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G
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χ(G)

s�P�w �
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G1

]_J�]�\�<S: b�Ym]58q?rPaXL\_N BdJ�]5V9: s
erN�K�B�243�3�6�s.BdJLv�\�V$��e�hU\_N�M�N�X�<>�9M9T�Y�ZUK5\_N�V�X�Z�hFJxs
J�@9T�]_Jov�BSBdJLX�B���243�3�2 { ]_<S]_V��pXL\5N�] { K5P>P�=LBShU=�B�s
V$��e�?AM { @UeA� : PReA� } :4PL7 � XL\_N�X�M

G2

]_J ]¡\�<d:4b�Y
]_8;?rPaX�\_N BdJ�]_V^:_eQN�K�Bg2_353�6�s.BdJ�v5\�V���e~hU\_N M�N�Xxs
<d�UM9T�Y�ZFK�\_N ZUK5JLJ&:Li�X�BdJ��9MUT XL\5N h } =LBShU=�BdK_P�Y
]_8;?rP�]�2_353�6�suBdJLv5\¢8q?fM { X�M£=�BShU=LBR:�i5]_elv�BSBdJLX�T_v_s
PR�UM9T�7k¤¥v�M�PRBS�9T�X�e[]
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¨ �ª© @FP�]_BSBS@9TW8~XL\^Y�ZUK5\5N

χe(G) + ν(G) ≤ e + 1
PdX�e } X�BS�9e�8q?AM { X�M

e
��eA�

G
\�<d:4b�<S]FY�]5ZFK�e

χe(G)
]4Jp��eAT�<>K�8;]4PR?AT�@9B«BdJ�:_8qK_P�Y

ν(G)
]�\�<d:4b�V$X�ef?Fb��U\5\�XxPReQX�M¬��eQX�Tm8�]&­U?A8�:_eA?fB�BdJ�:_8;:4P } X�eQv�eA?§7
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S
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S (5)

(3) (8)

(5)

(4)

(4)

(3)

(4)

(1)

(2)

(3)

(2)

(3)
(3) (3)

(2) (2)

³ �'z Jq]_e´:_V9VU?�?A<S:5M�NFOrPSK_PdP�\�<S: b�<>��e'PR@ {4} @9T�Y�ZFK�\_N
M9?AM9=LBaV�X�MUMUX¯?A<S:_M�NFOQPSK_PdP�T5v�<xYm:58 ]

G − A
Y

G − D
��B

G − F
��eQX�Tj?f<d:5M�NFOrP�:_BR:4Ppµ�X�eQb�X�eQX } PdXLP�s

PR�UT�¶�V�X�<S] } JLK�eAM9?·7 z|{4} @9T�8~X�\oXLJ�X�T�MFX�T;]4J¸��eAX�T�s
MUX�T�]4J�?A<S:_M�NFOQP�:_BR: P���B�8o@FP�]_BSBS@9Tj8~XL\^Y�ZUK5\_N�]
T4]_`$K5PdP[\�<S: bUi5]_eQ��V9]5M¸MFX�8¹P�]_<�P�]_eA8�]4J"?f<d:5M�NFOrPSK_PdP
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E

F

G
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D
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n
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G
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F
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F
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f1

s�PS��e
fn−1

s.?A\~��B
T

��eQX�?�?AB¥8~X�\�BdJ�:58~K5J�Z^] PS��T
t1
s�PS��e

tn−1

s.?A\qhF\5N�Y
ZUK5\5N�8q?fM { X�M

1 ≤ i ≤ n − 1
X�BdXxPS��M

(E(F ) \ {fi}) ∪ {ti}
BdJ�?fM�Pd��M�X�\_N

G
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34x + 5
@tPSK�eABd�

T5�xPpBdJ&:_8 } XL\5N�X�Y�i_]5ef]58q?AM�P
17x + 10
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n
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5n ≡ 3n + 8 (mod 26)
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8���s

i�X�eQXLPdXLP¦hU\_N�Y�ZUK5\_N
a, b ∈ H

X�BdXxPS��M
a ∗ b
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a
s�P���B

b
s�P¬��Z9] s
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36 ∗ 60 = 10
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∗
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¨ �°� �xPSXLJ�?AT�s.X�]�`$K�J�?rPROQici5]_eA��B�BdJ&:_8~K�TWBdJLK�<>J�:5BSBR]_e"i�XxPdP�=�BdK�`$K�<�P } :5M9]5T£K�eQN�]5M <>��BdJ�=LBdK_s
`�K�<�P } ]FY$]_8qX�erN
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D10
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A
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G
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∆(G)
7

�
∆(G)

]
G
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G � ]����I]_Mts�X ]4J ]5ef:_V9V9?¬\�<S: b�V^]_M K�erN�]_M
np]58q?AeQPdK�M�suT_v�<xY_]_8q?FMFX�8 P�]5<�P�]5eA8;]_JLJ�]�]_J
{u, v}

��eQP �
V����I]_Mts�X¯]4J¯]_e´:_V9VU?o\�<S: b�V^]_M K�erN�]_M

np]58q?AeQPdK�M�suT_v�<xY_]_8q?FMFX�8 P�]5<�P�]5eA8;]_JLJ�]�]_J
{x, y}

��eQP �
u x

v y

y �|z P�]_MU\5�_P�:5MU=xK�BdK�T P�]_ef:5eAT5K5JL� } :_M±2_3	�^h���B�2_3
ef:5M�N�i�X�BdJq<>��BdJxP�7 © ?fM { X�M9T�?"`$K�M�PdK�BR]_M E&2�X�8oV�X�<�P?ABS8qX�<q]4J�X�efeQX�M9T_XLJ���MUX�8��FX�T T_v�J��Ue��·]4JW?fBS8~X�<>XxP>s
Bd�L\�X�TWT_v�eA=LBdv�MFv�BdX�TU��7 z <>��BdJLP>i�Xxi���Tc]�T_v&i�XLPST5XLJL�5P} : PRBSBdJ�:5T��lXL\_N
�$h T�?Qi_:5ef]5BdJxP } ]�X�\_N ef:5M�NF?ABS8~X�<>��Bd�xP
��B¬b�X�eAT_��<>?°PR]5MF\��5J�M9?���]4J�?AefeQXxPS�ae´:_M�N¯]WP�:_M9=�@tP�:_M
T�?ri5:5ef]_BdJLP } ]-XL\_N�8;:_BS?fT��^h9?ABS8~X�<���Bd�xP+��B�b�X�efT_��<d?_PR]5M�s
\5��J�M9?·Y�B>PRV�7 z BdJ�]5V9:5erNjPSX�Z^: P�]_J�Y ZUK5\5N�]5T�?rP�eQX�\�@ts
PS��V9V£b�X�eAT_��<�PSX�T�Y�]_J;]4J~X�efeQX�M9T_XLJ���MUX�8��£?ABS8qX�<>��BdX�?
T_v�J��9e°XL\_NgK�erN�]4PqT_X�efeIb�X�eAT5��< } X�M�Yl]5T�?ri�X�e���X�V9V$X�M ]} : PS��T�V^]_M��-8~�L\~MFX�8 P�]5MF\��5JLK5P>P�7'� z T�?QP|b�X�efT_��<dMUX�T�Y]4Ja8q?AM { ?A\ X�e�?AB�b�K5\�] {4} ] ] b�X�eAT5��<>��B>P�7 � z P�:_<dBR]&s
BR:4\¬=x��e } ]o]_J�YUZFK�\_N;i��L\��9ek8q?AM { X�MUT�? X�eA8~K�M { Z^]_BSBR]
8;]_\�:_<>��e·Y9ZFK�\_N�] } :4Pd��T�BdK�<S:_M�8q?AM { X�M���X�eAeAX�MUT5XLJL�
MUX�8o���«?ABS8~X�<>��Bd�xi�X�e^`$K�M�PSK�BR]_M�XL\5NFBdJLX�<ªP�]_MU\5��JLK_PdP�7© @tP�]5BSBS@UT�8~XL\^YFZUK5\5N�XLJ»]¬=x��e�8~X�\_i5]_eA��BSOrPRZ^] PS�9w

� �"© @FPR]5BSBS@UT�8~X�\9Y�ZUK5\5N
ν(G) ≥

e

∆(G) + 1

PSX�e } X�BS�Uel8q?AM { X�M
e
��ef�

G
XL\_NFBdJLX�<>��\�<S: b�<S]FY+]5ZFK�e

ν(G)
b��U\5\5XLPSeAX�M���eAX�T;8;] ­U?A8;:5eA?fB�BdJ&:_8;:4PLY

∆(G)
`�X { ?A\q]

G
suV$X�eA?�8;] ­U?A8;:5eA?fB�b�K�T�BdJ�:58~K_P } X�eAv�ef?·7

�
�t� X�\_N�X�M

G
K�eQN�]5M»\�<S: b�Y4]58~X�eQNFV$X�M¸VU?AJLK�M�N�K�B'��eQX�T�?A<S:5M�NFOrPSK_PdP�]_T�Y 8;:5BdK�T�?A<S:_M�NFOQPR]4PRef]_MUK�T�7 � XL\5NF�UTb�X�e§Y�ZFK�\_N

G
suV$X�M�M9?AM9=LBI=LBS@U`^]»?f<d:5M�NFOrPSK_PdPI��eAV���e�:_efeQ��?f<S:_M�NFOrPSK5P>P°T_v�<x7 H ?QJ�K�M�NFOrPRBS@9ToV�X�Y�ZUK5\_NqX�T�T_K�<

G
?f<d:5M�NFOrP�] PRe´]_MW��eAX�?l8~XL\�?f<S:_M�NFOrPRZ^] PS��T�hF\5N�Y�ZFK�\_N£]�T4]_`$K5P>P¸?A<S:_M�NFOQPSK_PdP�\�<S: b�V^]_M�PSK&i5:_V9VU<S]�BS?AM9=LB?f<d:5M�NFOrPSK_PdP¥T_v�<xw

¨ � np] P�:5<�K�JLJ�@9T�8~X�\�]4J¥:_V9<S:_M~ef:4PRZ9]4Pd�
G\�<d:4blT�<>K�8�] PR?AT�@9BDBdJ�:58;: P�Y

χ(G)
s§P�w

® ��zp{ } @9MUT�8~X�\c]4J¢]_e´:_V9VU?°Z^:_eA�5J�]4PSV^]_M XL\_N 8;] s
­U?A8�:_eA?fB|b�K�erN�]_8~K5P

S
suV$��e

T
suV$X���B�V9?QJLK�M�NFOrPRBS@UT�V$X

<>��e´]FY9ZFK�\_Nj8;]&­U?f8;:_ef?ABLw

B

C D

E

F

A

T

S (6)

(2) (10)

(8)

(10)

(4)

(6)

(3)

(1)

(3)

(4)

(2)

(2)
(3) (9)

(4) (3)

��
��
G(A, B; E) ����������������� �"!$#	%'&(#*)*+,# u ∈ A -,� v ∈ B ./��0*.,�1��23��! d(u) ≥ d(v) 4�+,5768+,��9"5;:< &>=/��#@?BAC4D��E*2'�F+�G�HB����? G IJ�K+,#L5>-M4�+/=,&(2 A IN4�5>+M�O+,)*PQ�"�$�8�@��AR4S���/TVU d(x) !�= x �K��#@4��O��2���4W68+,5CX@5>&Y:[Z\ 
��
G �����]�^.,��0*./�D!$&_5C+/�$?�+,#*+,2`!a��A>23#�!�2b!�=/��2�!a�F��#@4;61!�&YGV!�%Q+c5R?�+c23#B+,2�%'&>#")"2�-M4d2��3���1)"&>#��]4S�]61!e -,� e,f�f 2$X$=/X$414�&�+/��-,�1=`�1=c��% -,�g!h%i�$�1�j)*&(2k2��3�@�1)*&(#"��4D�]6�E"2l#�!��$?����"�m!�=�+c5>�1P�#*-,5Y:nUNo^��?3!�#*+/=

2$-,�*5>+M4D�K+,#qp V (G) = {(x, y) : 1 ≤ x < y ≤ 100} :rZ � = (x1, y1) ./��0"./�1�$4s!�232��@�t2�X@����9*2uX����1=/+v!
4�P�5>+�239"5CX@#3�KX$=,P (x2, y2) ./��0*.,./�D!�5YGjH�! y1 ≥ x2 -c� y2 ≥ x1 :xwLEj4S!�����E"2y%Q+/��GjH*�$��? G �K+c�z�O+c2@4/T
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G � np] P�:_<>K5J�J�@UT�8~X�\W]_Jjv�BSBdJLX�BmK�eQN�]5M

n
XL\5��BdJjBdJ�:58~K_P�Y�]_8qX�erNF<>X

23n + 1
K�BdJxPRZ^] PS�

E�E � s§PSX�e§w
y � np]4P�:_<>K5JLJ�@UT�8~XL\~]

514948
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