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c V TWMX<:IZY/TW@=TW[�\];=?�@�[_^XM`S�? H \�@a;=\�9W?�^X@b? V T H [Z?cR57�MXd/eWIJTfTWg�TWMheW>i>8^

?cRWS�? H Mj?];J@b? H d8Ikgc?�@ H ?�9�l/mnT V T H [Z?cR:7:Modie5IcN8T5d�pbqi9r^oIs[Z?�RtTWg F I=Ikgc?�Ik?];�l
x u 2y u z u 2t vxw
3x u 6y u 2z u 5t v C�A
4x u 8y u 2z u ct v C�y

z � mnT�;{eW@b7:gcg�qi9r[Z?�RtTWg|T5MoeW>i>i^)[_e�;J@k^~}�^ H V ?�@ag�\];�l

A =

( A y
C�3�24A

)

� ���
c
Y/TW@=TW[�\];=?�@�[�^ H d8? H V TWMj<�I+\�@a;=\�95\�@b?�P/T�;{eW@b7:gcg�qi9_[Z?cR�TWg|T5MoeW>i>i^�[re�;J@k^~}�@=T H R�pke4;cl





1 2 0 −1
0 c −12 4

0 2 3 −1





� � mnT4;Je5@b75gcg�qi9�[Z?�R�T HiH T59_T�I=�o9 H T59�T4g�?cR5S:? H Mj?c;k\c;cN�T5[Z?�MjS�e4;J[Z?cRWS_T
P (2;−2; 1)

Y#7 H ;=7 H
\�IsT5[Z?�M`S�[Z?�@a��Mj?cR:?�I�T

2x− 8y − 9z + 6 = 0
?cR5S:? H Mj?c;=��N V T5MoTW[_^ H ;+T4g x + 11y + 3z = 12

?cRWS�? H Mj?];J��I=�X957:9�[Z?];JIkgc\�I V 7 H TWMoe5@=T�l
� �Q� RWS

n × n � ?�I�[_e�;J@k^~}�[_^ H d�? H ?�MX?�[Z?�38N V T4R5S�C:6 � [_e�;J@k^~}�[_^ H d�? H Ik7:@=Tr7:MjS�T H N�P�7:RWS
PiT V T5MoT5[Z?�M`S�^o9�?�Mj?�[Z?�38N)TW9�9W7�@�TWg F I=Ikgc?�IcN�?];k;=�:M!TWgt?�Mj?�[�;=�:M�>iT5MX@=T�eWMoMj<�?�MX?�[ ^oI�386���^XM`S�? H
\�@a;=\�9W?�95?]; V ?�P�?c;+�-?�M)Tt[_e�;J@k^~}�d�?];=?�@k[�^ H e H IJT��
� ��EnF�H ;=I=Ki9r?�MONiP875RWS�T4g�TWMheW>i>8^)e5MXMX�j;{eWIk7:9_9 F g�K8M�[Z?�MjS�^X98�4[Z?�M`S�?�9t^jR�T4g� OTW98¡�;k?c;=Ikg��:Mj?�R5?�I

A ∈
R

n×n [_e4;J@b^`}8@=T��
T�¡¢mnT V T H 7:MjS�T H

b
 
n
[rT4R�T5I�7:Ikg�MX7:Y V ?�9�;k7�@{¡{N�TW[Z?�M`S�@b?_T4g Ax = b

MX^ H ?�e5@b^oI|?cRWS�? H Mj?];b£
@b? H diIkgc?�@ H ?�[ [Z?cR:7:Mod8P/T�;=<iNiTW9�957:@

detA = 0
6

>�¡�mnT
detA = 0

N�T59�9W7�@ V T H 7:MjS�T H
b
 
n
[_TWR�T5I¤7�Ikg�Mj7�Y V ?�9�;=7:@{¡¥N)TW[�?�M`S�@b?ZT4g Ax = b

MX^ H ?�e5@k^XI�?cR5S:? H Mj?c;=@b? H diIkgc?�@ H ?�[ [�?cR57�MXdiPiT4;k</6
¦ �n§ ^jgc7 H S��`;JI=q89�>#?�N!P875R5S¨T4g

a
N
b
\�I

c
 �;=?];JIkgc��Mj?cR:?�I V ?�9�;=7�@©;=\�@k>#?�MX^�¡ V ?�9�;=7:@b7:9�Mo^ H ?�eW@k^XIJT H

��K�R:R5?];JMX? H ?�9�N�PiT¢;=qid4pbq89�N8P�7:RWSrTWg
a + 2b

N
b + 2c

N
c + 2a V ?�9�;k7�@b7:9ZMX^ H ?�eW@k^XIJT H ��K8R5R5?c;=MX? H ?�9�l

ª �8§ ^Xgc7 H S��j;JI=q89|>#?:NWP�7:RWS�?cR5S�«:«�di^X[Z? H g�^X<:I V ?�9�;=7:@a;=\�@¬9W\c;cN w 3�di^X[�? H g�^j<:I%TWMj;k?�@a\ H ?�9|[�^ H di^jR
V T H T H qiMXM V ?�9�;=7:@a;=<:M�9�KiM F:H > F gc��9 F g F I+?�MX?�[Z?:l
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D � mnT4;Je5@b75gcg�qi9¢[Z?cR�T
p
YiT5@kT5[Z\];=?�@�\�@a;=\�9W\];��8RWS�NWP�7:RWS�T4gnTWMoe5>8>i^

A
[_e�;J@k^~} H TW9¢T�3�IJT�pke�;=\�@©£

;=\�9W?�MX?cRWS�? H l � 94TWY#75;b;s[re�;J@k^~} H TW9t9W?�@b?�I=I=Ki9Z[Z?cR�T|; F >i>8^�IJT�pke�;=\�@a;=\�9W\];+^oI \�I�T�MX?cR H T4R5S:7:>i>
IJT�pke4;=\�@a;k\�9�P�?cg|9W?�@a?�I=I=K H 9�?cR5S�IJT�pke�; V ?�9�;=7:@a;�l

A =





3 C 2
C 3 −23

p �





z � mnT�;{eW@b7:gcg�qi9r[Z?�RtTWg
(

i −
√

3
)9

9W7�[�Y8MX? }�Ikg�e5[ T5MjR5?�>8@=TW^! OT V T4RWS�94T H 7 H ^X9�qiI¥¡�TWMhTW9�pke4;cl
� ��� Mod�pbqi9 [�?cR�TWgtT5MoeW>i>i^�?�RWS:? H MX?];=?];¤Tr957:[�YiMj?]}�Ikg�eW[Z7�9�P/TWMX[rT4g�e H l¬  � g�?�@b?�di[Z\ H S�;�T5M~£
R5?�>i@=TW^)TWMhTW9�>/T H T5d�pbqi9�[Z?cRil~¡

(i + 3)z2 + (i + 4)z + 2 = 0

� ��� R5S��cIk7:[_TWRn��@kT H ��^oT 94eW@a; S�eW>/T H w 2B9�KiM F:H > F gc�¤MhTWY�\�I�P/eW@b7�[ ;=?�M pa?�Ik? H q8RWS�T H 7:MjS�T H d�g�Ik7�MX^
;{TWMoe5MXP/T�;=<i6�mnTt[Z?�R:9W? V ?�@-pbKi9_Tt94eW@a; S�T��cIk7:[rT4R575;�N P/e H S��-\�MX?�9�KiM F�H > F gc��Ik7�@k@a? H d4pa?|T5MoT59�q8MoPiT4;9�^)TtMoTWY�7:9 H TW98�
� �
	 6 � ;k;k<�[�^ H d8? H P�\];=? H�H S:7�M���Ikg�?�M V \ H8H S�?�M F ; F I=Mj75;b;=<:g�^X9�6 � Ikgc?�M V \ H S:?�9W?];B;k?�M pa?�Ik? H ;{TWMhe�£Mj7�[�@=TZ; F Mj;J^Q9�^ON�[Z\cR�TW@k@=T�Ik?�[ �iR5S:?�M N�P875R5S H ?Zd�7�> pa7 H >#?Z95\];�q8RWS�T H �8RWSf9�^`; F Mj; F ;k;�Mj75;k;k<W£
Ikgc?�M V \ H S�;�6%mne H S��-\�Mj?�9W\�YiY#? H ; F Mj;JP�?];J^ 9�^ ?cRWS�P�\c;k? H T H S:7:M
�_MX7W;k;=<:Ikgc?�M V \ H S�; �f  � 9�^`; F Mj; F ;k;
Ikgc?�M V \ H S�?�9tIk7:@k@b? H d4pa?�;=?�@k[Z\�Ikgc?];=?�Ik? H 9 F g F [�> F Ic6 � g F ; F I=MX7W;k;=<:>/T H «:3�Ikg�e5[ 9 F g�KiM�9W?�MXM�>�? £
^X9�Ikgc?�M H ^ F ;n9�KiM F:H > F gc�5;c6~¡
� �¬�

H
PiT5MX[_TWgZe5MXM pa7 H TWg F I=Ikg�?�I�7:M`S�T H N�T4g

a
\�I

b
>#?];J�i9�>#�:M�9W\�Ikg��j;=?];k;cN V \cR5;k?�Mj? H P87:I=Ikg��Ik7:@b75g�T�;=7:9�>#<�MON#T5[Z?�M`S�?�9�>#? H [�^ H d8? H

n
Y#7:g�^`;J� V ?cR:\�Ikg�P8?cg¤;{T5MoeWMoPiT4;=< n

d/TW@=TW>�Ikgc7:[_Ikgc\�d87:I
b>#?];J��6�mnT�;{eW@b75g�g�q89�[Z?cR

H
Ikg�eW[�7:I=IJe4R�e�;�l

¦ � mne H S�7�M`S�T H Y/eW@b7 H 9W\ H ; H ?�[ ^jg�7:[Z7�@©�!y�Y#7 H ;�� �OT V T H N#TW[�?�M`S H ?�9_Y�7 H ;=7:IJT H ?cR5S�diT5@kT5>PiT5@k[_TWd��-7:9����cI����cIJT V T H �� ��BT�pagc7�M pbqi9_^oIBMX?|TWg F I=Ikgc?�Is^oM`S�? H �Oe�;�l ¡
ª ��	 ?�RWS:? H

V
?cR5S

n � di^X[Z? H g�^X<:I V ?�9�;=7:@a;=\�@¬\�I A : V 7→ V
MX^ H ?�e5@b^oI�;=@=T H Ikg]�-7�@k[_e��c^X<i6���?cRWS�Ki9

�-?�MONiP875R5S�T�;=\�@
v1, v2, . . . vk V ?�9�;=7:@=TW^ MX^ H ?�e5@b^oIJT H ��K8R5R:?];JMj? H ?�9r\�I A(v1) = A(v2) = . . . =

A(vk)
;=?�M pa?�I=K8M 6 § ^jg�7 H S��`;JI=qi9t>#?:N�P875R5S_?�9�9W7�@ >ie5@bP875R5S V eWMoT5Ikg];Jq H 9�T|;=\�@k>#? H n− k + 2

d/T�£
@=TW> V ?�9�;=7:@a;�� pa?�M F M pa?�?cg�?�9W?];

w1, w2, . . . , wn−k+2

� N#T4g A(w1),A(w2), . . . ,A(wn−k+2)

V ?�9�;=7�@a7�9r[_^ H d8^XR�Mo^ H ?�eW@k^XIJT H�F I=Ikgc?]��K8R5R:�:9rMj?�Ikg H ?�9�6
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D �BEGF:H ;JI=K89L?�MONQP875R5SUT
c V TWMX<:IZY/TW@=TW[�\];=?�@�[_^XM`S�? H \�@a;=\�9W?�^X@b? V T H [Z?cR57�MXd/eWIJTfTWg�TWMheW>i>8^

?cRWS�? H Mj?];J@b? H d8Ikgc?�@ H ?�9�l/mnT V T H [Z?cR:7:Modie5IcN8T5d�pbqi9r^oIs[Z?�RtTWg F I=Ikgc?�Ik?];�l

x + y + cz v 6

2x + y + (c + 1)z v 10
3x − 2y + (c − 1)z v 8

7x − 12y − 5z v 4

z � mnT�;{eW@b7:gcg�qi9r[Z?�RtTWg|T5MoeW>i>i^)[_e�;J@k^~}�^ H V ?�@ag�\];�l

A =





C C C
C 2 C
C C A





� �i� g
r
\�I

s V T5Mj<:I Y/TW@=TW[Z\c;k?�@a?�9�[�^oM`S:? H \�@a;k\�9W?�^o@a?GMj?�IkgGT 2x+ r · y + s · z =
√

2
?cRWS�? H Mj?];J�

I=�X9f[Z?�@a��Mj?cR:?�I¢T
6x + 21y + 19z = 3

N V T5MoTW[_^ H ;�T4g x + 6y + 4z = 3
?cR5S:? H Mj?c;=� I=�X957:9

[Z?];JIkgc\�I V 7 H TWMheW@=T��
� �Q� RWS

n × n
£ ?�I

A
[_e�;J@k^~}8>/T H TWg

i
£ ?�d8^o9�Ik7:@ \�I¤T

j
£ ?�di^X9�7:Ikg�MX7:Y 9W?�@b?�Ikgc;k?�gc� d�\�Ik\�>#? H eWMXMX<

?�Mj?�[
aij = i2j2 + 1

6�mnT�;{eW@b7:gcg�qi9_[Z?cR
A
d8?];=?�@k[�^ H e H IJe�;�l

� � 	 ?cRWS�? H
V
T V T5Mj<:I¬?�RWS�K�;b;JP/T�;=<:I�Y#7:Mo^ H 7:[Z7�9¢Ikgc7:94e5Ik7:I V ?�9�;k7�@a;k?�@a?� OT�Y�7:MX^ H 7�[Z7:9 F I=Ikgc?cR:\];\�IsIkg�eW[�Ikgc7�@b7:IJe�;sT�Ikgc7�9�e5Ik7:IB[Z< d�7 H \�@a;k?�MX[Z?cg�g�K898¡¥6

W
e5MXM pa7 H T4g�7:9�>#<�M�T

p
Y#7�MX^ H 7�[Z7:9�>#<�MON

TW[Z?�M`S:?�9�@a?
p(0) = p(1)

  V T4R5S�^XIQ3�£ >/T H \�I+C £ >#? H p
P8?�M`S�?];k;=?�I=�`;=\�I=^�\�@a;=\�95?+?cRWS�? H Mj��¡¥6 EGF:H ;JI=Ki9

?�MON8P875RWS
W

TWMj;=?�@b?];nTWMo9W75;a£,?
V
£ >#? H �

� �/�
V V ?�9�;=7:@a;=\�@k>#?�MX^ v1, v2, . . . , vn V ?�9�;=7:@b7:9�@b<�M#;Jq8d4pbqi9�N P875RWS�T4g F I=Ikgc?cR:Ki9ZT H qiMXM V ?�9�;=7:@]6§ ^jg�7 H S��`;JI=qi9�>#?:N�P875R5S 〈v1, v2, . . . , vn−1〉 = 〈v2, v3, . . . , vn〉

l�  〈 〉 T V ?�9�;k7�@b7:9|eWM`;{T5M:R:? H ?�@=eWM`;TWMj;k?�@a?c;¬pa?�M F MX^ 6 ¡
¦ � mnT�;{eW@b7:gcg�qi9�[Z?�RGTWg

n×n
£ ?�I

A
[_e4;J@b^`}�7W;�N�PiTB;Jqid�pbqi9�N�P�7:RWS

A2 = E
\�I

det(A−E) 6= 0
6

 
E
£ V ?�M)TWg n × n

£,?�I+?�RWS�Ik\cR�[_e�;J@k^~}�75;%pa?�M F M`;JK89�6~¡
ª � 	 ?cR5S:? H

A
\�I

B n × m
£ ?�IB[_e4;J@b^`}�6 § ^jgc7 H S��`;JI=q89r>#?:NiP875RWS

r(A + B) ≤ r(A) + r(B)

 OTWP87:M
r
£ @b?�M)Tt[_e�;J@k^~}�7�9�@=T H R�pke�;!pa?�M F M`;JK898¡¥6
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D � mnT�;{eW@b75g�g�q89�[Z?cRGT4g�TWMheW>i>8^�[_e4;=@k^`}�IJT�pke4;=\�@a;k\�9W?�^j; \�I TG9�^oIk?�>8>i^X9¤IJT�pke4;k\�@©;=\�9�P8?cg 9W?�@b?�I=I=K H 9
?cRWS�IJT�pke4; V ?�9�;=7:@a;�l

A =

( w A
−4 −3

)

z � mnT�;{eW@b7:gcg�qi9r[Z?�RtT
3

√

24i +
(i − 1)8

i9W7�[�Y8MX? }�Ikg�e5[ T5MjR5?�>8@=TW^)T5MoTW9�pke4;�l
� �i� >8@k^od�g�Ik?c; H \cRWSt?�[�>#?�@�pke4;JI=Ikg�T�N�9W\c; Y/eW@ ?cRWS�[reWIQ?�MoMj? H 6 mne H S��-\�MX?�9W\�Y8Y#? H K8MoP�?c; Mj? H S�7:M��
?�[�>#?�@¢9W\c;tTWIkgc;JT5MXP875g�>8@k^od�g�Ik?�M H ^�����\];�MX?�KiMj\�Ib;�T59�9W7�@¢;=?�9�^ H ;JK H 9 9�KiM F:H > F gc� H ?�9�N%P/T V T4R5S
V T H 7:M`S�T H ?�[�>#?�@]N#TW9�^ H ?�9�[reWI T�Y/TW@a; H ?�@a?�N V T4R5S V T H 7�M`S�T H Y/eW@]N�TW9�^o9 H ?�9�?cR5S [_eWI=^o9�Yie5@T4gB?�MXMX? H �-?�Mj?:68  � 9W\]; TWIkg];{TWMiIk7:@k@b? H d�pa?B;=?�P/e�; 9 F g F [�> F IcN4\�I!T4g TWIkg];{T5Mj7:957 H >#?�MoK8M#TWgnKiMj\�I=@b? H d
^XI �cIJTW9�T HiH S�^X>/T H Ikg�eW[��j;cN�P�7:RWS�9�^)9�^ H ?�9rTtY/TW@a; H ?�@b?:6 ¡
� ��� ?�M F M pa?

V
T V TWMX<:I�Ikg�eW[�Y/eW@b7�9  OTWg�T4g TfI=�o9 V ?�9�;=7�@a7�98¡�Ikgc7:94eWIk7�I V ?�9�;=7:@a;=?�@b\];�6 � R5S A :

V 7→ V
MX^ H ?�e5@b^oI�;=@=T H Ikg]�-7�@k[_e��c^X<:@b<:M%;Jqid�pbqi9�N�P�7:RWS T4g

(1, 2) V ?�9�;=7:@kP875grT (6, 7) V ?�9�;=7:@a;�NT
(−1, 2) V ?�9�;=7:@kP875gtY#?�di^jR T (8, 9) V ?�9�;=7�@©;¢@b? H d�?�Mo^O6�� @-pbq89��-?�M A [_e�;J@k^~}ie4;�T�� Ikgc7:94eWIk7�I	�JN

V T4RWS�^oIBTWg (1, 0)
\�I

(0, 1) V ?�9�;=7:@b7:9�>�<:M�eWMoMj<Z>/e4g�^oI=>iT H l
� ��
 T H £,?�7�M`S�T H C�3:3 �cI�����I���?cRWS�Ikg�?�@k��R:@=e��aN/TW[�?�M`S�>#? H [_^ H d�? H Y�7 H ;s�-7�94T w�� �
� ��§ ^Xgc7 H S��j;JI=q89t>#?:N P�7:RWS_P/T¢?cR5SZ�OeW>/T H�H ^ H �cI Ik?¤[reWIk7 d��-7:9���N�Ik?¤PiT5@k[_TWd��-7:9��rY#7 H ;�N�T59�9W7�@
T �cI����cIk7:9 H TW9rMj?cR�TWMoe5>8>�T

2

3

£ T�?�MoIk�W�-7�9���l
¦ �¬�

H
PiT5MX[_TWgZe5MXM pa7 H TWg F I=Ikg�?�I�7:M`S�T H N�T4g

a
\�I

b
>#?];J�i9�>#�:M�9W\�Ikg��j;=?];k;cN V \cR5;k?�Mj? H P87:I=Ikg��Ik7:@b75g�T�;=7:9�>#<�MON T5[Z?�MjS:?�9 V TWMoT5P�7 H8H T H 95?cg�d V ?�Y#?�@k^X7 d8^o9�q8IJT59�6n  � g ;k?�Pie4;�TWg];�pa?�MX? H ;J^ON¬P875RWS

V T H ?�RWS p ≥ 1
Y�?�@k^j< diq8In\�In?cR5S

N
9�KiIkg F >�N#P875RWS�[�^ H d8? H

n ≥ N
£ @a?�T�Ik7:@b75g�T4;

n
£,?�di^X9�\�I

n + p
£,?�di^X9_>�?];J��pa?¢q8RWS�T H TWg:6 ¡smnT�;{eW@b75g�g�q89�[Z?cR

H
Ikg�eW[�7:I=IJe4R�e�;�l

ª �:� g A : V 7→ V
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