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Abstract — Given an i.i.d. sample (X1,...,X,) drawn
from an unknown discrete distribution P on a count-
ably infinite set, we consider the problem of estimat-
ing the entropy of P. We show that the plug-in esti-
mate is universally consistent and that, without fur-
ther assumptions, no rate-of-convergence results can
be obtained for any sequence of entropy estimates.
Under additional conditions we get convergence rates
for the plug-in estimate and for an estimate based on
match-lengths. The behavior of the expected error of
the plug-in estimate is shown to be in sharp contrast
to the finite-alphabet case.

I. INTRODUCTION

Suppose P = {p(i) ; ¢ € X} is an unknown discrete
distribution on the countably infinite alphabet X', and let
H = H(P) denote the entropy of P (in bits). Given an i.i.d.
sample (X1,...,Xyn) drawn from P, we would like to be able
to estimate H by some Hn, = Hn(X1,...,Xn), such that the
error |H, — H| is typically small. We first ask whether uni-
versal estimates H, exist (they do), and then we ask how fast
they converge.

II. CONSISTENCY AND SLOW RATES

The plug-in estimate for H is defined by H, 2 H(p,),
where pn(i) = (1/n) Z;Zl I{x,=s} is the empirical distribu-
tion induced by (Xi,...,X,) on X.

Proposition 1 The plug-in_estimate of H is strongly uni-
versally consistent, that is, H, — H a.s. (as n — oo). For
H < oo, it is also consistent in L*, that is, E{(ﬁn—H)Q} — 0,
as n — oo.

Theorem 1 For any sequence {Hy,} of estimates for the en-
tropy, and for any sequence {an} of positive numbers converg-
ing to zero, there is a distribution P on X with H(P) < oo,
such that E(H -

lim sup EUHn —HI}

n—co [£20)

In [1], these two results are deduced from more general
consistency and slow-rate results.

III. CONVERGENCE RATES

In view of Theorem 1, in order to obtain rate-of-
convergence results, additional conditions need to be placed
on the class of distributions P we consider.
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Heuristics In the finite-alphabet case it is easy to see that
E{|H, — H|} decays like 1/+/n, and E{(H, — H)?} like 1/n.
We might expect that similar results should hold for an infi-
nite alphabet X, at least when H(? = E{(—log, p(X1))} is
assumed to be finite for some g > 2. Theorem 2 shows that
this is not at all the case. In fact, H, can tend to H at an
arbitrarily slow algebraic rate even when H ® < o for all p!

In our next result we restrict attention to distributions with
tail probabilities decreasing like :™? (p > 1). Without loss of
generality we take X = N.

Theorem 2 Assume that for some p > 1 there exist positive
constants c1, ¢z > 0 such that c1 /i < p(i) < 2/, ¢ € X.
Then, for the plug-in estimate H, we have:

Q (n"‘?) = E{|H. — H|} < (B{(H, - H’}H)/* =

-1
= 0("_?7) ifp<2,
O (n_1/2 logn) ifp>2.
Given a sample (£1,%32,...,%s) from (Xu,...,X,), write
z} = (i, Tit1,...,25), 1 i < j<n For n> 1, define the

match-lengths

Lnémin{lgLSn : xf’;ém;if,VISjsn—L},

and the corresponding entropy estimates

~ 4 log,n
Hn":-———ng1

Theorem 3 _
(a) For H < 0o, we have H, — H a.s., as n — 00.

(b) If H? < o0, then

~ 1
H,=H —_ ],
+0( rgn>

in probability.
(¢) If H? < 0o and Var{log, p(X1)} # 0, then

B{(F, ~ Y’} 2 B0 - i =0 (L),

(@) If HY = E{(~log, p(X))"} < oo, then

~ _ 2y _ 1
E{(H, — H) }_0<10gn>.
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