü�;2ÝE1EPU58P ÜdL ∑

∞

n=0(1 − c)nNV = 1
cNV C3{×À5&Ú=5&?KL�ëE14<258?NÙE?N3F1OØkÙE>@ØNÖ 145&5gP4BkØN;ðIAÖE>214<25ºI�;=SrÙ4ÝUØN58?�361 58>=IAÖ BpØN58Ù ê � BkØKÖ45ºï'58Ü<2?A>@Ù4Ö ØN581EP4BrØK;ðÖE>zÚ25ºS�>@1dL	� 7F;dI8>@7�ß|763F14ÛUB C ï(3{ØKÖ!>�BpÝ436ØK>2Ü47F5ÄÙE>@?NØN36ØN3F;21 ;@×ÀÚ258?pØK3FI&58B�


ØNÖ45º145&Ø^ï';=?NÛ°ØN?A>@1¿B^×�58?kï(3F7F7(Ü¿5ÄI�;=1EBN3FPU58?K>2Ü47FL°7F58BKB ê�� 7FBN;�14;@ØK5�ØKÖE>�ØrØKÖ43FB�>2Sr;2Ý41OØr;@×ØN?A>@1EBp×�5&?(3¾B(PU3¾B^ØK?N3FÜ4ÝUØK58Pº>@7FSr;=BpØ�Ý41436×�;2?KSk7FL³Ü�5�Ø^ï�5&581º>2767£Ù¿>@3F?KB";2×
145&Ø^ï';=?NÛ�1E;dP458B�� C BN;
 ËO[=_m\^o=]K_^Y�X8_^]8�$¹
]�n�`8b°µU]�Z=_^]AZO`&_^]�cÈvFX8_�\^oOhil�]A�z]Kb@\��$\^oO]rc=hilt\m_^hiµO[=\^hiX8b�X8v(\^o=]Alm] v �z]K_m·
\^hinA]Al�¹�h{�i�¿µU](nA�iXglm]�\^XÅ\^oO](lt\p`�\^h{n ¯ `&yg]Aj'`8b=²f�z]KnK\^X8_��2\^o@[Ol#¹#]�n�`&brlt\p`&_m\a¹�hu\^oryg]KbO]K_p`�\^h{b=y
lmXgY�]K¹�oO`&\aY�X8_^]'ÆdbOy8]K_^Z=_^hib�\^l#v¾X&_'\^o=]"�z]K_m\^hinA]Kl�¹�hu\^oro=hiygo ¯ j �8`8�i[=]AlA¼

� ¯ _^]Nv¾]K_p`&µO�u}k\^o=]"lmhi±A](X8v$`Åb=]K\�¹
X8_^²�Zd`&nN²g]K\�¼
� �$hu\^o=]K_�¹#]³od`��z]k\^XÄlt\^X&_^]�\^oO]rZO`&_m\^hu\^hiXgbðhibdc2]K´½v¾X8_�\^oOX8lm] v �g]K_m\^hinA]Al�\^od`�\foO`��z]r]�c2yg]Al
ZUXghib�\^hibOyÀ\^X�hibr\^oO]�nA[2_m_^]Ab�\'nKXgY�ZO[2\^]K_�� l�y8_p`8Z=o¿�OX8_ part(v) oO`8l�\^X�µU]¶nKXgY�Z=[=\p`8µ=�i]"vF_^XgY
v �=vFX8_a]K´=`8Y�Z=�i]"µ�}�_^]Kb2[=YÅµU]K_^hib=y¶\^o=]"�z]K_m\^hinA]Ala`&nAnAX8_pc2hibOyÀ\^XÅ\^o=]"Zd`�_m\^hi\^hiX8b¿¼� qs\�lmoOXg[=�{c³µU]¶]Ab=Xg[Oy8o�\^X�oO`��z]0]A`8npo-c2XgY�`&h{b�X8b�`�lmhibOy8�i]ÅnAX8Y�ZO[=\^]N_��U`8l'\^oO]¶Y�`�Ç�X8_^hu\�}�X&v
\^oO]"�ihibO²@la`&_^](hib�\m_p`&·sc2XgY�`8hibf�{hib=²2l f  #"@� , ' h�¼

� e'�ilmX³c=]KZU]Abdc2h{b=ykX8b�\^oO]�`&nK\^[d`&�RZO`&_m\^hu\^hiXgb¿Ãw`8l0`koO]K[=_^hilt\^hinAl0X8bO]�lmo=Xg[O�{c�[=lm]�`kZd`�_m\^hu\^h{X8b
\^od`�\:c=hilt\m_^hiµO[2\^]Al�\^oO]$yg�iX8µd`8� ¯ `8y8]Aj'`8bO²([=bOhuv¾X&_^Y��u}�`8nK_^X8lml:nAXgY�Z=[=\^]K_^l0�A\^o=]
]K´2ZU]AnN\^]�c(�g`&�{[=]
X8vR\^oO]�\^X8\p`8�:qsb���[O]K[O]�oOhu\^l"X&v#`�nAXgY�Z=[=\^]K_'hil(Z=_^XgZUX&_m\^hiXgbd`&�w\^X�\^o=]0\^o=]¶\^X&\p`8� ¯ `8y8]Aj�`&bO²
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Pr{P̂PV(u, v) > (1 + δ) PPV(u, v)} = Pr{N P̂PV(u, v) > N(1 + δ) PPV(u, v)}

≤ e−N ·PPV(u,v)·δ2/4.
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ø��EúAô ó ôEý�ó
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(Z) = PPV(u, v) + PPV(u, w) − (PPV(u, v) −
PPV(u, w))2 ≤ PPV(u, v) + PPV(u, w)

�

Pr{ 1
N
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i=1 Zi < 0} ≤ e−N ( � Z)2

2 ����� (Z)+4/3 � Z
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10/3 PPV(u,v)+2/3 PPV(u,w)

≤ e−0.3N(PPV(u,v)−PPV(u,w))2
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ØN;fP43FBpØN3F14<2ÝE3FBNÖ³Ü�5�Ø^ï�5&5&1³ØNÖ45ÅÖ43F<2Ö C Sr58PU3FÝ4S >@1EP³76;�ï ?A>@14Û=58PkÙE>2<258B'>2I8I�;2?APU3F14<�ØK;�ØNÖE5
Ù¿58?KBN;21E>2763FG&5gP�à#>2<25gH�>@14Û�BNI&;2?K58B ê
	 ;�ï�5&Ú=5&? C ØNÖ45�;2?APU5&?�;2×#ØNÖ45f76;�ïÉ?K>214Û25gP�ÙE>@<=58B(ï(3F767
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361dÚ25gB^ØK36<O>�ØK5rØNÖ45�>2BNLOSrÙUØK;@ØK3FIr<=?N;�ï"ØKÖ°;2×�P4>�ØA>@ÜE>=Bp5³BN36G85�>2Bf>º×�Ý41EI�ØN3F;21ð;2×(ØNÖ45³<=?K>2Ù4Ö
Bp3FG&5 C ØNÖ45�1dÝ4SfÜ¿58?�;@×RëE14<258?NÙE?N3F1OØKB�?N58S�>@3F1EB(I�;=1EB^ØA>@1OØ"×�;2?"ë�	U5gP ε

>@1EP
δ ê

� ��Ñ�� R:Ð��ÑaÓ¶Î0ÒVT��AÑ�Ð^Q Q ]�� U
Ï-U��VUXT R��"Õ&YZR

ñm1 ØKÖ43¾B�BN58I�ØK36;=1 ï'5ºï(3F7670Ù4?N;�Ú=5�BN5&Ú=5&?A>@7(7F;�ï'58?rÜ¿;=Ý41EP4B�;=1 ØNÖ45 I&;2SrÙ47F5�	U36Ø^L ;@×ÀÙ¿58?pæ
Bp;=1E>@7F36G858P à#>2<25gH�>@14Û ê ñm1 ÙE>@?NØN3¾I�ÝE7F>2? C ï�5�ï(3F7F7�Ù4?K;�Ú25³ØKÖE>�Ø³5�	4>2I�Ø³I&;2SrÙ4ÝUØA>�ØN3F;21 ØNÖE51458I&58BKBN>2?NLk361¿PU5�	�P4>@ØK>2ÜE>2BN50BN36G85¶;2×R>�×�ÝE767FL�Ù¿58?KBN;21¿>@7F36G858P�à|>@<=58H�>214ÛkS�ÝEBpØ�Ü�5�>�Ø�765g>2BpØ
Ω(V 2)

Ü436ØKB C >21EPÄ36×aÙ�5&?ABp;=1E>@7F36G8361E<�;2147FL�×�;2? H
ÙE>@<=58B C ØNÖE5fP4>@ØK>@Ü¿>2BN5�Bp3FG&5f3FBÅ>�Ø0765g>2BpØ

Ω(H · V ) ê ñm1ºØNÖE5�>@Ù4ÙE?N;
	U3FSr>@ØN5ÀÙ4?K;2Ü47F5&SÁØNÖ45�76;�ï�5&?(Ü�;2Ý41¿P�×�;2?(×�Ý47F7$Ù�5&?ABN;21E>2763FG8>@ØN3F;21
3FB(7F3F1458>2?�3F1

V C ï(ÖE3FIAÖ�3FB¶>2IAÖ43F5&Ú=58P³ÜdL³;=Ý4?�>@7F<2;=?N36ØNÖES ;@×�Td58I�ØN3F;21Äç ê
�Ä;2?K5�Ù4?K58I�3¾BN5&7FL-ï�5�ï(3F767#I�;=1EBp3¾PU58?(Ø^ï';2æ�ÙEÖE>2BN5�>@7F<2;=?N36ØNÖ4S�B �43F1ÄØNÖ45�ëE?KBpØ0ÙEÖE>2BN5�ØNÖE5

>@7F<2;2?K36ØNÖ4S Ö¿>2B�>=I&I�5gBNB(ØN;rØNÖE5�58PU<=5�Bp5&Ø¶;@×#ØKÖ45�<2?A>@ÙEÖ�>21EP�ÖE>2B"ØK;�I�;=SrÙ4ÝUØN5f>@1º361¿PU5�	
P4>�ØA>@ÜE>=Bp5 ê ñm1rØNÖ45ÅBp5gI�;=1EPkÙ4ÖE>2BN5(ØKÖ45¶>@7F<2;=?N36ØNÖES <25&ØKB'>�îOÝ45&?KL�;2×£>2?NÜE3{ØK?K>2?NL�Ú=5&?NØN3¾I�5gB
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v
�s>@1EP

w
� C >@1EPr36Ø�Ö¿>2B|ØK;�>@1¿Bpï�5&?'ÜE>2BN58Pr;=1476Lk;21rØKÖ45Å361EP45�	�P4>�ØA>@ÜE>=Bp5 ê ñm1�ØKÖ43FB'Sr;UPU5&7ï'5"ï(3F767U7F;�ï'58?RÜ�;2ÝE1EPfØNÖ45"3F1EPU5�	kP4>�ØA>@ÜE>=Bp5"Bp3FG&5 ê ìÈ5"ï(3F767¿I�;21¿Bp3¾PU5&?
ØKÖ45�×�;27F76;�ï(3F14<0Ø^LOÙ�58B;@×|î=ÝE5&?K365gB �
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u ê�sç-� � Ù4Ù4?K;
	d3FS�>�ØK5�� � B^ØK36S�>�ØK5 PPV(u, v)

ï(36ØNÖ >
P̂PV(u, v)

BpÝ¿IAÖ C ØKÖE>�Ø�×�;2?-ë�	U58P
ε, δ > 0

Pr{|P̂PV(u, v) − PPV(u, v)| < δ} ≥ 1 − ε
� ã �-à#;=BN36ØN3FÚO36Ø^L �R.058I&3FPU5�ï(Ö45&ØNÖ458? PPV(u, v)

3FBfÙ¿;OBp36ØN3FÚ25-ï(3{ØKÖ 58?N?K;2?�ÙE?N;=ÜE>@Ü43F7F3{Ø^L�>�Ø
Sr;=BpØ

ε ê� é �ÄM';=SkÙ¿>@?K3FBN;21 �d.058I�3¾PU5�3F1-ï(ÖE3FIAÖ�;2?APU5&? v
>21EP

w
>2?N5Å361-ØNÖE5�Ù¿58?KBN;21E>2763FG&5gP³?A>@14Û�;2×

u
ï(36ØNÖº5&?K?K;2?�Ù4?N;=ÜE>@ÜE367F3{Ø^L->�Ø(Sr;=BpØ

ε ê�sâ-�
ε � δ

I&;2SrÙE>2?N3¾Bp;=1 ��94;=?�>¶ë 	d5gP
ε > 0, δ > 0

PU58I&3FPU5�ØKÖ45�I�;=SkÙ¿>@?K3FBN;21fÙ4?N;=Ü47F5&S ï(36ØNÖ
58?N?K;2?�Ù4?K;2ÜE>2Ü4367F36Ø^L�>�Ø(Sr;=BpØ

ε C 3{× |PPV(u, v) − PPV(u, w)| > δ
Ö4;=7FP4B ê

�0Ý4?ÅØN;d;27|ØK;�ï�>2?KPEB¶ØKÖ45�7F;�ï'58?ÅÜ�;2ÝE1EP4BÀï(3F767�Ü�5rØNÖE5³>2BNLOSrSr5�ØK?N3¾IrI�;=SkSfÝ4143¾I&>@ØN3F;21
I�;2SrÙ47F5�	U36Ø^L-<O>@Sr5;
&÷ óHG � õAú&ótû��(ÿ��Kû 
&÷ ù 	�áuç2ç å ��ØNÖ458?N5f>@?K5�Ø^ï';-Ù47¾>zL25&?AB A

>@1EP
B C A ÖE>2B

>@1
m
ætÜ436Ø�Ú258I�ØN;=?

x C B ÖE>=B(>@1�361EP45�	
y ∈ {1, 2, . . . , m} C >21EP�ØNÖ458L�ÖE>zÚ=5¶ØK;³I�;2SrÙ4Ý4ØN5ØNÖ45�×�Ý41EI�ØK36;=1

f(x, y) = xy
C 3 ê 5 êFC ØKÖ45�;=ÝUØNÙEÝUØ03¾B(ØKÖ45 y ��� Ü436Ø0;2×#ØNÖ45f3614ÙEÝUØ0Ú=58I�ØK;2? ê QR;I�;2SrÙ4Ý4ØN5�ØKÖ45³Ù4?K;2Ù�5&?�;=ÝUØNÙEÝUØ�ØNÖE5&L°ÖE>zÚ25kØN;ÈI�;2SrSfÝ4143¾I&>�ØK5 C >21EP�I�;=SkSfÝ4143¾I&>@ØN3F;21�3FB?N5gB^ØK?N3¾I�ØK58P-361�ØNÖE5�PU36?K58I�ØN3F;21
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��� ���!� � � � # +<8�8�. /
� 	0ù¿þ�ÿ��Nû@ótûgúAû��0ó ôEý�ó³û��Uó{ÿ��Uósø�ó�ô4õ�úAû����KõKú&ó�ý�ù4ø �aõ��½ómûðó�ô4õ 
�÷ óHG
� õAú&ótû��¶ÿ �Nû 
&÷ ù 	�ÿ��Kû 
��6õ � �|÷ ó ô�ÿ��Nû�
Aý 
&÷��i÷ ósþ ý@ó��6õAý�øAó 1+γ

2

� �døAó(ó*�Ný@ù4ø��f÷ óÅý�ó��FõKý�ø�ó
γm
�÷ ósø �

��;�ï ï�50>@?K5¶?K58>=PULfØN;kÙ4?N;�Ú=5�;2ÝE?'7F;�ï'58?aÜ�;2Ý41¿P4B ê ñm1�>2767w;=Ý4?aØKÖ45&;=?N58S�B�ï�5Å>=BNBNÝ4Sr5ØNÖE>@Ø³Ù¿58?KBN;21E>2763FG8>@ØN3F;21 3FB�I8>@7¾I�Ý47¾>�ØK58P ×�;2?
H

Ú258?pØK3FI&58B C >@1EP ØNÖ458?N5½>2?N5 V
Ú258?pØK3FI&58Br3F1

ØN;@ØA>@7 ê ñm1�ØNÖ45�I8>2BN5Å;2×$×�Ý47F7$Ù�5&?ABN;21E>2763FG8>@ØN3F;21 H = V ê
��� ���!� � ����� 	0ùEþ�ý�� 	Oû���÷ ó�ô�� ø&û�� � ÷ ù 	�ó ôEõ
ÿEûzø�÷ ós÷ � ÷ ó�þaÿ �Nû 
��6õ������
	 � �døAó �dø&õ�ý@ù�÷ ù��=õNöû^üÀø�÷��gõ

Ω((1 − 2ε)HV )

&÷ ósø �

 �Nûgû^ü � Td5�Ø 1+γ
2 = 1 − ε ê ìÈ5-<23FÚ25³>½I&;2SrS�ÝE143FI8>�ØK36;=1°ÙE?N;2ØN;UI�;=7|×�;2?�ØNÖ45³ÜE3{ØNæ�Ú=58I�ØK;2?Ù4?N;=Ü43F14<0ÙE?N;=Ü47658S ê ÞÅ3FÚ2581k>21f3F14Ù4Ý4Ø�Ü43{ØNæ�Ú=58I�ØN;2? x

ï�5�ï(3F7F74I�?K58>�ØK5�>0<2?A>@ÙEÖ C ØNÖE>@Ø �uI�;UPU5gB&ßØNÖ45ºÜ436ØKBr;2×�ØNÖ43¾BrÚ25gI�ØK;2? ê à�7¾>zL258? A
ï(3F767�I&?N5g>�ØK5->

PPV
3F1EPU5�	 ;21 ØKÖ43¾Br<2?A>@Ù4Ö C >@1¿PØN?A>@1EBNSr3{Ø�ØNÖ43¾B�361¿PU5�	�ØK;

B ê Q"Ö4581�à�7¾>zL258? B
ï(367F7wÝEBN5�ØNÖE5ÅÙ�;=BN36ØN3FÚO36Ø^L�îOÝ45&?KL�>@7F<2;2?K36ØNÖ4S

×�;2?rBp;=Sk5�Ú258?pØK3FI&58B �§PU58Ù¿581EPU3F14<°;21 ØKÖ45�?N5gî=ÝE58BpØN58P 361EP45�	
y
��BNÝEIAÖ ØNÖE>@ØfØKÖ45Ä>@1EBNï'58?

ØN;°ØNÖ45ºÙ�;=BN3{ØK36Úd36Ø^L îOÝ45&?KLðï(3F767(Ü�5�ØNÖ45
y ��� Ü43{Ø³;2×¶ØKÖ45º3614ÙEÝUØ�Ú258I�ØN;=? x ê Q"ÖdÝEBk3{×ÅØNÖE5>@7F<2;2?K36ØNÖ4S�BN;27FÚ258B¶ØNÖE5

PPV
361EP45�	U361E<->@1¿P½Ù�;=BN3{ØK36Úd36Ø^L½î=ÝE5&?KL�ï(36ØNÖ°5&?K?K;2?¶ÙE?N;=ÜE>@Ü43F7F3{Ø^L

ε C ØNÖ4581rØNÖ43¾B�ÙE?N;2ØN;UI�;=74Bp;=76Ú=58B
ØNÖE5�Ü436ØpætÚ258I�ØN;=?�Ù4?K;2Ü43F14<�Ù4?K;2Ü47F5&S�ï(3{ØKÖ�Ù4?K;2ÜE>2Ü4367F36Ø^L 1+γ
2
CBp;kØNÖE5ÀØN?A>@1EBp×�5&?K?N5gP³3F1EPU5�	�P4>@ØK>@Ü¿>2BN52ß B�BN3FG&5À3FB(>@Ø�765g>2BpØ

γm ê94;2?�ØNÖ45
H ≤ V/2

I8>2BN5�I�;=1EBN3FPU58?�ØNÖE5³×�;27F76;�ï(3F14<½<=?K>2Ù4Ö �:7F5�Ø
u1, . . . , uH

PU5814;@ØK5
ØNÖ45�Ú=5&?NØN3¾I�58B�×�;=?(ï(Ö4;=BN5ÅØNÖ45�Ù�5&?ABN;21E>2763FG8>@ØN3F;21�3¾B(I&>27FI&Ý47¾>�ØN5gP ê � P4P v1, v2, . . . , vn

Sr;2?K5
Ú25&?NØN3¾I�5gB
ØN;�ØKÖ45(<2?A>@ÙEÖ ê� 5&Ø|ØNÖ45¶3614ÙEÝUØaÚ25gI�ØK;2?gß B|BN36G85(Ü¿5 m = H ·n ê ñm1�;2ÝE?�<2?A>@Ù4Ök58>=IAÖÚ25&?NØN5�	

vj
ÖE>2B¶>�76;d;=Ù C >@1¿P�×�;=?�58>=IAÖ 1 ≤ i ≤ H

>@1EP
1 ≤ j ≤ n

ØKÖ45�5gPU<25
(ui, vj)

3FB
361�ØNÖE5�<2?A>@Ù4Ö-3 � ÜE3{Ø

(i − 1)n + j
3FB(BN5�Ø�3F1-ØNÖ45�3F14Ù4ÝUØ0Ú258I�ØN;=? ê



94;2?
>@1dLÅ361EP45�	
1 ≤ y ≤ m

7F5�Ø
y = (i−1)n+j

�8ØNÖE5'Ù�5&?ABp;=1E>@7F3FG&58PÅà|>@<=58H�>214ÛÅÚz>276ÝE5
PPV(ui, vj)

3¾BRÙ¿;OBp36ØN3FÚ25�3��
(ui, vj)

5gPU<25'ï�>=B:3F1�ØNÖE5a<2?A>@ÙEÖ�361EP45�	U58P C ØNÖdÝEB
3��kÜE3{Ø y
ï">2B

Bp5&Ø�361fØNÖ45(3F14Ù4Ý4ØaÚ25gI�ØN;=? ê ñt× H ≤ V/2
ØKÖ45"ØNÖ458;2?K5&S ×�;=767F;�ï�B|BN361EI&5

n = V −H = Ω(V )Ö4;27¾P4B"3FSkÙE76Ld3F14<rØNÖE>@Ø
m = H · n = Ω(H · V )

Ü436ØKB(>2?N5 �uI�;UPU58P:ß ê
�¶ØNÖ458?Nï(3¾Bp5 C 3{× H > V/2

ØNÖ45ÈBN>2Sk5½I&;21EBpØN?KÝEI�ØK36;=1 Ù4?N;�Ú=58BkØKÖ45 BpØK>�ØK5&Sr5&1OØ�ï(36ØNÖ
Bp5&ØpØN3F14<

H = V/2 ê ut
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��6õ � ���
	�� �døAó'ôEý � õ³ý�ù÷ ù��2õKöS�2ý@ótý�
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Ω(H · V )
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Aýzø&õ�û^ü

Ω( 1−2ε
δ H)


&÷ ósørû�ù ý 	-�NýAÿ4ô �|÷ ó�ô
V = H + Ω( 1

δ ) � õ ��ó�÷§úAõ�ø � 1Rû��ø ��ý����Fõ �
δ
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Aýzø&õ �Nõ  �U÷��Nõ�ø

Ω((1 − 2ε)HV )
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PPV(ui, vj)
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I�;21¿B^ØK?NÝEI�ØN3F;21-ÖE>2B
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5&1EPUæ�Ú=5&?NØN3¾I�58B�ï(3F767
ÖE>zÚ25�5�	4>2I�ØK76L 1−c

k

ï�5&3F<2ÖOØ'3F1
PPV(ui)

ê 94;=?aØKÖ43FBaØN;fÜ¿5Å;�Ú258? 2δ
ï�50I8>@1�ÖE>zÚ=5¶>�Ø�Sk;OB^Ø

n = 1−c
2δ

Ù�;=BKBp3FÜ47F5
v1, . . . , vn

Ú25&?NØN3¾I�5gB ê ì 36ØNÖ 1+γ
2 = 1 − ε

ØKÖ45ÀØNÖ458;2?K5&S ×�;=767F;�ï�B ê94;2?�BNS�>@7F7
δ
ØKÖ45�;2?K36<=361¿>@7£I�;=1EB^ØK?NÝ¿I�ØN3F;21ºBNÝ-6³I�58B ê ut
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