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Abstract

We consider the problem of actively learning the mean values of distributions
associated with a finite number of options. The decision maker can select which
option to generate the next observation from, the goal being to produce es-
timates with equally good precision for all the options. If sample means are
used to estimate the unknown values then the optimal solution, assuming that
the distributions are known up to a shift, is to sample from each distribution
proportional to its variance. No information other than the distributions’ vari-
ances is needed to calculate the optimal solution. In this paper we propose an
incremental algorithm that asymptotically achieves the same loss as an optimal
rule. We prove that the excess loss suffered by this algorithm, apart from log-
arithmic factors, scales as n~3/2, which we conjecture to be the optimal rate.
The performance of the algorithm is illustrated on a simple problem.

Key words: active learning, heteroscedastic noise, regression, sequential
analysis, sequential allocation

1. Introduction

Consider the problem of production quality assurance in a factory equipped
with a number of machines that output products of different quality. The qual-
ity of production can be monitored by inspecting the products manufactured:
An inspection of a product results in a (random) number which, without the loss
of generality, can be assumed to lie between zero and one, one meaning the best,
zero the poorest quality. It is assumed that the mean of these measurements
characterizes the maintenance state of the machine. The goal is to estimate
these mean values for the individual machines so as to minimize the maximum
prediction error over the machines. Since the inspection results are random,
multiple measurements are necessary for each machine. If the inspection of a
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product is expensive (as is the case when inspection requires the destruction of
the products) then inspecting all machines equally often can be wasteful, since
the precision of the estimate of the quality of any machine will be proportional
to the variance of the inspection outcomes for that machine and hence, if there
is a machine with high variance outcomes, one can inspect that machine more
often at the price of inspecting machines with low variance outcomes less fre-
quently, thus equalizing the quality of the estimates. Based on this sample, one
suspects that a good sequential algorithm can result in significant cost-savings
as compared to inspecting the products produced by each machine equally often.

This is an instance of active learning [6], which is also closely related to
optimal experimental design of statistics [9, 5]. In particular, the problem can
be cast as learning a regression function over a finite domain. The problem
is also similar to multi-armed bandit problems [12, 3] in that only one option
(arm) can be probed at any time. However, the performance criterion is different
from that used in bandits where the observed values are treated as rewards and
performance during learning is what matters. Nevertheless, we will see that the
exploration-exploitation dilemma which characterizes classical bandit problems
will still play a role here.

The formal description of this problem is as follows: We are interested in
estimating the expected values (ug) of some distributions (Dy), each associated
with an option. If K is the number of options then 1 < k£ < K. For any k, the
decision maker can take independent observations { Xy }¢ from Dj. The value
Xy is observed when an observation is requested from option & the ¢t time.
(These observations correspond to the outcomes of inspections in the previous
example). The observations are drawn sequentially: Given the information
collected up to trial n the decision maker can decide which option to choose
next.

The loss minimized by the decision maker is defined as follows: After trial
n, let fix, denote the estimate of . as computed by the decision maker (1 <
k < K). Let the error of predicting py, with fig, be measured with the expected
squared error,

Ly = E [(fikn — p)?] -

The overall loss is measured by the worst-case loss over the K options:

L, = max Lg,.
1<k<K
The motivation for considering this loss function is as follows: Let My denote
the set of probability distributions over {1,2,...,K}. Pick some p € M.
Imagine that after learning, an option will be randomly chosen from p. The
task of the decision maker is to estimate uy if option k is selected. Assume that
the decision maker uses fix, to estimate ug. The associated least-squares loss
then becomes E [Eszl Dk (fign — uk)Q]. Since during learning p is not known,

taking a pessimistic approach, the loss is minimized for the worst distribution



given the estimates, i.e., the goal is to minimize

K
Zpk(ﬂlm - ,uk)2‘| .
k=1

It is not hard to see that L)Y = L,,, thus minimizing LY and L,, are the same.
In this paper we will assume that the estimates ji, are produced by com-
puting the sample means of the respective options:

LY = max E
pEMK

1 Tn
ey = — Xit-
Hken Tkn ; ¢

Here T}, denotes the number of times an observation was requested from option
k up to trial n.

Consider the non-sequential version of the problem, i.e., the problem of
choosing Ti,, ..., Tkn such that Ty, + ... + Tk, = n so as to minimize the
loss. Let us assume for a moment that we know the distributions up to an
unknown shift. In particular, this means that we do not know (say) the mean
of the distributions, but we know the variances of the distributions and all
higher order moments. In this case there is no value in making the choice of

Tin,...,Tky, data dependent. Due to the independence of observations
2
o
Lin = =,
kn Tkn

where o7 = Var [X;]. For simplicity assume that o7 > 0 holds for all k. It
is not hard to see then that the minimizer of L, = maxy Ly, is the allocation
{T%, }r that makes all the losses Ly, (approximately) equal, hence (apart from

rounding issues)
2
o
Ty = nes
kn 22

K . .
Here X2 = =1 ajz is the sum of the variances and

:n)\k.

2
Ok
)\k = ?
is the ratio of the k' variance and the sum of the variances. The value of A
gives the optimal allocation ratio for option k. The corresponding loss is

2
L=
n

We conclude that to calculate the optimal allocations, all one needs to know
about the distributions is their respective variances.

We note in passing that the optimal allocation is easy to extend to the
case when some options have zero variance: in such a case it is both necessary
and sufficient to make a single observation on such options. The case when all



variances are zero (i.e., ¥2 = 0) is uninteresting, hence we will assume from now
on that ¥? > 0.

We expect a good sequential algorithm A to achieve a loss L,, = L, (A) close
to the loss L}. We will therefore look into the excess loss

Since Ly, the loss of option k, can only decrease if we request a new obser-
vation from Dy, one simple idea is to request the next observation from option
k whose estimated loss, 67, /Tkn, is the largest amongst all estimated losses.
Here 67, is an estimate of the variance of the k'™ option based on the history.
The problem with this approach is that the variance might be underestimated
in which case the option will not be selected for a long time, which prevents
refining the estimated variance, ultimately resulting in a large excess loss. Thus
we face a problem similar to the exploration-exploitation dilemma in bandit
problems where a greedy policy might incur a large loss if the payoff of the
optimal option is underestimated. One simple remedy is to make sure that the
estimated variances converge to their true values. This can be ensured if the
algorithm is forced to select all the options indefinitely in the limit, which is
often called the method of forced sampling in the bandit literature [13]. One
way to implement this idea is to introduce phases of increasing length. Then
in each phase the algorithm could choose all options exactly once at the begin-
ning, while in the rest of the phase it can sample all the options k proportionally
to their respective variance estimates computed at the beginning of the phase.
The problem then becomes to select the appropriate phase lengths to make sure
that the proportion of forced selections diminishes at an appropriate rate with
an increasing horizon n. (An algorithm along these lines have been described
and analyzed by [8] in the context of stratified sampling. We shall discuss this
algorithm further in Section 6.) While the introduction of phases allows a direct
control of the proportion of forced selections, the algorithm is not incremental
and is thus less appealing.

In this paper we propose and study an alternative algorithm that implements
forced selections but remains completely incremental. The idea is to select the
option with the largest estimated loss except if some of the options is seriously
under-sampled, in which case the under-sampled option is selected. It turns
out that a good definition for an option being under-sampled is Tk, < ay/n
with some constant o > 0. (The algorithm will be formally stated in the next
section.) We will show that the excess loss of this algorithm decreases with n
as O(n=3/2).1

1 A nonnegative sequence {a,} is said to be O(f,), where {f,} is a positive valued se-
quence, if an, < C fp logP(fn) with suitable constants C,p > 0.



2. The Algorithm

The formal description of the algorithm, that we call GAFS-MAX (greedy
allocation with forced selections for max-norm loss), is as follows:

Algorithm GAFS-MAX
In the first K trials choose each option once
Set T,k =1 (1<k<K),n=K
At time n + 1 do:
Predict fign = 7 Y27 X

~2 1 Tkn 2 ~2
Compute 67, = 7 - Doimt Xig — Mg,

Let
R K oK 4
j\k _ J%n/(zj':lajzn)7 lfzjzlo']zn#oﬂ
" 1/K, otherwise

Let U, = argming << ¢ Tkn
Let
Un, if Ty, n < ay/n+1,
In-i—l -

argmax, < p< g %, otherwise

Choose option I, 1 and let Tk ni1 = Thn + i1, =k
Observe the feedback Xy, ., 7,

n1.mt1”

Of course, the variance estimates can be computed incrementally. Further, it is
actually not necessary to compute the estimated allocation ratios /A\;m because in
the computation of the option index I,,41, Nen can be replaced by 67, without
effecting the choices. The only parameter of the algorithm, «, determines the
minimum amount of exploration. We normally set « to 1 (cf. Section 5.1).

3. Main Results
The main result of this paper is the following theorem:

Theorem 1. Assume that the observations {Xy:} are bounded with probability
one.? Let L, be the loss of GAFS-MAX after the n'" trial and let L}, be the
optimal loss. Then

L, < Li +0(n~3/?).

This result will be proved in the Section 4.3.We also prove high probability
bounds on Ty, /n — A; (Theorem 2). The proofs are somewhat involved, hence
we start with an outline:

Clearly, the rate of growth of Ty, controls the rate of convergence of X,m to
Ak. In particular, we will show that given Ty,, > f, it follows that j\kn converges

2The results easily extend to the case when the tails of { X} are sub-Gaussian.



to A at a rate of O(l/f,}/Q) (Lemma 3). The second major tool is a result (cf.

Lemma 4 and Corollary 1) that shows how a faster rate for Ag, transforms into
better bounds on T},. The actual proof is then started by observing that due
to the forced selections Tk, > +/n. Hence, by the first generic result the rate
of convergence of A\, is at least 1 /n'/*. The second device then enables us to
show that Ty, grows at least as fast as n A\;/2, i.e., linearly in n. Using again
the first result we get that 5\;m — A decays at least as fast as 1/711/27 which,
using the second result, allows us to conclude that Ty, /n — A converges to zero
at the rate of 1/n1/2. Resorting to Wald’s second identity then allows us to
prove that the excess loss Ly, — L decays at the rate of 1/(n%/?).

The convergence rate statements for X;m and T, /n hold with high proba-
bility. In particular, they all hold on the same event set As.

4. Proof

The proof is presented in three sections. In Section 4.1, we introduce the
necessary notation and some preliminary results that show the rate of conver-
gence of the estimated allocation ratios 5\;m to the optimal allocation ratios \g.
In Section 4.2, we show that these in turn give bounds on the actual allocation
ratios, Tk, /n. Finally, in Section 4.3, we prove the main result.

4.1. Preliminaries and notation

First, we state Hoeffding’s inequality in a form that suits the best our needs:

Lemma 1 (Hoeffding’s inequality, [11]). Let Z; be a sequence of zero-mean,
1.3.d. random variables, where a < Z; < b, a < b reals. Then, for any 0 < § <1,

1 & 1(b—a)?
P - Z>\/1 1/6) | <o.
(232 05 o)
Let us now introduce some notation. First, let

A(R,n,8) =R W

denote the deviation bound that we can get from Hoeffding’s equality for the
confidence level § after seeing n observations from a distribution whose support
is included in an interval of length R. Further, let ,u,(f) =E [X,ft], Ry be
the length of the (connected) range of the random variables {X:}: (i.e., Ry =
esssup Xy —essinf Xyt ), Sk be the length of the (connected) range of the random
variables {X?2};, and By be the essential supremum of the random variables



{|Xkt|}+- Note that Ry, < 2By, and Sy < BZ. Let

1<k<K n>1

< A(Sk, 1, 0p) } N

{ Zth pr| < A(Ry,n, 6 )}
1<k<K n>1
where
)
Op = ————.
4Kn(n+1)

Note that §,, is chosen so that Zle >0 1 6, = 6/4. Hence, we observe that
by Hoeffding’s inequality
P(As) >1—0.

The sets {As} will play a key role in the proof: Many of the statements will be
proved on these set.

Our first result connects a lower bound on Tk, to the rate of convergence of
Nen. Let by = Sk + (|uk| + Bi) Ry, (< 5B2), aj, = 2by, /o3, and {5 = log(4K/9).
Note that, by o7 < (Rg/2)?,

aj, > 8b/R? > 8By, /Ry, > 4 (1)

and that
log(érjl) =log(n(n+1)) + ks <2logn+1+lk;s. (2)

Lemma 2. Fizr0<d <1,1 <k <K, andn > 0, and assume that Ty, > 1
holds on Ags. Then

log(67," )

’ A2
2Tyn

2
Okn — Jk| > O
also holds on As.

PRrOOF. Let i A(Q) = 1/Tin T’“" th and recall that fig, = 1/Tkn ’“” 0 Xt
Consider any element of As. Then by the definition of Ay,

1 m
—> X -
mi=
holds simultaneously for any m > 1. Hence, it also holds that

Zth

2) < A(Skn m, 6m)

< A(Sk7 Tknu 6Tkn)'

(2) 2)‘ _




Similarly, we get that

Tin

1
ST X -l < AR Ty, 61, ).
T t:z1 wt — k| < A(Rk, Tin, 07y,,)

|ﬂkn - .uk| =

Using 63, = i) — i, and of = E [X2] — (E[Xu))? = u?) — i, we got

~ ~(2 2 ~
6tu =t < |l — |+ ik, - udl
~(2 2 ~ ~
< a2 = u2) + i — el (el + 1)

< A(Sk,Tkn,o1,,) + AR, Tien, O, ) (|10 + Be)

log(d7, ) [log(67!)
Ten "\ 2T,

(Sk + Ri(|pk| + Br))

Lemma 3. Fizx 0 < § <1, ng > 0, and assume that forn > ng, 1 < k < K,
Tin = fn = 2 holds on As, and that for n > ng, for each 1 < k < K such that
Ok 75 0

72

fo > “g (21og fr + 1+ lx.5). (3)

Then there exists a constant ¢ > 0 such that for anyn > ng, 1 <k < K, on As

log(87")

n

(4)

’;\kn —/\k‘ <c

holds. In particular, ¢ can be chosen as

K
1

=— max M\ | a) + Z)\ja;-
V2 1<k<K =

Remark 1. If f, = n? (p, n > 0) then (3) can be written as

B, 14+Llkxs+2logp
n? — .

p
pay, 2p

logn <

()

Remark 2. Note that, using (1) and A\; < 1, the choice of ¢ above can be
sandwiched as

1 , ,
WRmmoe < g (o3
J:
K K
1 / / 5V2 2 2
S VE e 2 | <5 | e o 2
J= Jj=



In what follows, for simplicity, we define ¢ as

K

1 /! !/

— al | > V8.

0= 7 (k£ 2 e ) 28 ©
2

PrOOF. Using Lemma 2, for n > ng, 1 <k < K,

1og log
|67t — %] < Y Tk" Ry fn (7)

holds on A, where we have used that (log(z(z + 1))+ {k,5)/ is monotonically
decreasing when > 2, {5 > 0 and that T}y, > fn > 2. Denote the right-hand
side of (7) by Ag,(9).

Now, let us develop a lower bound on S\kn in terms of Ax. For n > ng,

Z;K 1 Aj2n ¥+ ZKzl Ajn(‘s)
-1
O’k Z] 1Ajn(5) Akn(5)
= s\t T ) TR
B2+ 301 An(6)

K
_ <1 X Ajnw))  Ag(6)

332 2

where we used 1/(1 + z) > 1 — « that holds for x > —1.
An upper bound can be obtained analogously: For n > ng, if

K
$2>23 A (9) (8)
j=1
then
. N T

Z]K 1 A?n S X2 Z]K:1 Ajn(5)
-1
_ a (1 s Ajnw)) - 0)
= = 2 = 3 Agn(9)

K .
< M <1+22j‘1§2]"(5)>+ o Bkn(0)

2 7

where we used 1/(1 —z) =1+ 2/(1 —z) < 1+ 2z that holds for 0 < z < 1/2.
This constraint follows from (8), that is implied if n is big enough so that

07 > 20;,(6), 1<j<K. (9)



The upper and lower bounds above, together with (7), give

K
N 2
|Akn — | < 52 /\k;Ag‘n@)-FAlm((s)
V2 K log(67 ")
< 5 Ak;bj+bk 7

proving (4).

At last, to satisfy (9), by (7), it suffices if 0§ f,, > 207 log(éﬁl), 1<j<K.
Note that if o; = 0 then R; = 5; = 0, and so b; = 0 and both sides above are
0. Otherwise we need

2b2 a;?
j -1y _ % -1
fn > 7;;}10%(5,9” )= N log(d; ")

that is guaranteed by (2) and (3) provided that n > ng. O

4.2. Bounds on the actual allocation ratios

Now we show how a rate of convergence result for X;m can be turned into
bounds on the difference between the actual allocation ratios Ty, /n and Ag.
Note that this lemma holds pointwise, i.e., for any element w of the probability
space () underlying the random variables considered. For brevity, we write below
Aien instead of Agn (w), Tkrn instead of T, (w), ete.

Let

Amin = lgjugnK Aj and p=1+ p—

In what follows, unless otherwise stated, we will assume that Ay, > 0. For

K = 1 the results are obvious, so without the loss of generality we can also
assume that K > 2, in which case Apin < 1/K <1/2 and 5 < p < 2.5/ A\pin.

Lemma 4. Fiz ng > 0. Assume that g, is such that for n > ng, ng, is
monotone increasing in n, dng, > [v/n], and

9n S )\min/Q; (10)

Men =Ml < gy 1<k<K (11)
hold. Then the following inequalities hold forn > 1 and 1 <k < K:

1 Ty 1
—(K — 1) max (no,—&—pgn) SL—/\kgmax (no,—l—pgn).
n’'n n n’'n

PRrROOF. By definition Tint1 = Tin + H{ Ini1=k}- Let Ey, = Tin — nAp with
Eyo = 0. Note that Ey, < n(l — ;) and

K
Z Epp =0 (12)
k=1

10



hold for any n > 0. Notice that the desired result can be stated as bounds on
Ey,. Hence, our goal now is to study Ej,. If b;, is an upper bound for Ej,
(1 < j < K) then from (12) we get the lower bound Ey, = —3 ;) Ejn >
=2k bjin = —(K — 1) max; b;,. Hence, we target upper bounds on {Ejn, }x.
Assume now that n > ng. Note that (10) and (11) imply Ay — Nen <
[Ain — Ak < Ak/2, and thus Ag,, > A;/2 > 0 for each k.
From the definition of Ey, and T}, we get

Ek,n+1 = Ekn - Ak + H{ Iy1=k}*
By the definition of the algorithm

I 1y <I
{Inpr=k} = {TRHS"\/E.I or k=argmin, < ;< x

Tjn | °

Xin

Assume now that k is an index where {/\’—”}] takes its minimum, that is,
jn

T T:
Akn < min =22,

>\kn o )\jn

Using T, = Ej, +n); and reordering the terms gives

J in J )\jn J in

« E;, A e . E, pV
Ein +nX, < )\knminﬁg)\kn <m1n e —l—nmaxAJ).

By (12), there exists an index j such that E;, < 0. Since 5\]-” > 0 for any j, it
holds that min; % < 0. Hence,

jn

Epp +nh < n:\kn max = L (13)
J )\jn

Using (11) and (10), we get

)\j < )\j _ 1
S\jni)‘j_gn l_gn/)‘j.

This is upper bounded by

e
using 1/(1 — x) < 14 2z for 0 < & < 1/2, where the latest constraint follows
from (10). Using (13), Akn < l,and (11) again,

A bV
Ern, < nAp,max L nhg
J

gn

. 2n4,
< i — M) + 29

)\min
1+ 2
ngn = pngp.
Ao g png

11

IN




Denote the right-hand side by F,,. Hence,

L 1=k} < ]I{ Thn <[] or Epn<Fy

We show that T, < [v/n] implies Ex, < F,. By the definition of Ej,,, from

Trkn < [v/n] it follows that Ey, = Tgn — nAx < [v/n] < 5ng,. The bound p > 5
implies 5ng, < F,. Hence, Fy, < F, follows. Therefore

Lr=ky = limu<riy
Now we need the following technical lemma:

Lemma 5. Let 0 < A\ < 1. Consider the sequences E,,, E,, 1y, I, (n > 1) where
I,L,I € 0,1, Eny1=E,+ 1, — ), En+1 = E +I — A, E1 FE1 and assume
that I,, < I holds whenever E,, = E,,. Then E,, < E holds for n > 1.

PRrooOF. Consider the difference sequence P, = E, — E,. The goal is to show
that P, > 0 holds for any n. It holds that P, = 0. Since

Py — Py = (Ens1 — Ep) = (Bpy1 — Bp) =1, — I, € { 1,0, +1},

P, is always an integer. Hence, it suffices to show that P, > 0 if P, = 0.
However, this holds because if P, = 0 then I,, < I,,. O

Now, returning to the proof of Lemma 4, define {Ekn}n2no by

Eint1 = Epn—Ap+ ]I{ Bin<Fn )} T = o

The conditions of Lemma 5 are clearly satisfied from index ng. Consequently
FEyn < Egp holds for any n > ng. Further, since F,, is monotone increasing in
n,

Ek’n g maX(Ek,nov 1 + Fn) S maX(nO(l - )\k)v 1 + Fn)7 n 2 no,

and so Ey, < max(ng(l — Ag),1 + F,) < max(ng,1+ F,) for n > 0, finishing
the upper-bound. a

Corollary 1. Fizr0<§ <1, ¢>1/5, and ng > 1. Assume that f, > 0 is such
that for n > ng, f, is monotone increasing, but f,/n? is monotone decreasing,

1< fn<n,
2

fo > Xf (2log fn + 1+ lxs),  and (14)
< log(éf_nl)

12



hold. Let F,,(0) = png,(0), where

log(6; !
00 - 2R

Then the following inequalities hold forn >0 and 1 <k < K:

—(K — 1)max(ng, 1 + F,,(0)) < Tin — nAp < max(ng, 1 + F,(0)).
Further, these inequalities remain valid if 0y, is replaced by 6, in Fy,(9).
Remark 3. If f, = n? (p,n > 0) then (14) can be written as

B2, P 1+ lks+2logp
8pc? 2p '

logn < (16)

PROOF. Assume that n > ng. Then ng,(d) is monotone increasing, (2) and
(14) imply (10), and (15) implies (11). The bounds on f,, K, and § imply

5ng,(0) = 5nc\/10g(4KfnJEfn +1)/9) > 50\/71 log(8 fro (frne + 1)),

that is at least \/nlog(16) > v/2n > [y/n] by the bounds on ¢ and f,,. Thus
Lemma 4 gives the result. The last statement follows obviously from 5;; <6t

(since f, < n). O

Using the previous results we are now in the position to prove a linear lower
bound on Tj,,:

Lemma 6. Let 0 < d <1 arbitrary. Then there exists an integer Ny such that
foranyn >Ny, 1 <k<K,
Tin > n)\k/Z

holds on As. In particular,
2(K — 1) 1 2
N; = max (}\'nf), D3 [log D3+ 5 (Crs+147- 109)} ) .
where Dy = 4c(2K — 1)/A\2,, ., c is defined by (6), and

ny = max(K (K + 1),n1,ns),

>\minn/1 2 )\minnlg 2
ny = _— Nno = _—
1 2 ) 2 2 )

2a/° (4c)? V8e
M= K (0BGt sl ne =S | Alog 3 1 s

13



For the proof we need the following technical lemma that gives a bound on
the point when for a > 0 the function at'/? + b overtakes logt.

Lemma 7. Let a > 0. For any t > (2/a)? [log((2/a)?) — b]z, at'/? + b > logt.
The proof of this lemma can be found in Appendix B (Proposition 6).

PrOOF (LEMMA 6). Due to the forced selection of the options built into the
algorithm, T}, > /n holds for n > K(K + 1). The proof of this statement
is somewhat technical and is moved into the Appendix A (Lemma 11). By
Lemma 7, for
4 2
n > ér}caSXKa; [4logay, + 1+ Uk s5]” = n,
(5) holds with p = 1/2, 8 = 1 for each k. Hence, we can apply Lemma 3 and
Remark 1 following it with ny = max(K(K + 1),n1) and f, = n'/? (> 2), and

get that

log (5;11/2)

‘)\kn_)\k‘ <c 172

(18)

on As for n > ng, 1 < k < K, and ¢ > /8 as defined by (6). By Lemma 7

again, for
2¢ \*
>4
"= (Amin>

(16) holds with p = 1/2, 8 = 1. Now, we can apply Corollary 1 and Remark 3
following it on As with n{, = max(ng,n2) = max(K(K + 1),n1,n2) and f, =
n'/2(>1), and get that on A; forn >0,1<k < K,

V8¢

min

4log +1+Llgs| =no,

Tin, > nA, — (K — 1) max(ng, 1 + Hy(9)),

H, (6) = Din®/* \/log(6:1)

and Dy = c¢p. Hence, Ty, > nA;/2 by the time when n > 2n((K — 1)/ Apin and
n > 2(K —1)(14 Hy,(5))/Amin- These two constrains are satisfied when n > Ny,
where N is defined as in equation (17); the first one is obvious, the second one
follows from Proposition 7 in Appendix C. a

where

With the help of this result we can get better bounds on T}, resulting in
our first main result:

Theorem 2. Let 0 < § < 1 be arbitrary. Then there exists a positive real
number D3 such that for anyn > 0,1 <k < K,

—(K - 1) maX(Nl, 1+ G»,L((S)) < Ty —nAg < HlaX(Nl, 1+ Gn((S))

holds on Ag, where

Gn(8) = D3 \/nlog(é:t).
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In particular, D3 = ¢p\/2/Amin, ¢ is defined by (6), and Ny is defined in
Lemma 6.

The theorem shows that asymptotically the GAFS-MAX algorithm behaves
the same way as an optimal allocation rule that knows the variances. It also
shows that the deviation of the proportion of choices of any option from the
optimal value decays as O(1/+/n).

For the proof we need the counterpart of Lemma 7 for linear functions. The
proof is in Appendix B (Proposition 4). For a real number a, let a* denote its
positive part: at = max(a, 0).

Lemma 8. Let a > 0. For any t > (2/a)[log(1/a) — b]*, at + b > logt.

PROOF (THEOREM 2). The proof is almost identical to that of Lemma 6. The
difference is that now we start with a better lower bound on Ty,. In particular,
by Lemma 6, Ty, > nAg/2 > NAmin/2 holds on As for n > Nj. Note that, using
the bounds on K, aj},, ¢, Amin, and £ s, we have that

2n6 )\min

>
Amin o 2

Ny > max ?(n/y, ny) > max(n/, nh).

By Lemma 8, for

’2

ag
n > max

’ W
Z max - [4loga) + 1+ Lk s] = ng,

(5) holds with p = 1, 8 = Apin/2 for each k. Hence, we can apply Lemma 3 and
Remark 1 following it with (ng =) max(Ny,n}) = Ny and f, = nAnin/2 (> 2),
and get that

2 log(érjmin/z)

7/L)\min

’an—Ak‘ <ec (19)

on As for n > Ni, 1 < k < K, and ¢ > /8 as defined by (6). By Lemma 8
again, for

(4c)? V8¢
n> X 4log N +14Llgs| =nb,

(16) holds with p = 1, 8 = Apmin/2. Now, we can apply Corollary 1 and Remark 3
following it on As with (ng =) max(Ny,n5) = Ny and f,, = nAmin/2 (> 1), and
get that on Ag forn >0,1 <k <K,

—(K — 1) max(Nl, 1+ Gn(é)) < Ty — g < maX(Nl, 1+ G',L((S)),

Gn(0) = Ds \/m

and D3 = ¢p/2/A\min- m|

where

This result yields a bound on the expected value of E [Tj,]:
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Theorem 3. Let Ny = supg.s<; Nl/@(,é, where Ny is defined in Lemma 6.
Then, Ny < oo and there exists an index N3 that depends only on Nz, 1/Ds,
and log K polynomially, such that for any k and n > N3,

E [Tin] < nAg + D3y/n(1 +log(4Kn(n + 1)) + 2. (20)

ProOOF. Recalling the definition of N; and that ¢x 5 > log8, we can easily see
that No < oo. Note that Ny does not depend on §, and Ny < Ngf%(ﬁ <

Nzlogz(égl) holds for any n and 0 < 6 < 1. Fix0 < ¢§d < 1. If n >
N2 /(D31og(6,;1)), then 1 + G,,(6) > Ny, thus it follows from Theorem 2 that

for such n,
Tkn - n)\k -1 _1

where we used P (As) > 1 —48. Let Z = (Thn — nhp — 1)/(D3n'/?) and t =

\/log(6,1). The above inequality is equivalent to

P(Z >t) <4Kn(n+ l)e*tQ.

By the constraint that connects n and ¢, this inequality holds for any pair (n,t)
that satisfy
n > N3 log®(8,')/D3 = N3t°/ D3,
that is, for any (n,t) such that
t < (nD2/NY)S.

Also, since Z < n'/?2/Ds is always true, P(Z > t) = 0 holds for t > n'/?/Ds.
We need the following technical lemma, a variant of which can be found, e.g.,
as Exercise 12.1 in [7]:

Lemma 9. Let C > 1, ¢ > 0, 0 < a < b. Assume that the random variable
Z satisfies P(Z > t) < C exp(—ct?) for any t < a and P(Z >t) = 0 for any
t>b. Then

E(2) < \/(1 +1ogC) /e + Ct2ee?. (21)

PROOF. By the monotonicity of P(Z > t) < 1, for any u > 0,

e} u a? b2 0o
E[Z?] = / ]P’(Z2>t)dt:/+/ +/ +/
0 0 u a? b2
+ b2

a2

< u+ </ CeCtdt> +/ P(Z >a)dt+0
u a?

+
S w4 g (efcu o 670(12) + (b2 o a2)cefca2'
c
This gives
_ —ca®\+
E [ZZ] < logC+ (1—Ce ) s GQ)Ce_Caz < 1+logC + CRRece?

Cc
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with the choice u = (log C)/c. Now,

E[Z] < VE[Z2] < \/ 14106C g, g
C

Applying Lemma 9 with a = (nD2/N3)'/6, b =n'/2/D3, C = 4Kn(n + 1),
and ¢ =1,

E[Z] < \/1+log(4Kn(n + 1)) + 4Kn2(n + 1)e~("PYND' /2.
Thus

E [Tkn] <1+ ni

+\/D§n(1 + log(4Kn(n +1))) + 4Kn3(n + 1)e~(nD3/N)V?,
Equation (20) then follows by straightforward algebra. O

4.8. Bounding the loss: proof of Theorem 1
In order to develop a bound on the loss Ly, we need Wald’s (second) identity:

Lemma 10 (Wald’s Identity, Theorem 13.2.14 of [2]). Let {F;} be a fil-
tration and let Y; be an Fi-adapted sequence of i.i.d. random variables. As-
sume that Fy and o({Ys : s >t+1}) are independent and T is a stopping
time w.r.t. Fy with a finite expected value: E[T] < 4+o00. Consider the partial
sums S, =Y1+...+Y,, n>1. IfIE[Yf] < +oo then

E [(Sr — TE[Y1])?] = Var [Y1] E[T]. (22)
Now, we can prove Theorem 1.
PROOF (THEOREM 1). Let Sk, = >0 | Xk,

. Sk — Thnfik
Tkn ’

Gl (0) = (K — 1)max(Ny,1 4+ G,(6)) and

G! = D3\/n(1 + log(4Kn(n +1))) + 2.
Note that by Theorem 2,
P(Tkn < nAg — G;l(é)) <9 (23)

holds for any n > 0 and 0 < § < 1. Then, for any 0 < § <1,

Ly, = E [iin} =E {i/%nﬂ{ Tn2nAp—G1,(8) }} +E {i’inﬂ{ Trn <nAp—G7,(9) }]

E [(Sk,1n — Tinttk)?)

2 el
oG TP T <ne = GL(9)).
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Using Lemma 10 and then (20) of Theorem 3 for the first term, for n > Ng,

E [(Sk,1, — Thnttx)?] = 03E [Trn] < oi(nii + Gr),

and thus
E [(Sk,1, — Thnik)?] < o (n\, + G2)
(A — G7,(0))? = (A —GL(9))?

i 1 N orGl
nAk (1= GL(0)/(nAk))?  (nAk — G1,(6))%

while, by (23), the second term is bounded above by R36.

Now choose § = n~3/2. Then, recalling the definition of G’,(5), G, (6), 0n,
Uk, and that Ny < NQK%{,(;, we have G (n=3/?) = O(y/nlogn), thus for n
sufficiently large, G/, (n=3/2)/(n)\;) < 1/2. Therefore, for such large n, using
1/(1 —z) <142z for 0 <z <1/2, we get,

o2 el (n—3/2) 2 a2G"
L n < "k 1 92 n k~n R2 —3/2
b = nxk( B ) B VCA )

which gives

U/% (0 —3/2 2~ —3/2 % A(0—3/2
L, < —+4+0(n )=—+0(n )=L;+0O(n ).
nAg n

Taking the maximum with respect to k yields the desired result. O

Let us now comment on the case when for some options A\, = 0. Such options
are chosen in the optimal allocation exactly once. Algorithm GAFS-MAX will
select such options \/n-times in n-steps since the estimated variance will be zero.
Hence, we will have Ty, < T} + O(y/n). Clearly, the loss for such an option
will be zero. Further, since options with o7 = 0 are pulled only O(y/n)-times,
they can not significantly influence the number of times the other options are
chosen. Hence, the results go through if we replace miny Ay, with ming.x, 20 Ak.

5. Illustration

The purpose of this section is to illustrate the theory by means of some
computer experiments. One particular goal of the experiments was to verify the
excess loss rate obtained in the previous section. Another goal was to compare
the adaptive strategy with a non-adaptive strategy.

5.1. Experimental Setup

Here we illustrate the behavior of the algorithm in a simple problem with
K = 2, when the random responses are modeled as Bernoulli random variables
for each of the options. In order to estimate the expected squared loss between
the true mean and the estimated mean we repeat the experiment 100,000 times,
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then take the average. The error bars shown on the graphs show the standard
deviations of these averages. The algorithms compared are GAFS-MAX (the al-
gorithm studied here), GFSP-MAX (the algorithm described in the introduction
that works in phases), and “UNIF” the uniform allocation rule.

The exploration parameter a of GAFS-MAX was set to 1. We have run
experiments to test the sensitivity of GAFS-MAX to the choice of the value
of a. The experiments showed that GAFS-MAX is largely insensitive to this
choice unless a too small value is selected for o in which case if the algorithm
underestimates the variance of some of the options then it will take a large
amount of time for it to recover. In the limit, when o = 0 (no forcing), as
discussed before, the allocation ratios of the algorithm may fail to converge to
the optimal ratios. For example, if initially the variance estimate for one of
the options is zero (which happens with positive probability when the responses
have Bernoulli distributions), that option will never be selected any more, in
which case the loss L,, will fail to converge to zero, i.e., such an algorithm will
suffer (1) excess loss. Hence, for simplicity we sticked to v = 1 which was
proved to be an acceptable value for the problems tested (for details, see [10]).

The algorithm UNIF works in a round-robin fashion (i.e., tests the options
systematically). In the case of GFSP-MAX, after the initialization phase where
each option is observed twice, the phase length of the k*" phase is set to K + k.
This ensures that at the end of the k" phase, every options is explored at least k
times, while the total number of observations is 2K +Kk+(1+2+. . .+k) ~ k2 /2.
Thus, by time ¢ each option is explored at least approximately v/2¢ times, which
makes the comparison with GAFS-MAX running with o« = 1 fair, given our
experience that normally the difference between the performance of GAFS-MAX
running with o = V2 and o = 1 is small.

5.2. Results

In order for an adaptive algorithm to have any advantage the two options
have to have different variances. For this purpose we chose p; = 0.8, po = 0.9
so that Ay = 0.64 and Ay = 0.36.

Figure 1 shows the rescaled excess loss, n%/?(L,, — L), for the three algo-
rithms. We see that the rescaled excess losses of the adaptive algorithms stay
bounded, while the rescaled loss of the uniform sampling strategy grows as /n.
It is remarkable that the limit of the rescaled loss seems to be a small number,
showing the efficiency of the algorithm.? Incidentally, in this case the incre-
mental method (GAFS-MAX) performs better than the algorithm that works
in phases (GFSP-MAX), although their performance is quite similar and this
does not need to hold generally.

Note that this example shows that the uniform allocation initially performs
better than the adaptive rules. This is because the adaptive algorithms need to

3As far as we could measure it, the graph flattens out when considering larger sample sizes
(see also Figure 3). However, it might still be the case that the rescaled loss goes to zero at a
rate of (e.g.) 1/logn.
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Mean1: 0.8, Mean2: 0.9

Rescaled Excess Loss
»~

1 2 3 4 5 6 7 8 9 10
Number of Samples (x 1000)

Figure 1: The rescaled excess loss, n3/2(Ln — L), against the number of observations. The
losses were measured when the sample size is an integer multiple of 1000.

get a good estimate of the statistics before they can start exploiting. The cross-
over point happens at ca. 1,700 for GAFS-MAX, while it happens just after
2,000 observations for GFSP-MAX. By selecting a larger exploration parameter
« the cross-over point could be moved to the left.

From the point of view of an adaptive algorithm the most difficult case is
when all variances are small (cf. Lemma 3), but (Ag) is significantly different
from the uniform distribution. This is explored further in Figure 2, which plots
the cross-over point for a series of single-parameter problems. The parameter,
Kk, determines the means: p;(k) = K, p2(k) = /2. This makes the allocation
proportions non-uniform, but roughly constant (for small x these proportions
are 4/5 and 1/5, respectively for the first and the second option). This way we
can measure the influence of the variance on the difficulty of competing with
the uniform allocation. The figure also shows the curve a/x? for an appropriate
positive constant a. Based on the graph, we may conclude that the difficulty
of catching up with the uniform allocation rule increases roughly proportionally
to o2, = max(o1,...,0k) 2. This is very well expected: Indeed, as both vari-
ances become small, it becomes increasingly harder to figure out their relative
sizes. Note, however, that as the variances become smaller the overall precision
improves for the same sample size (independently of what algorithm is used).

Figure 3 shows the rescaled allocation ratio deviations, v/n|Tg,/n — Ai|, for
k = 1. If we disregard logarithmic terms, our theory predicts that these rescaled
deviations should stay bounded for the adaptive algorithms. The figure indeed
supports this. The behavior of the curve for the uniform sampling method is
markedly different: due to the mismatch of the allocation ratios, this curve grows
as /n. Note that the variance of the algorithm that uses phases is much larger
than the variance of the incremental algorithm. This is because the incremental
algorithm is faster to update its statistics.

In conclusions, the experiments show that our method indeed performs bet-
ter than a non-adaptive solution. In fact, depending on the problem parameters
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Figure 2: The number of observations required to perform better than uniform sampling for a
range of problems parameterized with a single parameter 0 < k < 1. The solid line shows the
data measured for GAFS-MAX, while the dashed curve shows a/x? for an appropriate value
of a. Note the log-log scale. For more information see the text.

the performance difference between the adaptive and non-adaptive algorithms
can be large. Further, our experiments verified that the allocation strategy
found by our algorithm converges to the optimal allocation strategy at the rate
predicted by the theory (apart from logarithmic factors).

Mean1l: 0.8, Mean2: 0.9

14 T T
GAFS-MAX +——

125 UNIF e

=1

10

Rescaled Allocation deviation for k:

1 2 3 4 5 6 7 8 9 10
Number of Samples (x 1000)

Figure 3: The rescaled allocation deviations, \/n|Tk,/n — Ag|, for k = 1 against the number
of observations.

6. Related Work

As mentioned earlier, this work is closely related to active learning in a
regression setting (e.g., [4]) and to optimal experimental design (OED) [9]. The
connection is that the model studied here can be viewed as a linear regression
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problem over the finite domain X = {ey,..., ek}, where e; is the i*™® unit vector
of the K-dimensional Euclidean space: e¢; € RE, e; = (0,...,1,...,0), i.e., all
components of e; are zero except its i*" component whose value is one. Indeed,
with this definition of X, the response to the choice of option k can be written
as the linear regression model Y = 6T¢e; + W (ey), where 0 is the unknown
parameter and W(ey) is a zero mean random variable.

Interestingly, in the rather extensive active learning and OED literature,
to the best of our knowledge, no one looked into the problem of learning in a
situation where the noise in the dependent variable varies in space, i.e., when
the noise is heteroscedastic. Although the rate of convergence of an adaptive
method that pays attention to heteroscedasticity will not be better than that
of the one that does not, an adaptive algorithm’s finite-time performance may
be significantly better than that of underlying a non-adaptive algorithm. This
has been demonstrated convincingly in a forthcoming related paper where Etore
and Jourdain studied the utility of adapting the sampling proportions in strat-
ified sampling [8].# Interestingly, this application is very closely related to the
problem studied here. The only difference is that the loss is measured by taking
the weighted sum of the losses of the individual prediction errors with some fix
set of weights that sum to one. With obvious changes, the algorithm presented
here can be modified to work in this setting and the analysis carries through
with almost no changes (for details, see [10]). The algorithm studied in [8] is
the phase-based algorithm. The results are weak consistency results, i.e., no
bounds are given on the excess loss. In fact, the only condition the authors pose
on the proportion of forced selections is that this proportion should go to zero
such that the total number of forced selections for any option goes to infinity.

7. Conclusions and Future Work

When finite-sample performance is important, one may exploit heteroscedas-
ticity to allocate more observations to parts of the input space where the variance
is larger. In this paper we designed an algorithm for such a situation and showed
that the excess loss of this algorithm compared with that of an optimal rule, that
knows the variances, decays as O(n~3/2). It remains an open question if this is
the optimal rate for the class of problems studied here. Although currently we do
not have a proof, the following heuristic argument provides some support for this
conjecture: Take any algorithm A and let A}, be the allocation ratios achieved
when running A. The loss of A is roughly L, (A) ~ maxy (o7 /)},,)/n, while the
optimal loss is L} = maxy (02 /A\;)/n. Let egn = N, — A\g. Assuming that the
maximum above is taken at the same k = k* in both losses (which is reasonable
if e, — 0 as n — 00), En(A) = Lp(A) — L, = 0i.|epenl/ Ak A= + Epen)n).

4 In fact, we have learned about this paper just at the time when we submitted the first
version of this paper. An earlier paper studying the same problem and achieving somewhat
weaker results is due to Peierls and Yahav [14].

22



Since one expects that independently of the algorithm chosen e+, = Q(1/4/n)
(i.e., all X, converge at the parametric rate), we get &,(A) = Q(n=3/2).

Our analysis can probably be improved, e.g. in terms of the dependence of
our constants in our bounds on )\;ﬁln. However, we think that the proof technique
developed here might be useful to analyze similar algorithms in related contexts,
such as active learning with heteroscedastic noise in related parametric and non-
parametric models. We are currently investigating such models.

An interesting question is whether the algorithm and the results can be
extended to other losses. An important class of losses can be expressed in terms
of the expectation of a convex function. In this case, the natural algorithm is
to minimize the empirical estimate of the loss based on the sample average (in
fact, our algorithm is a special case of this general scheme). We believe that if
the convex function is strictly convex in a small neighborhood of zero then a
second order approximation to it can be used to prove results entirely similar
to the ones obtained here. The analysis of the case when strict convexity does
not hold looks more challenging and will probably require ideas that go beyond
those presented in this paper.
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A. Forced selection lemma

Lemma 11. For 1<k < K,n> K(K +1)

holds.

PROOF. For a positive integer [, let C; = { (I—=1)2+1,(1-1)%2+2,...,12 }, a
partition of {1,2,...}. Observe that if (24) holds for some n = n’ € Cj, then it
holds also for any n = n" € C;, n”" > n’, since Ty, p > Th s > vn' > 1—1 which
implies Ty~ > [ > v/n”. Thus, it is enough to prove (24) for n = K(K + 1)
and then forn =0+ 1, =K+ 1,K+2,....

By a careful analysis of the algorithm, we see that only forced selection steps
happen till n = K(K + 2) in a uniform manner, during which each option is
selected K + 2 times. This implies that T}, g(xk+1) = K +1 > /K(K +1)
and that T (k11241 > Thx(k42) = K +2 > /(K +1)? +1, ie., (24) holds
for n = K(K + 1) and (K + 1)? + 1, for all k. Now we use induction for .
Assume that (24) holds for all k, for some n = (I —1)2+1 (I > K +2), i.e.,
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Tri—1241 > /(1 =1)24+1 > 1 — 1 implying T _1)241 > I. Now at times
(I —1)2+2,...,1% + 1 (which total up to |Cj| = 21 — 1(> 2K — 3) steps), one
of those arms for which T}, ;_1)241 = [ holds is forced to be selected exactly
once. Hence each such arm is selected at least once in this phase, assuring
Tpi241 > 1+1>+/1241 for all k, ie., (24) holds for n = 2 +1. O

B. Some elementary comparison lemmata

The purpose of this section is to provide upper bounds on the solutions of
equations of the form

log(t) = at? + b, (25)
where a,p,t > 0.
Let
Lty = logt,
q(t) = at?+0b, and
to = (pa)~t/P,

Here to is the point where ¢ and g have the same growth rate, i.e., where
0 (to) = ¢'(tp). Note that ¢'(t)/l'(t) = apt? is strictly monotone increasing in ¢,
hence for t > tg, ¢'(t) > ¢'(t). Hence, if q(to) > ¢(tp) then (25) has no solutions
on [tg, 00). Now observe that it also holds that ¢’(t) < ¢/(t) when t < ¢y. Hence,
if q(to) > €(to) then (25) has no solutions on (0, ¢o] since £ decreases faster than
q as we move from tg towards zero. Now, consider the case when ¢(tp) < £(to).

Since for ¢ > to, ¢'(t) > £'(t) and q(t)/£(t) "=5° 0o, (25) will have exactly one
solution in [tg, 00).

These findings are summarized in the next proposition:

Proposition 1. Consider tg = (pa)~'/?, q(t) = at? +b, and £(t) = logt, where
a,p,t > 0. Then q(to) < L(to) is a sufficient and necessary condition for the
existence of a solution to q(t) = €(t). Further, when q(to) < {(tg) then there is
exactly one solution on [tg, 00).

Remark 4. Note that ¢(tg) < £(tg) is equivalent to 1+ bp < —log(pa), which
is thus a sufficient and necessary condition for the existence of a solution to

q(t) = £(t).

In the sequel we will derive upper bounds on the solutions of (25) by picking
some t* such that ¢(t*) > £(t*) and ¢'(t*) > ¢'(¢t*). In doing so we will first
consider the homogeneous version of (25),

logu = a'uP. (26)

The following proposition gives the link between the solutions of the homoge-
neous and inhomogeneous equations.
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Proposition 2. Any solution of (25) can be obtained by solving (26) with o’ =
aeP’ and then using t = ebu and vice versa. Further, if u* is an upper bound on
the solutions of (26) then t* = ePu* is an upper bound on the solutions of (25).

Now, let us consider the linear case, i.e., when p = 1.

Proposition 3. Letq(t) = at, ¢(t) = logt, wherea > 0. Lett* = (2/a)log(1/a).
Then for any positive t such that t > t*, q(t) > £(t) holds.

PROOF. We may assume that log(1/a) > 1, otherwise by Remark 4, ¢(t) = ()
does not have a solution and the statement follows trivially. It suffices to show
that £(t*) < q(t*) and ¢'(t) < ¢'(t) holds for ¢ > ¢*. The second inequality
follows from log(1/a) > 1 and the monotonicity of ¢'(¢)/l'(t), while the first
follows from the inequality log(2?) < z (2 > 0). O

Proposition 4. Let q(t) = at + b, £(t) = logt, where a > 0. Let t* =
(2/a)log(1/a) —b]. Then for any positive t such that t > t*, q(t) > £(t) holds.

ProoOF. The statement follows immediately from Propositions 2 and 3. O

Now, let us turn to the case when p = 1/2.

Proposition 5. Let q(t) = at'/?, ((t) = logt, where a > 0. Let t* =
(2/a)?1og?((2/a)?). Then for any positive t such that t > t*, q(t) > £(t) holds.

PROOF. We may assume that log(2/a) > 1, otherwise by Remark 4, ¢(t) = ()
does not have a solution and the statement follows trivially. It suffices to show
that £(t*) < q(t*) and £'(t) < ¢'(¢) holds for ¢ > ¢*. The second inequality
follows from log(2/a) > 1 and the monotonicity of ¢'(¢)/l'(t), while the first
follows from the inequality log(2?) < z (2 > 0). O

Proposition 6. Let q(t) = at'/? +b, (t) = logt, where a > 0. Let t* =
(2/a)? [log((2/a)?) — b]2. Then for any positive t such that t > t*, q(t) > £(t)
holds.

PROOF. The statement follows immediately from Propositions 2 and 5. a

C. Technical calculation for Lemma 6

Proposition 7. n > Ny implies n > 2(K — 1)(1 + H,(0))/Amin-

PROOF. Recalling that H,(d) = Dyn3/4 \/log(éﬁl), Dy =cp, p= 142/ nin),
we would like to have

n>2(K—1) (1 + Dyn®/* \/log((snl)) /Amins
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or equivalently, if both n > 2(K — 1)/Amin and

)\minnl/4 1 2 1
(2D1(K—1) - DmM) > log(67). (27)

The first inequality follows immediately from n > Nj. Introducing D =
4D (K — 1)/ Amin = 4¢p(K — 1) /Amin, we have

D) = 4c(2K — 2 + KAmin — Amin) /A2, < 4c(2K — 1)/\2,, = Do.

min min

Using (2), (27) follows from

dyn 1 4 (ot 1
D'2 " Din32  DiDijy/n \ Dy  Din3/4

2
) > 2logn+ 1+ Uk,

that follows from

2/ 2 1
D2 DiDyyn 2

(1+2k5) > logn.

Whenever n > Ny > Djllog D3 + ({x s + 1)/2]?, then

2 2
< 5
DiD4y/n ~ D1D4yD3[log Dy + (U5 +1)/2]

which is, after substituting Dy, Ds, D} and using 1/Apim > K > 2, 0 < 1,
¢ > /8, bounded above by

1
450(128)2[81og 6 + 131log 8 + 1]

<107%/3.

Thus, it is enough to have

ov/n 1 L

D72 - 5(1 +7-107° + {k ) > logn.
This is implied by Lemma 7 and n > D'3[log(D'3) + ({x.s + 1+ 7-1079)/2]2,
which follows from n > N; and Dy > Dj. m|
References

[1] A. Antos, V. Grover, and Cs. Szepesvéri. Active learning in multi-armed bandits.
In Proc. of the 19th International Conference on Algorithmic Learning Theory,
volume LNCS/LNAI 5254, pages 287-302. Springer-Verlag, 2008.

[2] K.B. Athreya and S.N. Lahiri. Measure Theory and Probability Theory. Springer,
2006.

[3] P. Auer, N. Cesa-Bianchi, and P. Fischer. Finite time analysis of the multiarmed
bandit problem. Machine Learning, 47(2-3):235-256, 2002.

26



[4]

[5]

(8]

[10]

[11]

[12]

[13]

[14]

R. Castro, R. Willett, and R.D. Nowak. Faster rates in regression via active
learning. In Advances in Neural Information Processing Systems 18 (NIPS-05),
pages 179-186. MIT Press, 2006.

P. Chaudhuri and P. Mykland. On efficient designing of nonlinear experiments.
Statistica Sinica, 5:421-440, 1995.

D. Cohn, Z. Ghahramani, and M. Jordan. Active learning with statistical models.
Journal of Artificial Intelligence Research, 4:129-145, 1996.

L. Devroye, L. Gyorfi, and G. Lugosi. A Probabilistic Theory of Pattern Recogni-
tion. Applications of Mathematics: Stochastic Modelling and Applied Probability.
Springer-Verlag New York, 1996.

P. Etore and B. Jourdain. Adaptive optimal allocation in stratified sam-
pling methods.  Methodology and Computing in Applied Probability, 2008.
http://www.citebase.org/abstract?id=oai:arXiv.org:0711.4514.

V. V. Fedorov. Theory of Optimal Experiments. Academic Press, 1972.

V. Grover. Active learning and its application to heteroscedastic problems. Mas-
ter’s thesis, Department of Computing Science, University of Alberta, 2009.

W. Hoeffding. Probability inequalities for sums of bounded random variables.
Journal of the American Statistical Association, 58:13-30, 1963.

T. L. Lai and H. Robbins. Asymptotically efficient adaptive allocation rules.
Advances in Applied Mathematics, 6:4—22, 1985.

T.L. Lai and S. Yakowitz. Machine learning and nonparametric bandit theory.
IEEE Transactions on Automatic Control, 40:1199-1209, 1995.

R.F. Peierls and J.A. Yahav. Adaptive allocation for importance sampling. In
J. van Ryzin, editor, Adaptive Statistical Procedures and Related Topics, volume 8,
pages 204—218. Institute of Mathematical Statistics, 1986.

27



	Introduction
	The Algorithm
	Main Results
	Proof
	Preliminaries and notation
	Bounds on the actual allocation ratios
	Bounding the loss: proof of Theorem 1

	Illustration
	Experimental Setup
	Results

	Related Work
	Conclusions and Future Work
	Forced selection lemma
	Some elementary comparison lemmata
	Technical calculation for Lemma 6

