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Abstract

A central problem in parameterized algorithms is to obtain
algorithms with running time f(k) - n®® such that f is
as slow growing function of the parameter k as possible.
In particular, the first natural goal is to make f(k) single-
exponential, that is, ¢* for some constant ¢. This has led
to the development of parameterized algorithms for various
problems where f(k) appearing in their running time is of
form 29) . However there are still plenty of problems where
the “slightly superexponential” f(k) appearing in the best
known running time has remained non single-exponential
even after a lot of attempts to bring it down. A natural
question to ask is whether the f(k) appearing in the running
time of the best-known algorithms is optimal for any of these
problems.

In this paper, we examine parameterized problems
where f(k) is kO = 2016 %) ip the best known running
time and for a number of such problems, we show that the
dependence on k in the running time cannot be improved to
single exponential. More precisely we prove following tight
lower bounds, for three natural problems, arising from three
different domains:

e The pattern matching problem CLOSEST STRING is
known to be solvable in time 29(@sd . nOM 4nq
20(dlog =) . nO() We show that there is no 2°(¢1oed) .
n®® and 200@el=D . nO0M time algorithm, unless
Exponential Time Hypothesis (ETH) fails.

e The graph embedding problem DISTORTION, that is,
deciding whether a graph G has a metric embedding
into the integers with distortion at most d can be done
in time 20(@eed) . O We show that there is no
goldlogd) O time algorithm, unless ETH fails.

e The Di1SJOINT PATHS problem can be solved in time in
time 20(Wlegw) . nOM) on graphs of treewidth at most
w. We show that there is no 2°(®°8®) . O time
algorithm, unless ETH fails.

To obtain our result we first prove the lower bound for
variants of basic problems: finding cliques, independent sets,
and hitting sets. These artificially constrained variants form
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a good starting point for proving lower bounds on natural
problems without any technical restrictions and could be of
independent interest. We believe that many further results
of this form can be obtained by using the framework of the
current paper.

1 Introduction

The goal of parameterized complexity is to find ways of
solving NP-hard problems more efficiently than brute
force: here aim is to restrict the combinatorial explosion
to a parameter that is hopefully much smaller than the
input size. Formally, a parameterization of a problem
is assigning an integer k£ to each input instance and
we say that a parameterized problem is fized-parameter
tractable (FPT) if there is an algorithm that solves
the problem in time f(k) - [I|°1), where |I| is the
size of the input and f is an arbitrary computable
function depending on the parameter k only. There is
a long list of NP-hard problems that are FPT under
various parameterizations: finding a vertex cover of
size k, finding a cycle of length £, finding a maximum
independent set in a graph of treewidth at most k,
etc. For more background, the reader is referred to the
monographs [24, 28, 51].

The practical applicability of fixed-parameter
tractability results depends very much on the form of
the function f(k) in the running time. In some cases,
for example in results obtained from Graph Minors the-
ory, the function f(k) is truly horrendous (towers of
exponentials), making the result purely of theoretical
interest. On the other hand, in many cases f(k) is a
moderately growing exponential function: for example,
f(k) is 1.2738% in the current fastest algorithm for find-
ing a vertex cover of size k [10], which can be further
improved to 1.1616% in the special case of graphs with
maximum degree 3 [57]. For some problems, f(k) can
be even subexponential (e.g., ¢V¥) [18, 17, 16, 1].

The implicit assumption in the research on fixed-
parameter tractability is that whenever a reasonably
natural problem turns out to be FPT, then we can
improve f(k) to ¢ with some small ¢ (hopefully ¢ < 2)
if we work on the problem hard enough. Indeed, for
some basic problems, the current best running time
was obtained after a long sequence of incremental



improvements. However, it is very well possible that
for some problems there is no algorithm with single-
exponential f(k) in the running time.

In this paper, we examine parameterized problems
where f(k) is “slightly superexponential” in the best
known running time: f(k) is of the form k%) =
20(klogk) - Algorithms with this running time naturally
occur when a search tree of height at most k£ and branch-
ing factor at most k is explored, or when all possible
permutations, partitions, or matchings of a k element
set are enumerated. For a number of such problems, we
show that the dependence on k in the running time can-
not be improved to single exponential. More precisely,
we show that a 2°(108%).| 119 time algorithm for these
problems would violate the Exponential Time Hypoth-
esis (ETH): the assumption that there is no 2°(™)-time
algorithm for n-variable 3SAT [37].

In the first part of the paper, we prove the lower
bound for variants of basic problems: finding cliques,
independent sets, and hitting sets. These variants are
artificially constrained such that the search space is of
size 20(F198k) and we prove that a 2°(klogk) . |01
time algorithm would violate ETH. The results in this
section demonstrate that for some problems the natural
20(klogk) 719N yupper bound on the search space is
actually a tight lower bound on the running time. More
importantly, the results on these basic problems form a
good starting point for proving lower bounds on natural
problems without any technical restrictions.

In the second part of the paper, we use our results
on the basic problems to prove tight lower bounds for
three natural problems from three different domains:

e The pattern matching problem CLOSEST STRING is
known to be solvable in time 20(@legd) . |1|0(1) [33]
and 20(d1og[=l) .| 1/0() [46]. We show that there
is no 20(@logd) .| 1|01 and 20(dleg =) . | 1]00) time
algorithm, unless ETH fails.

e The graph embedding problem DISTORTION, that
is, deciding whether a n vertex graph G has a
metric embedding into the integers with distortion
at most d can be done in time 20(¢1°8) . ,O1)[27],
We show that there is no 2°(4logd) . nOM) time
algorithm, unless ETH fails.

e The Di1sJOINT PATHS problem can be solved in time
20(wlogw) . nO() on p vertex graphs of treewidth at
most w [54]. We show that there is no 20(wlosw) .
n®M time algorithm, unless ETH fails.

We remark that the algorithm given in [54] does not
mention the running time for DISJOINT PATHS as
20(wlogw) . pOM) o graphs of bounded treewidth but

a closer look reveals that it is indeed the case. We ex-
pect that many further results of this form can be ob-
tained by using the framework of the current paper.
Thus parameterized problems requiring “slightly super-
exponential” time 29(k1°g k)| 719(1) js not a shortcoming
of algorithm design or pathological situations, but an
unavoidable feature of the landscape of parameterized
complexity.

It is important to point out that it is a real possibil-
ity that some 20(klogk) . |110(1) time algorithm can be
improved to single-exponential dependence with some
work. In fact, there are examples of well-studied prob-
lems where the running time was “stuck” at 20(*10gk) .
[T|°(M) for several years before some new algorithmic
idea arrived that made it possible to reduce the depen-
dence to 20() . |1|0();

e In 1985, Monien [48] gave a k!-n©(!) time algorithm
for finding a cycle of length k& in a graph on n
vertices. Alon, Yuster, and Zwick [2] introduced
the color coding technique in 1995 and used it to

show that a cycle of length k£ can be found in time
90(k) . nO(1)

e In 1995, Eppstein [25] gave a O(kFn) time algo-
rithm for deciding if a k-vertex planar graph H is a
subgraph of an n-vertex planar graph G. Very re-
cently, Dorn [21] gave an improved algorithm with
running time 2°%) . n. One of the main technical
tools in this result is the use of sphere cut decompo-
sitions of planar graphs, which was used earlier to
speed up algorithms on planar graphs in a similar
way [22].

e In 1995, Downey and Fellows [23] gave a kO®) .
nP® time algorithm for FEEDBACK VERTEX SET
(given an undirected graph G on n vertices, delete k
vertices to make it acyclic). A randomized 4% -n©(*)
time algorithm was given in 1999 [7, 6]. The first
deterministic 20%) .M time algorithms appeared
only in 2005 [35, 15, 14], using the technique of
iterative compression introduced by Reed et al.
[52].

As we can see in the examples above, achieving single
exponential running time often requires the invention of
significant new techniques. Therefore, trying to improve
the running time for a problem whose best known pa-
rameterized algorithm is slightly superexponential can
lead to important new discoveries and developments.
However, in this paper we identify problems for which
such an improvement is very unlikely. The 20(klogk)
dependence on f(k) seems to be inherent to these prob-
lems and one should not waste too much time on trying
to achieve single-exponential dependence.



There are some lower bound results on FPT prob-
lems in the parameterized complexity literature, but
not of the form that we are proving here. Cai and
Juedes [9] proved that if the parameterized version of a
MAXSNP-complete problems (such as VERTEX COVER
on graphs of maximum degree 3) can be solved in
time 2°(F) . |[7|() then ETH fails. Using parameter-
ized reductions, this result can be transfered to other
problems: for example, assuming ETH, there is a no
20(VE) . |1|°() time algorithm for planar versions of
VERTEX COVER, INDEPENDENT SET, and DOMINAT-
ING SET (and this bound is tight). However, no lower
bound above 2°%) was obtained this way for any prob-
lem so far.

Flum, Grohe, and Weyer [29] tried to rebuild pa-
rameterized complexity by redefining fixed-parameter
tractability as 29 . |1/°(1) time and introducing ap-
propriate notions of reductions, completeness, and com-
plexity classes. This theory could be potentially used
to show that the problems treated in the current pa-
per are hard for certain classes, and therefore they are
unlikely to have single-exponential parameterized algo-
rithms. However, we see no reason why these problems
would be complete for any of those classes (for example,
the only complete problem identified in [29] that is ac-
tually FPT is a model checking on problem on words for
which it was already known that f(k) cannot even be
elementary). Moreover, we are not only giving evidence
against single-exponential time algorithms in this pa-
per, but show that the 20(*1°8%) dependence is actually
tight.

2 Basic problems

In this section, we modify basic problems in such a way
that they can be solved in time 20(*1°8%)| 1|9(1) by brute
force, and this is best possible assuming ETH. In all the
problems of this section, the task is to select exactly
one element from each row of a k x k table such that
the selected elements satisfy certain constraints. This
means that the search space is of size kF = 20(klogk)
We denote by [k] x [k] the set of elements in a k x k
table, where (i,7) is the element in row 7 and column
j. Thus selecting exactly one element from each row
gives a set (1,p(1)), ..., (k,p(k)) for some mapping
p : [k] — [k]. In some of the variants, we not only require
that exactly one element is selected from each row, but
we also require that exactly one element is selected
from each column, that is, p has to be a permutation.
The lower bounds for such permutation problems will
be essential for proving hardness results on CLOSEST
STRING (Section 3) and DISTORTION (Section 4). The
key step in obtaining the lower bounds for permutation
problems is the randomized reordering argument of

Theorem 2.3. The analysis and derandomization of this
step is reminiscent of the color coding [2] and chromatic
coding [1] techniques.

To prove that a too fast algorithm for a certain
problem P contradicts the Exponential Time Hypothe-
sis, we will reduce 3-COLORING on n-vertex graphs to
problem P and argue that the algorithm would solve
3-COLORING in time 2°(" . Tt is a well-known fact that
such an algorithm for 3-COLORING would violate ETH.

PROPOSITION 2.1. ([37]) Assuming ETH, there is no
20" time algorithm for deciding whether an n-vertex

graph is 3-colorable; and there is no 2°0™) time algo-
rithm for m-clause 3SAT.

2.1 k x k Clique The first problem we investigate is
the variant of the standard clique problem where the
vertices are the elements of a k x k table, and the clique
we are looking for has to contain exactly one element
from each row.

k x k CLIQUE
Input: A graph G over the vertex set
[k] x [K]
Parameter: &k

Question: Is there a k-clique in G with ex-

actly one element from each row?

Note that the graph G in the k x & CLIQUE instance has
O(k?) vertices at most O(k*) edges, thus the size of the
instance is O(k*).

THEOREM 2.1. Assuming ETH, there is no 2°0(108%)
time algorithm for k x k CLIQUE.

Proof. Suppose that there is an algorithm A that solves
k x k CLIQUE in 20108k time. We show that this
implies that 3-COLORING on a graph with n vertices
can be solved in time 2°") which contradicts ETH by
Proposition 2.1.

Let H be a graph with n vertices. Let k£ be the
smallest integer such that 3"/**1 < k., or equivalently,
n < klogsk — k. Note that such a finite k exists for
every n and it is easy to see that klogk = O(n) for the
smallest such k. Intuitively, it will be useful to think of
k as a value somewhat larger than n/logn (and hence
n/k is somewhat less than logn).

Let us partition the vertices of H into k groups X1,
..., X, each of size at most [n/k]. Forevery 1 <i <k,
let us fix an enumeration of all the proper 3-colorings of
H[X;]. Note that there are most 3/"/* < gn/k+1 <
such 3-colorings for every ¢. We say that a proper 3-
coloring ¢; of H[X;] and a proper 3-coloring ¢, of H[X}]
are compatible if together they form a proper coloring of



H[X;UX;]: for every edge uv with v € X; and v € X},
we have ¢;(u) # c¢;j(v). Let us construct a graph G
over the vertex set [k] x [k] where vertices (i1, 1) and
(i2, jo) with 41 # i are adjacent if and only if the ji-th
proper coloring of H[X;,] and the js-th proper coloring
of H[X;,] are compatible (this means that if, say, H[X},]
has less than j; proper colorings, then (i1,71) is an
isolated vertex).

We claim that G has a k-clique having exactly one
vertex from each row if and only if H is 3-colorable.
Indeed, a proper 3-coloring of H induces a proper 3-
coloring for each of H[X;], ..., H[X}]. Let us select
vertex (7, ) if and only if the proper coloring of H[Xj]
induced by ¢ is the j-th proper coloring of H[X;]. It is
clear that we select exactly one vertex from each row
and they form a clique: the proper colorings of H[X;]
and H[X,] induced by ¢ are clearly compatible. For
the other direction, suppose that (1, p(1)), ..., (k, p(k))
form a k-clique for some mapping p : [k] — [k]. Let ¢; be
the p(i)-th proper 3-coloring of H|[X;]. The colorings ¢1,

.., ¢ together define a coloring ¢ of H. This coloring
¢ is a proper 3-coloring: for every edge uv with u € X;,
and v € X;,, the fact that (i1, p(i1)) and (izg, p(iz)) are
adjacent means that ¢;, and ¢;, are compatible, and
hence ¢;, (u) # ¢, (v).

Running the assumed algorithm A on G decides
the 3-colorability of H. Let us estimate the running
time of constructing G and running algorithm A on G.
The graph G has k? vertices and the time required to
construct G is polynomial in k: for each X;, we need
to enumerate at most k proper 3-colorings of G[X;].
Therefore, the total running time is 20(Flogk) . LO) —
2°(") (using that klog k = O(n)). It follows that we have
a 2°(") time algorithm for 3-COLORING, contradicting
ETH. O

k x k PERMUTATION CLIQUE is a more restricted
version of k x k CLIQUE: in addition to requiring that
the clique contains exactly one vertex from each row,
we also require that it contains exactly one vertex from
each column. In other words, the vertices selected in the
solution are (1, p(1)), ..., (k, p(k)) for some permutation
p of [k]. Given an instance I of k x k CLIQUE having
a solution S, if we randomly reorder the vertices in
each row, then with some probability the reordered
version of solution S contains exactly one vertex from
each row and each column of the reordered instance.
In Theorem 2.2, we use this argument to show that
a 2°0(Flogk) time algorithm for k x k PERMUTATION
CLIQUE gives a randomized 2°(F1°2F%) time algorithm
for k£ x k CLIQUE. Section 2.2 shows how the proof
of Theorem 2.2 can be derandomized.

THEOREM 2.2. If there is a 2°F1°8%) time algorithm for

kxk PERMUTATION CLIQUE, then there is a randomized
2°(m) time algorithm for m-clause 3SAT.

Proof. We show how to transform an instance I of k x k
CLIQUE into an instance I’ of k x k& PERMUTATION
CLIQUE with the following properties: if I is a no-
instance, then I’ is a no-instance, and if I is a yes-
instance, then I’ is a yes-instance with probability
at least 279() . This means that if we perform this
transformation 2°() times and accept I as a yes-
instance if and only at least one of the 2°(*) constructed
instances is a yes-instance, then the probability of
incorrectly rejecting a yes-instance can be reduced to
an arbitrary small constant. Therefore, a 2°0(F198%) time
algorithm for k£ x & PERMUTATION CLIQUE implies a
randomized 20(F) . g0(klogk) — go(klogk) time algorithm
for k x k CLIQUE.

Let ¢(i,5) : [k] x [k] — [k] be a mapping chosen
uniform at random; we can imagine c as a coloring of the
k x k vertices. Let ¢/(i,j) = % if there is a j' # j such
that ¢(4,j) = ¢(i,j5") and let ¢/(i,5) = ¢(i,7) otherwise
(i.e., if ¢(i,j) = = # %, then no other vertex has color
x in row 4). The instance I’ of k X kK PERMUTATION
CLIQUE is constructed the following way: if there is
an edge between (i, j1) and (iz,j2) in instance I and
' (i1,71), ¢ (i2, j2) # %, then we add an edge between
(i1,c (i1,71)) and (i2,c(i2,72)) in instance I’. That
is, we use mapping c¢ to rearrange the vertices in each
row. If vertex (i,j) clashes with some other vertex in
the same row (that is, ¢(i,7) = %), then all the edges
incident to (i, ) are thrown away.

Suppose that I’ has a k-clique (1,p(1)), ...,
(k,p(k)) for some permutation p of [k]. For every i,
there is a unique §(i) such that ¢/(¢,(:)) = p(i): oth-
erwise (7, p(i)) is an isolated vertex in I’. Tt is easy to
see that (1,0(7)), ..., (k,d(k)) is a clique in I: vertices
(i1,6(i1)) and (i2,d(i2)) have to be adjacent, otherwise
there would be no edge between (i1, p(i1)) and (i2, p(i2))
in I’. Therefore, if I is a no-instance, then I’ is a no-
instance as well.

Suppose now that I is a yes-instance: there is a
clique (1,6(#)), ..., (k,d(k)) in I. Let us estimate the
probability that the following two events occur:

(1) Forevery 1 <iy <ig <k, c(i1,6(i1)) # c(iz, 6(i2)).

(2) For every 1 <i <k and 1 <j <k with j # (i),
c(i,0(2)) # (i, j)-

Event (1) means that ¢(1,6(1)), ..., ¢(k,0(k)) is a
permutation of [k]. Therefore, the probability of (1)
is k!/kF = e 9% (using Stirling’s Formula). For
a particular 4, event (2) holds if & — 1 randomly
chosen values are all different from ¢(¢,6(¢)). Thus
the probability that (2) holds for a particular i is



(1—1/k)~ =1 > ¢! and the probability that (2) holds
for every i is at least e~ *. Furthermore, events (1) and
(2) are independent: we can imagine the random choice
of the mapping ¢ as first choosing the values ¢(1,4(1)),
..., ¢(k,6(k)) and then choosing the remaining k? — k
values. Event (1) depends only on the first k choices,
and for any fixed result of the first & choices, the
probability of event (2) is the same. Therefore, the
probability that (1) and (2) both hold is e=©®).
Suppose that (1) and (2) both hold. Event (2)
implies that ¢(,d(:)) = ¢/(i,6(7)) # % for every 1 <
i < k. Event (1) implies that if we set p(i) := (i, 6(i)),
then p is a permutation of [k]. Therefore, the clique
(1,p(1)), ..., (k, p(k)) is a solution of I', as required. O

In the next section, we show that instead of random
colorings, we can use a certain deterministic family of
colorings. This will imply:

COROLLARY 2.1. Assuming ETH, there is no 2°(k1°8%)
time algorithm for k x k PERMUTATION CLIQUE.

2.2 Derandomization In this section, we give a
coloring family that can be used instead of the random
coloring in the proof of Theorem 2.2. We call a graph G
to be a cactus-grid graph if the vertices are elements of
a k x k table and the graph precisely consists of a clique
containing exactly one vertex from each row and each
vertex in the clique is adjacent to every other vertex in
its row. There are no other edges in the graph, thus the
graph has exactly (g) +k(k—1) edges. We are interested
in the a coloring family F = {f: [k] x [k] — [k + 1]}
with the property that for any cactus-grid graph G with
vertices from k x k table, there exists a function f € F
such that f properly colors the vertices of G. We call
such a F as a coloring family for cactus-grid graphs.
Before we proceed to make a coloring family F
of size 20(Floglogh) e explain how this can be used
to obtain the derandomized version of Theorem 2.2,
the Corollary 2.1. Suppose that the instance I of
k x k CLIQUE is a yes-instance. Then there is a clique
(1,6(1)), ..., (k,0(k)) in I. Consider the cactus-grid
graph G consisting of clique (1,46(1)), ..., (k,d(k)) and
for each 1 <4 < k, the edges between (4,6(i)) and (3, j)
for every j # 6(i). Let f € F be a proper coloring of
G. Now since (1,0(1)), ..., (k,d(k)) is a clique in G
they get a distinct colors by f and since all the vertices
in the row 4, (4,7), j # d(i), is adjacent to (i,d(¢)) we
have that f((i,7)) # f(i,6(7)). So if we use this f in
place of ¢(i, 7), the random coloring used in the proof of
Theorem 2.2, then events (1) and (2) hold and we know
that the instance I’ obtained using f is a yes-instance
of k x k PERMUTATION CLIQUE. Thus we know that
an instance I of k x k CLIQUE has a clique of size k

containing exactly one element from each row if and
only if there exists a f € F such that the corresponding
instance I’ of kx k PERMUTATION CLIQUE has a clique
of size k such that it contains exactly one element from
each row and column. This together with the fact
that the size of F is bounded by 20(Fleglogk) jmply
the Corollary 2.1. Now we are ready to state the main
lemma of this section.

LEMMA 2.1. There exists explicit construction of color-
(kloglogk)

ing family F for cactus-grid graphs of size 2¢ .
To construct our deterministic coloring family we also
need a few known results on perfect hash families. Let
H ={f:[n] — [k]} be a set of functions such that for
all subsets S of size k there is a h € H such that it is one
to one on S. The set H is called (n, k)-family of perfect
hash functions. There are some known constructions for
set H. We summarize them below.

PROPOSITION 2.2. [2, 50] There exists explicit con-
struction 'H of (n,k)-family of perfect hash functions
of size O(11¥logn). There is also another explicit con-
struction H of (n, k)-family of perfect hash functions of
size O(eFEOU8F) ogn).

Proof. Our idea for deterministic coloring family F
for cactus-grid graphs is to keep k functions fi,..., fx
where each f; is an element of a (k, k’)-family of perfect
hash functions for some k' and use it to map the
elements of {i} x k (the column ). We will ensure that
the colors used in each column is private to the column
and it is not used on the vertices of any other columns.
This will ensure that we get the desired coloring family.
We make our intuitive idea more precise below. A
description of a function f € F consists of a tuple having

e aset S CI[k];

® a tuple (kl, kQ, e
Zf:l ki =k

e / functions fy,..., fr where f; € H; and H; is a
(k, ki)-family of perfect hash functions.

, ki) where k; > 1, £ = |S| and

The set S tells us which all columns the clique intersects.
Let the elements of S = {s1,...,s:} be sorted in
increasing order, say s; < S2... < sg. Then the tuple
(k1, ka2, ..., k) tells us that the column s;, 1 < j < ¢,
contains k; vertices from the clique. Hence with this
interpretation, given a tuple (S, (k1,...,k), f1,.-., f1)
we define the coloring function g : [k] x [k] — [k] as
follows. Every element in [k] x {1,...,k}\ S is mapped
to k+1. Now for vertices in [k] x {s;} (vertices in column
sj), we define g(i, s;) = f;(i)+>2,<;; ki. We do this for
every j between 1 and /. This concludes the description.
Now we show that it is indeed a coloring family for



cactus-grid graphs. Given a cactus grid graph G, we
first look at the columns it intersects and that forms
our set .S and then the number of vertices it intersects in
each column makes the the tuple (ki, ka2, ..., k;). Finally
for each of the columns there exists a function h in the
perfect (k,k;)-hash family that maps the elements of
clique in this column one to one with [k;]; we store this
function corresponding to this column. Now we show
that the function g corresponding to this tuple properly
colors G. The function g assigns different values from
[k] to the columns in S and hence we have that the
vertices of clique gets distinct colors as in each column
we have a function f; that is one to one on the vertices
of S. Now we look at the edge with both end-points in
the same row. If any of the end-point occurs in column
that is not in S then we know that it has been assigned
k+ 1 while the vertex from the clique has been assigned
color from [k]. If both end-points are from S then
the off-set we use to give different colors to vertices in
these columns ensures that these end-points get different
colors. This shows that ¢ is indeed a proper coloring of
G. This shows that for every cactus-grid graph we have
a function g € F. Finally, the bound on the size of F is
as follows,

l
2/€4k H(llkl log k) S 20(7{}) (log k)l S 2O(kloglogk)'

=1

This concludes the proof. O

The bound achieved in the last lemma on the size
of F is sufficient for our purpose but it is not as small as
20(K) that one can obtain using a simple application of
probabilistic methods. In fact one can obtain a family
F of size 2°F) . This will appear in the full version of
the paper.

2.3 k x k Independent Set The lower bounds in
Section 2.1 for k x k (PERMUTATION) CLIQUE obvi-
ously hold for the analogous k X k (PERMUTATION) IN-
DEPENDENT SET problem: by taking the complement
of the graph, we can reduce one problem to the other.
We state here a version of the independent set problem
that will be a convenient starting point for reductions
in later sections:

2k x 2k BIPARTITE PERMUTATION INDEPENDENT

SET
A graph G over the vertex set

[2k] x [2k] where every edge is

between Iy = {(i,j) | i,j < k}

and In = {(4,5) | 4,5 > k + 1}.
Parameter: k&

Question: Is there an independent set
(1,p(1)), ceey (2/€, p(2]€)) C LUI,
in G for some permutation p of
[2K]?

Input:

That is, the upper left quadrant I; and the lower right
quadrant I» induce independent sets, and every edge is
between these two independent sets. The requirement
that the solution is a subset of I; U Is means that
p(i) <kforl <i<kandp(i) > k+1for k+1 <i < 2k.

THEOREM 2.3. Assuming ETH, there is no 2°0(108%)
time algorithm for 2k x 2k BIPARTITE PERMUTATION
INDEPENDENT SET.

Proof. Given an instance I of k x & PERMUTATION
INDEPENDENT SET, we construct an equivalent instance
I’ of 2k x 2k BIPARTITE PERMUTATION INDEPENDENT
SET the following way. For every 1 < ¢ < k and
1 <4,7 <k j#j, weadd an edge between (i, )
and (i + k,j/ + k) in I’. If there is an edge between
(i1,41) and (i2,72) in I, then we add an edge between
(i1,41) and (i2 + k,j2 + k) in I’. This completes the
description of I’.

Suppose that I has a solution (1,4(1)), ..., (k,d(k))
for some permutation 6 of [2k]. Then it is obvious
from the construction of I’ that (1,d(1)), ..., (k,d(k)),
(1+k,0(1)+ k), ..., (2k,0(k) + k) is an independent
set of I and 0(1), ..., 0(k), 6(1) + k, ..., 6(k) + k is
clearly a permutation of [2k]. Suppose that (1, p(1)),
..., (2K, p(2K)) is solution of I’ for some permutation
p of [2k]. By definition, p(i) < k for 1 < i < k. We
claim that (1, p(k)), ..., (k, p(k)) is an independent set
of I. Observe first that p(i + k) = p(i) + k for every
1 < i < k: otherwise there is an edge between (i, p(7))
and (i + k,p(i + k)) in I’. If there is an edge between
(i1, p(i1)) and (iz, p(i2)) in I, then by construction there
is an edge between (i1, p(i1)) and (i + k, p(iz) + k) =
(i2 + k,p(iz + k)) in I, contradicting the assumption
that (1, p(k)), ..., (2k, p(2k)) is an independent set in
r.o

2.4 k x k Hitting Set HITTING SET is a W[2]-
complete problem, but if we restrict the universe to a
k x k table where only one element can be selected from
each row, then it can be solved in time O*(k*) by brute
force.



k x k HITTING SET

Input: Set Si,...,Sm C [k] x [K].
Parameter: k
Question: Is there a set S containing exactly

one element from each row such
that SNS; # @ forany 1 < ¢ < m?

We say that the mapping p hits a set S C [k] x [k], if
(1,p(i)) € S for some 1 <4 < S. Note that unlike for
k x k CLIQUE and k X k INDEPENDENT SET, the size of
the kxk HITTING SET cannot be bounded by a function
of k.

It is quite easy to reduce k X kK INDEPENDENT SET
to k x k HITTING SET: for every pair (i1,71), (i2,72)
of adjacent vertices, we need to ensure that they are
not selected simultaneously, which can be forced by
a set that contains every element of rows i; and i,
except (i1,j1) and (ia,j2). However, in Section 3.1
we prove the lower bound for CLOSEST STRING by
reduction from a restricted form of k& x k HITTING
SET where each set contains at most one element from
each row. The following theorem proves the lower
bound for this variant of k x k HITTING SET. The
basic idea is that an instance of 2k x 2k BIPARTITE
PERMUTATION INDEPENDENT SET can be transformed
in an easy way into an instance of HITTING SET where
each set contains at most one element from each column
and we want to select exactly one element from each row
and each column. By adding each row as a new set, we
can forget about the restriction that we want to select
exactly one element from each row: this restriction will
be automatically satisfied by any solution. Therefore,
we have a HITTING SET instance where we have to
select exactly one element from each column and each
set contains at most one element from each column. By
changing the role of rows and columns, we arrive to a
problem of the required form.

THEOREM 2.4. Assuming ETH, there is no 2°(k10gk) .
nPW time algorithm for kxk HITTING SET, even in the
special case when each set contains at most one element
from each row.

Proof. To make the notation in the proof less confus-
ing, we introduce a transposed variant of the problem
(denote by k x k HitTING SETT), where exactly one
element has to be selected from each column. We prove
the lower bound for k x k HITTING SETT with the ad-
ditional restriction that each set contains at most one
element from each column; this obviously implies the
theorem.

Given an instance I of 2k x 2k BIPARTITE PER-
MUTATION INDEPENDENT SET, we construct an equiva-
lent 2k x 2k HITTING SETT instance I’ on the universe

[2k] x [2k]. For 1 < i < k, let set S; contain the first
k elements of row 7 and for kK + 1 < i < 2k, let set S;
contain the last k£ elements of row 7. For every edge e in
instance I, we construct a set S. the following way. By
the way 2k x 2k BIPARTITE PERMUTATION INDEPEN-
DENT SET is defined, we need to consider only edges
connecting some (i1, j1) and (ig, jo) with 41,71 < k and
12, j2 > k + 1. For such an edge e, let us define

Se={(i1,§") 11 <4 <k, j’ #j1}U
{(i2,5") | k+1 < j" <2k, 5" # ja}.

Suppose that (1,8(1)), ..., (2k,d(2k)) is a solution
of I for some permutation p of [2k]. We claim that it is a
solution of I’. As p is a permutation, the set satisfies the
requirement that it contains exactly one element from
each column. As §(i) < k if and only if i < k, the set
S; is hit for every 1 < ¢ < 2k. Suppose that there is
an edge e connecting (i1, 1) and (i2,j2) such that set
Se of I’ is not hit by this solution. Elements (i1, d(i1))
and (ig,0(i2)) are selected and we have 1 < §(iy) < k
and k + 1 < §(i2) < 2k. Thus if these two elements do
not hit Se, then this is only possible if 6(i1) = j; and
0(i2) = j2. However, this means that the solution for I
contains the two adjacent vertices (i1,71) and (iz2, j2), a
contradiction.

Suppose now that (p(1),1), ..., (p(2k),1) is a
solution for I’. Because of the sets S;, 1 < ¢ < 2k,
the solution contains exactly one element from each
row, i.e., p is a permutation of 2k. Moreover, the sets
S1, ..., Sk have to be hit by the k elements in the
first & columns. This means that p(i) < kif ¢ < k
and consequently p(i) > k if ¢ > k. We claim that
(p(1),1), ..., (p(2k),1) is also a solution of I. Tt is
clear that the only thing that has to be verified is that
these 2k vertices form an independent set. Suppose that
(p(j1),71) and (p(j2),J2) are connected by an edge e.
We can assume that p(j1) < k and p(j2) > k, which
implies j; < k and js > k. The solution for I’ hits
set S., which means that either the solution selects an
element (p(j1),j') or an element (p(j2),7’). Elements
(p(41),71) and (p(jz2), j2) are the only elements of this
form in the solution, but neither of them appears in S..
Thus (p(1),1), ..., (p(2k),2k) is indeed a solution of I.
O

3 Closest String

Computational biology applications often involve long
sequences that have to be analyzed in a certain way.
One core problem is finding a “consensus” of a given
set of strings: a string that is close to every string in
the input. The CLOSEST STRING problem defined below
formalizes this task.



CLOSEST STRING
Input: Strings si, ..., sy over an alpha-
bet ¥ of length L each, an integer
d
Parameter: d
Question: Is there a string s of length L such
d(s,s;) < d for every 1 <i < t?

We denote by d(s,s;) the Hamming distance of the
strings s and s;, that is, the number of positions where
they have different characters. The solution s will be
called the center string.

CLOSEST STRING and its generalizations (CLOSEST
SUBSTRING, DISTINGUISHING (SUB)STRING SELEC-
TION, CONSENSUS PATTERNS) have been thoroughly
explored both from the viewpoint of approximation al-
gorithms and fixed-parameter tractability [46, 56, 47,
33, 43, 12, 26, 32, 41, 20]. In particular, Gramm et al.
[33] showed that CLOSEST STRING is fixed-parameter
tractable parameterized by d: they gave an algorithm
with running time O(d?-|I|). The algorithm works over
an arbitrary alphabet ¥ (i.e., the size of the alphabet
is part of the input). It is an obvious question whether
the dependence on d can be reduced to single exponen-
tial, i.e., whether the running time can be improved
to 200 . 119N, For small fixed alphabets, Ma and
Sun [46] achieved single-exponential dependence on d:
the running time of their algorithm is 2|9 . | 1|0,
Improved algorithms with running time of this form,
but with better constants in the exponent were given in
[56, 12]. We show here that the d? and |%|? dependence
are best possible (assuming ETH): the dependence can-
not be improved to 2004108 o to 20(dlog X)) - n par-
ticular, single exponential dependence on d cannot be
achieved if the alphabet size is unbounded.

THEOREM 3.1. Assuming ETH, there is no 2°(d1ogd) .
|T|O0) o 20(dlog =D 1190 time algorithm for CLOSEST
STRING.

Proof. We prove the theorem by a reduction from the
HiTTING SET problem considered in Theorem 2.4. Let T
be an instance of k& x k HITTING SET with sets Sy, ...,
S.n; each set contains at most one element from each
row. We construct an instance I’ of CLOSEST STRING
as follows. Let ¥ = [2k+ 1], L =k, and d = k — 1 (this
means that the center string has to have at least one
character common with every input string). Instance
I’ contains (k + 1)m input strings s, , (1 < z < m,
1<y <k+1). If set S, contains element (i,7) from
row 7, then the i-th character of s, , is j; if S, contains
no element of row ¢, then the i-th character of s, , is
y + k. Thus set s, , describes the elements of set S,
with a dummy value between k + 1 and 2k + 1 marking

the rows disjoint from S;. The strings sz 1, . ..
differ only in the choice of the dummy values.

We claim that I” has a solution if and only if I has.
Suppose that (1,p(1)), ..., (k,p(k)) is a solution of I
for some mapping p : [k] — [k]. Then the center string
s = p(1)...p(k) is a solution of I': if element (i, p(7))
of the solution hits set S, of I, then both s and s,
have character p(i) at the i-th position. For the other
direction, suppose that center string s is a solution of I’.
As the length of s is k, thereisa k+1 < y < 2k+1 that
does not appear in s. If the i-th character of s is some
1 < ¢ < E, then let p(i) = ¢; otherwise, let p(i) = 1
(or any other arbitrary value). We claim that (1, p(1)),
..., (k,p(k)) is a solution of I, i.e., it hits every set S,
of I. To see this, consider the string s, ,, which has
at least one character common with s. Suppose that
character ¢ appears at the ¢-th position in both s and
Szy. It is not possible that ¢ > k: character y is the
only character larger than k£ that appears in s; ,, but y
does not appear in s. Therefore, we have 1 < ¢ < k and
p(i) = ¢, which means that element (i, p(i)) = (i,¢) of
the solution hits S,,.

The claim in the previous paragraph shows that
solving instance I’ using an algorithm for CLOSEST
STRING solves the k£ x k HITTING SET instance I. Note
that the size n of the instance I’ is polynomial in k
and m. Therefore, a 2°0(4108d) . |1|O0) op 5 20(dlog|]) .
|T|°M) algorithm for CLOSEST STRING would give a
20(klog k) . (km)OM) time algorithm for k x & HITTING
SET, violating ETH (by Theorem 2.4). O

y Sxk+1

4 Distortion

Given an undirected graph G with the vertex set V(G)
and the edge set E(G), a metric associated with G is
M(G) = (V(G), D), where the distance function D is
the shortest path distance between u and v for each
pair of vertices u,v € V(G). We refer to M (G) as to the
graph metric of G. Given a graph metric M and another
metric space M’ with distance functions D and D', a
mapping f : M — M’ is called an embedding of M into
M’. The mapping f has contraction ¢y and expansion
ey if for every pair of points p,q in M, D(p,q) <
D'(f(p) f(@)) - ¢y and D(p,q) - ey = D'(f(p), f(a))
respectively. We say that f is non-contracting if cy is
at most 1. A non-contracting mapping f has distortion
d if ey is at most d. One of the most well studied case
of graph embedding is when the host metric M’ is R!
and D’ is the Euclidean distance. This is also called
embedding the graph into integers or line. Formally,
the problem of DISTORTION is defined as follows.



DISTORTION
Input: A graph G, and a positive integer
d
Parameter: d
Question: Is there an embedding g

V(G) — Z such that for all u,v €
V(G), D(u,v) < [g(u) = g(v)] <
d- D(u,v)?

The problem of finding embedding with good dis-
tortion between metric spaces is a fundamental math-
ematical problem [38, 44] that has been studied inten-
sively [3, 4, 5, 40]. Embedding a graph metric into a
simple low-dimensional metric space like the real line
has proved to be a useful algorithmic tool in various
fields (for an example see [36] for a long list of applica-
tions). Béadoiu et al. [4] studied DISTORTION from the
viewpoint of approximation algorithms and exact algo-
rithms. They showed that there is a constant a > 1,
such that a-approximation of the minimum distortion
of embedding into the line, is NP-hard and provided
an exact algorithm computing embedding of a n vertex
graph into line with distortion d in time n©(® . Subse-
quently, Fellows et al. [27] improved the running time of
their algorithm to d°(?).n and thus proved DISTORTION
to be fixed parameter tractable parameterized by d. We
show here that the d°(9) dependence in the running time
of DISTORTION algorithm is optimal (assuming ETH).
To achieve this we first obtain a lower bound on an
intermediate problem called CONSTRAINED PERMUTA-
TION, then give a reduction that transfers the lower
bound from CONSTRAINED PERMUTATION to DISTOR-
TION. The superexponential dependence on d is par-
ticularly interesting, as ¢ time algorithms for finding
a minimum distortion embedding of a graph on n ver-
tices into line have been given by Fomin et al. [30] and
Cygan and Pilipczuk [13].

CONSTRAINED PERMUTATION

Input: Subsets Si, ..., Sy, of [k]
Parameter: k&
Question: A permutation p of [k] such that

for every 1 < ¢ < m, there is a
1 < j < k such that p(j),p(5 +
1) € 5;.

Given a permutation p of [k], we say that « and y are
neighbors if {x,y} = {p(i), p(i + 1)} for some 1 < i < k.
In the CONSTRAINED PERMUTATION problem the task
is to find a permutation that hits every set S; in the
sense that there is a pair x,y € S; that are neighbors in
p-

there 18 no
CONSTRAINED

THEOREM 4.1. Assuming ETH,
20(klogk)pO()  time  algorithm  for

PERMUTATION.

Proof. Given an instance I of 2k x 2k BIPARTITE
PERMUTATION INDEPENDENT SET, we construct an
equivalent instance I’ of CONSTRAINED PERMUTATION.
Let ¥/ = 24k and for ease of notation, let us identify
the numbers in [k’] with the elements rf, 7, cf, Eg for
1 <?¢ <3, 1< 4,5 <2k The values rf represent
the rows and the values cﬁ represent the columns. If
Ff and cﬁ are neighbors in p, then we interpret it as
selecting element j from row i. More precisely, we want
to construct the sets Si, ..., S;, in such a way that
if (1,0(1)), ..., (2k,0(2k)) is a solution of I, then the

following permutation p of [k'] is a solution of I':

1 -1 1 =1 1 -1 1 =1 1 =1 1 =1
715715 C5(1)1 Cs(1)) 20725 C5(2) C5(2) -+ T2k T2k C5(2k) > C5(2k)
2 =2 2 =2 2 =2 2 =2 2 =2 2 =2
715715 Cs(1)1 Cs(1)) 25725 C5(2) C5(2) -+ T2k T2k C5(2k) > C5(2k)
3 =3 3 =3 3 =3 3 =3 3 =3 3 =3
715715 Cs(1)1 Cs(1)) 25 725 Cs(1) C5(2) -+ T2k T2k C5(2k) > C5(2k) -

The first property that we want to ensure is that every
solution of I’ looks roughly like p above: pairs rfff and
pairs cﬁéﬁ alternate in some order. Then we can define
a permutation & such that §(i) = j if 77} is followed by
the pair 6]15% The sets in instance I’ will ensure that
this permutation § is a solution of I. Let instance I’
contain the following groups of sets:

1. For every 1 </ <3 and 1 <1i < 2k, there is a set
{rg fé ,

R

2. For every 1 </ <3 and 1 < j < 2k, there is a set
{cﬁ,éﬁ},

3. Forevery 1 < /¢ < (" <3, 1<1i<2k, X C[2FK],
there is a set {7} ,7{ }U{c| |je X}u{c) |j¢

X}

4. For every 1 < i <k, there is a set {7} U{cj |1 <
j <k},

5. For every k+1 <14 < 2k, there is a set {7} } U {c] |
k+1<j< 2k},

6. For every two adjacent vertices (i1,j1) € I; and
(i2,j2) € Ia, there is a set {7}, 7, } U{cj |1 <5 <

117 12

Recall that every edge of instance I goes between the
independent sets Iy = {(i,7) | ¢,7 < k} and I =
{(#,7) | i,5 > k 4+ 1}. Let us verify first that if § is
a solution of I, then the permutation p described above
satisfies every set. It is clear that sets in the first two
groups are satisfied. To see that every set in group 3
is satisfied, consider a set corresponding to a particular
1<V <" <3,1<i<2k, X C[2k]. If6(i) € X, then



Ff, and cf;l(i) are neighbors and both appear in the set;
if 5(i) ¢ X, then #" and cf;,(,i) are neighbors and both
appear in the set. Sets in group 4 and 5 are satisfied
because §(i) < k for 1 < i < k and 6(i) > k + 1 for
k+1 <i < 2k. Finally, let (i1, 1) € V1 and (i2,j2) € Va
be two adjacent vertices and consider the corresponding
set in group 6. As the solution of I is an independent
set, either §(i1) # j1 or 6(i2) # j2. In the first case, 7},
and C¢1$(i1) are neighbors and both appear in the set; in

the second case, 771-12 and c};(h) are neighbors and both
appear in the set.

Next we show that if p is a solution of I’, then
a solution for I exists. We say that an element 7¢ is
good if its neighbors are rf and cg, for some 1 < ¢ <3
and 1 < j < 2k. Similarly, an element cﬁ is good if
its neighbors are Eg and Ff/ for some 1 < ¢ < 3 and

1 < i < 2k. Our first goal is to show that every ff and
Z is good. The sets in group 1 and 2 ensure that ¢ and
f are neighbors, and cJ and ¢! are neighbors.

We claim that for every 1 <V < ¢ <3, and

1 < i < 2k, if elements FZ- and rfﬁ are not neighbors,

then both of them are good. Let us build a 4k-vertex

graph B whose vertices are cfl, cf,, (1 <j < 2k). Let
us connect by an edge those vertices that are neighbors
in p. Moreover, let us make cf, and cf,, adjacent for
every 1 < j < 2k. Observe that the degree of every
vertex is at most 2 (as cﬁ/ has only one neighbor besides

El-l). Moreover B is bipartite: in every cycle, edges of

J
the form cﬁ cJ alternate with edges not of this form.
Therefore, there is a bipartition (Y,Y) of B such that

the set Y (and hence Y) contains exactly one of c

and cl” for every 1 < j < 2k. Group 3 contains a set
= {rl,,‘f”} UY and a set Sy = {‘f,,’f”} UY: as

Y contains exactly one of cj and cj , there is a choice
of X that yields these sets. Permutation p satisfies Sy
and Sy, thus each of Sy and Sy contains a pair of
neighboring elements. By assumption, this pair cannot
be 7 and 7. As Y induces an independent set of B,
this pair cannot be contained in Y either. Thus the only
possibility is that one of 7"5, and Ff,, is the neighbor of

/. .
7 is a neighbor of an element

an element of Y. If, say, 7
In this case, 7

y € Y, then Ff/ is good. i
neighbor of any element of Y, which means that the
only way two members of Sy are neighbors if Ff” is a
neighbor of a member of Y, i.e., Ff// is also good.
At most one of 72 and 77 can be the neighbor of 7},
thus we can assume that 7} and 7¢ are not neighbors for
some e {2 3}. By the claim in the previous paragraph,
7} and 7¢ are both good. In partlcular this means that
11 is not the neighbor of 72 and 73, hence applying again

is not the

the claim, it follows that 72 and 7} are both good. Thus
Ff is good for every 1 < ¢ < 3 and 1 < i < 2k, and the
pigeonhole principle implies that cf is good for every
1</<3and1<i<2k.

As every c1 is good, the sets in groups 4 and 5 can be
satisfied only 1f every 75 has a neighbor ¢j. Let 6(i) =
if cj is the neighbor of 7“], clearly 0 is a permutatlon of
[2k]. We claim that 0 is a solution of I. The sets in group
4 and 5 ensure that §(i) < k for every 1 < i < k and
0(i) > k+1if k+1 <i<2k. To see that (1,0(7)), ...,
(2k,0(2k)) is an independent set, consider two adjacent
vertices (i1, j1) € I and (i2, j2) € Is. We show that it is
not possible that §(i;) = j; and §(i2) = j2. Consider the
set S in group 6 corresponding to the edge connecting
(i1,71) and (iz,j2). As 7}, 7}, and every cj is good,
then only way S is can be satisfied is that r“ or 7"112 is
the neighbor of some ¢} appearing in S. If 6(i1) = ji
and 5(2'2) = ja, then the c}l are the neighbors of

7, and 7},, respectively, but ¢} and ¢j, do not appear

K3
in S. Thls shows that if there is a solution for I’, then
there is a solution for I as well.

The size of the constructed instance I’ is polynomial
in 2. Thus if I’ can be solved in time 200" 108%) .| /| =
go(klogk) . 9O(k) — go(klogk) then this gives a o(klog k)
time algorithm for 2k x 2k BIPARTITE PERMUTATION
INDEPENDENT SET. O

1
and cj,

THEOREM 4.2. Assuming ETH, there is no 20(41°8d) .
n°M time algorithm for DISTORTION.

Proof. We prove the theorem by a reduction from the
CONSTRAINED PERMUTATION. Let I be an instance
of CONSTRAINED PERMUTATION consisting of subsets
Si, ..., Sm of [E]. Now we show how to construct
the graph G, an input to DISTORTION corresponding
to I. For an ease of presentation we identify [k] with
vertices uy,...,u;. We also set U = {uq,...,u;} and
d = 2k. The vertex set of GG consists of the following set
of vertices.

oForeverylgigmandlgjgk,ué. We also

denote the set {u},...,ul} by U;.

e A vertex s; for each set S;.

e Two cliques C, and Cj of size d + 1 consisting of

vertices ¢k, ..., et and ¢f,..., it respectively.

e A path P of length m (number of edges) consisting

of vertices v1, ..., Umy1.

We add the following more edges among these vertices.
We add edges from all the vertices in clique C, but ¢}
to v; and add edges from all the vertices in clique CY
but cll) to vypy1. Forall 1 <i<mand 1< 5 <k, make
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Figure 1: A construction used in Theorem 4.2

u’ adjacent to vj, viy1 and ué“. For 1 < j < k, make
u;” adjacent to v,,, vy41. Finally make s; adjacent
to u! if u; € S;. This concludes the construction. A
figure corresponding to the construction can be found
in Figure 4.

For our proof of correctness we also need the
following known facts about distortion d embedding
of a graph into integers. For an embedding g, let
U1, V2,...,U, be an ordering of the vertices such that
g(v1) < g(v2) < -+ < g(vy). If g is such that for
all 1 < i < q, D(vi,vip1) = |g(vi) — g(vig1)], then the
mapping g is called pushing embedding. It is known that
pushing embeddings are always non-contracting and if
G can be embedded into integers with distortion d, then
there is a pushing embedding of G into integers with
distortion d [27].

Let a permutation p of [k] = U be a solution to
I, an instance of CONSTRAINED PERMUTATION. This
automatically leads to a permutation on U that we
represent by p(U). There is a natural bijection between
U and U; with u; € U being mapped to u’. So when we
write p(U;) then this means that the vertices of U are
permuted with respect to p and being identified with its
counterpart in U;. Now we give a pushing embedding
for the vertices in G' with ¢! being placed at 0. All the
vertices except the set vertices s; appear in the following
order

1 d+1
¢ cq

s’

sv1, p(Ur), va, p(U2), v3,

ooy Oy P(Unn)y U1, chl, e
Since p is a solution to I we know that for every S; there
exists a 1 < 7 < k such that p(j)p(j+1) € S;. We place
si between p(v}) and p(v},,). By our construction the
given embedding is pushing and hence non-contracting.
To show that for every pair of vertices u,v € V(G),
D(u,v) <d-|g(u)—g(v)|, we only have to show that for
every edge uv € E(G), D(u,v) < d. This can be readily
checked from the construction. The cruical observation
is that the distance between two consecutive vertices
from U; is 2, and hence it must be at least distance 2

apart on the line. If s; is adjacent to two consecutive
vertices in U; we can “squeeze” in s; between those two
vertices without disturbing the rest of the construction.

In the reverse direction, assume that we start with
a distortion d pushing embedding of G. Consider the
layout of the graph induced on C, and the vertex vy.
This is a clique of size d + 2 minus an edge and hence
C, U{v1} can be layed out in two ways: ¢k, C, \ {ct}, vy
or v1,C, \ {ct},cl. Since we can reverse the layout,
we can assume without loss of generality that it is
ek, C,\ {cl},v1. Without loss of generality we can also
assume that v; is placed on position 0. Since every
vertex in U; is adjacent to v; and the negative positions
are taken by the vertices in C,, the k = d/2 vertices of
Uy must lie on the positions {1,...,d}. We first argue
that no vertex of U; occupies the position d. Suppose
it does. Then the rightmost vertex of Us (to the right
of v1 in the embedding) must be on position at least
2d. Simultaneously ve must be on position at most
d — 1 since d is already occupied and vy is adjacent
to v1. But vs is adjacent to the rightmost vertex of
Us and hence the distance on the line between them
becomes at least d + 1, a contradiction. So U; must
use only positions in {1,...,d — 1}. Since the distance
between two consecutive vertices in U; is 2 together
with the fact that we started with a pushing embedding
imply that the vertices of U; occupy all odd positions
of {1,.....,d — 1}. Now, Uz must be on the positions
in {d+1,...,2d} with the rightmost vertex in U being
on at least 2d — 1. Since d — 1 is occupied by someone
in Uy and vy is adjacent to both v; and the rightmost
vertex of U, it follows that v must be on position d.

We can now argue similarly to the previous para-
graph that Us does not use position 2d, and hence vs
is on position 2d while Us; must use the odd positions
of {d+1,...,2d — 1}. We can repeat this argument for
all 4 and position the vertex v; of the path at d(i — 1)
and place the vertices of U; at odd positions between
d(i — 1) and di. Of course, all the vertices of the clique
Cp will come after vy, 41.

Consider the order in which the embedding puts the
vertices of U;. We claim that it must put the vertices
of Us in the same order. Look at the embedding of Uy
and Uy from left to right and let j be the first index
where ug, of Uy is placed between 0 and d while uj of
U, is placed between d and 2d and o # 3. This implies
that u? appears further back in the permutation of Us
and hence the distance between the positions of u} and
u? in U; is more than d while u}, and u? are adjacent
to each other in the graph. By repeating this argument
for all 7 and 7 + 1 we can show that order of all U,’s is
the same. Consider s;. It must be put on some even
position, with some vertices of U; coming before and



after s;. But then, because we started with pushing
embedding we have that s; is adjacent to both those
vertices, and hence ¢ = j as s; is adjacent to only the
vertices in U;.

Now we take the permutation p for [k], imposed
by the ordering of U;, as a solution to the instance I
of CONSTRAINED PERMUTATION. For every set S; we
need to show that there exists a 1 < j < k such that
p(5),p(j +1) € S;. Consider the corresponding s; in
the embedding and look at the vertices that are placed
left and right of it. Let these be uf, and u}, Then
by construction « and [ are neighbors to s; in G and
hence v and 3 belong to S;. Now since the ordering of
U;’s are same we have that they are consecutive in the
permutation p. This concludes the proof in the reverse
direction.

The claim in the previous paragraph shows that an
algorithm finding a distortion d embedding of G into line
solves the instance I of CONSTRAINED PERMUTATION.
Note the number of vertices in G is bounded by a
polynomial in k and m. Therefore a 2°(?1eed). |/ (G)|O()
algorithm for DISTORTION would give a 2°(logk) .
(km)©W) algorithm for CONSTRAINED PERMUTATION,
violating ETH by Theorem 4.1. O

5 Disjoint Paths

There are many natural graph problems that are fixed-
parameter tractable parameterized by the treewidth
of the input graph. In most cases, these results can
be obtained by well-understood dynamic programming
techniques. In fact, Courcelle’s Theorem provide a
clean way of obtaining such results. If the dynamic
programming needs to keep track of a permutation,
partition, or a matching at each node, then running time
of such an algorithm is typically of the form w®(®).pO1)
on graphs with treewidth w. We demonstrate a problem
where this form of running time is necessary for the
solution and it cannot be improved to 2°(wlegw) . nO1)
We refer to Appendix 77 for the definitions of treewidth
and pathwidth.

Given an undirected graph G and p vertex pairs
(si,yt;), the DisJOINT PATHS problem asks whether
there exists p mutually vertex disjoint paths in G linking
these pairs. This is one of the classic problems in com-
binatorial optimization and algorithmic graph theory,
and has many applications, for example in transporta-
tion networks, VLSI layout, and virtual circuits routing
in high-speed networks. The problem is NP-complete if
p is part of the input and remains so even if restrict the
input graph to be planar [39, 45]. However if p is fixed
then the problem is famously fixed-parameter tractable
as a consequence of the seminal Graph Minors theory
of Robertson and Seymour [53]. A basic building block

in their algorithm for DISJOINT PATHS is an algorithm
for D1SJOINT PATHS on graphs of bounded treewidth.
To our interest is the following parameterization of D1s-
JOINT PATHS.

Di1SJOINT PATHS
Input: A graph G together with a tree-

decomposition of width w, and p
vertex pairs (s;,t;).
Parameter: w
Question: Does there exist p mutually ver-
tex disjoint paths in G linking s;
to tl?

The best known algorithm for this problem runs in
time 20(wlogw) . » [54] and here we show that this is
indeed optimal. To get this lower bound we first give
a linear parameter reduction from k x k HITTING SET
to DIRECTED DiISJOINT PATHS, a variant of DISJOINT
PaTHS where the input is a directed graph, parameter-
ized by pathwidth of the underlying undirected graph.
Finally we obtain a lower bound of 2°(kleg %) |/(G)| 0
on DI1SJOINT PATHS parameterized by treewidth under
ETH, by giving a linear parameter reduction from Di-
RECTED DISJOINT PATHS parameterized by pathwidth
to DISJOINT PATHS parameterized by pathwidth.

THEOREM 5.1. Assuming ETH, there is no 20(wlogw) .
n®W time algorithm for DIRECTED DISJOINT PATHS.

Proof. The key tool in the reduction from &k x k HITTING
SET to DIRECTED DISJOINT PATHS is the following
gadget. For every k > 1 and set S C [k] x [k], we
construct the gadget G, s the following way.

e For every 1 < i < k, it contains vertices a;, b;.

e For every 1 <4¢,j <k, it contains a vertex v; ; and
—_—

d b
eages a;v;,j, U; 50;.

e For every 1 < ¢ < k, it contains a directed path
Pi = ¢i,0dinv7 11 - di 0] 1 Cige

e For every 1 < 4,5 < k, it contains vertices f; ;,
1 2 ’ ) 2
fij» [i; and edges b;fij, fijcij, fijfig, [iilis
1 2
fi,jcz‘,o, Ci,j—lfi,j'

e It contains two vertices s and ¢, and for every
L. —_—
(i,7) € S, there are two edges sd; ;, d; ;t.
The demand pairs in the gadget are as follows:
e For every 1 < i < k, there is a demand (a;, ¢; ).
e Forevery 1 <1,5 <k, there is a demand (f%j, fj)

K2

e There is a demand (s, t).



This completes the description of the gadget. Observe
that if a collection of paths form a solution for the
gadget, then for every 1 < ¢ < k, exactly one of the
vertices v;.1, ..., ¥;k is used by the paths. We say that
a solution represents the mapping p : [k] — [k] if for
every 1 <4 < k, vertex v; ;) is used by the paths in
the solution.

The following claim summarizes the most important
properties of the gadget.

CLAM 1. For every k > 1 and S C [k] x [k], gadget
Gy,s has the following properties:

1. For every p : [k] — [k] that hits S, gadget G s has
a solution that represents p, and U;‘p(i) s not used
by the paths in the solution for any 1 <i < k.

2. If Gy,s has a solution that represents p, then p hits
S and vertez v} ; is used by the paths in the solution
forevery1<z<kandj7ép()

Proof. To prove the first statement, we construct a
solution the following way. Demand (a;, ¢; ;) is satisfied
by the path a;v; ,(:)b,(i) fi,p(i)Ci,p(i) - - - Cik» Where we use
a subpath of P; to go from c¢; ,;) to cik. For every
1 <4,j <k, if j # p(i), then the demand (f};, f7)
is satisfied by the path f!;fi;f?;. If j = p(i), then
vertex f;; is already used by the demand (a;,c¢; ;).
In this case demand ( fil)j, ffj) is satisfied by the path
flicio...cijo1f?; Finally, as p hits S, there is a 1 <

—_—
i < k such that (4, p()) € S and hence the edges sd; ;)

and d; ,(;t exist. Therefore, we can satisfy the demand
(s,t) via d; ,(;). Note that this vertex is not used by the
other paths: the path satisfying demand (a;,c; ) uses
P; only from c¢; ,;) to ¢; k, the path satisfying demand
( i{p (i) i,p(i)) uses P; from ¢; o to ¢; p(;)—1, and no other
path reaches P;. This also implies that ’UZ o(9) is used by
none of the paths, as required.

For the second part, consider a solution of Gy g
representing some mapping p. This means that the
path of demand (a;,c; ) uses vertex v; ,; and hence
bi rho(iy- The only way to reach ¢;y from b; ;) with-
out going through any other terminal vertex is using
the path f; ,i)Cip(i) - - - Cik- This means that demand
( lep iy ffp(z ) cannot use vertex f; v (i)> hence it has to
use the path fl (#)Ci.0 - - Ci,p(i) -1 Zp(l It follows that
for every 1 <4 S k and j # p(i), vertices d; ; and V7
are used by the paths satisfying demands (a;, ¢; ) and
(fil)p(i)7 fi%p(i)). This shows that every v} ; with j # p(i)
is used by the paths in the solution. Moreover, the path
satisfying (s, t) has to go through vertex d; ,;) for some
1. By the way the edges incident to s and ¢ are defined,
this is only possible if p(i) € S, that is, p hits S.

Figure 2: The gadget used in the reduction to DI-
RECTED DISJOINT PATHS. Only the path P; is shown.
The dashed arrows show some of the demands in the
gadget, the shaded edges give a solution for these de-
mands.

Let S1, ..., S be the sets appearing in the k& x k
HITTING SET instance I. We construct an instance I
of DIRECTED DISJOINT PATHS consisting of m gadgets
G1, ..., Gy, where gadget G; (1 <t <m) is a copy of
the gadget Gy, s, defined above. For every 1<t<m
and every 1 <4,j < k, we identify vertex v ; of G and
vertex v; ; of G¢iq. This completes the descrlptlon of
the instance I of DIRECTED DISJOINT PATHS.

We have to show that the pathwidth of the con-
structed graph G of I'is O(k) and that I has a solution
if and only if I has. To bound the pathwidth of é, for
every 0 <t <m, 1 <4,5 <k, let us define the bag By ; ;
such that it contains vertices aq, ..., ag, b1, ..., bk, s,
t, fijs fi{j, fiz)j, and the path P; of gadget G; (unless
t = 0), and vertices aq, ..., ag, b1, ..., by of gadget
Giy1 (unless t = m). It can be easily verified that the
size of each bag is O(k) and if two vertices are adjacent,
then they appear together in some bag. Furthermore, if
we order the bags lexicographically according to (¢, 1, j),
then each vertex appears precisely in an interval of the
bags. This shows that the pathwidth of G is O(k).

Next we show that if T has a solution p : [k] — [k],
then I also has a solution. As p hits every S;, by
the first part of the Claim, each gadget G; has a
solution representing p. To combine these solutions
into a solution for f we have to make sure that the
vertices v; j, vy, that were identified are used only in
one gadget. Smce the solution for gadget G represents
p, it uses vertices vy (i), - -+, Uk p(k), Put no other wv; ;
vertex. As vertex v; ; of gadget G was identified with
vertex v} ; of gadget Gy—1, these vertices might be used
by the solution of G;_; as well. However, the solution
of G;_ also represents p and as claimed in the first part
of the Claim, the solution does not use vertices vi‘_’p(l),

S U (k)" Therefore, no conflict arises between the



solutions of Gy and Gy_1.

Finally, we have to show that a solution for I implies
that a solution for I exists. We say that a solution for I
is normal with respect to G if the paths satisfying the
demands in G, do not leave G, (the vertices v; ;, v} ; that
were identified are considered as part of both gadgets,
so we allow the paths to go through these vertices). We
show by induction that the solution for I is normal for
every Gy. Suppose that this is true for Gy—1. If some
path P satisfying a demand in G; leaves Gy, then it has
to enter either Gi_1 or G¢q1. If P enters a vertex of
Gy that is not in Gy, then it cannot go back to Gy:
the only way to reach a vertex v; ; of G411 is from vertex
a;, which has indegree 0. Therefore, let us suppose that
P enters Gy_1 at some vertex vy of Gi—1. The only
way the path can return to Gy is via some vertex v
of Gy_1 with 5/ > j. By the induction hypothesis, the
solution is normal with respect to G;_1, thus the second
part of the Claim implies that there is a unique j such
that v; ; is not used by the paths satisfying the demands
in G¢—1. As P can use only this vertex vy, it follows
that j/ = j and hence path P does not use any vertex
of G;_1 not in GGy, In other words, P does not leave Gy.

Suppose now that the solution is normal with
respect to every Gy, which means that it induces a
solution for every gadget. Suppose that the solution of
gadget G represents mapping p;. We claim that every
p¢ is the same. Indeed, if p:(i) = j, then the solution
of Gy uses vertex v; ; of G, which is identical to vertex
v;j of Gy_1. This means that the solution of G;_1 does
not use vy ;, and by the second part of the Claim, this
is only possible if p;—1 (i) = j. Thus p;—1 = p; for every
1 < i < m, let p be this mapping. Again by the claim,
p hits every set S; in instance I, thus p is a solution of
1.0

For our proof we will also need the following lemma.

LEMMA 5.1. ([8]) Let G be a graph (possibly with par-
allel edges) having pathwidth at most w. Let G’ be ob-
tained from G by subdividing some of the edges. Then
the pathwidth of G’ is at most w + 1.

THEOREM 5.2. Assuming ETH, there is no 20(wlogw) .
nPW time algorithm for DISJOINT PATHS.

Proof. Let I be a instance of DIRECTED DISJOINT
PATHS on a directed graph D having pathwidth w. We
transform D into an undirected graph G, where two
adjacent vertices vy, vout correspond to each vertex v
of D, and if 0 is an edge of D, then we introduce a
new vertex e,, that is adjacent to both uyyy and wviy,.
It is not difficult to see that the pathwidth of G is at
most 2w + 1 = O(w): G can be obtained from the

underlying graph of D by duplicating vertices (which
at most doubles the size of each bag) and subdividing
edges (which does not increase pathwidth).

Let I be an instance of DISJOINT PATHS on GG where
there is a demand (vVout,uin) corresponding to every
demand of (v, u) of I. It is clear that if I has a solution,
then I has a solution as well: every directed path from u
to v in D can be turned into a path connecting ue,¢ and
vin in G. However, the converse is not true: it is possible
that an undirected path P in G reaches vy, from ey, and
instead of continuing to veyt, it continues to some e,,,.
In this case, there is no directed path corresponding to
P in D. We add further edges and demands to forbid
such paths.

Let By, ..., B, be a path decomposition of G
having width w’ = O(w). For every vertex x of G,
let ¢(x) and r(z) be the index of the first and last bags,
respectively, were x appears. It is well-known that the
decomposition can be chosen such that r(x) # r(y) for
any two vertices x and y.

We modify G to obtain a graph G’ the following
way. If vertex v has d inneighbors uq, ..., ug in D, then
vip has d + 1 neighbors in G: voy and d vertices ey,

.., €ygu- Suppose that the neighbors of v are ordered
such that r(ey,v) < -+ < 7(€yyv). We introduce 2d — 2
new vertices v§, ..., v5_;, vi, ..., v4_; such that v}
and v} are both adjacent to ey, and e,,,,,. For every
1 <4 < d-—1, we introduce a new demand (v, v}).
Repeating this procedure for every vertex v of D creates
an instance I’ of undirected DISJOINT PATHS on a graph
G'.

We show that these new vertices and edges increase
the pathwidth at most by a constant factor. Observe
that G’ can be obtained from G by adding two parallel
edges between ey, and ey, ,, and subdividing them.
Thus by Lemma 5.1, all we need to show is that adding
these new edges increases pathwidth only by a constant
factor. If r(ey,») > l(€u,,,v), then the parallel edges
between e, and e, ,, can be added without changing
the path decomposition: bag B,(,,) contains both
vertices. If r(€y,) < (€, ,v), then let us insert vertex
eu;v into every bag B; for r(ey,.) < j < (ew,,,0). Now
bag Bg(euiﬂv) contains both e, and ey, ., thus we can
add two parallel edges between them. Note that vertex
vip appears in every bag where e, is inserted: if not,
then either v;, does not appear in bags with index at
most 7(eq;s ), or it does not appear in bags with index at
least /(€. ,v), contradicting the fact that vy, is adjacent
to both ey, and ey, .. Furthermore, vertices e,,, and
eu;v are not inserted into the same bag for any i # j: if
J > 1, then r(ey;v) > 7(€u;y1v) = l(€u;y,0). Therefore,
the number of new vertices in each bag is at most the
original size of the bag, i.e., the size of each bag increases



by at most a factor of 2.

We claim that I’ has a solution if and only if I has.
If I has a solution, then the directed path satisfying
demand (u,v) gives in a natural way an undirected
path in G’ that satisfies demand (uout, vin). Thus we
can obtain a pairwise disjoint collection of paths that
satisfy the demands of the form (uout, vin). Note that
if Vout, €uyvs -, €uyo are the neighbors of vy, in G,
then the paths in this collection use at most one of the
Vertices €yyy, -y Eugu, SAY, €yjp- Now we can satisfy
the demands (v, v!) for every 1 <i < d —1: for i < j,
we can use the path vie,,,v!, for i > j, we can use the
path vie,,, ,v!f. Thus instance I’ has a solution.

For the other direction, suppose that I’ has a
solution. Let us call a path of this solution a main path
if it satisfies a demand of the form (uout, vin). We claim
that if vy, is an internal vertex of a main path P, then
P contains v,y as well. Otherwise, P has to contain at
least two of the neighbors ey, , ..., €y,u Of Vout. In this
case, less than d—1 vertices out of ey, v, . . ., €y, remain
available for the d — 1 demands (v§,v}), ..., (v5,0v)), a
contradiction.

Consider a main path P that satisfies a demand
(Uout, Vin) of I'. Clearly, P cannot go through any
terminal vertex other than wugy and v;,. As u has
indegree 0 in D, path P has to go to some e, and
then to wj, after starting from uo.t. By our claim in
the previous paragraph, the next vertex has to be woyt,
then again some e,,, and zj, and so on. Thus there is
a directed path in D that corresponds to P in G’. This
means that directed paths corresponding to the main
paths of the solution for I’ form a solution for I.

6 Conclusion

In this paper we showed that several parameterized
problems have slightly superexponential running time
unless ETH fails. In particular we showed for three
well-studied problems arising in three different domains
that the known superexponential algorithms are opti-
mal: assuming ETH, there is no 2°0(¢lgd) . |7|0() or
20(dlog IZ) | 719() time algorithm for CLOSEST STRING,
20(dlogd) .| 119(1) time algorithm for DISTORTION, and
20(wlogw) 110 time algorithm for DISJOINT PATHS
parameterized by treewidth. We believe that many fur-
ther results of this form can be obtained by using the
framework of the current paper. Some concrete prob-
lems that might be amenable to our framework are:

e Are the known parameterized algorithms for POINT
LINE COVER [42, 34], DIRECTED FEEDBACK VER-
TEX SET [11] and INTERVAL COMPLETION [55], pa-
rameterized by the solution size, running in time
20(klogk) .| 110() optimal?

e Are the known parameterized algorithms for

HAMILTONIAN PATH [28], CONNECTED VER-
TEX COVER [49] and CONNECTED DOMINATING
SET [19], parameterized by the treewidth w of the
input graph, running in time 2018w . |1]0(1) op-
timal?
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